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Semantica operazionale di HOFL-cap 7.2
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T ..

Attenzione

r | n | toopty | if t then t; else t;

(t(), tl) ‘ fst (t) | snd(t)
AT. t ‘ t() tl
rec x.t

it ‘ To * T1 ‘ T0O — T1

to:wmt t1:wnt t:wmt to:7 t1:7T

rT:T n:int

toZTO

to op t1 : int if t then ¢ty else t1 : 7

11 : 7 U:70 %7 t:7o %71

(t(),tl) T *Tq

X :T0

fst(t) : 7o snd(t) : 7

t:71 t1:70 — 7171 to: 7o

Ax.t:190 —> T

tl t027'1

x:T t:T

recx.t: T

assegniamo una
semantica

solo ai termini che sono:
ben formati e chiusi

fv(t) = @

t:T



Forme Canoniche



Forme canoniche

si legge “siriduce a”

/

1 — cC

N\

un termine chiuso  yna forma canonica
(un tipo speciale di termine)

semantica operazionale Big step

riduzione alla forma canonica
(attraverso la manipolazione di termini)



Forme canoniche

insieme di forme canoniche (C_. C T,
contipo 7

(laziness)
non e’ richiesto
siano in forma canonica

/ N\

10 : To . T1 1o, closed Ax.t:Tg— T Ax.tclosed

n e Ciy (t(),tl) - C’L'O*’L'l Ax.t € CT()%Tl




Forme Canoniche?

fo:To h:T1 fo,t closed Ax.t:To— T; Ax.tclosed
n € Cin (f0,11) € Crpury Ax.t € Crysr,
1+2x3 € if 0 then 0 else 0 €3
(1,2) @ o1 @&
(1+2,2-1) @& . 1+2x3 @

fst(1,2) €3 M. fst(1,2) @



HOFL
Semantica operazionale Lazy



Assiomi della semantica
Operazionale

ce (.
C— C

Dobbiamo vedere | vari casi

to:To f:7T1 fo,t closed Ax.t:Tg— T Ax.tclosed

n—n (to,t1) — (to,t1) Ax.t — Ax. t

Gli interi, le coppie e le astrazioni
sono gia’ in forma canonica



Semantica op. Lazy

fo:To 11:7T1 1o, closed Ax.t:To— T1 Ax.tclosed

n—n (to,t1) — (f0,11) Ax.t — Ax.t
Ilo—ng 11 — Ny t—0 1) — co t%(t(),tl) Io — Co
toopty —ngopn; ift then ¢y else t; — ¢ fst(z) — co
t[recx.t/x]%c [ —n n#O 1 — Cq t%(l‘(),l‘l) 1 — Cq
rec x.t —c if 7 then 7( else 1; — ¢ snd(7) — ¢y

Hn—Ax.t; 1[0/ ] —c

(11 t9) — ¢ 1azy)



Ricordiamo il sistema di tipi

to:wmt 11 :wnt t:wmt to:7 t1:7T
r:x n:int to op t1 : wnt if ¢t then ty else t; : 7
to:70 t1:71 t:70*Tq t:79 %7y
(to,tl) . To *T1 fSt(t) - T0 Sﬂd(t) . T1
r:T0 U:Tq t1 :70 > 71 To:To
AL t: Ty — Ty t1 to: 71

x:T T:7T

rec r.t: T



Esempio

= AZ. le—l—i cant — int

mmt wnt ant
' nt .

it — nt

)\QB.CE—|—1%C \c:Am.mll

fo:To t:T1 to,t closed Ax.t:T9— T Ax.tclosed

n—n (to,t1) = (to,11) Ax.t — Ax. t

o —>ny 1t —n t—0 fh—co t — (to,t1) to— co

toopty —>ngopny if ¢ then 7 else t; — ¢ fst(z) — co

t[recx.t/x]_>c t—n n;«éO 1 —C t—)(t(),tl) H—C

rec x.t —c if ¢ then 7 else t; — ¢ snd(7) — ¢

th—Ax.t; t[/x] —c

(t1to) —c (1azy)




Esempio

t= (\x. x + 1,1+2): (int — int) * int
Tt — int '.int nt

int

(int — int) * int

laziness:
non dobbiamo valutare 1+2

(Az. 2 +1,1+2) = c Ne=(ra. a:+1,1/

+2)

to:To ti:T1 fo,t closed Ax.t:7 — T Ax.tclosed

n—n (to,t1) = (to,11) Ax.t — Ax.t

to—>nyg f —n t—0 1 —co t — (to,t1) to— co

fo Op ©1 — ng Op 1y if ¢ then 7y else 11 — ¢ fst(t) — co

t[recx.t/x]_)c ) n7é() 1 —c t—)(to,tl) Ih—a

rec x.t —c if ¢ then 1y else t; — ¢ snd(t) — c;

= Ax.t; t1[°/x] = ¢

(lazy)

(tl t()) —C



Esempio

t = \z. if fst(x) then 1 else snd(z) : (int * int) — int

| I | B | | I |

int * int int x Tq int int * 1

int it = 1

nt

(int * int) — int



Ip:Tp 1 :71 to,1 closed Ax.t:79— 171 Ax.tclosed

o n—n (to,t1) — (t0,11) Ax.t— Ax. t
fo—>ny H—n t—0 1 —co t — (to,t1) to— co
° fo Op 11 — 1y Op 1y if ¢ then ¢, else 11 — ¢ fst(t) — co
t[recx.t/x]_>c t—n n#O HH —C t—)(l‘o,tl) Hh—C
A rec x.t —c if ¢ then 1, else 1; — ¢ snd (1) — ¢
t = Ax. if fst(z) then 1 else snd(x) nond A

(t1t0) = ¢

t(1,2) ¢ " t—= X't [/ T
Nw'—z. t—if ... (if fst(z) then 1 else snd(z))[V?/,] = ¢
= if fst(1,2) then 1 else snd(1,2) — ¢
N fst(1,2) > n, n#0, snd(1,2) — ¢
N (1L,2) = (n1,n2) , n1 > n, n#0, snd(1,2) = ¢
)\;:,1:1,712:2,71:1 Snd(]'7 2) — C

N (1L,2) = (n3,ng) , ng —c
\;3:1,?14:2,622 t (17 2) — 2




Esempio

JAN
t=recxr.x T

T T
]

T

rec x. ZU/
X

rec x. r — ¢ \_ x| | = c

—recxr. r —C

stesso goal da cui siamo partiti
nessun'altra opzione da esplorare:
divergenza!



Esempio

fact = rec f. \x. if z then 1 else z x (f (z — 1))

fact — ¢ N (Azx. if = then 1 else x X (f(a]:; - 1))t /4] — ¢

"
= A\z. if = then 1 else z x ((recf. ...)(x — 1)) — ¢

\c:)\a}. if x then 1 else =X (fact(x—1))

fo:To t:T1 to,t closed Ax.t: 17— 17 Ax.tclosed

n—n (to,t1) — (t0,11) Ax.t = Ax. t

o —>ng 1t —n t—>0 1t—co t — (to,t1) o — co

to Op t1 — np Op Ny if ¢ then 7y else t; — ¢g fst(z) — co

t[recx.t/x]_>c I —n n;éO H —C t—)(l‘(),tl) Hh —cC

rec x.t —c if ¢ then ¢ else 1{ — ¢ snd(?) — ¢

th—Ax.t; ti[°/,] —c

(t1to) —c (lazy)




to:To t1:T1 to,t1 closed Ax.t:Tg— 171 Ax.tclosed

o n—n (to,t1) = (t0,11) Ax.t — Ax. t
SC'I‘P'O Ilo—>ny 1 —m t—0 1 — co t — (to,t1) to— co
toopti > npopny 1if ¢ then 7 else t; — ¢y fst(t) — co
t[recx.t/x]_>c I —n n;éO 11 —C t—>(t(),t1) H —C
rec x.t —c¢ if ¢ then ¢y else t{ — ¢ snd(t) — ¢y

th—Ax.t; t[°/] —c

(lazy)

(t129) = c

fact Zrec f. \x. if x then 1 else = x (f (x — 1))

(fact 1) = ¢ N fact = X2’ t', t'[' /] — ¢
N (if = then 1 else z x (fact (x — 1))[*/.] — ¢

x'=x,t'=if...

= if 1 then 1 else 1 x (fact (1—1)) — ¢
N 1—=n,n#0,1x(fact (1—-1)) = c

N 1 —ny, (fact (1 —1)) — no

n=1,c=n1 Xnsy



to:To t1:T1 to,t1 closed Ax.t:Tg— 171 Ax.tclosed

o n—n (to,t1) = (t0,11) Ax.t — Ax. t
SC'I‘P'O Ilo—>ny 1 —m t—0 1 — co t — (to,t1) to— co
toopti > npopny 1if ¢ then 7 else t; — ¢y fst(t) — co
t[recx.t/x]_>c I —n n;éO 11 —C t—>(t(),t1) H —C
rec x.t —c¢ if ¢ then ¢y else t{ — ¢ snd(t) — ¢y

th—Ax.t; t[°/] —c

(lazy)

(t1 t()) — C

’\:J:]_,c:nlinQ 1 — N1 ) (fa’Ct (1 o 1)) — T2 IaZ|neSS

N1 fact = X&'’ ¢, "[F 1/ o] = no sl vede qui

\;”:w,t”:if“. (if £r then 1 else T X (fa,Ct (ZIZ’ — 1)))[1_1/x] — N9
=if 1 —1then1lelse (1 —1) x (fact ((1—1)—1)) = ns

\ I1—1—=0,1—=mne

\22:1 c=n1Xng =1x1=1




HOFL
Semantica operazionale Eager



Lazy vs Eager

n—Ax.t; [0/ —c

]
(l‘l l‘()) — C ( aZY)

Hh—Ax.t; to—co 1[0/ —c

(tl t()) — C (cager)



Lazy vs Eager

t= (A\x. 1) (rec y. y) : int Y .;
t—c N dx. 1= 't [ Y Y/ ] —c
lazy _
\x’:x, t'=1 __[rec J: y/g;] — C
=1—=c
\c:l
t—ec N M. 1= ' ¢, recy.y—c, '] )] —c
eager

Na/=z, t/=1 recy.y — c 1[6//5[;] —c
 recy. y—c , 1€/, = ¢

divergenza!



Lazy vs Eager

té()\x.m r) (1 x2) :int X :wnt

toe R Motz ot t'[1*2 )] = e

lazy  No—w, veots (@ +2)[ 7%/ =
=(1x2)+(1x2)—»c Valutata

Neemertes|(1 X 2) = e1, (1x2) = ¢ due volte

\61:2,6222 C = C11C2 = 2i2 =4

t—c N Ar.x+r— X't , 1x2—c, t’[cl/x/]%c

eager Nuew tmaots 1X 2 ¢, (x+2)[ /2] = ¢

Noza (@ +a)[*/e] = c
=24+2—>c

=4




HOFL
Proprieta’ della semantica operazionale



Terminazione

termina? Vt. Je. t — ¢? €3

reCc r. r



Determinismo?

determinismo? Vt. Vei,co.t —>ci At —co = c1 =c? Q

Pt —=c)&2Vei. t —c1=c =c

per ind. strutturale (provateci!)



Subject reduction

| tipl assegnati staticamente non cambiano in fase di
esecuzione

subject reduction? Vt. Ve. V1.t s cAt:T=c: 77 @

Plt—c)&EVr.t:T=c:T

per ind. strutturale (provateci!)



Congruenza?

‘(T

t1 =op to it Ve. (1 = c&ty = ¢

e’ una congruenza? €3

2=0p 1+1
AT. 2 Fop Ax. 1+ 1

Me. 2, dx. 1+1e€eCrin
AL, 2 — \x. 2
M. 1+1— A x. 1+1



