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4 -Ancora Induzione

Linguaggi di Programmazione



Determinismo via induzione strutturale



Determinismo  delle 
espressioni aritmetiche

<latexit sha1_base64="JRkuLH2TYfCc3+CJLiRaDrLXV4s="></latexit>

a ::= x | n | a op a

<latexit sha1_base64="3aKT+zvuGm7pv9wVZz1vGahAJvU="></latexit>

op 2 {+,⇥,�}

<latexit sha1_base64="m8r7litemvt0HOGXY35se29naAA="></latexit>

hx,�i �! �(x)
<latexit sha1_base64="R/2xXiqU1mHGbDvmDQUdZpCoJn4="></latexit>

hn,�i �! n

<latexit sha1_base64="BYPObDvcUmLjFmiC9V30MtCllLU="></latexit>

ha0,�i �! n0 ha1,�i �! n1

ha0 op a1,�i �! n0 op n1

<latexit sha1_base64="Tf6eyI8pBM/YSzJ25JKWZgL44ks="></latexit>

n 2 Z

<latexit sha1_base64="OmqjCHZpZWpXQnuB+YTGyFWsk5o="></latexit>

x 2 Ide
<latexit sha1_base64="F33hCTYTidzMsMewq4QT/Zd6PSY="></latexit>

M M
= {� | � : Ide ! Z}

<latexit sha1_base64="H7fyBqzON93oOgl4228ctmTLDmU="></latexit>

8a. P (a) ?

<latexit sha1_base64="5ZgLgoRgNf+qDb6V6j8ZJ/T93qo="></latexit>

P (a)
M
= 8� 2 M. 8m,m0 2 Z. ha,�i �! m ^ ha,�i �! m0 ) m = m0



Principio di induzione 
strutturale

<latexit sha1_base64="hp+NsGEwycUJwGaExC3ZpkADlDs="></latexit>

8n 2 Z. P (n)
<latexit sha1_base64="i/IrG3YpiGcoZBeaO81/TN+BJGQ="></latexit>

8x 2 Ide. P (x)
<latexit sha1_base64="oxcHSdwR3weQdMpYd+eESj7FFu8="></latexit>

8a0, a1. P (a0) ^ P (a1) ) P (a0 op a1)
<latexit sha1_base64="ULxLh3wVO7Qi3yCisR+naeQ0ZmU="></latexit>

8a. P (a)
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Caso base
<latexit sha1_base64="i/IrG3YpiGcoZBeaO81/TN+BJGQ="></latexit>

8x 2 Ide. P (x)

<latexit sha1_base64="m8r7litemvt0HOGXY35se29naAA="></latexit>

hx,�i �! �(x)

<latexit sha1_base64="/4QuTSCLj/N9/BYNjHuoiMLyg9k="></latexit>

P (x)
M
= 8�,m,m0. hx,�i �! m ^ hx,�i �! m0 ) m = m0

<latexit sha1_base64="O9w15dgspau7fhDCUjzLbe17/2Q=">AAAC/XicpVHLjtMwFHXCayivDiwRkkWLYDGKklkAG6QRbFgOUjszUh0qx73NWLWdYN/MQ1bE17BDbPkFfoG/wUm7gJnuuKvjcx/n+tyiVtJhmv6O4hs3b92+s3N3cO/+g4ePhruPj1zVWAFTUanKnhTcgZIGpihRwUltgetCwXGx+tDlj8/AOlmZCV7WkGteGrmUgmOg5sNfnrklnfAV0BIMWCnomDlZar7HEC6wV/CFaqD1ut 3CvWzH1CWYhDbFTamAXuytBzDbv5mqTGlleYrc2uqcbhk7ptws/mNA2KGdD0dpkvZBr4NsA0ZkE4fz3egZW1Si0WBQKO7cLEtrzD23KIWCdsAaBzUXK17CLEDDNbjc98ItfdE4jhWtwVKpaE/C3x2ea+cudREqNcdTdzXXkdtyswaXb3MvTd0gGNEJoQyedEJOWBluCXQhLSDybnOg0lDBLUcMx6NciEA24bgDZuBcVFoHaz1bwBK+tJ51ehaUZ0Uj1SIgys7Ch61cO8+qMJ/6d23bDoKh2VX7roOj/SR7naSf9kcH7zfW7pCn5Dl5RTLyhhyQj+SQTImIkmgS5dHn+Gv8Lf4e/1iXxtGm5wn5J+KffwDTDPeD</latexit>

Take generic �,m,m0 s.t. hx,�i �! m and hx,�i �! m0

<latexit sha1_base64="c6KgqKEZMCTErHpWlxv1Enc+xx4=">AAACdnicbVBNbxMxFHSWrxI+msIRgSzSqpyi3R6AS6UCF45FIk2lOIreOi/Bqu1d7LcpleXfw6/hCuKfcMS75AANcxrNvOd5nrLWylOe/+xlN27eun1n527/3v0HD3cHe4/OfNU4iWNZ6cqdl+BRK4tjUqTxvHYIptQ4KS/etf5kjc6ryn6kqxpnBlZWLZUEStJ88CYIv+QT5JdgiVPFa1etke8Lwi/UPR9K3WAMJh5va4dxP8 4Hw3yUd+DbpNiQIdvgdL7XeyoWlWwMWpIavJ8WeU2zAI6U1Bj7ovFYg7yAFU4TtWDQz0IXHPlB46E9Ex1Xmnci/r0RwHh/Zco0aYA++eteK/7Pmza0fD0LytYNoZVtECmNXZCXTqUSkS+UQyJoL0euLJfggAid4iBlEpvUal9YvJSVMWAXQSxwiZ9jEG2eQx1E2Si9SIyLdfqwU2BXKUWk0h0PxzHGfiq0uF7fNjk7GhUvR/mHo+HJ2021O+wJe85esIK9YifsPTtlYybZV/aNfWc/er+yZ9lBdvhnNOttdh6zf5DlvwGaA8NI</latexit>

We want to prove m = m0

<latexit sha1_base64="fov0mFrb/BumwYU62YdlpQtmBdI=">AAACTHicbVDLbhNBEJw1kIfDw4EDhwhpFAuJk7WbA3BBisiFY5BwEsljWb2zbWeUeWxmehNFo/0arvAr3PkPbgiJWceHvPpUquru6q6y1ipQnv/Oeo8eP1lb39jsbz199vzFYPvlUXCNlziWTjt/UkJArSyOSZHGk9ojmFLjcXl20OnHF+iDcvYbXdU4NbCwaq4kUKJmg9dRhDk/cDaoCj2nU+QLB7qdDYb5KF8Wvw+KFRiyVR 3OtrM3onKyMWhJaghhUuQ1TSN4UlJj2xdNwBrkGSxwkqAFg2Ealx+0/G0TgByv0wlK8yWJNycimBCuTJk6DdBpuKt15EPapKH5x2lUtm4IreyMSGlcGgXpVYoGeaU8EkF3OXJluQQPROgVBykT2aSs+sLipXTGgK2iqHCO520UnZ9HHUXZKF0lxMVFetgrsIvkIlzaz+Ontm37KdDibnz3wdHeqHg/yr/uDfc/r6LdYDtsl71jBfvA9tkXdsjGTLKWfWc/2M/sV/Yn+5v9u27tZauZV+xW9db+A4QEs8E=</latexit>

Consider the goal
<latexit sha1_base64="YpHuZslgLt8u+d4FRUxxwoI9H0c="></latexit>

hx,�i �! m

<latexit sha1_base64="i7rVvbicMplaVpYlENLHWN/hd1o="></latexit>

hx,�i �! m0

<latexit sha1_base64="MrJSbRhD+asNbnEiqHTvN8DDC+8=">AAACFXicbVBNSwMxEM3Wr1q/qh69BFtBEMpuEfRY9KK3CtYWuqVks9M2NJssSVYsS3+EF/+KFw8K4lXw5r8x2/agrQ8GHu/NMDMviDnTxnW/ndzS8srqWn69sLG5tb1T3N270zJRFBpUcqlaAdHAmYCGYYZDK1ZAooBDMxheZn7zHpRmUtyaUQydiPQF6zFKjJW6xRNcVyBCRiKJE4H7IEAxKjEuP/hMYD8iZsBMeh3CuNwtltyKOwFeJN6MlNAM9W7xyw8lTSIQhnKiddtzY9NJiTKMchgX/ERDTOiQ9KFtqSAR6E46eWqMj6wS4p5UtoTBE/X3REoirUdRYDuzI/W8l4n/ee3E9M47KRNxYkDQ6aJewrGROEsIh0wBNXxkCaGK2VsxHRBFqLE5FmwI3vzLi6RZrXinFc+7qZZqF7M88ugAHaJj5KEzVENXqI4aiKJH9Ixe0Zvz5Lw4787HtDXnzGb20R84nz8Js53+</latexit>

Prendiamo un generico x 2 Ide

Vogliamo provare

Prendiamo e

Vogliamo provare

Prendiamo il goal

Solo la regola
<latexit sha1_base64="AiQlUikRg9oXNR+FVbwGlH6CJLg=">AAACFnicbVA9SwNBEN2L3/ErammzmAgRNNwFURtBtLFUMCaQhDi3NxeX7N4du3tiOPwVNv4VGwtFbMXOf+MmplDjg4HHezPMzPMTwbVx3U8nNzE5NT0zO5efX1hcWi6srF7qOFUMaywWsWr4oFHwCGuGG4GNRCFIX2Dd750M/PoNKs3j6ML0E2xL6EY85AyMlTqFHdq6QgqJ3cXA5wK3aQCUpZwGqPgN0JI8bGnelVC+3Sp1CkW34g5Bx4k3IkUywlmn8NEKYpZKjAwToHXTcxPTzkAZzgTe5VupxgRYD7rYtDQCibqdDd+6o5tWCWgYK1uRoUP150QGUuu+9G2nBHOt/3oD8T+vmZrwoJ3xKEkNRux7UZgKamI6yIgGXCEzom8JMMXtrZRdgwJmbJJ5G4L39+VxclmteHuV3fNq8eh4FMcsWScbpEw8sk+OyCk5IzXCyD15JM/kxXlwnpxX5+27NeeMZtbILzjvX2BCnaA=</latexit>

è applicabile, da cui deriva m = �(x)

Analogamente
<latexit sha1_base64="t60NVRxC1M75n4WHraqkgDgonuo=">AAACGXicbVC7SkNBEN3rM8ZX1NJmMRFjE+4NojZC0MYygnlAEsLezSRZso/r7l4xhPyGjb9iY6GIpVb+jZtHoYkHBg7nzDAzJ4w4M9b3v72FxaXlldXEWnJ9Y3NrO7WzWzYq1hRKVHGlqyExwJmEkmWWQzXSQETIoRL2rkZ+5R60YUre2n4EDUE6krUZJdZJzZSPAUeg8V0MxiocKWMYEQpTJSmPW6ABZ8TRRd2wjiDZh+NMM5X2c/4YeJ4EU5JGUxSbqc96S9FYgLSUE2NqgR/ZxoBoyyiHYbIeG4gI7ZEO1ByVRIBpDMafDfGhU1q4rbQrafFY/T0xIMKYvghdpyC2a2a9kfifV4tt+7wxYDKKLUg6WdSOOXYZjGLCLaaBWt53hFDN3K2Ydokm1Lowky6EYPbleVLO54LT3MlNPl24nMaRQPvoAGVRgM5QAV2jIiohih7RM3pFb96T9+K9ex+T1gVvOrOH/sD7+gG6Q599</latexit>

e per questo possiamo concludere m0 = �(x)

<latexit sha1_base64="Iq/5H1F23YEcyJeEDUuAOdMq6yI=">AAACGnicbVA9SwNBEN3z2/gVtbRZjJLYHHciaiMEbSwjGA0kIeztzSWL+3Hs7okh+Dts/Cs2ForYiY3/xk28QhMfDDzem2FmXpRyZmwQfHlT0zOzc/MLi4Wl5ZXVteL6xpVRmaZQp4or3YiIAc4k1C2zHBqpBiIiDtfRzdnQv74FbZiSl7afQluQrmQJo8Q6qVMMAaegKVNlnCpjGBEKUyUpz2LQgHfECW4Z1hWkcrd3gkV5x+8US4EfjIAnSZiTEspR6xQ/WrGimQBpKSfGNMMgte0B0ZZRDveFVmYgJfSGdKHpqCQCTHsweu0e7zolxonSrqTFI/X3xIAIY/oicp2C2J4Z94bif14zs8lxe8BkmlmQ9GdRknFsFR7mhGOmgVred4RQzdytmPaIJtS6NAsuhHD85Ulyte+Hh/7BxX6peprHsYC20DaqoBAdoSo6RzVURxQ9oCf0gl69R+/Ze/Pef1qnvHxmE/2B9/kNUt6fIA==</latexit>

e percio’ possiamo concludere m = �(x) = m0.
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Caso base

<latexit sha1_base64="c6KgqKEZMCTErHpWlxv1Enc+xx4=">AAACdnicbVBNbxMxFHSWrxI+msIRgSzSqpyi3R6AS6UCF45FIk2lOIreOi/Bqu1d7LcpleXfw6/hCuKfcMS75AANcxrNvOd5nrLWylOe/+xlN27eun1n527/3v0HD3cHe4/OfNU4iWNZ6cqdl+BRK4tjUqTxvHYIptQ4KS/etf5kjc6ryn6kqxpnBlZWLZUEStJ88CYIv+QT5JdgiVPFa1etke8Lwi/UPR9K3WAMJh5va4dxP8 4Hw3yUd+DbpNiQIdvgdL7XeyoWlWwMWpIavJ8WeU2zAI6U1Bj7ovFYg7yAFU4TtWDQz0IXHPlB46E9Ex1Xmnci/r0RwHh/Zco0aYA++eteK/7Pmza0fD0LytYNoZVtECmNXZCXTqUSkS+UQyJoL0euLJfggAid4iBlEpvUal9YvJSVMWAXQSxwiZ9jEG2eQx1E2Si9SIyLdfqwU2BXKUWk0h0PxzHGfiq0uF7fNjk7GhUvR/mHo+HJ2021O+wJe85esIK9YifsPTtlYybZV/aNfWc/er+yZ9lBdvhnNOttdh6zf5DlvwGaA8NI</latexit>

We want to prove m = m0

<latexit sha1_base64="hp+NsGEwycUJwGaExC3ZpkADlDs="></latexit>

8n 2 Z. P (n)

<latexit sha1_base64="KQDCE4g8kTmb7Tgm4xZPYr9pSiU="></latexit>

P (n)
M
= 8�,m,m0. hn,�i �! m ^ hn,�i �! m0 ) m = m0

<latexit sha1_base64="C6URAPB7nHmZsA4di7xhElZSShU=">AAAC/XicpVHLbtQwFHXCqwyPTmGJkCxmECyqKOkC2CBVsGFZpJm20jiMHM+d1BrbCfZNS2VFfA07xJZf4Bf4G5zMLKCdHXd1fO7jXJ9b1Eo6TNPfUXzj5q3bd3buDu7df/Bwd7j36NhVjRUwFZWq7GnBHShpYIoSFZzWFrguFJwUq/dd/uQcrJOVmeBlDbnmpZFLKTgGaj785Zlb0glfAS3BgJWCjpmTpeb7DOEL9gq+UA20Xr dbuBftmLoEk9CmuCkVULO/HsBs/2aqMqWV5Rlya6sLumXsmHKz+I8BYYd2PhylSdoHvQ6yDRiRTRzN96KnbFGJRoNBobhzsyytMffcohQK2gFrHNRcrHgJswAN1+By3wu39HnjOFa0Bkuloj0Jf3d4rp271EWo1BzP3NVcR27LzRpcvsm9NHWDYEQnhDJ40gk5YWW4JdCFtIDIu82BSkMFtxwxHI9yIQLZhOMOmIELUWkdrPVsAUv43HrW6VlQnhWNVIuAKDsPH7Zy7Tyrwnzq37ZtOwiGZlftuw6OD5LsVZJ+PBgdvttYu0OekGfkJcnIa3JIPpAjMiUiSqJJlEef4q/xt/h7/GNdGkebnsfkn4h//gGoMvdv</latexit>

Take generic �,m,m0 s.t. hn,�i �! m and hn,�i �! m0

<latexit sha1_base64="cnkMm8p6bO2/4DbdD+/cporYEao="></latexit>

hn,�i �! m

<latexit sha1_base64="R/2xXiqU1mHGbDvmDQUdZpCoJn4="></latexit>

hn,�i �! n

<latexit sha1_base64="G/xmfbxZSQDmZiuRhsglQ0j9tKU="></latexit>

hn,�i �! m0

<latexit sha1_base64="2m/qGPS0k4jl3CERTAj7QEk1z9M=">AAACEHicbVA9SwNBEN3zM8avqKXNYiJahbsgahm0sYxgPjAXwt5mLlmyt3vs7gnhyE+w8a/YWChia2nnv3GTXKGJDwYe780wMy+IOdPGdb+dpeWV1bX13EZ+c2t7Z7ewt9/QMlEU6lRyqVoB0cCZgLphhkMrVkCigEMzGF5P/OYDKM2kuDOjGDoR6QsWMkqMlbqFk5oC0WMkkjgRuA8CFKMSl4TPBPYjYgZBmN6PS91C0S27U+BF4mWkiDLUuoUvvydpEoEwlBOt254bm05KlGGUwzjvJxpiQoekD21LBYlAd9LpQ2N8bJUeDqWyJQyeqr8nUhJpPYoC2zk5Uc97E/E/r52Y8LKTMhEnBgSdLQoTjo3Ek3Rwjymgho8sIVQxeyumA6IINTbDvA3Bm395kTQqZe+8fHZbKVavsjhy6BAdoVPkoQtURTeohuqIokf0jF7Rm/PkvDjvzsesdcnJZg7QHzifP/zWnI8=</latexit>

Prendiamo un generico n 2 Z

Vogliamo provare

Prendiamo

Vogliamo provare

e

Consideriamo

Solo la regola

Allo stesso modo

<latexit sha1_base64="SOZoYqE2SBjHG25Yp3V6QQUmgqY=">AAACDnicbVA9SwNBEN2LXzF+nVraLCYBCwl3QdRGCNpYRjCJkIQ4tzdJluztHbt7gRDyC2z8KzYWitha2/lv3MQUfj0YeLw3w8y8IBFcG8/7cDILi0vLK9nV3Nr6xuaWu71T13GqGNZYLGJ1E4BGwSXWDDcCbxKFEAUCG8HgYuo3hqg0j+W1GSXYjqAneZczMFbquEXaukUKid3FIOACD2kIlKWchqj4EGghOpOFjpv3St4M9C/x5yRP5qh23PdWGLM0QmmYAK2bvpeY9hiU4UzgJNdKNSbABtDDpqUSItTt8eydCS1aJaTdWNmShs7U7xNjiLQeRYHtjMD09W9vKv7nNVPTPW2PuUxSg5J9LeqmgpqYTrOhIVfIjBhZAkxxeytlfVDAjE0wZ0Pwf7/8l9TLJf+4dHRVzlfO53FkyR7ZJwfEJyekQi5JldQII3fkgTyRZ+feeXRenNev1owzn9klP+C8fQKOw5qI</latexit>

è applicabile, da cui deriva m = n

<latexit sha1_base64="TC8Qg0VE85p4KODse/4zLo3lxXM="></latexit>

deve essere m0 = n
e percio’ possiamo concludere m = m0



Caso Induttivo
<latexit sha1_base64="oxcHSdwR3weQdMpYd+eESj7FFu8="></latexit>

8a0, a1. P (a0) ^ P (a1) ) P (a0 op a1)

<latexit sha1_base64="6zUC9GiLefXeuBK8CxS1dxVo2Nk=">AAADVHicpVJNb9NAEF0nlIYApYUjlxURokhVZEMFXCpVcOEYEGkrZaNovJ64q+6H2V03RJb5F1zhXyHxXziwTnygbSQOzOnpzcebfTtpIYXzcfwr6nRvbd3e7t3p3713f+fB7t7DE2dKy3HMjTT2LAWHUmgce+ElnhUWQaUST9OLd03+9BKtE0Z/8ssCpwpyLeaCgw/UbC/qjfZhJp6zDOf4mbK5sSAlZU7kCg6Yxy9+JVKlss S6UjNRb2CfBXr4lUnQuUQa5h2sBzC7Zpg0OrciP/dgrVnQjXPZArMc/2dIswZlH/+hc7S5cbY7iIfxKuhNkLRgQNoYBe9esszwUqH2XIJzkyQu/LQC6wWXWPdZ6bAAfgE5TgLUoNBNq5VwTZ+WDryhBVoqJF2R+HdHBcq5pUpDpQJ/7q7nGnJTblL6+ZtpJXRRetS8EfIiuNcIOW5FOAakmbDoPTSbIxWacrDgPVpBgfNAluE6rgg6r8AubRYepXHBjVKgs2p9NHXFmi0syoqlpZBZQJRdBhusaH/OBFVaHdV13Q82J9dNvQlOXgyTV8P4w+Hg+G1reI88Jk/IPknIa3JM3pMRGRMemehb9D360fnZ+d3tdrfWpZ2o7XlErkR35w9wmBs2</latexit>

P (ai)
M
= 8�,mi,m

0
i. hai,�i �! mi ^ hai,�i �! m0

i ) mi = m0
i

<latexit sha1_base64="yJdcxAzNLvVQ1rGC2/l/sq3Lh7U="></latexit>

P (a0 op a1)
M
= 8�,m,m0. ha0 op a1,�i �! m ^ ha0 op a1,�i �! m0 ) m = m0

(ipotesi induttiva)Assumiamo

Vogliamo provare

<latexit sha1_base64="B4Funb8h9FGKXAJeoBEZjTV++5c=">AAACBnicbVDLSsNAFJ3UV62vqEsRBlvRVUmKqBuh6MZlBfuAJpTJdNIOnUeYmRRK6MqNv+LGhSJu/QZ3/o1Jm4VWD1w4nHMv994TRIxq4zhfVmFpeWV1rbhe2tjc2t6xd/daWsYKkyaWTKpOgDRhVJCmoYaRTqQI4gEj7WB0k/ntMVGaSnFvJhHxORoIGlKMTCr17MOWHDCKuISRkmOkCIQVDq8gP6l4Xqlnl52qMwP8S9yclEGORs/+9PoSx5wIgxnSuus6kfETpAzFjExLXqxJhPAIDUg3pQJxov1k9sYUHqdKH4ZSpSUMnKk/JxLEtZ7wIO3kyAz1opeJ/3nd2ISXfkJFFBsi8HxRGDNoJMwygX2qCDZskhKEFU1vhXiIFMImTS4LwV18+S9p1aruefXsrlauX+dxFMEBOAKnwAUXoA5uQQM0AQYP4Am8gFfr0Xq23qz3eWvBymf2wS9YH98mrpb5</latexit>

Vogliamo provare m = m0

<latexit sha1_base64="U4D8/rnz1u5xZANzh1R35AasK9E=">AAACDXicbVA9SwNBEN2LXzF+RS1tFhPBQsJdELUM2lhGMB+QhGNuM0mW7O0eu3tCCPkDNv4VGwtFbO3t/DfeJSk08cHA470ZZuYFkeDGuu63k1lZXVvfyG7mtrZ3dvfy+wd1o2LNsMaUULoZgEHBJdYstwKbkUYIA4GNYHiT+o0H1IYreW9HEXZC6Eve4wxsIvn5YlWj7HIIFY0l7aNEzZmitAi+e0bB94rtds7PF9ySOwVdJt6cFMgcVT//1e4qFocoLRNgTMtzI9sZg7acCZzk2rHBCNgQ+thKqIQQTWc8/WZCTxKlS3tKJyUtnaq/J8YQGjMKg6QzBDswi14q/ue1Ytu76oy5jGKLks0W9WJBraJpNLTLNTIrRgkBpnlyK2UD0MBsEmAagrf48jKpl0veRen8rlyoXM/jyJIjckxOiUcuSYXckiqpEUYeyTN5JW/Ok/PivDsfs9aMM585JH/gfP4AE6GZnw==</latexit>

Prendiamo un generico a0, a1

<latexit sha1_base64="4QzYC/sqIDxiJbSVyp1Zz/8Ue7A=">AAACkXicnVFNb9NAEF2brxKgTdsjlxEJKocosqsKqCpQBBckLkEibaU4ssbribPqfli761ZR1P/D7+HGv2GT+AAtJ0ba1dv3ZjQ7b4paCueT5FcUP3j46PGTnaedZ89f7O519w/OnWkspwk30tjLAh1JoWnihZd0WVtCVUi6KK4+r/WLa7JOGP3dL2uaKay0mAuOPlB590emjdAlad8ZW9KlQGWg0VCRJiu4AehnTlQKB2qgjv rgURLwBQVaoq7CA/MkOwNThwvzdLDNzuxWzKyoFh6tNTegoA8E/1N4BP1O3u0lw2QTcB+kLeixNsZ592dWGt6oMBqX6Nw0TWo/W6H1gku67WSNoxr5FVY0DVCjIjdbbRy9hdeBKWFubDjaw4b9s2KFyrmlKkKmQr9wd7U1+S9t2vj5+9lK6LrxpPm20byR4A2s1wOlsMS9XAaA3Irw1+A2WuQ+LHFtQnp35Pvg/HiYvh2efDvujT61duywl+wVe8NS9o6N2Bc2ZhPGo93oJPoQfYwP49N4FLe5cdTWHLK/Iv76G/gNwyI=</latexit>

Prendiamo un generico �,m,m0 tale che ha0 op a1,�i ! m e ha0 op a1,�i ! m0



<latexit sha1_base64="BYPObDvcUmLjFmiC9V30MtCllLU="></latexit>

ha0,�i �! n0 ha1,�i �! n1

ha0 op a1,�i �! n0 op n1

<latexit sha1_base64="G9QwIDRMkoBmU1jc80BzEPsEwCk="></latexit>

ha0 op a1,�i �! m

<latexit sha1_base64="BtDOw/TaAXjJaFSKvnvcMVWv+qM="></latexit>

ha0 op a1,�i �! m0

Caso induttivo (con.)
Consideriamo il goal

Solo la regola e’ applicabile

Dal momento che

<latexit sha1_base64="gS5TEe8FNOC5yx/VMfxCT1u//Z4="></latexit>

per cui m = n0 op n1 con ha0,�i ! n0 e ha0,�i ! n1

<latexit sha1_base64="G/TiUMIX/AlOD9snextzwRUnPGw="></latexit>

è necessariamente vero che m0 = n0
0 op n0

1 con ha0,�i ! n0
0 e ha1,�i ! n0

1

<latexit sha1_base64="Wk4Gstx1EqlAjElBNGi+HoD96Pg=">AAACF3icbVBNS0JBFJ1nX2ZfVss2Qxq2CHlPotoEUpuWBvkBKjJvvOrgvHmPmfsEEf9Fm/5KmxZFtK1d/6bxY1HagQvnnnMvM/f4kRQGXffbSaysrq1vJDdTW9s7u3vp/YOKCWPNocxDGeqazwxIoaCMAiXUIg0s8CVU/f7txK8OQBsRqgccRtAMWFeJjuAMrdRK50ugqYhCBCOoUO0YUQzYGc2qlnttK5elMGk823i5bCudcfPuFHSZeHOSIXOUWumvRjvkcQAKuWTG1D03wuaIaRRcwjjViA1EjPdZF+qWKhaAaY6md43piVXatBNqWwrpVP29MWKBMcPAt5MBw55Z9Cbif149xs5VcyRUFCMoPnuoE0uKIZ2ERNtCA0c5tIRxLexfKe8xzTjaKFM2BG/x5GVSKeS9i/z5fSFTvJnHkSRH5JicEo9ckiK5IyVSJpw8kmfySt6cJ+fFeXc+ZqMJZ75zSP7A+fwBjbec+Q==</latexit>

Per ipotesi induttiva, n0 = n0
0 e n1 = n0

1

<latexit sha1_base64="cdAkRYM1WftDKWg6c+qYhls9YAg="></latexit>

e perciò possiamo concludere che m = n0 op n1 = n0
0 op n0

1 = m0



Segnature su multi-sort
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Termini  su una segnatura con sort

una segnatura con sort
un insieme di sort (tipi)

<latexit sha1_base64="0oENJUs76039kTg0+aH2ky47GDk="></latexit>

S = {s, ...}
<latexit sha1_base64="QjXR1zuwkiYwcT7VD4z1MQYo5hY="></latexit>

⌃ = {⌃s1...sn,s}s1,...,sn,s2S

<latexit sha1_base64="0wLg9hCPcJ/MgzWeTjBaHN60eMw="></latexit>

f 2 ⌃s1...sn,s
<latexit sha1_base64="VS59F+KAN4+rHFfieDzi9t+/Ni0="></latexit>

f : (s1 ⇥ · · ·⇥ sn) ! s

denota l’insieme dei termini del  sort s

e’ il minimo insieme  tale che:

<latexit sha1_base64="cKxfUTfyagUDNfW6jkvlxzI0JJc="></latexit>

T⌃,s

<latexit sha1_base64="I8hwuevGRLpkBaC4gum5+zli7CM="></latexit>

• if c 2 ⌃✏,s, then c 2 T⌃,s

• if f 2 ⌃s1...sn,s and 8i. ti 2 T⌃,si , then f(t1, ..., tn) 2 T⌃,s

<latexit sha1_base64="AX6QmwJFs+1NBX+x03OVvkkKV8c="></latexit>

T⌃ = {T⌃,s}s2S
denota l’insieme di tutti i termini che 
rispettano i sort



Espressioni booleane

<latexit sha1_base64="JRkuLH2TYfCc3+CJLiRaDrLXV4s="></latexit>

a ::= x | n | a op a

<latexit sha1_base64="3aKT+zvuGm7pv9wVZz1vGahAJvU="></latexit>

op 2 {+,⇥,�}<latexit sha1_base64="Tf6eyI8pBM/YSzJ25JKWZgL44ks="></latexit>

n 2 Z
<latexit sha1_base64="OmqjCHZpZWpXQnuB+YTGyFWsk5o="></latexit>

x 2 Ide
<latexit sha1_base64="tn6XkD231MbV1DqLpM8MLDRDq5o="></latexit>

cmp 2 {<,, >,�,=, 6=}
<latexit sha1_base64="gs3NAGDOV4eUS9zqgDMVyJDfnlo="></latexit>

bop 2 {^,_}

<latexit sha1_base64="oiE6bUL9JrtGi/w99kdLg9zmSk0="></latexit>

S
M
= {Aexp,Bexp}

<latexit sha1_base64="rfnRIjoNVdL0FVOIt1p8rq7Ktj4="></latexit>

⌃✏,Bexp
M
= B

<latexit sha1_base64="EfKv9eA6wlGPuDeVqaVtWoWzWaI="></latexit>

⌃Bexp,Bexp
M
= {¬}

<latexit sha1_base64="RCcuf/eLFKqSdi/qpu1R15Mwvqk="></latexit>

⌃AexpAexp,Bexp
M
= {<,, >,�,=, 6=}

<latexit sha1_base64="0HvBRIYxQYwkmCVKezW5e+jBWoU="></latexit>

⌃BexpBexp,Bexp
M
= {^,_}

<latexit sha1_base64="lQfFbsu4+ZJXjn2PNH5Cw/Csbs0="></latexit>

⌃AexpAexp,Aexp
M
= {+,⇥,�}

<latexit sha1_base64="378Xwh2JPkHth7h7qbXKr6UATv0="></latexit>

b ::= v | a cmp a | ¬b | b bop b

<latexit sha1_base64="kPJ+u/n0zJPNIErgPmFw0CbycrU="></latexit>

v 2 B

<latexit sha1_base64="+pmprMTGBS4WBApZwu9/M7TsVPg="></latexit>

⌃✏,Aexp
M
= Ide [ Z



<latexit sha1_base64="JRkuLH2TYfCc3+CJLiRaDrLXV4s="></latexit>

a ::= x | n | a op a

<latexit sha1_base64="m8r7litemvt0HOGXY35se29naAA="></latexit>

hx,�i �! �(x)
<latexit sha1_base64="R/2xXiqU1mHGbDvmDQUdZpCoJn4="></latexit>

hn,�i �! n

<latexit sha1_base64="BYPObDvcUmLjFmiC9V30MtCllLU="></latexit>

ha0,�i �! n0 ha1,�i �! n1

ha0 op a1,�i �! n0 op n1

<latexit sha1_base64="duXna+L9B46zW/QSaCkFAMZ1USE="></latexit>

hv,�i �! v

<latexit sha1_base64="378Xwh2JPkHth7h7qbXKr6UATv0="></latexit>

b ::= v | a cmp a | ¬b | b bop b

<latexit sha1_base64="SRnJSWlU1UDc/Zvk2n1qZ1jn8hc="></latexit>

ha0,�i �! n0 ha1,�i �! n1

ha0 cmp a1,�i �! n0 cmp n1

<latexit sha1_base64="3IqxmbwDZq+1Upz+STZte7eDRIQ="></latexit>

hb,�i �! v

h¬b,�i �! ¬v
<latexit sha1_base64="hkPQRoKtaTT4C96cvq3Grhs9yaw="></latexit>

hb0,�i �! v0 hb1,�i �! v1
hb0 bop b1,�i �! v0 bop v1

Semantica delle espressioni aritmetiche e 
booleane



Sottotermini
<latexit sha1_base64="Bc0dY+Gk6JOLsK4k/YyXX/Mhjwo="></latexit>

ti � f(t1, ..., tn)



un sort 

a singleton set of sorts
<latexit sha1_base64="wqLJqohcCQwmtO/DuLDInMQYrE4="></latexit>

S = {⇤}

a special case:



Terminazione delle  espressioni booleane



<latexit sha1_base64="JRkuLH2TYfCc3+CJLiRaDrLXV4s="></latexit>

a ::= x | n | a op a

<latexit sha1_base64="m8r7litemvt0HOGXY35se29naAA="></latexit>

hx,�i �! �(x)
<latexit sha1_base64="R/2xXiqU1mHGbDvmDQUdZpCoJn4="></latexit>

hn,�i �! n

<latexit sha1_base64="BYPObDvcUmLjFmiC9V30MtCllLU="></latexit>

ha0,�i �! n0 ha1,�i �! n1

ha0 op a1,�i �! n0 op n1

<latexit sha1_base64="duXna+L9B46zW/QSaCkFAMZ1USE="></latexit>

hv,�i �! v

<latexit sha1_base64="378Xwh2JPkHth7h7qbXKr6UATv0="></latexit>

b ::= v | a cmp a | ¬b | b bop b

<latexit sha1_base64="SRnJSWlU1UDc/Zvk2n1qZ1jn8hc="></latexit>

ha0,�i �! n0 ha1,�i �! n1

ha0 cmp a1,�i �! n0 cmp n1

<latexit sha1_base64="3IqxmbwDZq+1Upz+STZte7eDRIQ="></latexit>

hb,�i �! v

h¬b,�i �! ¬v
<latexit sha1_base64="hkPQRoKtaTT4C96cvq3Grhs9yaw="></latexit>

hb0,�i �! v0 hb1,�i �! v1
hb0 bop b1,�i �! v0 bop v1

Terminazione di espressioni booleane

<latexit sha1_base64="OPE42bZvYfAifjf6ZjgMiguNKk4=">AAAC2HicbVFLbxMxEPYurxJeKZwQF6sRUpFQtCkIuCBV5cIFKUj0IeIomvVOtlb9WGxv2shaxA1x4MK/43fwB/Ame+hrTp+/Gc83801eSeF8lv1N0hs3b92+s3G3d+/+g4eP+puPD5ypLcd9bqSxRzk4lELjvhde4lFlEVQu8TA/+dDmDxdonTD6i19WOFVQajEXHHykZv3f4+38BStwjt8omxsLUlLmRKmACc0U+OM8D5+a4X eGZ3EaR5nHM7/SDbmssQmL5lzlXlspQZcSaf6ya2TXbyaNLq0ojz1Ya06v6zTrD7Jhtgp6FYw6MCBdjGebyStWGF4r1J5LcG4yyio/DWC94BKbHqsdVsBPoMRJhBoUumlYqTb0ee3AG1qhpULSFYnnfwRQzi1VHivb/dzlXEtel5vUfv5uGoSuao+at0JeRAdaIcetiAdBWgiL3kM7OVKhKQcL3qMVFDiPZB0vdEHQeQV2aYu4lMZTbpQCXYT17ZqwuoBFGVheC1lERNki2mBF576JqjS8b5qmF20eXTb1KjjYGY7eDLPPrwe7e53hG+QZ2SLbZETekl3ykYzJPuHkX/I02UoG6df0R/oz/bUuTZPuzxNyIdI//wHvVun5</latexit>

P (b)
M
= 8� 2 M. 9v 2 B. hb,�i �! v

<latexit sha1_base64="rhbKsEA3apQZVzwePV1g+ad2UIc="></latexit>

8b. P (b) ?



Caso base

the only 
variable

<latexit sha1_base64="/baxcNPdQ78IM/pj87OyQzXBR4I="></latexit>

8v 2 B. P (v)

<latexit sha1_base64="hb5HcGA4rSd/JIbFqUgoKRWITnI=">AAAC13icbVHLbhMxFPUMrxIeTWGDxMY0RSoSiiZFAjZIFWxYBom0RXEU3fHcTK36MdiepJE1sEMs2PB5/AZfgCfJgj7u6vg+dI7PySspnM+yP0l64+at23e27nbu3X/wcLu78+jImdpyHHEjjT3JwaEUGkdeeIknlUVQucTj/OxDOz+eo3XC6M9+WeFEQanFTHDwsTXt/grMzegx0gVoT72hlTVzpHvD/fkLVuAMv1I2MxakpM yJUkH/G8PzqMtR5vHcrxSEXNbYhLqJQwm6lEjnL9frzK7fTBpdWlGeerDWLK473mum3V7Wz1ZFr4LBBvTIpobTneQVKwyvFWrPJTg3HmSVnwSwXnCJTYfVDivgZ1DiOEINCt0krHgb+rx20P4YLRWSrpr4/0UA5dxS5XFTgT91l2dt87rZuPazt5MgdFV71Lwl8iJ60BI5bkXMA2khLHoPrXKkQlMOFrxHKyhwHpt1DOgCofMK7NIW8VMaF9woBboI64yawFoVFmVgeS1kERFl82iDFRv/Y6qWhndN03SizYPLpl4FRwf9wet+9umgd/h+Y/gWeUp2yT4ZkDfkkHwkQzIinPxNniTPkt30S/o9/ZH+XK+myebmMblQ6e9/yxHoNA==</latexit>

We want to prove P (v)
M
= 8�. 9u. hv,�i �! u

<latexit sha1_base64="duXna+L9B46zW/QSaCkFAMZ1USE="></latexit>

hv,�i �! v

<latexit sha1_base64="D4+2U+ByGLjKSQ/lcN0/a5FO98U="></latexit>

hv,�i �! u -[u=v] ⇤

<latexit sha1_base64="fqtbfTCqJjrfdMKFCQoJrRUOMbc=">AAACE3icbVDLTgIxFO34RHyhLt00golxQWaIUZcENi4xkUfCENIpF2jotJO2Q0Im/IMbf8WNC41x68adf2OBWSh4kian59ybe+8JIs60cd1vZ219Y3NrO7OT3d3bPzjMHR03tIwVhTqVXKpWQDRwJqBumOHQihSQMODQDEbVmd8cg9JMigcziaATkoFgfUaJsVI3d1mVQrMeKEZCiWOBByDsh0pcGPtMYD8kZhgESWVa6ObybtGdA68SLyV5lKLWzX35PUnjEIShnGjd9tzIdBKiDKMcplk/1hAROiIDaFsqSAi6k8xvmuJzq/RwXyr7hMFz9XdHQkKtJ2FgK2cr6mVvJv7ntWPTv+0kTESxAUEXg/oxx0biWUC4xxRQwyeWEKqY3RXTIVGEGhtj1obgLZ+8ShqlonddvLov5cuVNI4MOkVn6AJ56AaV0R2qoTqi6BE9o1f05jw5L86787EoXXPSnhP0B87nD2INndc=</latexit>

Consideriamo un generico v 2 B

Vogliamo provare

<latexit sha1_base64="gayDtZc0oXvLeawnJO40nLvKw/M="></latexit>

Consideriamo un generico � 2 M e consideriamo il goal hv,�i ! u

Per la regola abbiamo

e abbiamo finito (considerando u=v)



Un caso base sorprendente
<latexit sha1_base64="vu8AQpIeK4j+Az6of8/TuhzO3iU="></latexit>

8a0, a1. P (a0 cmp a1)

<latexit sha1_base64="zjCBGAk8XyoN6oiFI+AoGYYmjFA=">AAADDXicfVLLjtMwFHXCayivDizZWHSQioSqZJCADdIINqxQkei0UlNVN85NxhrbCbbTTmWFX+Br2CEWbPgG/gYnrQTzEHd1dO71fZzjtBLc2Cj6HYTXrt+4eWvvdu/O3Xv3H/T3Hx6bstYMJ6wUpZ6lYFBwhRPLrcBZpRFkKnCanr5r89MVasNL9cluKlxIKBTPOQPrqWX/p0tMTqdI16AstSWtdLlCejAewjJKJNgTjcJ1wO SOyappYBk/SzLM8TNN8lKDEDQxvJAw+pLgmV/Z0MTime2Wc6mosXGrxicFqEIg/V/j59tOid6WJqJUhebFiQWty/VVfQ+aZX8QjaIu6GUQ78CA7GK83A9eJFnJaonKMgHGzOOosgsH2nImsOkltcEK2CkUOPdQgUSzcN3chj6tDbQ6oaZc0I7Ef184kMZsZOoru+Mu5lryqty8tvnrheOqqi0q1g6y3GvQDjJMc+8i0oxrtBbazZFyRRlosBY1p8CYJ2tv67mBxkrQG535oxSuWSklqMxt7WvcXx/SmovMI5qsvAya7/T3f0FT96Zpmp6XOb4o6mVwfDiKX46ij4eDo7c7wffIY/KEDElMXpEj8p6MyYSwYBh8CKbBLPwafgu/hz+2pWGwe/OInIvw1x9HdP7Z</latexit>

We want to prove P (a0 cmp a1)
M
= 8�. 9v. ha0 cmp a1,�i �! v

<latexit sha1_base64="7vpb/mmvgWb9CunKlJHwtzWI3oo=">AAACk3icbZDbahRBEIZ7x1NcTxvFKxEaN4IXsszkQgURQuKFN0IENwlsr0NNT+1skz6M3T0bQjNv50v4Ct7qA9gzGVAT6+rnr6qu/r+ilsL5NP0+Sq5dv3Hz1tbt8Z279+4/mGw/PHKmsRzn3EhjTwpwKIXGuRde4kltEVQh8bg4Pej6xxu0Thj92Z/XuFRQabESHHy08smXwNyKHhjtRImW+jXSyoCkO0yCriRSyFOmwK8tyt ALtwpc1W0LefaSOVEpYPZilEmjKyuqtQdrzRnd7LT5ZJrO0r7oVZENYkqGOsy3R09ZaXijUHsuwblFltZ+GcB6wSW2Y9Y4rIGfQoWLKDUodMvQg2jp88aBN7SOSYSkvYl/bwRQzp2rIk72US73OvN/vUXjV2+WQei68ah5d8iLmLg75LgVkTDSUlj0HrqfIxWacrDgPVpBgfNoNhH5mGk840Yp0GVgJa7waxv+8C0aIcuoKNvEwFYMXE18n4Z3bduOI9DsMr6r4mh3lr2apZ92p3v7A9ot8oQ8Iy9IRl6TPfKBHJI54eQb+UF+kl/J4+Rtsp+8vxhNRsPOI/JPJR9/A3LNzZQ=</latexit>

Consider the goal ha0 cmp a1,�i �! v
<latexit sha1_base64="SRnJSWlU1UDc/Zvk2n1qZ1jn8hc="></latexit>

ha0,�i �! n0 ha1,�i �! n1

ha0 cmp a1,�i �! n0 cmp n1

<latexit sha1_base64="P8XAPfPyFFjC0JzLwXBncrwu3LE="></latexit>

ha0 cmp a1,�i �! v -[v=n0 cmp n1] ha0,�i �! n0, ha1,�i �! n1

<latexit sha1_base64="exkHMfk9EZ+Mv+NF8iUJLNFUm2E=">AAACDHicbVDLSgMxFM34rPVVdekm2AoupMwUUZfFblxWsA9oS7mT3rahmWRIMkIp/QA3/oobF4q49QPc+Temj4W2HgicnHMuyT1hLLixvv/trayurW9sprbS2zu7e/uZg8OqUYlmWGFKKF0PwaDgEiuWW4H1WCNEocBaOChN/NoDasOVvLfDGFsR9CTvcgbWSe1MtqSk4R3UHCJFE0l7KN2FKZqDtn9OoR3kXMrP+1PQZRLMSZbMUW5nvpodxZIIpWUCjGkEfmxbI9CWM4HjdDMxGAMbQA8bjkqI0LRG02XG9NQpHdpV2h1p6VT9PTGCyJhhFLpkBLZvFr2J+J/XSGz3ujXiMk4sSjZ7qJsIahWdNEM7XCOzYugIMM3dXynrgwZmXX9pV0KwuPIyqRbywWX+4q6QLd7M60iRY3JCzkhArkiR3JIyqRBGHskzeSVv3pP34r17H7PoijefOSJ/4H3+AHeEmfE=</latexit>

Consideriamo un generico a0, a1

Vogliamo provare

Per la regola abbiamo

Consideriamo il goal

<latexit sha1_base64="Ieu/Vgjmeo6aNc03A/fQOyrv4VA="></latexit>

Per la terminazione delle espressioni aritmetiche, un tale n0, n1 esistono

<latexit sha1_base64="aHEHO5+K2rFzgDpOp//yLChyR8A=">AAACHXicbVDLSgNBEJz1bXxFPXoZjEK8hF0RFUQQvXhUMCaQhKV3tlcH57HMzAoh+CNe/BUvHhTx4EX8GycxBzUWNBRV3XR3Jbng1oXhZzA2PjE5NT0zW5qbX1hcKi+vXFpdGIZ1poU2zQQsCq6w7rgT2MwNgkwENpKbk77fuEVjuVYXrptjR8KV4hln4LwUl3eQQpJwkJpmXHGnaZVpZXmKBlSq6cbtoYrD9gFlMqftAxVHdGMrLlfCWjgAHSXRkFTIEGdx+b2dalZIVI4JsLYVhbnr9MA4zgTeldqFxRzYDVxhy1MFEm2nN/jujm56JaWZNr6UowP150QPpLVdmfhOCe7a/vX64n9eq3DZfqfHVV44VOx7UVYI6kPoR0VTbpA50fUEmOH+VsquwQBzPtCSDyH6+/IoudyuRbu1nfPtytHxMI4ZskbWSZVEZI8ckVNyRuqEkXvySJ7JS/AQPAWvwdt361gwnFklvxB8fAEZwqAB</latexit>

e abbiamo finito (considerando v = n0 cmp n1)



Per  finire la prova
provare per esercizio

<latexit sha1_base64="TqvrG9a7cmQ2bfm6JAkYGh7rE00="></latexit>

8b. P (b) ) P (¬b)

<latexit sha1_base64="kD0x2QhxDKly8FVLIHPAk5KdaTY="></latexit>

8b0, b1. (P (b0) ^ P (b1)) ) P (b0 bop b1)



Comandi



Comandi

<latexit sha1_base64="rfnRIjoNVdL0FVOIt1p8rq7Ktj4="></latexit>

⌃✏,Bexp
M
= B

<latexit sha1_base64="EfKv9eA6wlGPuDeVqaVtWoWzWaI="></latexit>

⌃Bexp,Bexp
M
= {¬}

<latexit sha1_base64="RCcuf/eLFKqSdi/qpu1R15Mwvqk="></latexit>

⌃AexpAexp,Bexp
M
= {<,, >,�,=, 6=}

<latexit sha1_base64="0HvBRIYxQYwkmCVKezW5e+jBWoU="></latexit>

⌃BexpBexp,Bexp
M
= {^,_}

<latexit sha1_base64="lQfFbsu4+ZJXjn2PNH5Cw/Csbs0="></latexit>

⌃AexpAexp,Aexp
M
= {+,⇥,�}

<latexit sha1_base64="+pmprMTGBS4WBApZwu9/M7TsVPg="></latexit>

⌃✏,Aexp
M
= Ide [ Z

<latexit sha1_base64="0W3KPan5x3jM7L02BOPZYz0mp3Q="></latexit>

a ::= x | n | a+ a | · · ·
<latexit sha1_base64="6a3FRes8fia4Pro0I/J9zB841pg="></latexit>

b ::= v | a  a | · · ·
<latexit sha1_base64="JX0a94SSJYmvYiuQTT03lxLb9dg="></latexit>

c ::= skip | x := a | c ; c | if b then c else c | while b do c

<latexit sha1_base64="Bj6h309DRHm7cPiMhAwHebsR2GA="></latexit>

⌃✏,Com
M
= {skip}

<latexit sha1_base64="2YniCCM95bUNP4sYlUOaDBo86Ng="></latexit>

S
M
= {Aexp,Bexp,Com}

<latexit sha1_base64="lbGCxRP8RP6eo9FJHVtNCM35CRs="></latexit>

⌃Aexp,Com
M
= {x := | x 2 Ide}

<latexit sha1_base64="2uiNw/mgjeAf+PK0rPNf47kUB6k="></latexit>

⌃ComCom,Com
M
= { ; }

<latexit sha1_base64="rbMyMpoLKmfHmegi/mauzbG0168="></latexit>

⌃BexpComCom,Com
M
= { if }

<latexit sha1_base64="+0QCarntbn+GqMEyxAZzQaP4WqQ="></latexit>

⌃BexpCom,Com
M
= {while }



Memorie
<latexit sha1_base64="stErxp++IRRhryIppYUJ042eLFk="></latexit>

M M
= {� : Ide ! Z | � has finite support }

<latexit sha1_base64="QXgDBcBZHldYmQHnl5Lyp5yW7Tc="></latexit>

{x 2 Ide | �(x) 6= 0} is finite

<latexit sha1_base64="nN3RIPq2eTOFW++Bib7bwPUCIsQ="></latexit>

(n1/x1, ..., nk/xk) : Ide ! Z

<latexit sha1_base64="oqPZ2qguGfhjUGFNmNSZhuxs6ac="></latexit>

(n1/x1, ..., nk/xk)(x)
M
=

⇢
ni if x = xi

0 otherwise

<latexit sha1_base64="0PqYm60cnVdlUUow/R9u+qPPG64="></latexit>

�0
M
= () is the typical initial memory

all different

ha un dominio finito

e’ finito

e’ una tipica memoria iniziale



Modificare la memoria
<latexit sha1_base64="cnqjrp4AzwqILtGkyGWxTo19yHk="></latexit>

�[n/y](x)
M
=

⇢
n if x = y
�(x) otherwise

<latexit sha1_base64="XEpixzgTLWFGiICAR7hu6S7SqrM="></latexit>

(n1/x1, ..., nk/xk) = �0[n1/x1, ..., nk/xk]

<latexit sha1_base64="9tthzKyTLZGLXZ7UcRtYi66GlZE="></latexit>

y 6= z ) �[n/y][m/z] = �[m/z][n/y]

<latexit sha1_base64="6a+LT0xSeL1rfgcyQ9PVRwAcS1g="></latexit>

�[m/y][n/y] = �[n/y]
<latexit sha1_base64="bCUchTUwtqD/b5ftMzfEF3KzsxM="></latexit>

�[m/y][n/y](x)
M
=

⇢
n if x = y
�[m/y](x) = �(x) otherwise

<latexit sha1_base64="woP5gHWiz/D/om3L9Nc2tTris+o=">AAACYHicbVDLbhNBEBwvL2MesUFc4DLCQuJgWbuAgAtSBBeOQcJJJI9l9c62zSjzWGZ6g6zRfkyu4Yu45ksya3wgCX0qVXWrqqustQqU53962a3bd+7e698fPHj46PHecPTkMLjGS5xJp50/LiGgVhZnpEjjce0RTKnxqDz50ulHp+iDcvY7bWpcGFhbtVISKFHL4TOxch605iKotYGJmdjJZrocjvNpvh1+ExQ7MGa7OViOem 9F5WRj0JLUEMK8yGtaRPCkpMZ2IJqANcgTWOM8QQsGwyJu87f8VROAHK/Rc6X5lsR/LyKYEDamTJsG6Ee4rnXk/7R5Q6uPi6hs3RBa2RmR0rg1CtKrVAzySnkkgi45cmW5BA9E6BUHKRPZpKauGAYy4De+Sk9Z/CWdMWCrKCpc4c82ii6FRx1F2ShdJcTFaarBK7Dr5C1ccuXxU9u2g1Rzcb3Um+DwzbR4P82/vRvvf94V3mcv2Ev2mhXsA9tnX9kBmzHJIjtj5+x37yLrZ3vZ6O9q1tvdPGVXJnt+CVqfuOo=</latexit>

8�,m, n, y.

<latexit sha1_base64="ODgRhnQ345zj2IJhTxn4fb4KOPc=">AAACYnicbVDLThtBEBxvXuC8bDhwSA6jWJFysKxdEoVckFBy4QhSDEgey+qdbTsj5rGZ6QU5q/2aXOGDcs+HMGt8CJA6laq6Vd2Vl1oFStM/neTR4ydPn21sdp+/ePnqda+/dRJc5SWOpdPOn+UQUCuLY1Kk8az0CCbXeJqff2v90wv0QTn7nZYlTg0srJorCRSlWW9HzJ0HrbkIamFgaIZ2uBz+Gs16g3SUrsAfkmxNBmyNo1 m/81EUTlYGLUkNIUyytKRpDZ6U1Nh0RRWwBHkOC5xEasFgmNarDxr+vgpAjpfoudJ8JeK/GzWYEJYmj5MG6Ee477Xi/7xJRfMv01rZsiK0sg0ipXEVFKRXsRrkhfJIBO3lyJXlEjwQoVccpIxiFbu6ExjIgF/6Ij5l8VI6Y8AWtShwjj+bWrRXeNS1yCuli8i4uIg1eAV2EbOFi6m83m+aphtrzu6X+pCc7I6yz6P0+NPg4Ou68A32hr1jH1jG9tgBO2RHbMwka9hvdsWuO3+TbtJPtm9Hk856Z5vdQfL2BvBCuaQ=</latexit>

8�,m, n, y, z.
<latexit sha1_base64="9tthzKyTLZGLXZ7UcRtYi66GlZE="></latexit>

y 6= z ) �[n/y][m/z] = �[m/z][n/y]
<latexit sha1_base64="DOPzx7CX653YmXWsujkM/ii4Xys=">AAACDXicbVC7SgNBFJ31GeMramkzmAgWkuwGUcugjWUE84BkCbOTm2TIzOwyMyusS37Axl+xsVDE1t7Ov3HyKDTxwIXDOfdyOSeIONPGdb+dpeWV1bX1zEZ2c2t7Zze3t1/XYawo1GjIQ9UMiAbOJNQMMxyakQIiAg6NYHg99hv3oDQL5Z1JIvAF6UvWY5QYK3VyBU0VMybERNIBYBoKwIW2Zn1BWrKUnIrSg1/o5PJu0Z0ALxJvRvJohmon99XuhjQWIA3lROuW50bGT4kyjHIYZduxhojQIelDy1JJBGg/naQZ4WOrdHEvVHakwRP190VKhNaJCOymIGag572x+J/Xik3v0k+ZjGIDkk4f9WKObfpxNbjLFFDDE0vIuBVGMR0QRaixBWZtCd585EVSLxe98+LZbTlfuZrVkUGH6AidIA9doAq6QVVUQxQ9omf0it6cJ+fFeXc+pqtLzuzmAP2B8/kDFGia6g==</latexit>

scritto anche come �[n/y,m/z]



Semantica dei comandi
<latexit sha1_base64="JX0a94SSJYmvYiuQTT03lxLb9dg="></latexit>

c ::= skip | x := a | c ; c | if b then c else c | while b do c

<latexit sha1_base64="rhFZcxADzmFkdEOvGb7VHSzUBRs="></latexit>

hskip,�i �! �

<latexit sha1_base64="gA+h0VkpMmCdXXaCeMPDWJo+YzM="></latexit>

ha,�i �! n

hx := a,�i �! �[n/x]

<latexit sha1_base64="GpttSfyoUsAo/ALOndk0J29SJo0="></latexit>

hc0,�i �! �00 hc1,�00i �! �0

hc0 ; c1,�i �! �0

<latexit sha1_base64="NK4mskmkQjSrtKTyNQsV3hYKnkk="></latexit>

hb,�i �! ↵ hc1,�i �! �0

hif b then c0 else c1,�i �! �0

<latexit sha1_base64="xee7mNnZvoR365kDKE7+qn1JYfM="></latexit>

hb,�i �! tt hc0,�i �! �0

hif b then c0 else c1,�i �! �0

<latexit sha1_base64="JfDJd6rcf7BLbNxsC34hgxI09/0="></latexit>

hb,�i �! ↵

hwhile b do c,�i �! �

<latexit sha1_base64="sNALkjWUV+BBNU6YcoawIKswkF4="></latexit>

hb,�i �! tt hc,�i �! �00 hwhile b do c,�00i �! �0

hwhile b do c,�i �! �0



C’e’ una definizione ricorsiva!

<latexit sha1_base64="sNALkjWUV+BBNU6YcoawIKswkF4="></latexit>

hb,�i �! tt hc,�i �! �00 hwhile b do c,�00i �! �0

hwhile b do c,�i �! �0

una premessa e’  
complessa come la 
conclusione



Numeri triangolari
<latexit sha1_base64="1ObEtLg+MYRKILLYCAHsA/V1qnA="></latexit>

T1

<latexit sha1_base64="CEY44/Fq7xkhC0wrD8TKzcH/IHw="></latexit>

T2

<latexit sha1_base64="TmaSq1VjIA10em/+PpbUu2btf1o="></latexit>

T3

<latexit sha1_base64="ydHRNi6LYW36QcFlkjB7gUQF7CA="></latexit>

T4

<latexit sha1_base64="ghljUW1YfFbQMOp0rxLBd7sWXGA="></latexit>

T5

<latexit sha1_base64="ytTS6Q7IF1fzn8Id1apisNSIFLc="></latexit>

1

<latexit sha1_base64="Yxkcb4AKT0MrEMhHFsvRiyYIgKU="></latexit>

3

<latexit sha1_base64="WkXe8LTxfFRwmtrqg/wXnjzJZkw="></latexit>

6

<latexit sha1_base64="tqFMjLh+TAy9y7vmXVuYVdFRtiA="></latexit>

10

<latexit sha1_base64="efy51fp6z22oFLj59ugXFEzPtJc="></latexit>

15

<latexit sha1_base64="R7kEUyqdxs8nkkI62q+2jtZuVX0="></latexit>

k

<latexit sha1_base64="UkJMSro8S5V1PBEOAuggE8zIBm0="></latexit>

k + 1

<latexit sha1_base64="t/93xgQIU129iCKky2Tw0skdQ2A="></latexit>

Tk
M
=

kX

i=1

i =
k(k + 1)

2



Calcoliamo T2 senza  div
<latexit sha1_base64="4xnrGs/k5FxgHc/KLDQGYKe3GJ8="></latexit>c0

<latexit sha1_base64="uZtLZPXparg6kBH2tLerVMS3I4E="></latexit>c1

<latexit sha1_base64="GSFYnuYR6NHxes4Eq6Vu/0E1BHQ="></latexit>w
<latexit sha1_base64="sLlLq40LdQ7TO9FB3pK1O9hdaFk="></latexit>c2

<latexit sha1_base64="MsvgHzzU30LUtaSkVeqaYiPaTm4="></latexit>c3

<latexit sha1_base64="BiXJK/lWzmUUs2lg5BXhZSoGBrQ="></latexit>

{

<latexit sha1_base64="BiXJK/lWzmUUs2lg5BXhZSoGBrQ="></latexit>

{

<latexit sha1_base64="BiXJK/lWzmUUs2lg5BXhZSoGBrQ="></latexit>

{
<latexit sha1_base64="BiXJK/lWzmUUs2lg5BXhZSoGBrQ="></latexit>

{
<latexit sha1_base64="hoRzBjtrLYBbI0VboX3rhTIlXHs="></latexit>c

<latexit sha1_base64="B4QpwDPC1GcCYsgnHz2P53mdUxE="></latexit>

b

<latexit sha1_base64="QeR1R+//MIK1JZ/pRg8S1l5Rvbk="></latexit>

t := 0;
i := 1;
while i  k do (

t := t+ i;
i := i+ 1 )

<latexit sha1_base64="GpttSfyoUsAo/ALOndk0J29SJo0="></latexit>

hc0,�i �! �00 hc1,�00i �! �0

hc0 ; c1,�i �! �0

<latexit sha1_base64="ymbWdmiS0lCC1oe4iEM/xYtk+jE="></latexit>

troviamo �0,� tali che

⇢
hc0; c1, (2/k)i �! �0

hw,�0i �! �

<latexit sha1_base64="eHmUcHub1XVh/yQdO6VCjzSNaEk="></latexit>

troviamo � tale che h(c0; c1);w, (2/k)i ! �0



<latexit sha1_base64="iwtUC8IymqDyz50PqJnvrAmgDzQ="></latexit>

-n2=1 ⇤

<latexit sha1_base64="USv74uzNibDgPU1iQoWxYRkL5yc="></latexit>

let’s find �0 such that hc0; c1, (2/k)i �! �0

<latexit sha1_base64="7lpnYR1nO1cZWtMDzMz3btSqo60="></latexit>

hc0; c1, (2/k)i �! �0

<latexit sha1_base64="qpcFCVOT9Lv48w83TtgxsdECSvA="></latexit>

- ht := 0, (2/k)i �! �1, hi := 1,�1i �! �0
<latexit sha1_base64="N71km9QKIo9cg1JlPNOoUxmRAsA="></latexit>

-�1=(2/k)[n1/t] h0, (2/k)i �! n1, hi := 1, (2/k, n1/t)i �! �0

<latexit sha1_base64="9G4Jw2kaxdDUKrbmsvmK1yfFEUw="></latexit>

-n1=0 hi := 1, (2/k, 0/t)i �! �0
<latexit sha1_base64="e/MSgRcTTDPOMI1vrzWOz7vFXWY="></latexit>

-�0=(2/k,0/t)[n2/i] h1, (2/k, 0/t)i �! n2 <latexit sha1_base64="N7s3oIsmMWiqrRMFYOmA8OZIvlc="></latexit>

�0 = (2/k, 0/t, 1/i)

<latexit sha1_base64="9frT9OsyAMpKJUqcagzpo4mU89w="></latexit>

more concisely: hc0; c1, (2/k)i �! �0
<latexit sha1_base64="jK8vwSjx8bLSwlFWvqa9Ll9wCKw=">AAACdHicbVDLbhNBEBwvr2BeDhzhMMKJSFBk7xoJuESKwoVjkHASyWOs3tm2GXkey0xvjLXab+BruMJ38COcGRsfSEKdSlXdqu7KS60CpemvVnLj5q3bd7butu/df/DwUWf78WlwlZc4lE47f55DQK0sDkmRxvPSI5hc41k+f7fyzy7QB+XsR1qWODYws2qqJFCUJp39HWEX4L1bfHo5qUVQMwMvDvcG/flB2qeDrK/2Gy6O3d edSaeb9tI1+HWSbUiXbXAy2W69EoWTlUFLUkMIoywtaVyDJyU1Nm1RBSxBzmGGo0gtGAzjev1Tw3erAOR4iZ4rzdci/rtRgwlhafI4aYA+h6veSvyfN6po+nZcK1tWhFaugkhpXAcF6VUsC3mhPBLB6nLkynIJHojQKw5SRrGK7V0KDGTAL30Rn7K4kM4YsEUtCpzil6YWqys86lrkldJFZFxcxBq8AjuL2cLFVF4fNk3TjjVnV0u9Tk4Hvex1L/0w6B4dbwrfYk/Zc7bHMvaGHbH37IQNmWTf2Hf2g/1s/U6eJd1k9+9o0trsPGGXkPT+ANfQv1s=</latexit>

-⇤
�0=(2/k,0/t,1/i) ⇤

<latexit sha1_base64="4xnrGs/k5FxgHc/KLDQGYKe3GJ8="></latexit>c0
<latexit sha1_base64="uZtLZPXparg6kBH2tLerVMS3I4E="></latexit>c1

<latexit sha1_base64="GSFYnuYR6NHxes4Eq6Vu/0E1BHQ="></latexit>w
<latexit sha1_base64="sLlLq40LdQ7TO9FB3pK1O9hdaFk="></latexit>c2

<latexit sha1_base64="MsvgHzzU30LUtaSkVeqaYiPaTm4="></latexit>c3

<latexit sha1_base64="BiXJK/lWzmUUs2lg5BXhZSoGBrQ="></latexit>

{

<latexit sha1_base64="BiXJK/lWzmUUs2lg5BXhZSoGBrQ="></latexit>

{

<latexit sha1_base64="BiXJK/lWzmUUs2lg5BXhZSoGBrQ="></latexit>

{
<latexit sha1_base64="BiXJK/lWzmUUs2lg5BXhZSoGBrQ="></latexit>

{
<latexit sha1_base64="hoRzBjtrLYBbI0VboX3rhTIlXHs="></latexit>c

<latexit sha1_base64="B4QpwDPC1GcCYsgnHz2P53mdUxE="></latexit>

b

<latexit sha1_base64="nBO+QfELoXG/OKF9zDQ9Y/KWvyI="></latexit>

�
M
= (2/n)

<latexit sha1_base64="QeR1R+//MIK1JZ/pRg8S1l5Rvbk="></latexit>

t := 0;
i := 1;
while i  k do (

t := t+ i;
i := i+ 1 )

Deriviamo
<latexit sha1_base64="srHc6lMJf0eRpJ2wP83hIasXVpY=">AAACBXicbVC7SgNBFJ31bXxFLbUYTESrsCuilqKNpYJ5QBLC3clNHJzZWWbuCiHY2PgrNhaK2PoPdv6Nk0eh0QMDh3Pu5c45caqkozD8CqamZ2bn5hcWc0vLK6tr+fWNijOZFVgWRhlbi8GhkgmWSZLCWmoRdKywGt+eD/zqHVonTXJNvRSbGrqJ7EgB5KVWfpusuZOgDS82nOxq2CtyAoVc3CBv5QthKRyC/yXRmBTYGJet/GejbUSmMSGhwLl6FKbU7IMlKRTe5xqZwxTELXSx7mkCGl2zP0xxz3e90uYdY/1LiA/Vnxt90M71dOwnNdCNm/QG4n9ePaPOSbMvkzQjTMToUCdTnAwfVMLb0qIg1fMEhJX+rz49WBDki8v5EqLJyH9J5aAUHZUOrw4Kp2fjOhbYFtth+yxix+yUXbBLVmaCPbAn9sJeg8fgOXgL3kejU8F4Z5P9QvDxDbnol20=</latexit>

troviamo �0 tale che

<latexit sha1_base64="gA+h0VkpMmCdXXaCeMPDWJo+YzM="></latexit>

ha,�i �! n

hx := a,�i �! �[n/x]

<latexit sha1_base64="GpttSfyoUsAo/ALOndk0J29SJo0="></latexit>

hc0,�i �! �00 hc1,�00i �! �0

hc0 ; c1,�i �! �0



Deriviamo
<latexit sha1_base64="4xnrGs/k5FxgHc/KLDQGYKe3GJ8="></latexit>c0

<latexit sha1_base64="uZtLZPXparg6kBH2tLerVMS3I4E="></latexit>c1

<latexit sha1_base64="GSFYnuYR6NHxes4Eq6Vu/0E1BHQ="></latexit>w
<latexit sha1_base64="sLlLq40LdQ7TO9FB3pK1O9hdaFk="></latexit>c2

<latexit sha1_base64="MsvgHzzU30LUtaSkVeqaYiPaTm4="></latexit>c3

<latexit sha1_base64="BiXJK/lWzmUUs2lg5BXhZSoGBrQ="></latexit>

{

<latexit sha1_base64="BiXJK/lWzmUUs2lg5BXhZSoGBrQ="></latexit>

{

<latexit sha1_base64="BiXJK/lWzmUUs2lg5BXhZSoGBrQ="></latexit>

{
<latexit sha1_base64="BiXJK/lWzmUUs2lg5BXhZSoGBrQ="></latexit>

{
<latexit sha1_base64="hoRzBjtrLYBbI0VboX3rhTIlXHs="></latexit>c

<latexit sha1_base64="B4QpwDPC1GcCYsgnHz2P53mdUxE="></latexit>

b

<latexit sha1_base64="nBO+QfELoXG/OKF9zDQ9Y/KWvyI="></latexit>

�
M
= (2/n)

<latexit sha1_base64="QeR1R+//MIK1JZ/pRg8S1l5Rvbk="></latexit>

t := 0;
i := 1;
while i  k do (

t := t+ i;
i := i+ 1 )<latexit sha1_base64="mwhELj6ON1GUA9/002z8nEzMIfs="></latexit>

hw, (2/k, 0/t, 1/i)i �! �
<latexit sha1_base64="iJtB59dsQs0lYYCRkyvZZSEZowM="></latexit>

- hb, (2/k, 0/t, 1/i)i �! tt, hc, (2/k, 0/t, 1/i)i �! �1, hw,�1i �! �
<latexit sha1_base64="1NnqQvqslGCDDDV5Zx/IsXChWUw="></latexit>

-⇤ hc, (2/k, 0/t, 1/i)i �! �1, hw,�1i �! �
<latexit sha1_base64="4SPq8oyKwsOhwiY6k1diUC5H0yE="></latexit>

-⇤
�1=(2/k,0/t,1/i)[1/t,2/i] hw, (2/k, 1/t, 2/i)i �! �

<latexit sha1_base64="228tGGSgDzfidlI7FGwzr6oAEKE="></latexit>

- hb, (2/k, 1/t, 2/i)i �! tt, hc, (2/k, 1/t, 2/i)i �! �2, hw,�2i �! �
<latexit sha1_base64="NsDBBK8CO3158BOtEi8advzcxVA="></latexit>

-⇤ hc, (2/k, 1/t, 2/i)i �! �2, hw,�2i �! �

<latexit sha1_base64="sJ+z683r26Fbz7hXFG+pJHsMu1s="></latexit>

-�=(2/k,3/t,3/i) hb, (2/k, 3/t, 3/i)i �! ↵
<latexit sha1_base64="mEGBoKOuUcni5BCp7an1HxYW1lg="></latexit>

� = (2/k, 3/t, 3/i)

<latexit sha1_base64="5yIG8Wu6zV9Tdr4C5+LrpTzw5lI=">AAACWnicbVDLbhNBEBwvr8QB4gA3LiMsJMTB2oUIuCBF4cIxSDiJ5DFW72zbjDKPzUxPjLXaL8k1fBQSH8Os8YEk9KlU1a2qrrLWKlCe/+pld+7eu/9ga7u/8/DR493B3pPj4KKXOJZOO39aQkCtLI5JkcbT2iOYUuNJefap008u0Afl7Fda1Tg1sLBqriRQomaDXWGX4L1bfnvNxaH7MRsM81G+Hn4bFBswZJs5mu313orKyW jQktQQwqTIa5o24ElJjW1fxIA1yDNY4CRBCwbDtFknb/nLGIAcr9FzpfmaxH8vGjAhrEyZNg3Q93BT68j/aZNI8w/TRtk6ElrZGZHSuDYK0qtUCfJKeSSCLjlyZbkED0ToFQcpExlTR9cMAxnwK1+lpywupTMGbNWICud43jaiS+FRN6KMSlcJcXGRavAK7CJ5C5dcefOxbdt+qrm4WeptcPxmVLwb5V/2hweHm8K32HP2gr1iBXvPDthndsTGTLLILtkV+9n7nWXZdrbzdzXrbW6esmuTPfsD1vq22A==</latexit>

-⇤ ⇤

<latexit sha1_base64="XFgSoTB2YcT8zbdH/MKqdTLGM+o="></latexit>

-⇤
�2=(2/k,1/t,2/i)[3/t,3/i] hw, (2/k, 3/t, 3/i)i �! �

<latexit sha1_base64="DLE4jPL+ftFi90H87FKjsq9avog=">AAACpHicbZHLbhMxFIad4VbCpSks2VgklYoUJTMBCTZIFWyQ2BRBSKQ4RGc8JxMrvgy2J1E0mlfjPdizhWfAk2ZBW87q93989B9/TgspnI/jn63o1u07d+8d3W8/ePjo8XHn5MlXZ0rLccyNNHaagkMpNI698BKnhUVQqcRJun7f9CcbtE4Y/cXvCpwryLVYCg4+WIvOtGJuSb01GwHKUNpjTuQKetSDRMpX2O4xCToPh23/bD Rc9+Oh7ydD8YLZvc2k0bkV+cqDtWZLD/P1otONB/G+6E2RHESXHOpicdJ6yTLDS4XacwnOzZK48PMKrBdcYt1mpcMC+BpynAWpQaGbV3sENT0tHXhDC7RUSLo38d+JCpRzO5WGmwr8yl3vNeb/erPSL9/MK6GL0qPmTZAXAUYT5LgVgS3STFj0HprNkQpNOVjwHq2gwHkwywD7SqDzCuzOZuFRGrfcKAU6q1iGS/xeV6zZwqKsWFoKmQVF2SZgsOLyI5gJqbR6W9d1O2BOrkO9KSajQfJqkCSfRt3zdwfiR+QZeU7OSEJek3PygVyQMeHkB/lFfpM/0Wn0MfocjS+vRq3DzFNypaJvfwFuXtHB</latexit>

troviamo � tale che hw, (2/k, 0/t, 1/i)i �! �

<latexit sha1_base64="sNALkjWUV+BBNU6YcoawIKswkF4="></latexit>

hb,�i �! tt hc,�i �! �00 hwhile b do c,�00i �! �0

hwhile b do c,�i �! �0

<latexit sha1_base64="JfDJd6rcf7BLbNxsC34hgxI09/0="></latexit>

hb,�i �! ↵

hwhile b do c,�i �! �



Divergenza



Terminazione di comandi?
<latexit sha1_base64="JX0a94SSJYmvYiuQTT03lxLb9dg="></latexit>

c ::= skip | x := a | c ; c | if b then c else c | while b do c

<latexit sha1_base64="rhFZcxADzmFkdEOvGb7VHSzUBRs="></latexit>

hskip,�i �! �

<latexit sha1_base64="gA+h0VkpMmCdXXaCeMPDWJo+YzM="></latexit>

ha,�i �! n

hx := a,�i �! �[n/x]

<latexit sha1_base64="GpttSfyoUsAo/ALOndk0J29SJo0="></latexit>

hc0,�i �! �00 hc1,�00i �! �0

hc0 ; c1,�i �! �0

<latexit sha1_base64="NK4mskmkQjSrtKTyNQsV3hYKnkk="></latexit>

hb,�i �! ↵ hc1,�i �! �0

hif b then c0 else c1,�i �! �0

<latexit sha1_base64="xee7mNnZvoR365kDKE7+qn1JYfM="></latexit>

hb,�i �! tt hc0,�i �! �0

hif b then c0 else c1,�i �! �0

<latexit sha1_base64="JfDJd6rcf7BLbNxsC34hgxI09/0="></latexit>

hb,�i �! ↵

hwhile b do c,�i �! �

<latexit sha1_base64="sNALkjWUV+BBNU6YcoawIKswkF4="></latexit>

hb,�i �! tt hc,�i �! �00 hwhile b do c,�00i �! �0

hwhile b do c,�i �! �0

<latexit sha1_base64="yhnAab2btvqvparqm+QZIjJh9iY=">AAACwHicbVFNb9NAEF27fJSUjxSOXFZEiCKhyC4IuCBV7YULUpBIWykbReP1xFl1P9zddUtqmf9Z9c90nRiJpszp7Xs7ejNvslIK55PkOoq3Hjx89Hj7SW/n6bPnL/q7L4+dqSzHMTfS2NMMHEqhceyFl3haWgSVSTzJzo5a/eQCrRNG//LLEqcKCi3mgoMP1Kxfjfb4e5bjHM8pmxsLUlLmRKGACc0U+EWW1T+a4R+Gv8M0rh PfbaoSdCGR8g9ds12/mTS6sKJYeLDWXP7tnvUHyTBZFb0P0g4MSFej2W70keWGVwq15xKcm6RJ6ac1WC+4xKbHKocl8DMocBKgBoVuWq/yaejbyoE3tERLhaQrEv/tqEE5t1RZ+Nnu5Da1lvyfNqn8/Ou0FrqsPGreGnkRtm6NHLciBI80Fxa9h3ZypEJTDha8RysocB7IKlzijqHzCuzS5mEpjZfcKAU6r9c3aupV6hZlzbJKyDwgyi5CDFZ0iZvgSutvTdP0QszpZqj3wfH+MP08TH5+GhwcdoFvk9fkDdkjKflCDsh3MiJjwslNFEW9aCc+jBexic/XX+Oo63lF7lR8dQu8LN2i</latexit>

P (c)
M
= 8� 2 M. 9�0 2 M. hc,�i �! �0 <latexit sha1_base64="CpzGgsJmTC9OigJ5NEnt/19uODE="></latexit>

8c. P (c) ?



Terminazione?
<latexit sha1_base64="CpzGgsJmTC9OigJ5NEnt/19uODE="></latexit>

8c. P (c) ?
<latexit sha1_base64="RvuVPZ9G5jnKOZKIXfhWJY/jKyw="></latexit>

P (c)
M
= 8�. 9�0. hc,�i �! �0

<latexit sha1_base64="NsHl8EXqVGquwoh3Xcd0ISW2sxM="></latexit>

take w
M
= while tt do skip

<latexit sha1_base64="RI4Z+kGD3pr57GQCFyxh67m4G+M="></latexit>

hw,�i �! �0

<latexit sha1_base64="BA/wcy3Z+smPckU2giqPTzwVnyU="></latexit>

- htt,�i �! tt, hskip,�i �! �00, hw,�00i �! �0

<latexit sha1_base64="qRKNtcjGK68H8VUl1iXvEhHPcXo="></latexit>

- hskip,�i �! �00, hw,�00i �! �0

<latexit sha1_base64="V6W+Hyz0cGo368kezUCH55vUrHM="></latexit>

-�00=� hw,�i �! �0 stesso goal dal quale siamo partiti!

nessun altra opzione:

nessun modo di completare la 
derivazione!

<latexit sha1_base64="34vhWOU+A9LQlnCjnBZlwPCHrIQ="></latexit>

¬P (w) abbiamo trovato un contro esempio alla terminazione

<latexit sha1_base64="mTYwcd19Ga1tT7+p9EEun+JkqMA="></latexit>

htt,�i 6�!↵



Divergenza

<latexit sha1_base64="3w9LvT20hMg95WES+3ttxwdLdfI="></latexit>

hc,�i 6�! means ¬9�0. hc,�i �! �0

qualche volta la divergenza e’  difficile da 
individuare


(bhe… e’ indecidibile)

significa

<latexit sha1_base64="JcMb6DrBvYa/fPLTTApCa26Gs8I=">AAACEHicbVDLSgMxFM3UV62vqks3wY7oqswUUZdFNy4r2Ae0Q8mkt21oHkOSEUrpJ7jxV9y4UMStS3f+jeljoa0HAifn3kNyTpxwZmwQfHuZldW19Y3sZm5re2d3L79/UDMq1RSqVHGlGzExwJmEqmWWQyPRQETMoR4Pbibz+gNow5S8t8MEIkF6knUZJdZJ7fwp4A6jjAiFaR+wT313d4YeYKok9luG9QTxcTtfCIrBFHiZhHNSQHNU2vmvVkfRVIC0lBNjmmGQ2GhEtGWUwzjXSg0khA5ID5qOSiLARKNpoDE+cUoHd5V2R1o8VX87RkQYMxSx2xTE9s3ibCL+N2umtnsVjZhMUguSzh7qphxbhSftuOwaqOVDRwjVzP3V1UI0odZ1mHMlhIuRl0mtVAwviud3pUL5el5HFh2hY3SGQnSJyugWVVAVUfSIntErevOevBfv3fuYrWa8uecQ/YH3+QOSqJsJ</latexit>

e diciamo che c diverge con �



Divergenza
<latexit sha1_base64="locgHiJYXoR7r+DnEpXoAfk76Ic=">AAACiHicbZBNaxRBEIZ7x4/E9WujRy+NG0EQlpkIJgorIV48RnCTwPay1PTUbJrtj7G7J5ulmV/jr/GqJ/+NPZNFTGKdXt6q4q168koK59P0dy+5c/fe/a3tB/2Hjx4/eTrYeXbiTG05TriRxp7l4FAKjRMvvMSzyiKoXOJpvvzU9k8v0Dph9Fe/rnCmYKFFKTj4aM0H48BcST0ske6uWIElfqNMgT/Py7A6FxIbRi8/puyvWZ jW+TC+fJPtNvPBMB2lXdHbItuIIdnU8Xyn95YVhtcKtecSnJtmaeVnAawXPIb1We2wAr6EBU6j1KDQzUL3Z0Nf1Q68oRVaKiTtTPx3I4Bybq3yONle6272WvN/vWnty4NZELqqPWreBvn4ehfkuBURINJCWPQe2suRCk05WPAeraDAeTTrSPRaoPMK7NoW8SmNK26UAl2EK8ZN6HhalIHltZBFVJRdRAxWgF7EbGZiKg3jpmn6EXN2E+ptcbI3yt6N0i97w8OjDfBt8oK8JK9JRvbJIflMjsmEcPKd/CA/ya+kn6TJfvL+ajTpbXaek2uVHP0B4ZfH8Q==</latexit>

take w
M
= while x > 0 do x := x+ 1

<latexit sha1_base64="RI4Z+kGD3pr57GQCFyxh67m4G+M="></latexit>

hw,�i �! �0 <latexit sha1_base64="ChblKdgv/C7zMtqK5U9EjhR8hD4="></latexit>

-�0=� hx > 0,�i �! ↵
<latexit sha1_base64="CNl+YVI4K4OHySEnEyOJPPuEFVQ="></latexit>

-⇤ ⇤

<latexit sha1_base64="RI4Z+kGD3pr57GQCFyxh67m4G+M="></latexit>

hw,�i �! �0

<latexit sha1_base64="EWzd+ICJVtGJd93vuBK9YSkFgzw="></latexit>

- hx > 0,�i �! tt, hx := x+ 1,�i �! �00, hw,�00i �! �0

<latexit sha1_base64="2K5WBnczggaEAD6wlgfHdjaV/S4="></latexit>

-⇤ hx := x+ 1,�i �! �00, hw,�00i �! �0

<latexit sha1_base64="MuDSq5rwgc3U2JLNrte+bCMy+hQ="></latexit>

-�00=�[n/x] hx+ 1,�i �! n, hw,�[n/x]i �! �0

<latexit sha1_base64="aYPC+iBnudT83nJCCNTMQpGkpco="></latexit>

-⇤
n=�(x)+1 hw,�[�(x) + 1/x]i �! �0

<latexit sha1_base64="df03x9mWvaTck04E/OJO+4hH1kM="></latexit>

hence hw,�i �! �

non e’  lo stesso goal con il quale siamo 
partiti!

Come possiamo provare la divergenza?

<latexit sha1_base64="rZD3CZiKzgLQesfWapdurNfq4Lg="></latexit>

�(x) > 0 ) �[�(x) + 1/x](x) = �(x) + 1 > 0

<latexit sha1_base64="Wq4Ob4V9ZzVg/AGwx/wiiL5z5TA=">AAACDHicbVC7TgJBFJ3FF+ILtbSZCCZWZJcYtSTaWGIiYAIbMjvchQnz2MzMmhDCB9j4KzYWGmPrB9j5Nw6whYInmeTknHNz554o4cxY3//2ciura+sb+c3C1vbO7l5x/6BpVKopNKjiSt9HxABnEhqWWQ73iQYiIg6taHg99VsPoA1T8s6OEggF6UsWM0qsk7rFElXSsB5oRoTCqcS43DGsL0gZ90E6mSrsUn7FnwEvkyAjJZSh3i1+dXqKpgKkpZwY0w78xIZjoi2jHCaFTmogIXRI+tB2VBIBJhzPjpngE6f0cKy0e9Limfp7YkyEMSMRuaQgdmAWvan4n9dObXwZjplMUguSzhfFKcdW4WkzuMc0UMtHjhCqmfsrpgOiCbWuv4IrIVg8eZk0q5XgvHJ2Wy3VrrI68ugIHaNTFKALVEM3qI4aiKJH9Ixe0Zv35L14797HPJrzsplD9Afe5w9okZqR</latexit>

consideriamo un � generico
<latexit sha1_base64="eyI/2xipoPrZ0tyEAMFMdJzslv4=">AAAB/nicbVBNS8NAEN34WetXVDx5WWyFeilJEfVY9OKxgv2AppTNdtIu3U3i7kYsoeBf8eJBEa/+Dm/+G7dtDtr6YODx3gwz8/yYM6Ud59taWl5ZXVvPbeQ3t7Z3du29/YaKEkmhTiMeyZZPFHAWQl0zzaEVSyDC59D0h9cTv/kAUrEovNOjGDqC9EMWMEq0kbr2oQJc9BTrC1J6PPU43GMHF7t2wSk7U+BF4makgDLUuvaX14toIiDUlBOl2q4T605KpGaUwzjvJQpiQoekD21DQyJAddLp+WN8YpQeDiJpKtR4qv6eSIlQaiR80ymIHqh5byL+57UTHVx2UhbGiYaQzhYFCcc6wpMscI9JoJqPDCFUMnMrpgMiCdUmsbwJwZ1/eZE0KmX3vHx2WylUr7I4cugIHaMSctEFqqIbVEN1RFGKntErerOerBfr3fqYtS5Z2cwB+gPr8we1ypQI</latexit>

se �(x)  0

<latexit sha1_base64="DAZ6HbgIcj21sm3Cg5Hhnh4PVkQ=">AAAB+3icbVBNS8NAEN34WetXrEcvi61QLyUpop6k6MVjBfsBbSib7aRdupuE3Y20hP4VLx4U8eof8ea/cdvmoK0PBh7vzTAzz485U9pxvq219Y3Nre3cTn53b//g0D4qNFWUSAoNGvFItn2igLMQGpppDu1YAhE+h5Y/upv5rSeQikXho57E4AkyCFnAKNFG6tkFBbjUVWwgSHl8foMdXOrZRafizIFXiZuRIspQ79lf3X5EEwGhppwo1XGdWHspkZpRDtN8N1EQEzoiA+gYGhIBykvnt0/xmVH6OIikqVDjufp7IiVCqYnwTacgeqiWvZn4n9dJdHDtpSyMEw0hXSwKEo51hGdB4D6TQDWfGEKoZOZWTIdEEqpNXHkTgrv88ippVivuZeXioVqs3WZx5NAJOkVl5KIrVEP3qI4aiKIxekav6M2aWi/Wu/WxaF2zsplj9AfW5w8b8JKK</latexit>

se �(x) > 0

quindi



Provare la  divergenza 

(se e’ possibile)

<latexit sha1_base64="WEJhxA3ROWIypFDbVqzLWyWG2FU="></latexit>

• 8� 2 S. hb,�i �! tt

• 8� 2 S. 8�0 2 M. hc,�i �! �0 ) �0 2 S
<latexit sha1_base64="AV6d25cFofJeWGiPj6K2K6Q+RPA="></latexit>

then we can conclude 8� 2 S. hw,�i 6�!

<latexit sha1_base64="gE0vEZfd9cNhhmUKOVw8cgHnvec="></latexit>

consider w
M
= while b do c

<latexit sha1_base64="TUoru9dqSeMIMCqkHJF8q8teVv0="></latexit>

supponiamo di trovare un insieme di memorie S ✓ M tale che

Possiamo concludere

<latexit sha1_base64="YGV6QGtfDCYslfC2WZDv01ySANo="></latexit>

da notare che se hc,�i 6!, hc,�i ! �0 2 S è banalmente verificato



Rivediamo  l’esempio
<latexit sha1_base64="locgHiJYXoR7r+DnEpXoAfk76Ic="></latexit>

take w
M
= while x > 0 do x := x+ 1

<latexit sha1_base64="df03x9mWvaTck04E/OJO+4hH1kM="></latexit>

hence hw,�i �! �

<latexit sha1_base64="PHExSleJK9+EsmnAm9wOKyHtaH0="></latexit>

let S
M
= {� | �(x) > 0}

<latexit sha1_base64="rPhLh1VcrOcY4ZEZVTAe+4hIk0M="></latexit>

• 8� 2 S. hx > 0,�i �! tt

• 8� 2 S. 8�0. hx := x+ 1,�i �! �0 ) �0 2 S
<latexit sha1_base64="+QPFNqj19cVeoot/1nFu6YhMidY="></latexit>

hx := x+ 1,�i �! �0 ) �0 = �[�(x) + 1/x]
<latexit sha1_base64="rZD3CZiKzgLQesfWapdurNfq4Lg="></latexit>

�(x) > 0 ) �[�(x) + 1/x](x) = �(x) + 1 > 0

<latexit sha1_base64="CrYy2Vrt3bpwvRuWAYUT3y7YwKc=">AAACCnicbVC7SgNBFJ31GeMramkzmghWYTeIWgbTWEYwD0iWMDu5SYbMY5mZFcKS2sZfsbFQxNYvsPNvnDwKTTxw4cw59zL3nijmzFjf//ZWVtfWNzYzW9ntnd29/dzBYd2oRFOoUcWVbkbEAGcSapZZDs1YAxERh0Y0rEz8xgNow5S8t6MYQkH6kvUYJdZJndxJRUnDuqAZEQonEvdBugdVuNA2rC9IoZPL+0V/CrxMgjnJozmqndxXu6toIkBayokxrcCPbZgSbRnlMM62EwMxoUPSh5ajkggwYTo9ZYzPnNLFPaVdSYun6u+JlAhjRiJynYLYgVn0JuJ/XiuxveswZTJOLEg6+6iXcGwVnuSCu0wDtXzkCKGauV0xHRBNqHXpZV0IweLJy6ReKgaXxYu7Ur58M48jg47RKTpHAbpCZXSLqqiGKHpEz+gVvXlP3ov37n3MWle8+cwR+gPv8wd5KJod</latexit>

Consideriamo un generico �

<latexit sha1_base64="eyI/2xipoPrZ0tyEAMFMdJzslv4=">AAAB/nicbVBNS8NAEN34WetXVDx5WWyFeilJEfVY9OKxgv2AppTNdtIu3U3i7kYsoeBf8eJBEa/+Dm/+G7dtDtr6YODx3gwz8/yYM6Ud59taWl5ZXVvPbeQ3t7Z3du29/YaKEkmhTiMeyZZPFHAWQl0zzaEVSyDC59D0h9cTv/kAUrEovNOjGDqC9EMWMEq0kbr2oQJc9BTrC1J6PPU43GMHF7t2wSk7U+BF4makgDLUuvaX14toIiDUlBOl2q4T605KpGaUwzjvJQpiQoekD21DQyJAddLp+WN8YpQeDiJpKtR4qv6eSIlQaiR80ymIHqh5byL+57UTHVx2UhbGiYaQzhYFCcc6wpMscI9JoJqPDCFUMnMrpgMiCdUmsbwJwZ1/eZE0KmX3vHx2WylUr7I4cugIHaMSctEFqqIbVEN1RFGKntErerOerBfr3fqYtS5Z2cwB+gPr8we1ypQI</latexit>

se �(x)  0

Sia

Infatti

<latexit sha1_base64="NiLZ5sNuqZo4Uy6b2ivkTDsVobw="></latexit>

Percio’ se �(x) > 0, allora hw,�i 6!



Esercizio
<latexit sha1_base64="s+ylxOI6SWyShXFZy3whVFHNBMc="></latexit>

take w
M
= while x 6= 0 do x := x� 2

<latexit sha1_base64="uXYmzCz7WYU4XE/bkhpi24ubJdo="></latexit>

hx := x� 2,�i �! �0 ) �0 = �[�(x)� 2/x]

<latexit sha1_base64="AGvtC8IC4p+mPWMrxpZfNDRyNY0="></latexit>

S1
M
= {� | �(x) < 0}

<latexit sha1_base64="tqALfwtvKyJAQePm0L0lfoFdl3Y="></latexit>

S2
M
= {� | 9k 2 Z. �(x) = 2k + 1}

<latexit sha1_base64="nFUu5/G/BNB4JArVDtTD3SIpZMQ="></latexit>

• 8� 2 S. hx 6= 0,�i �! tt

• 8� 2 S. 8�0. hx := x� 2,�i �! �0 ) �0 2 S

<latexit sha1_base64="AQQsv2J7+tfnp2iAglaTTZqMRBU="></latexit>

trovare tutte e sole le memorie � tali che hw,�i 6!



Congettura di Collatz:

doppio o triplo piu’ uno

<latexit sha1_base64="lNYImtzFM9pXfPWSNUpy4ySnXMw="></latexit>

w
M
=

<latexit sha1_base64="LfmonoH3u8E0cUQLzAqkWnpVZYc="></latexit>

while x > 1 do ( if x%2 = 0 then x := x/2
else x := (3⇥ x) + 1 )

<latexit sha1_base64="njZFjU3E4+q6s5ija1WU8Rz1+lI="></latexit>

8�. �(x)  1 ) hw,�i �! �

<latexit sha1_base64="SwjKuR5Gky3btyODY6X54bCwJoE="></latexit>

8�. 9�0. hw,�i �! �0

<latexit sha1_base64="U7TU3vfNzJMcW4SmwGckTvhlUHM="></latexit>

8�. �(x) > 1 ) hw,�i �! �[1/x]

Evidenze sperimentali: 

fino al  2020, la congettura  e’ stata verificata per tutti i valori fino a 268.

Barina, David. "Convergence verification of the Collatz problem". 

The Journal of Supercomputing  (2020). doi:10.1007/s11227-020-03368-x

<latexit sha1_base64="XNsNtNFdzQHA2s8CidHs0dQ86bs="></latexit>

⌘ ¬(9�. hw,�i 6�!)Congettura aperta: 

piu’ precisamente: 



Determinismo



Determinismo  dei comandi 
<latexit sha1_base64="JX0a94SSJYmvYiuQTT03lxLb9dg="></latexit>

c ::= skip | x := a | c ; c | if b then c else c | while b do c

<latexit sha1_base64="rhFZcxADzmFkdEOvGb7VHSzUBRs="></latexit>

hskip,�i �! �

<latexit sha1_base64="gA+h0VkpMmCdXXaCeMPDWJo+YzM="></latexit>

ha,�i �! n

hx := a,�i �! �[n/x]

<latexit sha1_base64="GpttSfyoUsAo/ALOndk0J29SJo0="></latexit>

hc0,�i �! �00 hc1,�00i �! �0

hc0 ; c1,�i �! �0

<latexit sha1_base64="NK4mskmkQjSrtKTyNQsV3hYKnkk="></latexit>

hb,�i �! ↵ hc1,�i �! �0

hif b then c0 else c1,�i �! �0

<latexit sha1_base64="xee7mNnZvoR365kDKE7+qn1JYfM="></latexit>

hb,�i �! tt hc0,�i �! �0

hif b then c0 else c1,�i �! �0

<latexit sha1_base64="JfDJd6rcf7BLbNxsC34hgxI09/0="></latexit>

hb,�i �! ↵

hwhile b do c,�i �! �

<latexit sha1_base64="sNALkjWUV+BBNU6YcoawIKswkF4="></latexit>

hb,�i �! tt hc,�i �! �00 hwhile b do c,�00i �! �0

hwhile b do c,�i �! �0

<latexit sha1_base64="CpzGgsJmTC9OigJ5NEnt/19uODE="></latexit>

8c. P (c) ?
<latexit sha1_base64="DbwAbv1MlBDx9Rj0MBQkfmB+OCc="></latexit>

P (c)
M
= 8�,�1,�2. hc,�i �! �1 ^ hc,�i �! �2 ) �1 = �2



Principio  di induzione 

strutturale 

<latexit sha1_base64="FjW6gj1uW/tCbx7gkRu+RMZ1jlw="></latexit>

8x, a. P (x := a)
<latexit sha1_base64="ehaW78SPvuEyHJIHfS5QdVqcZ5o="></latexit>

P (skip)
<latexit sha1_base64="YvIWLsUmZ8sTcmbLh4LnPbbRDoc="></latexit>

8c0, c1. P (c0) ^ P (c1) ) P (c0 ; c1)

<latexit sha1_base64="/82hzb/KqJeGqq+H8h8y6AwjCbs="></latexit>

8b, c. P (c) ) P (while b do c)
<latexit sha1_base64="Mg5jow+H0Lv7Q0zzu+c0mb/bGMI="></latexit>

8c 2 Com. P (c)

<latexit sha1_base64="Jj7WjG7oyadzyH+D+GU6iv+W6mw="></latexit>

8b, c0, c1. P (c0) ^ P (c1) ) P (if b then c0 else c1)



Caso base
<latexit sha1_base64="FjW6gj1uW/tCbx7gkRu+RMZ1jlw=">AAACSnicbVDLahRBFK0eo4njIxPFlQiFgxBBhm4JKkIg6MblCE4SmBqG29V3xiL1aKtux4Si/Re3+iv+gL/hTtxYPc5CE8/qcM69dW6dstYqUJ5/z3pXNq5e29y63r9x89bt7cHOncPgGi9xIp12/riEgFpZnJAijce1RzClxqPy5HXnH52iD8rZd3Re48zA0qqFkkBJmg/uiYXzoDU/ewKjT3y8e/ZyHx7PB8N8lK/AL5NiTY ZsjfF8J3sgKicbg5akhhCmRV7TLIInJTW2fdEErEGewBKniVowGGZxdX/LHzUByPEaPVear0T8eyOCCeHclGnSAL0PF71O/J83bWjxYhaVrRtCK7sgUhpXQUF6lYpBXimPRNBdjlxZLsEDEXrFQcokNqmpvrD4UTpjwFZRVLjAD20UXZ5HHUXZKF0lxsVp+rBXYJcpRbj0Po/7bdv2U6HFxfouk8Ono+LZKH+7Nzx4ta52i91nD9kuK9hzdsDesDGbMMki+8y+sK/Zt+xH9jP79We0l6137rJ/0Nv4DayrscU=</latexit>

8x, a. P (x := a)
<latexit sha1_base64="teN0PvMplwLOhfezDdGqDCS+XPo="></latexit>

Take generic x 2 Ide, a 2 Aexp

<latexit sha1_base64="gA+h0VkpMmCdXXaCeMPDWJo+YzM="></latexit>

ha,�i �! n

hx := a,�i �! �[n/x]
<latexit sha1_base64="dIhCwcura4h9WITViK0CR6BNJYU="></latexit>

with ha,�i �! n

<latexit sha1_base64="4d5JRiwQLHxzYuCZVuHqAmzih0M="></latexit>

with ha,�i �! m

<latexit sha1_base64="CLd9DNDnmniBRN7ILrZ2HHoie5E="></latexit>

P (x := a)
M
= 8�,�1,�2. hx := a,�i �! �1 ^ hx := a,�i �! �2 ) �1 = �2

<latexit sha1_base64="2N28NQXIWqyoewYSwgI5RVSZKfg="></latexit>

Take generic �,�1,�2 s.t. hx := a,�i �! �1 and hx := a,�i �! �2
<latexit sha1_base64="mIT+8hXYOsJNb0vCNeq5XRQIfY4=">AAACX3icbVBNbxMxEHWWj5YAbdqeKoRkkSIhDtFuDsClUkUvPRaJNJXiKJr1ToJV27vYs6kqa/9Dfw1X+Bsc+Sd4wx6g5Z2e3pvRm3l5pZWnNP3ZSx48fPR4a/tJ/+mz5zu7g739C1/WTuJElrp0lzl41MrihBRpvKwcgsk1TvOr09afrtF5VdrPdFPh3MDKqqWSQFFaDN4G4Zd8ivwaLHEqeeXKNfIj4dXKwCI77sj4qFkMhu ko3YDfJ1lHhqzD+WKv91IUpawNWpIavJ9laUXzAI6U1Nj0Re2xAnkFK5xFasGgn4fNUw1/XXto70HHleYbEf/eCGC8vzF5nDRAX/xdrxX/581qWn6YB2WrmtDKNoiUxk2Ql07FtpAXyiERtJcjV5ZLcECETnGQMop1rK8vLF7L0hiwRRAFLvFrE0Sb51AHkddKF5FxsY4POwV2FVNEbNfxcNw0TT8Wmt2t7z65GI+yd6P003h48rGrdpu9YK/YG5ax9+yEnbFzNmGS3bJv7Dv70fuVbCU7yeDPaNLrdg7YP0gOfwPlv7es</latexit>

We want to prove �1 = �2
<latexit sha1_base64="GnGTakYv6f+cPJv9bTgxjcWlXjA="></latexit>

hx := a,�i �! �1

<latexit sha1_base64="3m3ZsCVSiS6NBft6lnjlTbn510Y="></latexit>

is applicable, hence �1 = �[n/x]

<latexit sha1_base64="igjqGpsZDA1+rFLcGnJ1fvN19Eg="></latexit>

hx := a,�i �! �2

<latexit sha1_base64="3euezEdhskFAE6OIyMGzb6vTg64="></latexit>

it must be �2 = �[m/x]

Consideriamo 

Vogliamo provare 

<latexit sha1_base64="5WPehZB0diThk+O/0u7ATOXfMu4=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAVXMgwU0RdFrtxWcFeoB2GTCZtQ3MZkoxQhr6FG1/FjQtF3OrOtzG9CNp6IOTj/88hOX+UMKqN5305uZXVtfWN/GZha3tnd6+4f9DUMlWYNLBkUrUjpAmjgjQMNYy0E0UQjxhpRcPaxG/dE6WpFHdmlJCAo76gPYqRsVJYdGtSaBoTRRGXsNzVtM/R2ewK/R+owDI0LnZhWCx5rjctuAz+HEpgXvWw+NmNJU45EQYzpHXH9xITZEgZihkZF7qpJgnCQ9QnHYsCcaKDbLrXGJ5YJYY9qewRBk7V3xMZ4lqPeGQ7OTIDvehNxP+8Tmp6V0FGRZIaIvDsoV7KoJFwEhKMqSLYsJEFhBW1f4V4gBTCxkZZsCH4iysvQ7Pi+hfu+W2lVL2ex5EHR+AYnAIfXIIquAF10AAYPIAn8AJenUfn2Xlz3metOWc+cwj+lPPxDVFTnhY=</latexit>

Consideriamo �,�1,�2 t.c. e

Vogliamo provare 

vogliamo ottenere 

Solo la regola e’ applicabile, quindi

con 
Analogomente, dal  

momento che deve essere
con 

<latexit sha1_base64="758F3A23o7FLR10ohrJdDiztHZU="></latexit>

per il determinismo di Aexp abbiamo n = m e quindi �1 = �2



Caso Induttivo

Assumiamo            (ipotesi  induttiva)

<latexit sha1_base64="YvIWLsUmZ8sTcmbLh4LnPbbRDoc="></latexit>

8c0, c1. P (c0) ^ P (c1) ) P (c0 ; c1)
<latexit sha1_base64="yBq3/Wao+YwxXWBGeZo6uETRqcw="></latexit>

Take generic c0, c1

<latexit sha1_base64="QrmvAFO2NQBmnfc/0Ja86NuoGaE="></latexit>

P (c0 ; c1)
M
= 8�,�1,�2. hc0 ; c1,�i �! �1 ^ hc0 ; c1,�i �! �2 ) �1 = �2

<latexit sha1_base64="aj386FrVFhVYsoiwupeVelYZUMg=">AAADAniclVFNj9MwEHXC11K+unBESBYV0iKhKikIuKy0Yi8cQCqI7q5UV9HEmWatdexgO1tVUTjxa7ghDlz4I/wbnDaV2C0X5uKn9/w84zdpKYV1UfQ7CK9cvXb9xs7N3q3bd+7e6+/eP7K6MhwnXEttTlKwKIXCiRNO4klpEIpU4nF6dtjqx+dorNDqk1uWOCsgV2IuODhPJf2f4z2eiKcswzl+pmyuDUhJmRV5Ac/WRxJvwG j4hUlQuUTqTR3LzJphUqvciPzUgTF6QTdmtsAsb+X/NI7Yx+3H9jdi0h9Ew2hVdBvEHRiQrsbJbvCcZZpXBSrHJVg7jaPSzWowTnCJTY9VFkvgZ5Dj1EMFBdpZvUq4oU8qC07TEg0Vkq5I/NtRQ2Htskj9zQLcqb2steS/tGnl5q9ntVBl5VDxtpETPpO2keVG+NUhzYRB56CdHKlQlIMB59AICpx7svK7vNDQugLM0mT+UwoXXBcFqKxe77ipWTuFQVmztBIy84iycx+DEd0+tO9K6/2maXo+5vhyqNvgaDSMXw6jDy8GB2+6wHfIQ/KY7JGYvCIH5C0ZkwnhwaPgMHgXvA+/ht/C7+GP9dUw6DwPyIUKf/0B/Kb3Iw==</latexit>

P (ci)
M
= 8�,�1,�2. hci,�i �! �1 ^ hci,�i �! �2 ) �1 = �2

Consideriamo 

Vogliamo provare

<latexit sha1_base64="CXNLgmdVIvTIDFS/fmW6LaJz/Ck="></latexit>

Consideriamo �,�1,�2 t.c. hc0; c1,�i ! �1 e hc0; c1,�i ! �2

<latexit sha1_base64="fuvPtuJwON8jiK+WtoO6Vq9E1F0=">AAACEHicbZDLSgMxFIYz9VbrrerSTbAVXZWZIupGKLpxWcFeoB3KmTRtQ5PJkGQKZegjuPFV3LhQxK1Ld76NaTsLbf0h8PGfczg5fxBxpo3rfjuZldW19Y3sZm5re2d3L79/UNcyVoTWiORSNQPQlLOQ1gwznDYjRUEEnDaC4e203hhRpZkMH8w4or6Afsh6jICxVid/Wpd9zkBIHCk5AkUxLrY16wvoeNcplHERd/IFt+TOhJfBS6GAUlU7+a92V5JY0NAQDlq3PDcyfgLKMMLpJNeONY2ADKFPWxZDEFT7yeygCT6xThf3pLIvNHjm/p5IQGg9FoHtFGAGerE2Nf+rtWLTu/ITFkaxoSGZL+rFHBuJp+ngLlOUGD62AEQx+1dMBqCAGJthzobgLZ68DPVyybsond+XC5WbNI4sOkLH6Ax56BJV0B2qohoi6BE9o1f05jw5L8678zFvzTjpzCH6I+fzB38im5U=</latexit>

Vogliamo provare �1 = �2



Caso induttivo (con.)
<latexit sha1_base64="GpttSfyoUsAo/ALOndk0J29SJo0="></latexit>

hc0,�i �! �00 hc1,�00i �! �0

hc0 ; c1,�i �! �0

<latexit sha1_base64="KCZShRyJwBXdDgER1wTEYoL0XX4="></latexit>

hc0 ; c1,�i �! �1

<latexit sha1_base64="fJpMTmu5aw8vZUrJrEdvqDMlilE=">AAAChnicbZBNb9NAEIY35qMhfKVwREgrUiQOUWRHglZCSBFcOLaCtJWykTXeTNxR98PsrltFln8Xv4UDV/gb2E4O0DKnV+87s7PzZIUiH+L4Ry+6c/fe/b3+g8HDR4+fPB3uPzv1tnQS59Iq684z8KjI4DxQUHheOASdKTzLLj+1+dkVOk/WfA2bApcackNrkhAaKx2eVMKv+RfSpMCpzZh7MhL5gVBgcoVcprEYv5dpMhaecg 3Cdb5Q1uSO8osAztlrvg3T6UE9SIejeBJ3xW+LZCdGbFfH6X7vpVhZWWo0QSrwfpHERVhW4AJJhfVAlB4LkJeQ46KRBjT6ZdXdXvPXpYdgeYGOk+KdiX9PVKC93+is6dQQLvzNrDX/ly3KsD5aVmSKMqCR7aJADZB2kZeOGqjIV+QwBGh/jpwMl+AgBHTEQcrGLBvKA2HwWlqtwawqscI1fqsr0e5zqCqRlaRWjeLiqjnY0Ra7sM37vPpQ1x3Q5Ca+2+J0OkneTeKT6Wj2cYe2z16wV+wNS9ghm7HP7JjNmWTf2U/2i/2O+tEkehsdbluj3m7mOfunotkfG4rGrA==</latexit>

Similarly, since hc0 ; c1,�i �! �2

Consideriamo il goal 

solo la regola  e’ applicabile  

<latexit sha1_base64="7wh1W++Pb0Nm7JnuPnKMVbOQBGk="></latexit>

quindi �1 = �0
1 con hc0,�i ! �00

1 e hc1,�00i ! �0
1

Analogamente, 
<latexit sha1_base64="ZOhF0PbHvV0W8JNObsvilwiBnSY="></latexit>

deve essere che �2 = �0
2 con hc0,�i ! �00

2 e hc1,�00i ! �0
2

<latexit sha1_base64="5TWZkeTH1SI6mZakE1vjxrlSdjc="></latexit>

Per ipotesi induttiva P (c0), abbiamo �00
1 = �00

2
<latexit sha1_base64="D4HHjnjVilALa/TOQjUwzug5Y/I="></latexit>

e percio’ hc1,�00
2 i ! �0

1 e hc1,�00i ! �0
2

<latexit sha1_base64="tUBe1MgnBULTi9FXOnlTYAVDoYM="></latexit>

Per ipotesi induttiva P (c1), abbiamo �0
1 = �0

2
<latexit sha1_base64="Ho4JwJikf4RB0YXdTwip4EPhCQA=">AAACJ3icbZDLSgMxFIYz9VbrrerSTbAVXZWZIuqmIrpxqWBroS0lk56pobkMSUYoQ9/Gja/iRlARXfompnUErf4Q+PjPOZycP4w5M9b3373czOzc/EJ+sbC0vLK6VlzfaBiVaAp1qrjSzZAY4ExC3TLLoRlrICLkcB0Ozsb161vQhil5ZYcxdATpSxYxSqyzusVjwLEyhhGhMFWS8qQHGnC5bVhfkG5Q+4bdGs6wuvttVsvdYsmv+BPhvxBkUEKZLrrFp3ZP0USAtJQTY1qBH9tOSrRllMOo0E4MxIQOSB9aDiURYDrp5M4R3nFOD0dKuyctnrg/J1IijBmK0HUKYm/MdG1s/ldrJTY66qRMxokFSb8WRQnHVuFxaLjHNFDLhw4I1cz9FdMbogm1LtqCCyGYPvkvNKqV4KCyf1ktnZxmceTRFtpGeyhAh+gEnaMLVEcU3aEH9IxevHvv0Xv13r5ac142s4l+yfv4BCPkpNU=</latexit>

e possiamo concludere �1 = �0
1 = �0

2 = �2



Caso Induttivo

(ipotesi induttiva)

<latexit sha1_base64="/82hzb/KqJeGqq+H8h8y6AwjCbs="></latexit>

8b, c. P (c) ) P (while b do c)

<latexit sha1_base64="gYAmzzpHKNE77UBXUqc3Lj5r6EU="></latexit>

P (while b do c)
M
= 8�,�1,�2. hwhile b do c,�i �! �1 ^ hwhile b do c,�i �! �2 ) �1 = �2

<latexit sha1_base64="Yzk1pZlEqH4YJJMYqrvaUE5UOyg="></latexit>

Take �,�1,�2 such that hwhile b do c,�i �! �1 and hwhile b do c,�i �! �2

<latexit sha1_base64="eposdK99YrB9IZa0kOKMhBzuCbA="></latexit>

hb,�i �! tt
<latexit sha1_base64="JF/AH/cNosmFs+gIQvaHT/q6tfQ="></latexit>

hb,�i �! ↵

<latexit sha1_base64="DbwAbv1MlBDx9Rj0MBQkfmB+OCc=">AAAC/HiclVFNbxMxEPUuHy3hoykcOHCxiJCKhKLdgIBLpAok4BgQaSvFUTTrnWyteu2t7W0Urba/hhviwIX/wr/Bm2wk2nBhLn5+b8YzfpMUUlgXRb+D8MbNW7d3du907t67/2Cvu//wyOrScBxzLbU5ScCiFArHTjiJJ4VByBOJx8nZ+0Y/vkBjhVZf3bLAaQ6ZEnPBwXlq1v05OuDPWYpzPKdsrg1ISZkVWQ4v1scs3oBB/5 JJUJlEyluOmfWdSa0yI7JTB8boBd2UsgWmWSP/V9mAfdl+argRZ91e1I9WQbdB3IIeaWM02w9eslTzMkfluARrJ3FUuGkFxgkuse6w0mIB/AwynHioIEc7rVbe1vRZacFpWqChQtIViX9XVJBbu8wTn5mDO7XXtYb8lzYp3fzttBKqKB0q3jRywnvSNLLcCL80pKkw6Bw0kyMVinIw4BwaQYFzT5Z+i1caWpeDWZrUf0rhgus8B5VW6/3WFWumMCgrlpRCph5RduFtMKLdh/ZdaTWs67rjbY6vm7oNjgb9+HU/+vyqd/iuNXyXPCFPyQGJyRtySD6RERkTHjwOhsGH4GN4GX4Lv4c/1qlh0NY8Ilci/PUHBSX0jw==</latexit>

P (c)
M
= 8�,�1,�2. hc,�i �! �1 ^ hc,�i �! �2 ) �1 = �2

<latexit sha1_base64="QcN7L/qAFsNB0BG+NafTaOypm08=">AAACA3icbVBNS8NAEN3Ur1q/ot70stgKHqQkRdRj0YvHCvYD2lA2m0m7dLMJuxuhhIIX/4oXD4p49U9489+4bXPQ6oOBx3szzMzzE86Udpwvq7C0vLK6VlwvbWxube/Yu3stFaeSQpPGPJYdnyjgTEBTM82hk0ggkc+h7Y+up377HqRisbjT4wS8iAwECxkl2kh9+6AhQQSMRDHGuOKf0goegADJKOvbZafqzID/EjcnZZSj0bc/e0FM0wiEppwo1XWdRHsZkZpRDpNSL1WQEDoiA+gaKkgEystmP0zwsVECHMbSlNB4pv6cyEik1DjyTWdE9FAtelPxP6+b6vDSy5hIUg2CzheFKcc6xtNAcMAkUM3HhhAqmbkV0yGRhGoTW8mE4C6+/Je0alX3vHp2WyvXr/I4iugQHaET5KILVEc3qIGaiKIH9IRe0Kv1aD1bb9b7vLVg5TP76Besj2/D9ZZU</latexit>

Prendiamo b, c generici

Assumiamo

Vogliamo provare

Consideriamo
t.c. e

<latexit sha1_base64="3kZKuEIm8V/gVl5ckMUUzZJo9jc=">AAACDXicbZDLSgMxFIYzXmu9jbp0E2wFV2WmiLoRim5cVrAXaIfhTJq2oclkSDKFUvoCbnwVNy4UcevenW9j2s5CW38IfPznHE7OHyWcaeN5387K6tr6xmZuK7+9s7u37x4c1rVMFaE1IrlUzQg05SymNcMMp81EURARp41ocDutN4ZUaSbjBzNKaCCgF7MuI2CsFbrFuuxxBkLiRMkhKIqLbc16AkL/OoNyMXQLXsmbCS+Dn0EBZaqG7le7I0kqaGwIB61bvpeYYAzKMMLpJN9ONU2ADKBHWxZjEFQH49k1E3xqnQ7uSmVfbPDM/T0xBqH1SES2U4Dp68Xa1Pyv1kpN9yoYszhJDY3JfFE35dhIPI0Gd5iixPCRBSCK2b9i0gcFxNgA8zYEf/HkZaiXS/5F6fy+XKjcZHHk0DE6QWfIR5eogu5QFdUQQY/oGb2iN+fJeXHenY9564qTzRyhP3I+fwBaf5sX</latexit>

Vogliamo provare �1 = �2

Per il determinismo delle espressioni booleane, abbiamo due casi



Caso induttivo (con.)

<latexit sha1_base64="6ctXE/8GCCUHQSbghCEI4tBnkag=">AAACv3icbZFNb9NAEIbX5qsNXykcuaxIkTigyC4ScEEq9MKxSKStlI2i8XrirLofZnfcKLL8Q+HXsE4tRFvm9O47M5qZZ4taq0BZ9itJ791/8PDR3v7o8ZOnz56PD16cBdd4iTPptPMXBQTUyuKMFGm8qD2CKTSeF5cnff78Cn1Qzv6gbY0LA5VVKyWBorUck7BO2RItjVoRVvzE2aBK9JzWyCsHmh8KDbbSyIUBWherdrNWGj vBC/HXKl18y3ciqMqA8EO9drbyqloTeO82/Dq7zA+75XiSTbNd8LsiH8SEDXG6PEjei9LJxsQ9pYYQ5nlW06IFT0rGZUaiCViDvIQK51FaMBgW7Q5Px980AcjxOl6lNN+Z+G9HCyaErSliZX9PuJ3rzf/l5g2tPi1aZeuG0Mp+EEU0u0FBehW5Iy+VRyLoN0euLJfggQi94iBlNJv4ETcGBjLgt76MR1ncSGcM2LIVJa7wZ9fuiHvUrSgapcuouLiKGLwaoLs4lbefu64bRcz5bah3xdnRNP8wzb4fTY6/DsD32Cv2mr1lOfvIjtk3dspmTLLfCUv2k1H6Ja1Sm9bXpWky9LxkNyLd/gGSRdyo</latexit>

Consider the goal hwhile b do c,�i �! �1
<latexit sha1_base64="JfDJd6rcf7BLbNxsC34hgxI09/0="></latexit>

hb,�i �! ↵

hwhile b do c,�i �! �
<latexit sha1_base64="o0eTew1cSWuhi0KidZgysU2bN08="></latexit>

Similarly, since hwhile b do c,�i �! �2

<latexit sha1_base64="ZH258RUznhuHc2qsBkLc0pFpsFY="></latexit>

if hb,�i �! ↵se

solo la regola
<latexit sha1_base64="XOowSEhVmqjIVbDakT+A+eCSzAI=">AAACEnicbZC7SgNBFIZn4y3G26qlzWAiaBN2g6iNELSxjGAukIR4dnI2GTJ7YWZWCEuewcZXsbFQxNbKzrdxcik08YeBj/+cw5nze7HgSjvOt5VZWl5ZXcuu5zY2t7Z37N29mooSybDKIhHJhgcKBQ+xqrkW2IglQuAJrHuD63G9/oBS8Si808MY2wH0Qu5zBtpYHfukdY8UYrOKgccF0hglZQmnhZbivQA67uUUCh077xSdiegiuDPIk5kqHfur1Y1YEmComQClmq4T63YKUnMmcJRrJQpjYAPoYdNgCAGqdjo5aUSPjNOlfiTNCzWduL8nUgiUGgae6QxA99V8bWz+V2sm2r9opzyME40hmy7yE0F1RMf50C6XyLQYGgAmufkrZX2QwLRJMWdCcOdPXoRaqeieFU9vS/ny1SyOLDkgh+SYuOSclMkNqZAqYeSRPJNX8mY9WS/Wu/Uxbc1Ys5l98kfW5w+v25za</latexit>

è applicabile per cui �1 = �

Consideriamo il goal

Analogamente, 
<latexit sha1_base64="l+LyE+051KtLv3tdChM4axhonro=">AAACB3icbZDLSsNAFIYn9VbrLepSkMFWcFWSIupGKLpxWcFeoA1hMjlph04uzEwKJXTnxldx40IRt76CO9/GaZuFtv4w8PGfczhzfi/hTCrL+jYKK6tr6xvFzdLW9s7unrl/0JJxKig0acxj0fGIBM4iaCqmOHQSAST0OLS94e203h6BkCyOHtQ4ASck/YgFjBKlLdc89mEEGKQEARhXepL1Q+LWrudQcc2yVbVmwstg51BGuRqu+dXzY5qGECnKiZRd20qUkxGhGOUwKfVSCQmhQ9KHrsaIhCCdbHbHBJ9qx8dBLPSLFJ65vycyEko5Dj3dGRI1kIu1qflfrZuq4MrJWJSkCiI6XxSkHKsYT0PBPhNAFR9rIFQw/VdMB0QQqnR0JR2CvXjyMrRqVfuien5fK9dv8jiK6AidoDNko0tUR3eogZqIokf0jF7Rm/FkvBjvxse8tWDkM4foj4zPH1tkmFk=</latexit>

deve essere �2 = �
<latexit sha1_base64="aG6MaGPXo1Xmj2nR2sn+G33N+Hg=">AAACJHicbZDLSgMxFIYz3q23UZdugq3gqswUUUEE0Y3LCrYKbRky6ZkazGVMMkIZ+jBufBU3Lrzgwo3PYtrOQqsHQj7+/xyS88cpZ8YGwac3NT0zOze/sFhaWl5ZXfPXN5pGZZpCgyqu9HVMDHAmoWGZ5XCdaiAi5nAV354N/at70IYpeWn7KXQE6UmWMEqskyL/CHAKGt9lYKzCqTKGEaEwVZLyrAsacKVtWE+QKDweQ3FFtUrkl4NqMCr8F8ICyqioeuS/tbuKZgKkpZwY0wqD1HZyoi2jHAaldmYgJfSW9KDlUBIBppOPlhzgHad0caK0O9LikfpzIifCmL6IXacg9sZMekPxP6+V2eSwkzOZZhYkHT+UZBy7PIaJ4S7TQC3vOyBUM/dXTG+IJtS6XEsuhHBy5b/QrFXD/ereRa18clrEsYC20DbaRSE6QCfoHNVRA1H0gJ7QC3r1Hr1n7937GLdOecXMJvpV3tc3aZ6kpg==</latexit>

e per questo possiamo concludere �1 = � = �2



Caso induttivo (con.)

<latexit sha1_base64="6ctXE/8GCCUHQSbghCEI4tBnkag=">AAACv3icbZFNb9NAEIbX5qsNXykcuaxIkTigyC4ScEEq9MKxSKStlI2i8XrirLofZnfcKLL8Q+HXsE4tRFvm9O47M5qZZ4taq0BZ9itJ791/8PDR3v7o8ZOnz56PD16cBdd4iTPptPMXBQTUyuKMFGm8qD2CKTSeF5cnff78Cn1Qzv6gbY0LA5VVKyWBorUck7BO2RItjVoRVvzE2aBK9JzWyCsHmh8KDbbSyIUBWherdrNWGj vBC/HXKl18y3ciqMqA8EO9drbyqloTeO82/Dq7zA+75XiSTbNd8LsiH8SEDXG6PEjei9LJxsQ9pYYQ5nlW06IFT0rGZUaiCViDvIQK51FaMBgW7Q5Px980AcjxOl6lNN+Z+G9HCyaErSliZX9PuJ3rzf/l5g2tPi1aZeuG0Mp+EEU0u0FBehW5Iy+VRyLoN0euLJfggQi94iBlNJv4ETcGBjLgt76MR1ncSGcM2LIVJa7wZ9fuiHvUrSgapcuouLiKGLwaoLs4lbefu64bRcz5bah3xdnRNP8wzb4fTY6/DsD32Cv2mr1lOfvIjtk3dspmTLLfCUv2k1H6Ja1Sm9bXpWky9LxkNyLd/gGSRdyo</latexit>

Consider the goal hwhile b do c,�i �! �1

<latexit sha1_base64="o0eTew1cSWuhi0KidZgysU2bN08=">AAACvnicbZFNbxMxEIad5SsNXykcuVikSByqaBMk4IIUwYVjEaStFEfRrHd2M6o/FtvbEK32h/bXgJOuEG2Z0+t3ZjQzj7NKkQ9petVL7t1/8PBR/2Dw+MnTZ8+Hhy9Ova2dxLm0yrrzDDwqMjgPFBSeVw5BZwrPsosvu/zZJTpP1vwI2wqXGkpDBUkI0VoNvTCWTI4mDBrhC/6dNClwanvMPRmJ/EgoMKVCLjSEdVY0mzUpbA XPxF8rt/Etj4WnUoNwXb2ypnRUrgM4Zzf8OruaHrWr4Sgdp/vgd8WkEyPWxcnqsPdO5FbWOq4pFXi/mKRVWDbgAsm4zEDUHiuQF1DiIkoDGv2y2dNp+ZvaQ7C8QsdJ8b2J/3Y0oL3f6ixW7u7xt3M783+5RR2Kj8uGTFUHNHI3KEQ0+0FeOorYkefkMATYbY6cDJfgIAR0xEHKaNbxH24M9EGD27o8HmVwI63WYPJG5Fjgz7bZE3eoGpHVpPKouLiMGBx10G2cyptPbdsOIubJbah3xel0PHk/Tr9NR7PPHfA+e8Ves7dswj6wGfvKTticSXbFfvf6vYNklhSJTux1adLrel6yG5H8+gPx2N1X</latexit>

Similarly, since hwhile b do c,�i �! �2

<latexit sha1_base64="g66vURur8AIwht0IMuKBJTKN+8g="></latexit>

if hb,�i �! tt

<latexit sha1_base64="sNALkjWUV+BBNU6YcoawIKswkF4="></latexit>

hb,�i �! tt hc,�i �! �00 hwhile b do c,�00i �! �0

hwhile b do c,�i �! �0

<latexit sha1_base64="kQS7zp0e7G44GQdHfbqLjoduExw=">AAADAXichVHLbtQwFHXCqwyPTmEJC4spggWqkiIBm0pV2SDBokhMW2k8Gt04dzJW/Qi209EoyoqvYYdYsOFL+BucTHi0ReKujs/xudc+NyulcD5JfkTxlavXrt/YuDm4dfvO3c3h1r0jZyrLccyNNPYkA4dSaBx74SWelBZBZRKPs9PXrX58htYJoz/4VYlTBYUWc8HBB2o2/FYzN6cL1BzpNnOiUDBL99bgySzdpkvhF0GRoA uJlD9bS8yuz0waXVhRLDxYa5a0N3ZO0PkfI1PgF9m8Xi6ExIbRjP2mchPOvxq31v80D72b2XCU7CRd0csg7cGI9HU424qes9zwSqH2XIJzkzQp/bQG6wUPLxqwymEJ/BQKnASoQaGb1l3ADX1cOfCGlmipkLQj8W9HDcq5lcrCzfZT7qLWkv/SJpWfv5rWQpeVDytoB/mQTzfIcSvC5pDmwqL30L4cqdCUgwXv0QoKnAeyCqs8N9B5BXZl8/ApjUtulAqrqFmOc/zY1F3sFmXNskrIPCDKzkIMVvSpmzCV1ntN0wxCzOnFUC+Do92d9MVO8n53tH/QB75BHpBH5ClJyUuyT96QQzImPHoYHURvo3fxp/hz/CX+ur4aR73nPjlX8fefFhf0Ig==</latexit>

hence �1 = �0
1 with hc,�i �! �00

1 and hwhile b do c,�00
1 i �! �0

1

<latexit sha1_base64="wa3tYhJc5p+0bvMtoN2BgXq99vw="></latexit>

it must be �2 = �0
2 with hc,�i �! �00

2 and hwhile b do c,�00
2 i �! �0

2

<latexit sha1_base64="THyajJ5xVir56adWlCr4tBeRAzc=">AAADCXictVFNb9NAEF2brxI+msKRy4oElQOK7CABF6QKLohTEU1bKRtZ4/XYWXU/zO66UWT5F/BruCEOXPgV/Bs2wUK05cqc3r6Z2TfzJq+lcD5Jfkbxtes3bt7auT24c/fe/d3h3oNjZxrLccaNNPY0B4dSaJx54SWe1hZB5RJP8rO3m/zJOVonjD7y6xoXCiotSsHBByobfm+ZK6lfNo6OmQRdSaRMgV/mZbtaCokdozn7Qx UmvPkz5kSlYH8/mzLb90ijKyuqpQdrzYr2FVk6pqCL//P3dNxlw1EySbZBr4K0ByPSx2G2Fz1nheGNQu25BOfmaVL7RQvWCx4mGrDGYQ38DCqcB6hBoVu0W6M7+qRx4A2t0VIh6ZbEvztaUM6tVR4qN0u5y7kN+a/cvPHlq0UrdN141Hwj5IM/WyHHrQgXRFoIi97DZnKkQlMOFrxHKyhwHsgmnPSCoPMK7NoWYSmNK26UCqdoWYElfurare0WZcvyRsgiIMrOgw1W9K6boErb113XDYLN6WVTr4Lj6SR9MUk+TEcHb3rDd8gj8pg8JSl5SQ7IO3JIZoRH4+h99DE6ij/HX+Kv8bffpXHU9zwkFyL+8QsLtfiZ</latexit>

thus hwhile b do c,�00
2 i �! �0

1 and hwhile b do c,�00
2 i �! �0

2
<latexit sha1_base64="ZoKVasVBYOSPuLxkeFn9ojqJeoo=">AAACoHicdZBNbxMxEIad5auEj6Zw5GKaIhUJRbtplJQDUgWX3kgl0lbEUeT1ziZWd+3FHqeKrP1l/BKOXOFP4A2pRBHM6fU7Y70zT1oV0mIcf2tFd+7eu/9g52H70eMnT3c7e8/OrXZGwEToQpvLlFsopIIJSizgsjLAy7SAi/TqQ9O/WIGxUqtPuK5gVvKFkrkUHIM170w8szlNHVJcggEqLVWaSpU5gXIFdLmudOjY4B+MD1 nJcZnm/nopC6gZTRm9sTId3uL1AXtDX9bzTjfuvT0e9gdDGvfieJT0k0b0R4OjAU2C01SXbGs832sdsUwLV4JCUXBrp0lc4cxzg1KEqDZzFiourvgCpkEqXoKd+c39NX3lLEdNKzBUFnRjwp8/PC+tXZdpmGy2tX/3GvNfvanD/HjmpaocghJNEIbDN0FWmMAnEMukAUTebB7wKSq44YhgJOVCBNMF0rcCLZbcrE0WjlJwLXRZcpV5lkEOX2q/4Wmg8Cx1ssiComwVMBjJ1SJkMx1SqX9X13U7YL5hSf8vzvu9ZNiLz/rdk/db4DvkBdknhyQhI3JCTsmYTIggX8l38oP8jPaj0+hjdPZ7NGpt/zwntyr6/AsTq9Hj</latexit>

but there is no inductive hypothesis P (while b do c) !

<latexit sha1_base64="gWj/gdiXVqK5Mq84fIQri/jKZTA=">AAAChHicbVDbbhMxEHUWKGW5pfCIkCwS1CJV0W4Ql5eiqrzwRpBIWymOolnvJLHqy2J7U0XWfhYfg3iF/8AbIgQt83R8zozPzCkqKZzPsm+d5MbNWzu3d++kd+/df/Cwu/fo1JnachxzI409L8ChFBrHXniJ55VFUIXEs+LifaufrdA6YfRnv65wqmChxVxw8JGadT8ybYQuUfs0MDenJ2sanzX3YoV0ua6MX6ITjvZHB/xF/5 BeRhai1GdOLBTs78/yoz9w2G9m3V42yDZFr4N8C3pkW6PZXucpKw2vVVyBS3BukmeVnwawXnCJTcpqhxXwC1jgJEINCt00bC5v6PPagTe0QkuFpBsS/54IoJxbqyJ2KvBLd1Vryf9pk9rP306D0FXtUfPWyAuJGyPHbQzHIi2FRe+h3RxjapSDBe/RCgqcR7KOGadM4yU3SoEuAytxjl+awFo/izKwohayjIiyVTzYCtCL6MJM/J+Go6Zp0hhofjW+6+B0OMhfD7JPw97xyTbaXfKEPCMHJCdvyDH5QEZkTDj5Sr6TH+RnspMcJi+TV79bk8525jH5p5J3vwDipcQJ</latexit>

By inductive hypothesis P (c), we have �00
1 = �00

2

se

Consideriamo il goal

solo la regola e’ applicabile

per cui con e

Analogamente

Deve essere con e

Per ipotesi induttiva abbiamo

quindi e

ma non esiste un ipotesi induttiva



Definizione ricorsiva!

<latexit sha1_base64="sNALkjWUV+BBNU6YcoawIKswkF4="></latexit>

hb,�i �! tt hc,�i �! �00 hwhile b do c,�00i �! �0

hwhile b do c,�i �! �0

la premessa complessa 
quanto la conclusione

per finire la prova di derminismo 

dobbiamo usare un giusto principio di induzione:

 Induzione sulle regole


