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10 - Petri nets properties
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http://www.di.unipi.it/~bruni


Object
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Free Choice Nets (book, optional reading) 
https://www7.in.tum.de/~esparza/bookfc.html 

We give a formal account of some key properties 
of Petri nets

N `  

https://www7.in.tum.de/~esparza/bookfc.html


Disclaim
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A node (place or transition) is called isolated if 
its pre- and post-sets are empty 

In the following we only consider nets  
without isolated nodes



Petri nets: 
behavioural properties
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Properties of Petri nets
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We introduce some of the properties of Petri nets 
that can play an important role in the verification of 

business processes 

Liveness 
Deadlock-freedom 

Boundedness 
Cyclicity (also Reversibility)



Let’s practice with 
some formula
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<latexit sha1_base64="Phpa+GauMRxFiBPuTl4jI5HAv8s="></latexit>

8M,M 0, M 2 [M0i ^M 0 2 [Mi ) M 0 2 [M0i

<latexit sha1_base64="B2tnRCibUGuTCGc48UxOTPlYwac=">AAAB/3icbVDLSgNBEJz1GeMr6tHLYBAihLAril6EoCBelAh5QbKE2UknDpl9ONMrhCUHv8KrnryJVz/Fg//i7roHTaxTUdVNV5cTSKHRND+NufmFxaXl3Ep+dW19Y7Owtd3Ufqg4NLgvfdV2mAYpPGigQAntQAFzHQktZ3SR+K0HUFr4Xh3HAdguG3piIDjDWLJvzkq1cr18Wb7umQe9QtGsmCnoLLEyUiQZar3CV7fv89AFD7lkWncsM0A7YgoFlzDJd0MNAeMjNoROTD3mgrajNPSE7oeaoU8DUFRImorweyNirtZj14knXYZ3etpLxP+8ToiDUzsSXhAieDw5hEJCekhzJeI2gPaFAkSWJAcqPMqZYoigBGWcx2IY15OP+7Cmv58lzcOKdVwxb4+K1fOsmRzZJXukRCxyQqrkitRIg3ByT57IM3kxHo1X4814/xmdM7KdHfIHxsc3hF2Uqw==</latexit>

N = (P, T, F,M0)

any marking that is reachable from a 
reachable marking is also reachable

for any markings  and M M′ 

with  reachable from  and  reachable from M M0 M′ M

it follows that  is reachable from M′ M0



Disclaim

When we say: 
for any reachable marking  

we mean: 
for any marking  reachable from 

M

M M0



Liveness, intuitively
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A transition  is live if  
from any reachable marking  another 

marking  can be reached where  is enabled 

In other words: 
 at any point in time of the computation, we 
cannot exclude that  will fire in the future 

or, equivalently, 
at any point in time of the computation, it is still 

possible to enable  in the future 

A Petri net is live if all of its transitions are live

t
M

M′ t

t

t



Liveness illustrated
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M0 M

…can we find a way to enable  ?t

For any reachable marking …M

M′ 

t



Liveness, formally
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(P, T, F,M0)

⌅t ⇤ T, ⌅M ⇤ [M0 ⌃, ⇧M � ⇤ [M ⌃, M � t�⇥



Digression
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Order of quantifier is important: 

quantification of the same kind can be 
switched 

the order of universal and existential 
quantification is important

8n. 9m. n < m 9m. 8n. n < m6⌘



Example: Non Live
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<latexit sha1_base64="7eWWaG4mmnGiisOZnpkXF3bycuo=">AAAB+3icbVC7SgNBFJ31GeMramkzGASrsCuKNkLQxkaIYB6SLMvs5CYOmZ0dZu4KYclX2GplJ7Z+jIX/4u6aQhNPdTjnXu65J9RSWHTdT2dhcWl5ZbW0Vl7f2NzaruzstmycGA5NHsvYdEJmQQoFTRQooaMNsCiU0A5HV7nffgRjRazucKzBj9hQiYHgDDPp/iZw6QXVgRdUqm7NLUDniTclVTJFI6h89foxTyJQyCWztuu5Gv2UGRRcwqTcSyxoxkdsCN2MKhaB9dMi8IQeJpZhTDUYKiQtRPi9kbLI2nEUZpMRwwc76+Xif143wcG5nwqlEwTF80MoJBSHLDciawJoXxhAZHlyoEJRzgxDBCMo4zwTk6yactaHN/v9PGkd17zTmnt7Uq1fTpspkX1yQI6IR85InVyTBmkSTiLyRJ7JizNxXp035/1ndMGZ7uyRP3A+vgGmypO2</latexit>

M0 = p1
<latexit sha1_base64="u9i5izn9aCcT0PEsd0YaLYqW7Lk=">AAACGXicbVA9SwNBEN3z2/gVtbRZDAELCXeiaCOINjaCgjGBXDjmNmNc3Ns7ducEOfIL/An+Clut7MTWysL/4l5M4dcrhsebGWbeizMlLfn+uzc2PjE5NT0zW5mbX1hcqi6vXNg0NwKbIlWpacdgUUmNTZKksJ0ZhCRW2Iqvj8p+6waNlak+p9sMuwn0tbyUAshJUbXeOYn80IDuK+T7PCzCTZ5FgaubQ7blajiIqjW/4Q/B/5JgRGpshNOo+hH2UpEnqEkosLYT+Bl1CzAkhcJBJcwtZiCuoY8dRzUkaLvF0M6A13MLlPIMDZeKD0X8vlFAYu1tErvJBOjK/u6V4n+9Tk6Xe91C6iwn1KI8RNLZLg9ZYaTLCXlPGiSC8nPkUnMBBojQSA5CODF3wVVcHsFv93/JxVYj2Gn4Z9u1g8NRMjNsja2zDRawXXbAjtkpazLB7tgDe2RP3r337L14r1+jY95oZ5X9gPf2CX85naw=</latexit>

[M0i = { p1 , p2 }
<latexit sha1_base64="v8WNtbZBuNv1KBkbZZioxVY/EUY=">AAACBnicbVA9TwJBEN3DL8QvxNJmIzGxIndEoyXRxhIT+UiAkLllgA17e5fdOZUQen+FrVZ2xta/YeF/8Q4pFHzVy3szmTfPj5S05LqfTmZldW19I7uZ29re2d3L7xfqNoyNwJoIVWiaPlhUUmONJClsRgYh8BU2/NFV6jfu0FgZ6lsaR9gJYKBlXwqgROrmC1G33NYhtY0cDAmMCe+7+aJbcmfgy8SbkyKbo9rNf7V7oYgD1CQUWNvy3Ig6EzAkhcJprh1bjECMYICthGoI0HYms+xTfhxboJBHaLhUfCbi740JBNaOAz+ZDICGdtFLxf+8Vkz9i85E6igm1CI9RFLh7JAVRialIO9Jg0SQJkcuNRdggAiN5CBEIsZJS7mkD2/x+2VSL5e8s5J7c1qsXM6bybJDdsROmMfOWYVdsyqrMcEe2BN7Zi/Oo/PqvDnvP6MZZ75zwP7A+fgGYgiZOw==</latexit>

p2 6!

<latexit sha1_base64="4lgSh7XL/yfVzNOK+N/DNCD5KLg=">AAACCXicdVC7TsNAEDzzDOEVQFQ0BwkSVWSbkIQugoYySAQiJZZ1PjZw4ny27tZIkZUv4CtooaJDtHwFBf+CHYIECKYazexqZyeIpTBo22/W1PTM7Nx8YaG4uLS8slpaWz83UaI5dHgkI90NmAEpFHRQoIRurIGFgYSL4OY49y9uQRsRqTMcxuCF7EqJgeAMM8kvbaZ9M6AV9J0KVZGiUtzC9sgvle3qYbPu1urUrtp2w3GdnLiN2n6NOpmSo0wmaPul9/5lxJMQFHLJjOk5doxeyjQKLmFU7CcGYsZv2BX0MqpYCMZLx/FHdDcxDCMag6ZC0rEI3zdSFhozDINsMmR4bX57ufiX10tw0PRSoeIEQfH8EAoJ40OG6+xTDfRSaEBkeXKgQlHONEMELSjjPBOTrKhi1sfX0/R/cu5WnYOqfeqWW0eTZgpki+yQPeKQBmmRE9ImHcJJSu7JA3m07qwn69l6+RydsiY7G+QHrNcPqoGZOw==</latexit>

t1 non live!



Example: Live
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<latexit sha1_base64="7eWWaG4mmnGiisOZnpkXF3bycuo=">AAAB+3icbVC7SgNBFJ31GeMramkzGASrsCuKNkLQxkaIYB6SLMvs5CYOmZ0dZu4KYclX2GplJ7Z+jIX/4u6aQhNPdTjnXu65J9RSWHTdT2dhcWl5ZbW0Vl7f2NzaruzstmycGA5NHsvYdEJmQQoFTRQooaMNsCiU0A5HV7nffgRjRazucKzBj9hQiYHgDDPp/iZw6QXVgRdUqm7NLUDniTclVTJFI6h89foxTyJQyCWztuu5Gv 2UGRRcwqTcSyxoxkdsCN2MKhaB9dMi8IQeJpZhTDUYKiQtRPi9kbLI2nEUZpMRwwc76+Xif143wcG5nwqlEwTF80MoJBSHLDciawJoXxhAZHlyoEJRzgxDBCMo4zwTk6yactaHN/v9PGkd17zTmnt7Uq1fTpspkX1yQI6IR85InVyTBmkSTiLyRJ7JizNxXp035/1ndMGZ7uyRP3A+vgGmypO2</latexit>

M0 = p1
<latexit sha1_base64="60IUG5MSBqOPc+0UD/5BU13g8DA=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHibs+0IsgevEiRDBRyIald2zj4OzsMtMryJLP8BP8Cq968iZePPgvzsYgvurQFFXddHfFmZKWfP/NGxoeGR0bn5isTE3PzM5V5xdaNs2NwKZIVWrOY7CopMYmSVJ4nhmEJFZ4Fl8flv7ZDRorU31Ktxl2EuhqeSkFkJOi6nr7OPJDA7qrkO/xsAjXeBYFrq712cYX23Q17EXVml/3++ B/STAgNTZAI6q+hxepyBPUJBRY2w78jDoFGJJCYa8S5hYzENfQxbajGhK0naL/WI+v5BYo5RkaLhXvi/h9ooDE2tskdp0J0JX97ZXif147p8vdTiF1lhNqUS4i6QIoF1lhpEsM+YU0SATl5cil5gIMEKGRHIRwYu4irLg8gt/f/yWtjXqwXfdPtmr7B4NkJtgSW2arLGA7bJ8dsQZrMsHu2AN7ZE/evffsvXivn61D3mBmkf2A9/4BTfKgjg==</latexit>

[M0i = { p1 , p2 , p3 }
<latexit sha1_base64="0el+U6t2jEo4CUPEo+MGpUWqHcs="></latexit>

if M = p3 take M 0 = p1
t1�!

<latexit sha1_base64="Hjh7wotIxZX+dihkorKrcyFqRZQ="></latexit>

if M = p2 take M 0 = p1
t1�!

<latexit sha1_base64="CBBzGFv3nmjfGXTGqUW6tTXEtPs="></latexit>

if M = p1 take M 0 = p1
t1�!

<latexit sha1_base64="HrvX38GYu2eM1CIvL77i7GVt5R4=">AAACI3icbVBNSyNBEO1RV92460Y9emkMwh4kOxNX9CIEvXh0wZhAJgw1bZlt7OlpumsEGfIz/An7K/aqJ2/ixUP+iz0xiF/vUDzeq6KqXmqUdBSGj8HM7NyX+YXFr7Wlb9+Xf9RXVk9dXliBHZGr3PZScKikxg5JUtgzFiFLFXbTi8PK716idTLXJ3RlcJDBUMtzKYC8lNR/9U3Sii3ooUK+z+My3uImiXzdmrDWC9v2NR4l9UbYDCfgH0k0JQ02xXFSH8dnuSgy1CQUONePQkODEixJoXBUiwuHBsQFDLHvqYYM3aCcPDbim4UDyrlBy6XiExFfT5SQOXeVpb4zA/rr3nuV+JnXL+h8b1BKbQpCLapFJH0A1SInrPSJIT+TFomguhy51FyABSK0koMQXix8hDWfR/T++4/ktNWMdprhn9+N9sE0mUW2zjbYTxaxXdZmR+yYdZhg1+w/u2G3wb/gLrgPHp5bZ4LpzBp7g2D8BI4aoLM=</latexit>

[p2i = { p1 , p2 , p3 }
<latexit sha1_base64="d7R1D1nEo+46oeCcO9fLqcdBBrc=">AAACI3icbVBNSyNBEO1RV2N0NatHL41B8CDZmajsXoSgF48KRoVMGGraMtvY09N01yzIkJ/hT/BXeNWTN/Hiwf9iTwzi1zsUj/eqqKqXGiUdheFTMDE59WN6pjZbn5v/ubDY+LV07PLCCuyKXOX2NAWHSmrskiSFp8YiZKnCk/Rir/JP/qN1MtdHdGmwn8FAy3MpgLyUNH73TLIZW9ADhXyHx2W8wU0S+boxYu03tulrPEwazbAVjsC/kmhMmmyMg6TxHJ/loshQk1DgXC8KDfVLsCSFwmE9LhwaEBcwwJ6nGjJ0/XL02JCvFQ4o5wYtl4qPRHw/UULm3GWW+s4M6J/77FXid16voPO//VJqUxBqUS0i6QOoFjlhpU8M+Zm0SATV5cil5gIsEKGVHITwYuEjrPs8os/ffyXH7Va03QoPt5qd3XEyNbbCVtk6i9gf1mH77IB1mWBX7IbdsrvgOrgPHoLH19aJYDyzzD4geH4Bj9SgtA==</latexit>

[p3i = { p1 , p2 , p3 }

<latexit sha1_base64="HDCeP1Mh5odF/KNr5EHfg/S2QE0=">AAACBHicdVC7SgNBFJ31GeNr1dJmMApWYSagiZ1oYxnBxECyhNnxRgdnH8zcDYQlrV9hq5Wd2PofFv6LszGCip7qcM693HNPmGplkbE3b2Z2bn5hsbRUXl5ZXVv3NzbbNsmMhJZMdGI6obCgVQwtVKihkxoQUajhMrw9LfzLIRirkvgCRykEkbiO1UBJgU7q+37eswO6i32+S7UawrjvV1iVMcY5pwXh9UPmyNFRo8YblBeWQ4VM0ez7772rRGYRxCi1sLbLWYpBLgwqqWFc7mUWUiFvxTV0HY1FBDbIJ8nHdC+zAhOagqFK04kI3zdyEVk7ikI3GQm8sb+9QvzL62Y4aAS5itMMIZbFIVQaJoesNO5RA/RKGUAURXKgKqZSGIEIRlEhpRMz11HZ9fH1NP2ftGtVflBl57XK8cm0mRLZJjtkn3BSJ8fkjDRJi0gyJPfkgTx6d96T9+y9fI7OeNOdLfID3usHVn6XcQ==</latexit>

t1 live

<latexit sha1_base64="Hjh7wotIxZX+dihkorKrcyFqRZQ="></latexit>

if M = p2 take M 0 = p1
t1�!

<latexit sha1_base64="0el+U6t2jEo4CUPEo+MGpUWqHcs="></latexit>

if M = p3 take M 0 = p1
t1�!



Example: Live
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<latexit sha1_base64="7eWWaG4mmnGiisOZnpkXF3bycuo=">AAAB+3icbVC7SgNBFJ31GeMramkzGASrsCuKNkLQxkaIYB6SLMvs5CYOmZ0dZu4KYclX2GplJ7Z+jIX/4u6aQhNPdTjnXu65J9RSWHTdT2dhcWl5ZbW0Vl7f2NzaruzstmycGA5NHsvYdEJmQQoFTRQooaMNsCiU0A5HV7nffgRjRazucKzBj9hQiYHgDDPp/iZw6QXVgRdUqm7NLUDniTclVTJFI6h89foxTyJQyCWztuu5Gv 2UGRRcwqTcSyxoxkdsCN2MKhaB9dMi8IQeJpZhTDUYKiQtRPi9kbLI2nEUZpMRwwc76+Xif143wcG5nwqlEwTF80MoJBSHLDciawJoXxhAZHlyoEJRzgxDBCMo4zwTk6yactaHN/v9PGkd17zTmnt7Uq1fTpspkX1yQI6IR85InVyTBmkSTiLyRJ7JizNxXp035/1ndMGZ7uyRP3A+vgGmypO2</latexit>

M0 = p1
<latexit sha1_base64="60IUG5MSBqOPc+0UD/5BU13g8DA=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHibs+0IsgevEiRDBRyIald2zj4OzsMtMryJLP8BP8Cq968iZePPgvzsYgvurQFFXddHfFmZKWfP/NGxoeGR0bn5isTE3PzM5V5xdaNs2NwKZIVWrOY7CopMYmSVJ4nhmEJFZ4Fl8flv7ZDRorU31Ktxl2EuhqeSkFkJOi6nr7OPJDA7qrkO/xsAjXeBYFrq712cYX23Q17EXVml/3++ B/STAgNTZAI6q+hxepyBPUJBRY2w78jDoFGJJCYa8S5hYzENfQxbajGhK0naL/WI+v5BYo5RkaLhXvi/h9ooDE2tskdp0J0JX97ZXif147p8vdTiF1lhNqUS4i6QIoF1lhpEsM+YU0SATl5cil5gIMEKGRHIRwYu4irLg8gt/f/yWtjXqwXfdPtmr7B4NkJtgSW2arLGA7bJ8dsQZrMsHu2AN7ZE/evffsvXivn61D3mBmkf2A9/4BTfKgjg==</latexit>

[M0i = { p1 , p2 , p3 }
<latexit sha1_base64="HrvX38GYu2eM1CIvL77i7GVt5R4=">AAACI3icbVBNSyNBEO1RV92460Y9emkMwh4kOxNX9CIEvXh0wZhAJgw1bZlt7OlpumsEGfIz/An7K/aqJ2/ixUP+iz0xiF/vUDzeq6KqXmqUdBSGj8HM7NyX+YXFr7Wlb9+Xf9RXVk9dXliBHZGr3PZScKikxg5JUtgzFiFLFXbTi8PK716idTLXJ3RlcJDBUMtzKYC8lNR/9U3Sii3ooUK+z+My3uImiXzdmrDWC9v2NR4l9UbYDCfgH0k0JQ02xXFSH8dnuSgy1CQUONePQkODEixJoXBUiwuHBsQFDLHvqYYM3aCcPDbim4UDyrlBy6XiExFfT5SQOXeVpb4zA/rr3nuV+JnXL+h8b1BKbQpCLapFJH0A1SInrPSJIT+TFomguhy51FyABSK0koMQXix8hDWfR/T++4/ktNWMdprhn9+N9sE0mUW2zjbYTxaxXdZmR+yYdZhg1+w/u2G3wb/gLrgPHp5bZ4LpzBp7g2D8BI4aoLM=</latexit>

[p2i = { p1 , p2 , p3 }
<latexit sha1_base64="d7R1D1nEo+46oeCcO9fLqcdBBrc=">AAACI3icbVBNSyNBEO1RV2N0NatHL41B8CDZmajsXoSgF48KRoVMGGraMtvY09N01yzIkJ/hT/BXeNWTN/Hiwf9iTwzi1zsUj/eqqKqXGiUdheFTMDE59WN6pjZbn5v/ubDY+LV07PLCCuyKXOX2NAWHSmrskiSFp8YiZKnCk/Rir/JP/qN1MtdHdGmwn8FAy3MpgLyUNH73TLIZW9ADhXyHx2W8wU0S+boxYu03tulrPEwazbAVjsC/kmhMmmyMg6TxHJ/loshQk1DgXC8KDfVLsCSFwmE9LhwaEBcwwJ6nGjJ0/XL02JCvFQ4o5wYtl4qPRHw/UULm3GWW+s4M6J/77FXid16voPO//VJqUxBqUS0i6QOoFjlhpU8M+Zm0SATV5cil5gIsEKGVHITwYuEjrPs8os/ffyXH7Va03QoPt5qd3XEyNbbCVtk6i9gf1mH77IB1mWBX7IbdsrvgOrgPHoLH19aJYDyzzD4geH4Bj9SgtA==</latexit>

[p3i = { p1 , p2 , p3 }

<latexit sha1_base64="07dUoktZKZh2dFiqPYi/McWxXdU=">AAACBHicdVC7SgNBFJ31GeNr1dJmMApWYSagiZ1oYxnBxECyhNnxRgdnH8zcDYQlrV9hq5Wd2PofFv6LszGCip7qcM693HNPmGplkbE3b2Z2bn5hsbRUXl5ZXVv3NzbbNsmMhJZMdGI6obCgVQwtVKihkxoQUajhMrw9LfzLIRirkvgCRykEkbiO1UBJgU7q+37eswO6i/3aLtVqCOO+X2FVxhjnnBaE1w+ZI0dHjRpvUF5YDhUyRbPvv/euEplFEKPUwtouZykGuTCopIZxuZdZSIW8FdfQdTQWEdggnyQf073MCkxoCoYqTScifN/IRWTtKArdZCTwxv72CvEvr5vhoBHkKk4zhFgWh1BpmByy0rhHDdArZQBRFMmBqphKYQQiGEWFlE7MXEdl18fX0/R/0q5V+UGVndcqxyfTZkpkm+yQfcJJnRyTM9IkLSLJkNyTB/Lo3XlP3rP38jk64013tsgPeK8fWBSXcg==</latexit>

t2 live
<latexit sha1_base64="H6/u3T2sOvtnBWFhAcepWYRz9sc="></latexit>

if M = p1 take M 0 = p2
t2�!

<latexit sha1_base64="XKKv/zANXsn5oPnmreHhHW8a+MU="></latexit>

if M = p2 take M 0 = p2
t2�!

<latexit sha1_base64="c9a7fSkRYQUt2gyG91/SufCzs8I="></latexit>

if M = p3 take M 0 = p2
t2�!



Example: Live
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<latexit sha1_base64="7eWWaG4mmnGiisOZnpkXF3bycuo=">AAAB+3icbVC7SgNBFJ31GeMramkzGASrsCuKNkLQxkaIYB6SLMvs5CYOmZ0dZu4KYclX2GplJ7Z+jIX/4u6aQhNPdTjnXu65J9RSWHTdT2dhcWl5ZbW0Vl7f2NzaruzstmycGA5NHsvYdEJmQQoFTRQooaMNsCiU0A5HV7nffgRjRazucKzBj9hQiYHgDDPp/iZw6QXVgRdUqm7NLUDniTclVTJFI6h89foxTyJQyCWztuu5Gv 2UGRRcwqTcSyxoxkdsCN2MKhaB9dMi8IQeJpZhTDUYKiQtRPi9kbLI2nEUZpMRwwc76+Xif143wcG5nwqlEwTF80MoJBSHLDciawJoXxhAZHlyoEJRzgxDBCMo4zwTk6yactaHN/v9PGkd17zTmnt7Uq1fTpspkX1yQI6IR85InVyTBmkSTiLyRJ7JizNxXp035/1ndMGZ7uyRP3A+vgGmypO2</latexit>

M0 = p1
<latexit sha1_base64="60IUG5MSBqOPc+0UD/5BU13g8DA=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHibs+0IsgevEiRDBRyIald2zj4OzsMtMryJLP8BP8Cq968iZePPgvzsYgvurQFFXddHfFmZKWfP/NGxoeGR0bn5isTE3PzM5V5xdaNs2NwKZIVWrOY7CopMYmSVJ4nhmEJFZ4Fl8flv7ZDRorU31Ktxl2EuhqeSkFkJOi6nr7OPJDA7qrkO/xsAjXeBYFrq712cYX23Q17EXVml/3++ B/STAgNTZAI6q+hxepyBPUJBRY2w78jDoFGJJCYa8S5hYzENfQxbajGhK0naL/WI+v5BYo5RkaLhXvi/h9ooDE2tskdp0J0JX97ZXif147p8vdTiF1lhNqUS4i6QIoF1lhpEsM+YU0SATl5cil5gIMEKGRHIRwYu4irLg8gt/f/yWtjXqwXfdPtmr7B4NkJtgSW2arLGA7bJ8dsQZrMsHu2AN7ZE/evffsvXivn61D3mBmkf2A9/4BTfKgjg==</latexit>

[M0i = { p1 , p2 , p3 }
<latexit sha1_base64="HrvX38GYu2eM1CIvL77i7GVt5R4=">AAACI3icbVBNSyNBEO1RV92460Y9emkMwh4kOxNX9CIEvXh0wZhAJgw1bZlt7OlpumsEGfIz/An7K/aqJ2/ixUP+iz0xiF/vUDzeq6KqXmqUdBSGj8HM7NyX+YXFr7Wlb9+Xf9RXVk9dXliBHZGr3PZScKikxg5JUtgzFiFLFXbTi8PK716idTLXJ3RlcJDBUMtzKYC8lNR/9U3Sii3ooUK+z+My3uImiXzdmrDWC9v2NR4l9UbYDCfgH0k0JQ02xXFSH8dnuSgy1CQUONePQkODEixJoXBUiwuHBsQFDLHvqYYM3aCcPDbim4UDyrlBy6XiExFfT5SQOXeVpb4zA/rr3nuV+JnXL+h8b1BKbQpCLapFJH0A1SInrPSJIT+TFomguhy51FyABSK0koMQXix8hDWfR/T++4/ktNWMdprhn9+N9sE0mUW2zjbYTxaxXdZmR+yYdZhg1+w/u2G3wb/gLrgPHp5bZ4LpzBp7g2D8BI4aoLM=</latexit>

[p2i = { p1 , p2 , p3 }
<latexit sha1_base64="d7R1D1nEo+46oeCcO9fLqcdBBrc=">AAACI3icbVBNSyNBEO1RV2N0NatHL41B8CDZmajsXoSgF48KRoVMGGraMtvY09N01yzIkJ/hT/BXeNWTN/Hiwf9iTwzi1zsUj/eqqKqXGiUdheFTMDE59WN6pjZbn5v/ubDY+LV07PLCCuyKXOX2NAWHSmrskiSFp8YiZKnCk/Rir/JP/qN1MtdHdGmwn8FAy3MpgLyUNH73TLIZW9ADhXyHx2W8wU0S+boxYu03tulrPEwazbAVjsC/kmhMmmyMg6TxHJ/loshQk1DgXC8KDfVLsCSFwmE9LhwaEBcwwJ6nGjJ0/XL02JCvFQ4o5wYtl4qPRHw/UULm3GWW+s4M6J/77FXid16voPO//VJqUxBqUS0i6QOoFjlhpU8M+Zm0SATV5cil5gIsEKGVHITwYuEjrPs8os/ffyXH7Va03QoPt5qd3XEyNbbCVtk6i9gf1mH77IB1mWBX7IbdsrvgOrgPHoLH19aJYDyzzD4geH4Bj9SgtA==</latexit>

[p3i = { p1 , p2 , p3 }
<latexit sha1_base64="yBXLUKg4sGwJlqP5COKiYTzWhAs="></latexit>

if M = p3 take M 0 = p3
t3�!

<latexit sha1_base64="ZNiYB9YxTygXSuQY6Ic26DVK+5s="></latexit>

if M = p2 take M 0 = p3
t3�!

<latexit sha1_base64="TKkS+yy7G3BhYMV7LJPtJIOvGeQ="></latexit>

if M = p1 take M 0 = p3
t3�!

<latexit sha1_base64="9fMxhf44JrBTvUrxapneJ3UGpJc=">AAACBHicdVC7SgNBFJ31GeNr1dJmMApWYSaiSbqgjaWCUSEJYXZyEwdnH8zcDYQlrV9hq5Wd2PofFv6LszGCip7qcM693HNPkGhlkbE3b2Z2bn5hsbBUXF5ZXVv3NzYvbZwaCU0Z69hcB8KCVhE0UaGG68SACAMNV8HtSe5fDcFYFUcXOEqgE4pBpPpKCnRS1/eztu3TXewe7FKthjDu+iVWZoxxzmlOePWIOVKv1yq8RnluOZTIFGdd/73di2UaQoRSC2tbnCXYyYRBJTWMi+3UQiLkrRhAy9FIhGA72ST5mO6lVmBMEzBUaToR4ftGJkJrR2HgJkOBN/a3l4t/ea0U+7VOpqIkRYhkfgiVhskhK4171ADtKQOIIk8OVEVUCiMQwSgqpHRi6joquj6+nqb/k8tKmR+W2Xml1DieNlMg22SH7BNOqqRBTskZaRJJhuSePJBH78578p69l8/RGW+6s0V+wHv9AFmql3M=</latexit>

t3 live



Example: Live
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<latexit sha1_base64="7eWWaG4mmnGiisOZnpkXF3bycuo=">AAAB+3icbVC7SgNBFJ31GeMramkzGASrsCuKNkLQxkaIYB6SLMvs5CYOmZ0dZu4KYclX2GplJ7Z+jIX/4u6aQhNPdTjnXu65J9RSWHTdT2dhcWl5ZbW0Vl7f2NzaruzstmycGA5NHsvYdEJmQQoFTRQooaMNsCiU0A5HV7nffgRjRazucKzBj9hQiYHgDDPp/iZw6QXVgRdUqm7NLUDniTclVTJFI6h89foxTyJQyCWztuu5Gv 2UGRRcwqTcSyxoxkdsCN2MKhaB9dMi8IQeJpZhTDUYKiQtRPi9kbLI2nEUZpMRwwc76+Xif143wcG5nwqlEwTF80MoJBSHLDciawJoXxhAZHlyoEJRzgxDBCMo4zwTk6yactaHN/v9PGkd17zTmnt7Uq1fTpspkX1yQI6IR85InVyTBmkSTiLyRJ7JizNxXp035/1ndMGZ7uyRP3A+vgGmypO2</latexit>

M0 = p1
<latexit sha1_base64="60IUG5MSBqOPc+0UD/5BU13g8DA=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHibs+0IsgevEiRDBRyIald2zj4OzsMtMryJLP8BP8Cq968iZePPgvzsYgvurQFFXddHfFmZKWfP/NGxoeGR0bn5isTE3PzM5V5xdaNs2NwKZIVWrOY7CopMYmSVJ4nhmEJFZ4Fl8flv7ZDRorU31Ktxl2EuhqeSkFkJOi6nr7OPJDA7qrkO/xsAjXeBYFrq712cYX23Q17EXVml/3++ B/STAgNTZAI6q+hxepyBPUJBRY2w78jDoFGJJCYa8S5hYzENfQxbajGhK0naL/WI+v5BYo5RkaLhXvi/h9ooDE2tskdp0J0JX97ZXif147p8vdTiF1lhNqUS4i6QIoF1lhpEsM+YU0SATl5cil5gIMEKGRHIRwYu4irLg8gt/f/yWtjXqwXfdPtmr7B4NkJtgSW2arLGA7bJ8dsQZrMsHu2AN7ZE/evffsvXivn61D3mBmkf2A9/4BTfKgjg==</latexit>

[M0i = { p1 , p2 , p3 }
<latexit sha1_base64="HrvX38GYu2eM1CIvL77i7GVt5R4=">AAACI3icbVBNSyNBEO1RV92460Y9emkMwh4kOxNX9CIEvXh0wZhAJgw1bZlt7OlpumsEGfIz/An7K/aqJ2/ixUP+iz0xiF/vUDzeq6KqXmqUdBSGj8HM7NyX+YXFr7Wlb9+Xf9RXVk9dXliBHZGr3PZScKikxg5JUtgzFiFLFXbTi8PK716idTLXJ3RlcJDBUMtzKYC8lNR/9U3Sii3ooUK+z+My3uImiXzdmrDWC9v2NR4l9UbYDCfgH0k0JQ02xXFSH8dnuSgy1CQUONePQkODEixJoXBUiwuHBsQFDLHvqYYM3aCcPDbim4UDyrlBy6XiExFfT5SQOXeVpb4zA/rr3nuV+JnXL+h8b1BKbQpCLapFJH0A1SInrPSJIT+TFomguhy51FyABSK0koMQXix8hDWfR/T++4/ktNWMdprhn9+N9sE0mUW2zjbYTxaxXdZmR+yYdZhg1+w/u2G3wb/gLrgPHp5bZ4LpzBp7g2D8BI4aoLM=</latexit>

[p2i = { p1 , p2 , p3 }
<latexit sha1_base64="d7R1D1nEo+46oeCcO9fLqcdBBrc=">AAACI3icbVBNSyNBEO1RV2N0NatHL41B8CDZmajsXoSgF48KRoVMGGraMtvY09N01yzIkJ/hT/BXeNWTN/Hiwf9iTwzi1zsUj/eqqKqXGiUdheFTMDE59WN6pjZbn5v/ubDY+LV07PLCCuyKXOX2NAWHSmrskiSFp8YiZKnCk/Rir/JP/qN1MtdHdGmwn8FAy3MpgLyUNH73TLIZW9ADhXyHx2W8wU0S+boxYu03tulrPEwazbAVjsC/kmhMmmyMg6TxHJ/loshQk1DgXC8KDfVLsCSFwmE9LhwaEBcwwJ6nGjJ0/XL02JCvFQ4o5wYtl4qPRHw/UULm3GWW+s4M6J/77FXid16voPO//VJqUxBqUS0i6QOoFjlhpU8M+Zm0SATV5cil5gIsEKGVHITwYuEjrPs8os/ffyXH7Va03QoPt5qd3XEyNbbCVtk6i9gf1mH77IB1mWBX7IbdsrvgOrgPHoLH19aJYDyzzD4geH4Bj9SgtA==</latexit>

[p3i = { p1 , p2 , p3 }

<latexit sha1_base64="9fMxhf44JrBTvUrxapneJ3UGpJc=">AAACBHicdVC7SgNBFJ31GeNr1dJmMApWYSaiSbqgjaWCUSEJYXZyEwdnH8zcDYQlrV9hq5Wd2PofFv6LszGCip7qcM693HNPkGhlkbE3b2Z2bn5hsbBUXF5ZXVv3NzYvbZwaCU0Z69hcB8KCVhE0UaGG68SACAMNV8HtSe5fDcFYFUcXOEqgE4pBpPpKCnRS1/eztu3TXewe7FKthjDu+iVWZoxxzmlOePWIOVKv1yq8RnluOZTIFGdd/73di2UaQoRSC2tbnCXYyYRBJTWMi+3UQiLkrRhAy9FIhGA72ST5mO6lVmBMEzBUaToR4ftGJkJrR2HgJkOBN/a3l4t/ea0U+7VOpqIkRYhkfgiVhskhK4171ADtKQOIIk8OVEVUCiMQwSgqpHRi6joquj6+nqb/k8tKmR+W2Xml1DieNlMg22SH7BNOqqRBTskZaRJJhuSePJBH78578p69l8/RGW+6s0V+wHv9AFmql3M=</latexit>

t3 live

<latexit sha1_base64="07dUoktZKZh2dFiqPYi/McWxXdU=">AAACBHicdVC7SgNBFJ31GeNr1dJmMApWYSagiZ1oYxnBxECyhNnxRgdnH8zcDYQlrV9hq5Wd2PofFv6LszGCip7qcM693HNPmGplkbE3b2Z2bn5hsbRUXl5ZXVv3NzbbNsmMhJZMdGI6obCgVQwtVKihkxoQUajhMrw9LfzLIRirkvgCRykEkbiO1UBJgU7q+37eswO6i/3aLtVqCOO+X2FVxhjnnBaE1w+ZI0dHjRpvUF5YDhUyRbPvv/euEplFEKPUwtouZykGuTCopIZxuZdZSIW8FdfQdTQWEdggnyQf073MCkxoCoYqTScifN/IRWTtKArdZCTwxv72CvEvr5vhoBHkKk4zhFgWh1BpmByy0rhHDdArZQBRFMmBqphKYQQiGEWFlE7MXEdl18fX0/R/0q5V+UGVndcqxyfTZkpkm+yQfcJJnRyTM9IkLSLJkNyTB/Lo3XlP3rP38jk64013tsgPeK8fWBSXcg==</latexit>

t2 live

<latexit sha1_base64="HDCeP1Mh5odF/KNr5EHfg/S2QE0=">AAACBHicdVC7SgNBFJ31GeNr1dJmMApWYSagiZ1oYxnBxECyhNnxRgdnH8zcDYQlrV9hq5Wd2PofFv6LszGCip7qcM693HNPmGplkbE3b2Z2bn5hsbRUXl5ZXVv3NzbbNsmMhJZMdGI6obCgVQwtVKihkxoQUajhMrw9LfzLIRirkvgCRykEkbiO1UBJgU7q+37eswO6i32+S7UawrjvV1iVMcY5pwXh9UPmyNFRo8YblBeWQ4VM0ez7772rRGYRxCi1sLbLWYpBLgwqqWFc7mUWUiFvxTV0HY1FBDbIJ8nHdC+zAhOagqFK04kI3zdyEVk7ikI3GQm8sb+9QvzL62Y4aAS5itMMIZbFIVQaJoesNO5RA/RKGUAURXKgKqZSGIEIRlEhpRMz11HZ9fH1NP2ftGtVflBl57XK8cm0mRLZJjtkn3BSJ8fkjDRJi0gyJPfkgTx6d96T9+y9fI7OeNOdLfID3usHVn6XcQ==</latexit>

t1 live

<latexit sha1_base64="MIXgd8yTXQ2j0ULBjNjeDQY3J2I=">AAACAHicdVC7SgNBFJ31GeMramkzmAhWYSagSbqgjZVEMEZIVpkdb3Rw9sHMXSEsafwKW63sxNY/sfBfnI0RVPRUh3Pu5Z57gkQri4y9eVPTM7Nz84WF4uLS8spqaW391MapkdCRsY7NWSAsaBVBBxVqOEsMiDDQ0A1uDnK/ewvGqjg6wWECfiiuIjVQUqCTzrO+HdDKUYVqdQuji1KZVRljnHOaE17fY440m40ab1CeWw5lMkH7ovTev4xlGkKEUgtre5wl6GfCoJIaRsV+aiER8kZcQc/RSIRg/WycekS3UyswpgkYqjQdi/B9IxOhtcMwcJOhwGv728vFv7xeioOGn6koSREimR9CpWF8yErjHjVAL5UBRJEnB6oiKoURiGAUFVI6MXX9FF0fX0/T/8lprcp3q+y4Vm7tT5opkE2yRXYIJ3XSIoekTTpEEkPuyQN59O68J+/Ze/kcnfImOxvkB7zXD21QlnY=</latexit>

N live
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17

Liveness of  should not be confused with the 
following property: 

starting from the initial marking  it is possible to 
reach a marking  that enables  

(this property just ensures that  is not "dead" at )

t

M0
M t

t M0

9M 2 [M0i. M
t�!



Dead transition
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Given a marking  

A transition  is dead at  
if  will never be enabled in the future 

(i.e.,  is not enabled at any marking reachable from )

M

t M
t

t M



Example: t1 non live 
(but t1 non dead!)
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Liveness, a formal recap
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<latexit sha1_base64="B0ZBXYGqkAuXig/raUbIKkoiEJM=">AAAB+HicbVC7TsNAEDzzDOEVoKQ5ESFRRTYCQRlBQxmkvKTEis6XTThyPlt3a6Rg5R9ooaJDtPwNBf/C2biAhKlGM7va2QliKQy67qeztLyyurZe2ihvbm3v7Fb29tsmSjSHFo9kpLsBMyCFghYKlNCNNbAwkNAJJteZ33kAbUSkmjiNwQ/ZWImR4Ayt1Ma+ULQ5qFTdmpuDLhKvIFVSoDGofPWHEU9CUMglM6bnuTH6KdMouIRZuZ8YiBmfsDH0LFUsBOOnedoZPU4Mw4jGoKmQNBfh90bKQmOmYWAnQ4Z3Zt7LxP+8XoKjSz8VKk4QFM8OoZCQHzJcC1sD0KHQgMiy5EDt75xphghaUMa5FRPbS9n24c1/v0japzXvvObenlXrV0UzJXJIjsgJ8cgFqZMb0iAtwsk9eSLP5MV5dF6dN+f9Z3TJKXYOyB84H9/Tv5Na</latexit>

t 2 T
<latexit sha1_base64="B2tnRCibUGuTCGc48UxOTPlYwac=">AAAB/3icbVDLSgNBEJz1GeMr6tHLYBAihLAril6EoCBelAh5QbKE2UknDpl9ONMrhCUHv8KrnryJVz/Fg//i7roHTaxTUdVNV5cTSKHRND+NufmFxaXl3Ep+dW19Y7Owtd3Ufqg4NLgvfdV2mAYpPGigQAntQAFzHQktZ3SR+K0HUFr4Xh3HAdguG3piIDjDWLJvzkq1cr18Wb7umQe9QtGsmCnoLLEyUiQZar3CV7fv89AFD7lkWncsM0A7YgoFlzDJd0MNAeMjNoROTD3mgrajNPSE7oeaoU8DUFRImorweyNirtZj14knXYZ3etpLxP+8ToiDUzsSXhAieDw5hEJCekhzJeI2gPaFAkSWJAcqPMqZYoigBGWcx2IY15OP+7Cmv58lzcOKdVwxb4+K1fOsmRzZJXukRCxyQqrkitRIg3ByT57IM3kxHo1X4814/xmdM7KdHfIHxsc3hF2Uqw==</latexit>

N = (P, T, F,M0)

<latexit sha1_base64="HCGxj8tjz+rpoclx7B4J29Y6jeg="></latexit>

NonLive(t,N) ⌘ ¬Live(t,N)

<latexit sha1_base64="1AC8wZkbyZ+U+0VuYZv3LsszpfE="></latexit>

Live(t,N) ⌘ 8M 2 [M0i, 9M 0 2 [Mi, M 0 t�!

<latexit sha1_base64="K59GUGCQZUnJWmDFgTAWJu+rZko="></latexit>

Dead(t,N) ⌘ 8M 2 [M0i, M 6 t�!
<latexit sha1_base64="Oz1gWWEYJrEs5rRvSaMslGfHAGc="></latexit>

NonDead(t,N) ⌘ ¬Dead(t,N)
<latexit sha1_base64="AHV4GdC+HfR8O79+p8gOzv6OsTU="></latexit>

Live(N) ⌘ 8t 2 T, Live(t,N)
<latexit sha1_base64="QQP8of8A7nrEF8f1GpdJj5wK9T0="></latexit>

NonLive(N) ⌘ ¬Live(N)
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<latexit sha1_base64="BhIEEen9+VkOOogYs+i3zxRqoYc="></latexit>

⌘ ¬(8M 2 [M0i, 9M 0 2 [Mi, M 0 t�!)
<latexit sha1_base64="kDvM+NJ5PnWDanniF64kpOQe5bc="></latexit>

⌘ 9M 2 [M0i, 8M 0 2 [Mi, M 0 6 t�!

<latexit sha1_base64="HCGxj8tjz+rpoclx7B4J29Y6jeg="></latexit>

NonLive(t,N) ⌘ ¬Live(t,N)

<latexit sha1_base64="1AC8wZkbyZ+U+0VuYZv3LsszpfE="></latexit>

Live(t,N) ⌘ 8M 2 [M0i, 9M 0 2 [Mi, M 0 t�!

<latexit sha1_base64="B0ZBXYGqkAuXig/raUbIKkoiEJM=">AAAB+HicbVC7TsNAEDzzDOEVoKQ5ESFRRTYCQRlBQxmkvKTEis6XTThyPlt3a6Rg5R9ooaJDtPwNBf/C2biAhKlGM7va2QliKQy67qeztLyyurZe2ihvbm3v7Fb29tsmSjSHFo9kpLsBMyCFghYKlNCNNbAwkNAJJteZ33kAbUSkmjiNwQ/ZWImR4Ayt1Ma+ULQ5qFTdmpuDLhKvIFVSoDGofPWHEU9CUMglM6bnuTH6KdMouIRZuZ8YiBmfsDH0LFUsBOOnedoZPU4Mw4jGoKmQNBfh90bKQmOmYWAnQ4Z3Zt7LxP+8XoKjSz8VKk4QFM8OoZCQHzJcC1sD0KHQgMiy5EDt75xphghaUMa5FRPbS9n24c1/v0japzXvvObenlXrV0UzJXJIjsgJ8cgFqZMb0iAtwsk9eSLP5MV5dF6dN+f9Z3TJKXYOyB84H9/Tv5Na</latexit>

t 2 T
<latexit sha1_base64="B2tnRCibUGuTCGc48UxOTPlYwac=">AAAB/3icbVDLSgNBEJz1GeMr6tHLYBAihLAril6EoCBelAh5QbKE2UknDpl9ONMrhCUHv8KrnryJVz/Fg//i7roHTaxTUdVNV5cTSKHRND+NufmFxaXl3Ep+dW19Y7Owtd3Ufqg4NLgvfdV2mAYpPGigQAntQAFzHQktZ3SR+K0HUFr4Xh3HAdguG3piIDjDWLJvzkq1cr18Wb7umQe9QtGsmCnoLLEyUiQZar3CV7fv89AFD7lkWncsM0A7YgoFlzDJd0MNAeMjNoROTD3mgrajNPSE7oeaoU8DUFRImorweyNirtZj14knXYZ3etpLxP+8ToiDUzsSXhAieDw5hEJCekhzJeI2gPaFAkSWJAcqPMqZYoigBGWcx2IY15OP+7Cmv58lzcOKdVwxb4+K1fOsmRzZJXukRCxyQqrkitRIg3ByT57IM3kxHo1X4814/xmdM7KdHfIHxsc3hF2Uqw==</latexit>

N = (P, T, F,M0)
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<latexit sha1_base64="K59GUGCQZUnJWmDFgTAWJu+rZko="></latexit>

Dead(t,N) ⌘ 8M 2 [M0i, M 6 t�!

<latexit sha1_base64="Oz1gWWEYJrEs5rRvSaMslGfHAGc="></latexit>

NonDead(t,N) ⌘ ¬Dead(t,N)
<latexit sha1_base64="p5k/GQxF/U3TD25Pi8TeOSHFCrE="></latexit>

⌘ ¬(8M 2 [M0i, M 6 t�!)
<latexit sha1_base64="cwDBZ2xW7gGkxQaAaMuHs/A3ctk="></latexit>

⌘ 9M 2 [M0i, M
t�!

<latexit sha1_base64="B0ZBXYGqkAuXig/raUbIKkoiEJM=">AAAB+HicbVC7TsNAEDzzDOEVoKQ5ESFRRTYCQRlBQxmkvKTEis6XTThyPlt3a6Rg5R9ooaJDtPwNBf/C2biAhKlGM7va2QliKQy67qeztLyyurZe2ihvbm3v7Fb29tsmSjSHFo9kpLsBMyCFghYKlNCNNbAwkNAJJteZ33kAbUSkmjiNwQ/ZWImR4Ayt1Ma+ULQ5qFTdmpuDLhKvIFVSoDGofPWHEU9CUMglM6bnuTH6KdMouIRZuZ8YiBmfsDH0LFUsBOOnedoZPU4Mw4jGoKmQNBfh90bKQmOmYWAnQ4Z3Zt7LxP+8XoKjSz8VKk4QFM8OoZCQHzJcC1sD0KHQgMiy5EDt75xphghaUMa5FRPbS9n24c1/v0japzXvvObenlXrV0UzJXJIjsgJ8cgFqZMb0iAtwsk9eSLP5MV5dF6dN+f9Z3TJKXYOyB84H9/Tv5Na</latexit>

t 2 T
<latexit sha1_base64="B2tnRCibUGuTCGc48UxOTPlYwac=">AAAB/3icbVDLSgNBEJz1GeMr6tHLYBAihLAril6EoCBelAh5QbKE2UknDpl9ONMrhCUHv8KrnryJVz/Fg//i7roHTaxTUdVNV5cTSKHRND+NufmFxaXl3Ep+dW19Y7Owtd3Ufqg4NLgvfdV2mAYpPGigQAntQAFzHQktZ3SR+K0HUFr4Xh3HAdguG3piIDjDWLJvzkq1cr18Wb7umQe9QtGsmCnoLLEyUiQZar3CV7fv89AFD7lkWncsM0A7YgoFlzDJd0MNAeMjNoROTD3mgrajNPSE7oeaoU8DUFRImorweyNirtZj14knXYZ3etpLxP+8ToiDUzsSXhAieDw5hEJCekhzJeI2gPaFAkSWJAcqPMqZYoigBGWcx2IY15OP+7Cmv58lzcOKdVwxb4+K1fOsmRzZJXukRCxyQqrkitRIg3ByT57IM3kxHo1X4814/xmdM7KdHfIHxsc3hF2Uqw==</latexit>

N = (P, T, F,M0)



Liveness, a formal recap
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<latexit sha1_base64="QQP8of8A7nrEF8f1GpdJj5wK9T0="></latexit>

NonLive(N) ⌘ ¬Live(N)
<latexit sha1_base64="DGXEQyaE+I4ghmV6xoRJXfNUEjI="></latexit>

⌘ ¬(8t 2 T, Live(t,N))
<latexit sha1_base64="ld1OJFnPFsLF/MG+Onl4h8HzdhY="></latexit>

⌘ 9t 2 T, NonLive(t,N)
<latexit sha1_base64="DciF9ZH7OsuYT6Twr88gjjapJgA="></latexit>

⌘ 9t 2 T, 9M 2 [M0i, 8M 0 2 [Mi, M 0 6 t�!

<latexit sha1_base64="B2tnRCibUGuTCGc48UxOTPlYwac=">AAAB/3icbVDLSgNBEJz1GeMr6tHLYBAihLAril6EoCBelAh5QbKE2UknDpl9ONMrhCUHv8KrnryJVz/Fg//i7roHTaxTUdVNV5cTSKHRND+NufmFxaXl3Ep+dW19Y7Owtd3Ufqg4NLgvfdV2mAYpPGigQAntQAFzHQktZ3SR+K0HUFr4Xh3HAdguG3piIDjDWLJvzkq1cr18Wb7umQe9QtGsmCnoLLEyUiQZar3CV7fv89AFD7lkWncsM0A7YgoFlzDJd0MNAeMjNoROTD3mgrajNPSE7oeaoU8DUFRImorweyNirtZj14knXYZ3etpLxP+8ToiDUzsSXhAieDw5hEJCekhzJeI2gPaFAkSWJAcqPMqZYoigBGWcx2IY15OP+7Cmv58lzcOKdVwxb4+K1fOsmRzZJXukRCxyQqrkitRIg3ByT57IM3kxHo1X4814/xmdM7KdHfIHxsc3hF2Uqw==</latexit>

N = (P, T, F,M0)



Non-live vs Dead
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<latexit sha1_base64="AlsQdoEBSlqzWOr850zqi+moxmw="></latexit>

Dead(t,N) ) NonLive(t,N)

<latexit sha1_base64="HHYCYd5RVeODlVuVrzY1lM1M0ZI="></latexit>

NonLive(t,N) 6) Dead(t,N)

<latexit sha1_base64="K59GUGCQZUnJWmDFgTAWJu+rZko="></latexit>

Dead(t,N) ⌘ 8M 2 [M0i, M 6 t�!

<latexit sha1_base64="kDvM+NJ5PnWDanniF64kpOQe5bc="></latexit>

⌘ 9M 2 [M0i, 8M 0 2 [Mi, M 0 6 t�!
<latexit sha1_base64="VhgFXJ2GCQucnmPsrE5sIUFK9hM=">AAACC3icbVC7TgJBFJ3FF+ILtbCwmQgmVmSXxGhjQrSxIcFEHgkQcne44MjsIzN3TchmP8GvsNXKztj6ERb+iwtSKHiqk3Puzb3nuKGShmz708osLa+srmXXcxubW9s7+d29hgkiLbAuAhXolgsGlfSxTpIUtkKN4LkKm+7oauI3H1AbGfi3NA6x68HQlwMpgFKplz+IO2aQu48McYIR8mL1otqzi0kvX7BL9hR8kTgzUmAz1Hr5r04/EJGHPgkFxrQdO6RuDJqkUJjkOpHBEMQIhthOqQ8emm48DZDw48gABTxEzaXiUxF/b8TgGTP23HTSA7oz895E/M9rRzQ478bSDyNCX0wOkVQ4PWSElmkzyPtSIxFMPkcufS5AAxFqyUGIVIzSqnJpH858+kXSKJec05J9Uy5ULmfNZNkhO2InzGFnrMKuWY3VmWAJe2LP7MV6tF6tN+v9ZzRjzXb22R9YH9+Yc5mo</latexit>

just take M = M0



Digression
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How to disprove an implication?

<latexit sha1_base64="AmAsFpgu+Jts6LiQl+VygOBf03Q=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIVJGNQFBG0FAmEnlIsRWdL5twyvls3a1BUZSSr6CFig7R8iEU/Au2cQEJU41mdrWzE8RSGHScT6u0srq2vlHerGxt7+xW7b39jokSzaHNIxnpXsAMSKGgjQIl9GINLAwkdIPJdeZ370EbEalbnMbgh2ysxEhwhqk0sKtN6j3AcAzUUzCmrYFdc+pODrpM3ILUSIHmwP7yhhFPQlDIJTOm7zox+jOmUXAJ84qXGIgZn7Ax9FOqWAjGn+XB5/Q4MQwjGoOmQtJchN8bMxYaMw2DdDJkeGcWvUz8z+snOLr0Z0LFCYLi2SEUEvJDhmuRNgJ0KDQgsiw5UKEoZ5ohghaUcZ6KSVpRJe3DXfx+mXRO6+553Wmd1RpXRTNlckiOyAlxyQVpkBvSJG3CSUKeyDN5sR6tV+vNev8ZLVnFzgH5A+vjGzjrlsk=</latexit>

P ^ ¬Q

<latexit sha1_base64="QAW7JOz2KinXsgnweI13Q08sUwQ=">AAACB3icbVDLTgJBEJzFF+IL5ehlIjHxRHaNRo9ELx7ByCMBQnqHBibMzm5mejWE8AF+hVc9eTNe/QwP/ou7yEHBOlWqutPV5UdKWnLdTyezsrq2vpHdzG1t7+zu5fcP6jaMjcCaCFVomj5YVFJjjSQpbEYGIfAVNvzRdeo37tFYGeo7GkfYCWCgZV8KoETq5gsV3tYhtW/lYEhgTPjAq9180S25M/Bl4s1Jkc1R6ea/2r1QxAFqEgqsbXluRJ0JGJJC4TTXji1GIEYwwFZCNQRoO5NZ+Ck/ji1QyCM0XCo+E/H3xgQCa8eBn0wGQEO76KXif14rpv5lZyJ1FBNqkR4iqXB2yAojk1aQ96RBIkiTI5eaCzBAhEZyECIR46SmXNKHt/j9Mqmflrzzkls9K5av5s1k2SE7YifMYxeszG5YhdWYYGP2xJ7Zi/PovDpvzvvPaMaZ7xTYHzgf3yZOmQU=</latexit>

P 6) Q



Non-live vs Dead
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<latexit sha1_base64="yadEkedmPk7NhYR+PaCYUSilqyE=">AAACVnicbVBNb9NAEN0YSkv4MnDksiKqSCQrshEILkgVIMShqYLUtJXiKBpvJmHV9drdnY2orPw/fgIc+Atc6anqxvWhtJ3T03vz8eZlpZKW4vh3K7hzd+Pe5tb99oOHjx4/CZ8+O7CFMwJHolCFOcrAopIaRyRJ4VFpEPJM4WF2/GmtHy7RWFnofTotcZLDQsu5FECemoZZmgN9t/Nqr9C7comrLkV7vfTEwSzFEyeXNWyn+M N7sXyQSs3Hg2mcGtALhVEjN0s+I8zqDa8+dIfRfvQlGvR607AT9+O6+E2QNKDDmhpOwz/prBAuR01CgbXjJC5pUoEhKRSu2qmzWII4hgWOPdSQo51UdRYrvu0sUMFLNFwqXpN4daKC3NrTPPOdtenr2pq8TRs7mr+fVFKXjlCL9SGSCutDVhgfnUE+kwaJYO0cuU9KgAEiNJKDEJ50PvW2zyO5/v1NcPC6n7ztx9/edHY+NslssRfsJeuyhL1jO+wrG7IRE+wn+8v+sbPWr9Z5sBFsXrYGrWbmOfuvgvACv9O0cw==</latexit>

NonLive(t,N) ⌘ 9M 2 [M0i, Dead(t,N 0 = (P, T, F,M))

<latexit sha1_base64="kDvM+NJ5PnWDanniF64kpOQe5bc="></latexit>

⌘ 9M 2 [M0i, 8M 0 2 [Mi, M 0 6 t�!
<latexit sha1_base64="HCGxj8tjz+rpoclx7B4J29Y6jeg=">AAACM3icbVDLSiNBFK12fLaPiePSTWEQFCR0i4PulHHjQkTBqJAO4XblJhZWV7dVtwLS5HP8hPkKt7oYBjfi1n+w00Z83tXhnHO595w4U9JSEPzzRn6Mjo1PTE750zOzcz8r879ObOqMwLpIVWrOYrCopMY6SVJ4lhmEJFZ4Gl/sDvTTHhorU31MVxk2E+hq2ZECqKBale0oATq3nfwg1fuyh/0VWjtY5X506aAd4aWTvRL6kc YufzW/OVuValALyuFfQTgEVTacw1blPmqnwiWoSSiwthEGGTVzMCSFwr4fOYsZiAvoYqOAGhK0zbwM2ufLzgKlPEPDpeIlie83ckisvUriwll++lkbkN9pDUedrWYudeYItRgcIqmwPGSFKdIa5G1pkAgGnyOXmgswQIRGchCiIF1RqV/0EX5O/xWcrNfC37XgaKO682fYzCRbZEtshYVsk+2wPXbI6kywa3bDbtmd99f77z14jy/WEW+4s8A+jPf0DOoYqp8=</latexit>

NonLive(t,N) ⌘ ¬Live(t,N)
<latexit sha1_base64="YY+FevkROdxAQveu9h6FaWCgfN8="></latexit>

Dead(t,N 0) ⌘ 8M 0 2 [Mi, M 0 6 t�!

a system is not live  
iff it has a non-live transition  

iff it has a transition that can become dead



Liveness: example
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Which transitions are live? 
Which are not? 

Which are dead? 
Is the net live?



Liveness: example
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Which transitions are live? 
Which are not? 

Which are dead? 
Is the net live?

t4, t5
t1, t2, t3

all
none

YesNo
nonenone



Liveness on the 
occurrence graph
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A transition t is live 
iff 

From any node of the occurrence graph we can reach a 
node with an outgoing arc labelled by t 

A transition t is dead (at M0) 
iff 

There is no t-labelled arc in the occurrence graph



Liveness: example
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Marked place
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Given a marking M 

We say that a place p is marked (at M) 
if M(p) > 0 

(i.e., there is a token in p in the marking M) 

We say that p is unmarked 
if M(p) = 0 

(i.e., there is no token in p in the marking M)



Place-liveness, 
intuitively
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A place p is live if 
every time it becomes unmarked 

there is still the possibility to be marked in the future 
(or if it always stays marked) 

A Petri net is place-live if all of its places are live



Live place
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Definition: Let (P, T, F,M0) be a net system.

A place p � P is live if ⇥M � [M0 ⌅. ⇤M � � [M ⌅.M �(p) > 0



Place-liveness, formally
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(P, T, F,M0)

8p 2 P. 8M 2 [M0i. 9M 0 2 [Mi. M 0(p) > 0
<latexit sha1_base64="FKdB4DtfjxrbzLeGIrhux/mrO5Y="></latexit><latexit sha1_base64="FKdB4DtfjxrbzLeGIrhux/mrO5Y="></latexit><latexit sha1_base64="FKdB4DtfjxrbzLeGIrhux/mrO5Y="></latexit><latexit sha1_base64="FKdB4DtfjxrbzLeGIrhux/mrO5Y="></latexit>



Dead nodes, intuitively
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Given a marking M 

A transition t is dead at M 
if t will never be enabled in the future 

(i.e., t is not enabled in any marking reachable from M) 

A place p is dead at M 
if p will never be marked in the future 

(i.e., p is unmarked in any marking reachable from M) 



Dead nodes
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Definition: Let (P, T, F ) be a net system.

A transition t ⇤ T is dead at M if ⇧M � ⇤ [M ⌃.M � ⌅ t�⇥

A place p ⇤ P is dead at M if ⇧M � ⇤ [M ⌃.M �(p) = 0



Non-live vs Dead
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If a transition is dead at some reachable marking M 
then it is non-live 

If a place is dead at some reachable marking M  
then it is non-live 

being non-live implies possibly becoming dead 
(but not necessarily in the current marking)



Place Liveness: example
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Which places are live? 
Which are not? 

Which are dead? 
Is the net place live?



Which places are live? 
Which are not? 

Which are dead? 
Is the net place live?

39

p4, p5
p1, p2

all
none

YesNo
nonenone

Place Liveness: example



Place liveness, a formal recap
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<latexit sha1_base64="B2tnRCibUGuTCGc48UxOTPlYwac=">AAAB/3icbVDLSgNBEJz1GeMr6tHLYBAihLAril6EoCBelAh5QbKE2UknDpl9ONMrhCUHv8KrnryJVz/Fg//i7roHTaxTUdVNV5cTSKHRND+NufmFxaXl3Ep+dW19Y7Owtd3Ufqg4NLgvfdV2mAYpPGigQAntQAFzHQktZ3SR+K0HUFr4Xh3HAdguG3piIDjDWLJvzkq1cr18Wb7umQe9QtGsmCnoLLEyUiQZar3CV7fv89AFD7lkWncsM0A7YgoFlzDJd0MNAeMjNoROTD3mgrajNPSE7oeaoU8DUFRImorweyNirtZj14knXYZ3etpLxP+8ToiDUzsSXhAieDw5hEJCekhzJeI2gPaFAkSWJAcqPMqZYoigBGWcx2IY15OP+7Cmv58lzcOKdVwxb4+K1fOsmRzZJXukRCxyQqrkitRIg3ByT57IM3kxHo1X4814/xmdM7KdHfIHxsc3hF2Uqw==</latexit>

N = (P, T, F,M0)
<latexit sha1_base64="jgUjODkvpysvWpQOHJYqGecRdP0=">AAAB+HicbVC7TgMxEPTxDOEVoKSxiJCoojsEgjKChjJI5CElJ+RzNsHE57PsPaRwyj/QQkWHaPkbCv4F35ECEqYazcxqdyfSUlj0/U9vYXFpeWW1tFZe39jc2q7s7LZskhoOTZ7IxHQiZkEKBU0UKKGjDbA4ktCORpe5334AY0WibnCsIYzZUImB4Ayd1NI9oWjjtlL1a34BOk+CKamSKVz+q9dPeBqDQi6Ztd3A1xhmzKDgEiblXmpBMz5iQ+g6qlgMNsyKayf0MLUME6rBUCFpIcLviYzF1o7jyCVjhnd21svF/7xuioPzMBNKpwiK54tQSCgWWW6EqwFoXxhAZPnlQN3vnBmGCEZQxrkTU9dL2fURzH4/T1rHteC05l+fVOsX02ZKZJ8ckCMSkDNSJ1ekQZqEk3vyRJ7Ji/fovXpv3vtPdMGbzuyRP/A+vgHHM5NS</latexit>

p 2 P
<latexit sha1_base64="T37dsIiRsFvr2AftySW0brxubU0="></latexit>

PLive(p,N) ⌘ 8M 2 [M0i, 9M 0 2 [Mi, M 0(p) > 0
<latexit sha1_base64="jIJgmPkoO9Sv83vSiMec4+KYHl4=">AAACNXicbVDLSiNBFK3W8dW+oi7dFBMEBQndoujS0Y2LQSJMVEiHcLtyE4tUV7dVtwLS5HvmE/wKt8os3Ilbf8FOmwFfd3U451zuPSfOlLQUBP+8ickfU9Mzs3P+/MLi0nJlZfXcps4IbIhUpeYyBotKamyQJIWXmUFIYoUXcf94pF8M0FiZ6j90k2ErgZ6WXSmACqpd+RUlQFe2m5+muv5bDnC4mW2fbnE/unbQifDayUEJ/U hjj/93v7O2K9WgFpTDv4JwDKpsPPV25THqpMIlqEkosLYZBhm1cjAkhcKhHzmLGYg+9LBZQA0J2lZeRh3yDWeBUp6h4VLxksT3Gzkk1t4kceEsX/2sjcjvtKaj7kErlzpzhFqMDpFUWB6ywhRpDfKONEgEo8+RS80FGCBCIzkIUZCuKNUv+gg/p/8Kzndq4V4tONutHh6Nm5ll6+wn22Qh22eH7ITVWYMJ9pfdsXv24N16j96T9/xmnfDGO2vsw3gvr01Oq0s=</latexit>

NonPLive(p,N) ⌘ ¬PLive(p,N)

<latexit sha1_base64="kNcEPHPparimBo4wCeg/ry/aN70="></latexit>

Dead(p,N) ⌘ 8M 2 [M0i, M(p) = 0
<latexit sha1_base64="xg31JgAsIbADN6KXPlMDEYc/IG0="></latexit>

NonDead(p,N) ⌘ ¬Dead(p,N)
<latexit sha1_base64="wEKOn5efzNQV1xrtxMcDLQJnhxo="></latexit>

PLive(N) ⌘ 8p 2 P, PLive(p,N)
<latexit sha1_base64="rf2QXU6M8yVTCr/m65MYjFr0gdg="></latexit>

NonPLive(N) ⌘ ¬PLive(N)



Question time
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<latexit sha1_base64="B2tnRCibUGuTCGc48UxOTPlYwac=">AAAB/3icbVDLSgNBEJz1GeMr6tHLYBAihLAril6EoCBelAh5QbKE2UknDpl9ONMrhCUHv8KrnryJVz/Fg//i7roHTaxTUdVNV5cTSKHRND+NufmFxaXl3Ep+dW19Y7Owtd3Ufqg4NLgvfdV2mAYpPGigQAntQAFzHQktZ3SR+K0HUFr4Xh3HAdguG3piIDjDWLJvzkq1cr18Wb7umQe9QtGsmCnoLLEyUiQZar3CV7fv89AFD7lkWncsM0A7YgoFlzDJd0MNAeMjNoROTD3mgrajNPSE7oeaoU8DUFRImorweyNirtZj14knXYZ3etpLxP+8ToiDUzsSXhAieDw5hEJCekhzJeI2gPaFAkSWJAcqPMqZYoigBGWcx2IY15OP+7Cmv58lzcOKdVwxb4+K1fOsmRzZJXukRCxyQqrkitRIg3ByT57IM3kxHo1X4814/xmdM7KdHfIHxsc3hF2Uqw==</latexit>

N = (P, T, F,M0)
<latexit sha1_base64="jgUjODkvpysvWpQOHJYqGecRdP0=">AAAB+HicbVC7TgMxEPTxDOEVoKSxiJCoojsEgjKChjJI5CElJ+RzNsHE57PsPaRwyj/QQkWHaPkbCv4F35ECEqYazcxqdyfSUlj0/U9vYXFpeWW1tFZe39jc2q7s7LZskhoOTZ7IxHQiZkEKBU0UKKGjDbA4ktCORpe5334AY0WibnCsIYzZUImB4Ayd1NI9oWjjtlL1a34BOk+CKamSKVz+q9dPeBqDQi6Ztd3A1xhmzKDgEiblXmpBMz5iQ+g6qlgMNsyKayf0MLUME6rBUCFpIcLviYzF1o7jyCVjhnd21svF/7xuioPzMBNKpwiK54tQSCgWWW6EqwFoXxhAZPnlQN3vnBmGCEZQxrkTU9dL2fURzH4/T1rHteC05l+fVOsX02ZKZJ8ckCMSkDNSJ1ekQZqEk3vyRJ7Ji/fovXpv3vtPdMGbzuyRP/A+vgHHM5NS</latexit>

p 2 P
<latexit sha1_base64="T37dsIiRsFvr2AftySW0brxubU0="></latexit>

PLive(p,N) ⌘ 8M 2 [M0i, 9M 0 2 [Mi, M 0(p) > 0
<latexit sha1_base64="jIJgmPkoO9Sv83vSiMec4+KYHl4=">AAACNXicbVDLSiNBFK3W8dW+oi7dFBMEBQndoujS0Y2LQSJMVEiHcLtyE4tUV7dVtwLS5HvmE/wKt8os3Ilbf8FOmwFfd3U451zuPSfOlLQUBP+8ickfU9Mzs3P+/MLi0nJlZfXcps4IbIhUpeYyBotKamyQJIWXmUFIYoUXcf94pF8M0FiZ6j90k2ErgZ6WXSmACqpd+RUlQFe2m5+muv5bDnC4mW2fbnE/unbQifDayUEJ/U hjj/93v7O2K9WgFpTDv4JwDKpsPPV25THqpMIlqEkosLYZBhm1cjAkhcKhHzmLGYg+9LBZQA0J2lZeRh3yDWeBUp6h4VLxksT3Gzkk1t4kceEsX/2sjcjvtKaj7kErlzpzhFqMDpFUWB6ywhRpDfKONEgEo8+RS80FGCBCIzkIUZCuKNUv+gg/p/8Kzndq4V4tONutHh6Nm5ll6+wn22Qh22eH7ITVWYMJ9pfdsXv24N16j96T9/xmnfDGO2vsw3gvr01Oq0s=</latexit>

NonPLive(p,N) ⌘ ¬PLive(p,N)

write the explicit formula for NonPLive(p,N)



Question time
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<latexit sha1_base64="B2tnRCibUGuTCGc48UxOTPlYwac=">AAAB/3icbVDLSgNBEJz1GeMr6tHLYBAihLAril6EoCBelAh5QbKE2UknDpl9ONMrhCUHv8KrnryJVz/Fg//i7roHTaxTUdVNV5cTSKHRND+NufmFxaXl3Ep+dW19Y7Owtd3Ufqg4NLgvfdV2mAYpPGigQAntQAFzHQktZ3SR+K0HUFr4Xh3HAdguG3piIDjDWLJvzkq1cr18Wb7umQe9QtGsmCnoLLEyUiQZar3CV7fv89AFD7lkWncsM0A7YgoFlzDJd0MNAeMjNoROTD3mgrajNPSE7oeaoU8DUFRImorweyNirtZj14knXYZ3etpLxP+8ToiDUzsSXhAieDw5hEJCekhzJeI2gPaFAkSWJAcqPMqZYoigBGWcx2IY15OP+7Cmv58lzcOKdVwxb4+K1fOsmRzZJXukRCxyQqrkitRIg3ByT57IM3kxHo1X4814/xmdM7KdHfIHxsc3hF2Uqw==</latexit>

N = (P, T, F,M0)
<latexit sha1_base64="jgUjODkvpysvWpQOHJYqGecRdP0=">AAAB+HicbVC7TgMxEPTxDOEVoKSxiJCoojsEgjKChjJI5CElJ+RzNsHE57PsPaRwyj/QQkWHaPkbCv4F35ECEqYazcxqdyfSUlj0/U9vYXFpeWW1tFZe39jc2q7s7LZskhoOTZ7IxHQiZkEKBU0UKKGjDbA4ktCORpe5334AY0WibnCsIYzZUImB4Ayd1NI9oWjjtlL1a34BOk+CKamSKVz+q9dPeBqDQi6Ztd3A1xhmzKDgEiblXmpBMz5iQ+g6qlgMNsyKayf0MLUME6rBUCFpIcLviYzF1o7jyCVjhnd21svF/7xuioPzMBNKpwiK54tQSCgWWW6EqwFoXxhAZPnlQN3vnBmGCEZQxrkTU9dL2fURzH4/T1rHteC05l+fVOsX02ZKZJ8ckCMSkDNSJ1ekQZqEk3vyRJ7Ji/fovXpv3vtPdMGbzuyRP/A+vgHHM5NS</latexit>

p 2 P
<latexit sha1_base64="T37dsIiRsFvr2AftySW0brxubU0="></latexit>

PLive(p,N) ⌘ 8M 2 [M0i, 9M 0 2 [Mi, M 0(p) > 0
<latexit sha1_base64="jIJgmPkoO9Sv83vSiMec4+KYHl4=">AAACNXicbVDLSiNBFK3W8dW+oi7dFBMEBQndoujS0Y2LQSJMVEiHcLtyE4tUV7dVtwLS5HvmE/wKt8os3Ilbf8FOmwFfd3U451zuPSfOlLQUBP+8ickfU9Mzs3P+/MLi0nJlZfXcps4IbIhUpeYyBotKamyQJIWXmUFIYoUXcf94pF8M0FiZ6j90k2ErgZ6WXSmACqpd+RUlQFe2m5+muv5bDnC4mW2fbnE/unbQifDayUEJ/U hjj/93v7O2K9WgFpTDv4JwDKpsPPV25THqpMIlqEkosLYZBhm1cjAkhcKhHzmLGYg+9LBZQA0J2lZeRh3yDWeBUp6h4VLxksT3Gzkk1t4kceEsX/2sjcjvtKaj7kErlzpzhFqMDpFUWB6ywhRpDfKONEgEo8+RS80FGCBCIzkIUZCuKNUv+gg/p/8Kzndq4V4tONutHh6Nm5ll6+wn22Qh22eH7ITVWYMJ9pfdsXv24N16j96T9/xmnfDGO2vsw3gvr01Oq0s=</latexit>

NonPLive(p,N) ⌘ ¬PLive(p,N)

write the explicit formula for NonPLive(p,N)

<latexit sha1_base64="weY1gVrWFnJAq0DN9ufMblO6pNI="></latexit>

⌘ 9M 2 [M0i, 8M 0 2 [Mi, M 0(p) = 0
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43

<latexit sha1_base64="B2tnRCibUGuTCGc48UxOTPlYwac=">AAAB/3icbVDLSgNBEJz1GeMr6tHLYBAihLAril6EoCBelAh5QbKE2UknDpl9ONMrhCUHv8KrnryJVz/Fg//i7roHTaxTUdVNV5cTSKHRND+NufmFxaXl3Ep+dW19Y7Owtd3Ufqg4NLgvfdV2mAYpPGigQAntQAFzHQktZ3SR+K0HUFr4Xh3HAdguG3piIDjDWLJvzkq1cr18Wb7umQe9QtGsmCnoLLEyUiQZar3CV7fv89AFD7lkWncsM0A7YgoFlzDJd0MNAeMjNoROTD3mgrajNPSE7oeaoU8DUFRImorweyNirtZj14knXYZ3etpLxP+8ToiDUzsSXhAieDw5hEJCekhzJeI2gPaFAkSWJAcqPMqZYoigBGWcx2IY15OP+7Cmv58lzcOKdVwxb4+K1fOsmRzZJXukRCxyQqrkitRIg3ByT57IM3kxHo1X4814/xmdM7KdHfIHxsc3hF2Uqw==</latexit>

N = (P, T, F,M0)
<latexit sha1_base64="jgUjODkvpysvWpQOHJYqGecRdP0=">AAAB+HicbVC7TgMxEPTxDOEVoKSxiJCoojsEgjKChjJI5CElJ+RzNsHE57PsPaRwyj/QQkWHaPkbCv4F35ECEqYazcxqdyfSUlj0/U9vYXFpeWW1tFZe39jc2q7s7LZskhoOTZ7IxHQiZkEKBU0UKKGjDbA4ktCORpe5334AY0WibnCsIYzZUImB4Ayd1NI9oWjjtlL1a34BOk+CKamSKVz+q9dPeBqDQi6Ztd3A1xhmzKDgEiblXmpBMz5iQ+g6qlgMNsyKayf0MLUME6rBUCFpIcLviYzF1o7jyCVjhnd21svF/7xuioPzMBNKpwiK54tQSCgWWW6EqwFoXxhAZPnlQN3vnBmGCEZQxrkTU9dL2fURzH4/T1rHteC05l+fVOsX02ZKZJ8ckCMSkDNSJ1ekQZqEk3vyRJ7Ji/fovXpv3vtPdMGbzuyRP/A+vgHHM5NS</latexit>

p 2 P

write the explicit formula for NonDead(p,N)

<latexit sha1_base64="kNcEPHPparimBo4wCeg/ry/aN70="></latexit>

Dead(p,N) ⌘ 8M 2 [M0i, M(p) = 0
<latexit sha1_base64="xg31JgAsIbADN6KXPlMDEYc/IG0="></latexit>

NonDead(p,N) ⌘ ¬Dead(p,N)
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<latexit sha1_base64="B2tnRCibUGuTCGc48UxOTPlYwac=">AAAB/3icbVDLSgNBEJz1GeMr6tHLYBAihLAril6EoCBelAh5QbKE2UknDpl9ONMrhCUHv8KrnryJVz/Fg//i7roHTaxTUdVNV5cTSKHRND+NufmFxaXl3Ep+dW19Y7Owtd3Ufqg4NLgvfdV2mAYpPGigQAntQAFzHQktZ3SR+K0HUFr4Xh3HAdguG3piIDjDWLJvzkq1cr18Wb7umQe9QtGsmCnoLLEyUiQZar3CV7fv89AFD7lkWncsM0A7YgoFlzDJd0MNAeMjNoROTD3mgrajNPSE7oeaoU8DUFRImorweyNirtZj14knXYZ3etpLxP+8ToiDUzsSXhAieDw5hEJCekhzJeI2gPaFAkSWJAcqPMqZYoigBGWcx2IY15OP+7Cmv58lzcOKdVwxb4+K1fOsmRzZJXukRCxyQqrkitRIg3ByT57IM3kxHo1X4814/xmdM7KdHfIHxsc3hF2Uqw==</latexit>

N = (P, T, F,M0)
<latexit sha1_base64="jgUjODkvpysvWpQOHJYqGecRdP0=">AAAB+HicbVC7TgMxEPTxDOEVoKSxiJCoojsEgjKChjJI5CElJ+RzNsHE57PsPaRwyj/QQkWHaPkbCv4F35ECEqYazcxqdyfSUlj0/U9vYXFpeWW1tFZe39jc2q7s7LZskhoOTZ7IxHQiZkEKBU0UKKGjDbA4ktCORpe5334AY0WibnCsIYzZUImB4Ayd1NI9oWjjtlL1a34BOk+CKamSKVz+q9dPeBqDQi6Ztd3A1xhmzKDgEiblXmpBMz5iQ+g6qlgMNsyKayf0MLUME6rBUCFpIcLviYzF1o7jyCVjhnd21svF/7xuioPzMBNKpwiK54tQSCgWWW6EqwFoXxhAZPnlQN3vnBmGCEZQxrkTU9dL2fURzH4/T1rHteC05l+fVOsX02ZKZJ8ckCMSkDNSJ1ekQZqEk3vyRJ7Ji/fovXpv3vtPdMGbzuyRP/A+vgHHM5NS</latexit>

p 2 P

write the explicit formula for NonDead(p,N)

<latexit sha1_base64="kNcEPHPparimBo4wCeg/ry/aN70="></latexit>

Dead(p,N) ⌘ 8M 2 [M0i, M(p) = 0
<latexit sha1_base64="xg31JgAsIbADN6KXPlMDEYc/IG0="></latexit>

NonDead(p,N) ⌘ ¬Dead(p,N)
<latexit sha1_base64="moxQbxhLI4HMjpnJuWMro3M4oJs="></latexit>

⌘ 9M 2 [M0i, M(p) > 0
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<latexit sha1_base64="B2tnRCibUGuTCGc48UxOTPlYwac=">AAAB/3icbVDLSgNBEJz1GeMr6tHLYBAihLAril6EoCBelAh5QbKE2UknDpl9ONMrhCUHv8KrnryJVz/Fg//i7roHTaxTUdVNV5cTSKHRND+NufmFxaXl3Ep+dW19Y7Owtd3Ufqg4NLgvfdV2mAYpPGigQAntQAFzHQktZ3SR+K0HUFr4Xh3HAdguG3piIDjDWLJvzkq1cr18Wb7umQe9QtGsmCnoLLEyUiQZar3CV7fv89AFD7lkWncsM0A7YgoFlzDJd0MNAeMjNoROTD3mgrajNPSE7oeaoU8DUFRImorweyNirtZj14knXYZ3etpLxP+8ToiDUzsSXhAieDw5hEJCekhzJeI2gPaFAkSWJAcqPMqZYoigBGWcx2IY15OP+7Cmv58lzcOKdVwxb4+K1fOsmRzZJXukRCxyQqrkitRIg3ByT57IM3kxHo1X4814/xmdM7KdHfIHxsc3hF2Uqw==</latexit>

N = (P, T, F,M0)
<latexit sha1_base64="jgUjODkvpysvWpQOHJYqGecRdP0=">AAAB+HicbVC7TgMxEPTxDOEVoKSxiJCoojsEgjKChjJI5CElJ+RzNsHE57PsPaRwyj/QQkWHaPkbCv4F35ECEqYazcxqdyfSUlj0/U9vYXFpeWW1tFZe39jc2q7s7LZskhoOTZ7IxHQiZkEKBU0UKKGjDbA4ktCORpe5334AY0WibnCsIYzZUImB4Ayd1NI9oWjjtlL1a34BOk+CKamSKVz+q9dPeBqDQi6Ztd3A1xhmzKDgEiblXmpBMz5iQ+g6qlgMNsyKayf0MLUME6rBUCFpIcLviYzF1o7jyCVjhnd21svF/7xuioPzMBNKpwiK54tQSCgWWW6EqwFoXxhAZPnlQN3vnBmGCEZQxrkTU9dL2fURzH4/T1rHteC05l+fVOsX02ZKZJ8ckCMSkDNSJ1ekQZqEk3vyRJ7Ji/fovXpv3vtPdMGbzuyRP/A+vgHHM5NS</latexit>

p 2 P

write the explicit formula for NonPLive(N)

<latexit sha1_base64="T37dsIiRsFvr2AftySW0brxubU0="></latexit>

PLive(p,N) ⌘ 8M 2 [M0i, 9M 0 2 [Mi, M 0(p) > 0
<latexit sha1_base64="wEKOn5efzNQV1xrtxMcDLQJnhxo="></latexit>

PLive(N) ⌘ 8p 2 P, PLive(p,N)
<latexit sha1_base64="rf2QXU6M8yVTCr/m65MYjFr0gdg="></latexit>

NonPLive(N) ⌘ ¬PLive(N)



Question time

46

<latexit sha1_base64="B2tnRCibUGuTCGc48UxOTPlYwac=">AAAB/3icbVDLSgNBEJz1GeMr6tHLYBAihLAril6EoCBelAh5QbKE2UknDpl9ONMrhCUHv8KrnryJVz/Fg//i7roHTaxTUdVNV5cTSKHRND+NufmFxaXl3Ep+dW19Y7Owtd3Ufqg4NLgvfdV2mAYpPGigQAntQAFzHQktZ3SR+K0HUFr4Xh3HAdguG3piIDjDWLJvzkq1cr18Wb7umQe9QtGsmCnoLLEyUiQZar3CV7fv89AFD7lkWncsM0A7YgoFlzDJd0MNAeMjNoROTD3mgrajNPSE7oeaoU8DUFRImorweyNirtZj14knXYZ3etpLxP+8ToiDUzsSXhAieDw5hEJCekhzJeI2gPaFAkSWJAcqPMqZYoigBGWcx2IY15OP+7Cmv58lzcOKdVwxb4+K1fOsmRzZJXukRCxyQqrkitRIg3ByT57IM3kxHo1X4814/xmdM7KdHfIHxsc3hF2Uqw==</latexit>

N = (P, T, F,M0)
<latexit sha1_base64="jgUjODkvpysvWpQOHJYqGecRdP0=">AAAB+HicbVC7TgMxEPTxDOEVoKSxiJCoojsEgjKChjJI5CElJ+RzNsHE57PsPaRwyj/QQkWHaPkbCv4F35ECEqYazcxqdyfSUlj0/U9vYXFpeWW1tFZe39jc2q7s7LZskhoOTZ7IxHQiZkEKBU0UKKGjDbA4ktCORpe5334AY0WibnCsIYzZUImB4Ayd1NI9oWjjtlL1a34BOk+CKamSKVz+q9dPeBqDQi6Ztd3A1xhmzKDgEiblXmpBMz5iQ+g6qlgMNsyKayf0MLUME6rBUCFpIcLviYzF1o7jyCVjhnd21svF/7xuioPzMBNKpwiK54tQSCgWWW6EqwFoXxhAZPnlQN3vnBmGCEZQxrkTU9dL2fURzH4/T1rHteC05l+fVOsX02ZKZJ8ckCMSkDNSJ1ekQZqEk3vyRJ7Ji/fovXpv3vtPdMGbzuyRP/A+vgHHM5NS</latexit>

p 2 P

write the explicit formula for NonPLive(N)

<latexit sha1_base64="T37dsIiRsFvr2AftySW0brxubU0="></latexit>

PLive(p,N) ⌘ 8M 2 [M0i, 9M 0 2 [Mi, M 0(p) > 0
<latexit sha1_base64="wEKOn5efzNQV1xrtxMcDLQJnhxo="></latexit>

PLive(N) ⌘ 8p 2 P, PLive(p,N)
<latexit sha1_base64="rf2QXU6M8yVTCr/m65MYjFr0gdg="></latexit>

NonPLive(N) ⌘ ¬PLive(N)
<latexit sha1_base64="VgeSihY5P+QWdAmN1C+Iz4wFQkc="></latexit>

⌘ 9p 2 P, 9M 2 [M0i, 8M 0 2 [Mi, M 0(p) = 0
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a system is not live iff it has a transition that can 
become dead at some reachable marking 

a system is not place-live iff it has a place that can 
become dead at some reachable marking 

If a place / transition is dead at M, then it remains dead 
at any marking reachable from M 

(the set of dead nodes can only increase during a run)



True or false?
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Every transition in the pre- or post-set of a dead place 
is also dead



True or false?
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Every transition in the pre- or post-set of a dead place 
is also dead

True

suppose p is dead 
if p remains empty then t3 and t4 cannot fire 

so they are dead

suppose p is dead 
if t1 or t2 could fire then some token would arrive in p 

since no token can arrive in p 
it means that t1 and t2 will never fire



True or false?
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Every place in the pre- or post-set of a dead transition 
is also dead



True or false?
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Every place in the pre- or post-set of a dead transition 
is also dead

False

t1 is dead but p1 and p3 are not dead



Liveness implies  
place-liveness
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Proposition: Live systems are also place-live

<latexit sha1_base64="ENCZ+0G1x5I2T5jw1tKrqYT17SE=">AAACIXicbVDLSgNBEJz1bXxFPXoZTAQvht2A6FH04iUQIVEhG0LvpBOHzM4uM71CWPIVfoJf4VVP3sSbiP/iJObgq07VVd10d0WpkpZ8/82bmZ2bX1hcWi6srK6tbxQ3ty5tkhmBTZGoxFxHYFFJjU2SpPA6NQhxpPAqGpyN/atbNFYmukHDFNsx9LXsSQHkpE7xIA9tjzdggBz0kJfTUGpeL7uiy8s1V7RqHT80oPsKy6NOseRX/An4XxJMSYlNUe8UP8JuIrIYNQkF1rYCP6V2DoakUDgqhJnFFMQA+thyVEOMtp1P3hrxvcwCJTxFw6XiExG/T+QQWzuMI9cZA93Y395Y/M9rZdQ7budSpxmhFuNFJBVOFllhpMsLeVcaJILx5chdJgIMEKGRHIRwYuYCLLg8gt/f/yWX1UpwWPEvqqWT02kyS2yH7bJ9FrAjdsLOWZ01mWB37IE9sifv3nv2XrzXr9YZbzqzzX7Ae/8ETS6h8A==</latexit>

Take any p 2 P and M 2 [M0i
<latexit sha1_base64="1vZ9kmafc8LcNA58mDvcCtGYEx4="></latexit>

We want to find M 0 2 [M0i s.t. M 0(p) > 0
<latexit sha1_base64="dsAwRoK1WjgUzLuAZRFRvwmQVig=">AAACIHicbVBNSwMxEM36bf2qevQSrIIHKbuC6FH04lHBqtAtZTZONTSbDclEKEv/hD/BX+FVT97Eo4L/xbT24Nc7hDfvzTCZlxklHcXxWzQ2PjE5NT0zW5mbX1hcqi6vnLvCW4ENUajCXmbgUEmNDZKk8NJYhDxTeJF1jwb+xS1aJwt9Rj2DrRyutexIARSkdnW7TF2Hn0EXOege36BUap5mXikkblLhTXi/yo1+u1qL6/EQ/C9JRqTGRjhpVz/Sq0L4HDUJBc41k9hQqwRLUijsV1Lv0IDowjU2A9WQo2uVw6v6fNM7oIIbtFwqPhTx+0QJuXO9PAudOdCN++0NxP+8pqfOfquU2nhCLQaLSCocLnLCyhAX8itpkQgGP0ceIhFggQit5CBEEH3IrxLySH5f/5ec79ST3Xp8ulM7OBwlM8PW2DrbYgnbYwfsmJ2wBhPsjj2wR/YU3UfP0Uv0+tU6Fo1mVtkPRO+ftMOi3w==</latexit>

Take any t 2 •p [ p•
<latexit sha1_base64="6SGAnvLKfCi0g1MRhhOb5kUTMsM="></latexit>

By liveness: there are M 00,M 000 2 [M0i s.t. M 00 t�! M 000

<latexit sha1_base64="ioI4Fw94eUx3Qw9O+C6tSvmUmOU=">AAACGHicbVC7TsNAEDzzDOFloKQ5kaBAE9mREFQogoYGCSQCkRIrOh+b5MT5bN2tkSIrP8An8BW0UNEhWjoK/gXbuICEqWZndrW740dSGHScT2tmdm5+YbG0VF5eWV1btzc2r00Yaw4tHspQt31mQAoFLRQooR1pYIEv4ca/O838m3vQRoTqCkcReAEbKNEXnGEq9exq0jV9ejUERavntdpetH/sVGmo86ooxz274tSdHHSauAWpkAIXPfurexvyOACFXDJjOq4ToZcwjYJLGJe7sYGI8Ts2gE5KFQvAeEn+zZjuxoZhSCPQVEiai/B7ImGBMaPATzsDhkMz6WXif14nxv6RlwgVxQiKZ4tQSMgXGa5FGhPQW6EBkWWXAxWKcqYZImhBGeepGKe5ldM83Mnvp8l1o+4e1J3LRqV5UiRTIttkh+wRlxySJjkjF6RFOHkgT+SZvFiP1qv1Zr3/tM5YxcwW+QPr4xu2S5wC</latexit>

Then M 00(p) > 0 or M 000(p) > 0

<latexit sha1_base64="pICZmWEcOpJecjRj894pV1qBnfU=">AAACEHicbVC7TgJBFJ31ifhCLbWYSEysyC6JjxK1scREHgkQMjtcYMLs7GbuXRKyofET/ApbreyMrX9g4b+4IIWCpzo55965c44faYXkup/O0vLK6tp6ZiO7ubW9s5vb269iGFsJFRnq0NZ9gaCVgQop0lCPLIjA11DzBzcTvzYEiyo09zSKoBWInlFdJQWlUjt3lDSxy68Q4wA49YEbIK6QazWEcTuXdwvuFHyReDOSZzOU27mvZieU6VOGpBaIDc+NqJUIS0pqGGebMUIk5ED0oJFSIwLAVjJNMeYnMQoKeQSWK82nIvzeSESAOAr8dDIQ1Md5byL+5zVi6l62EmWimMDIySFSGqaHUNo0qAXeURaIxOTnwJXhUlhBBFZxIWUqxmlf2bQPbz79IqkWC9554eyumC9dz5rJsEN2zE6Zxy5Yid2yMqswyR7YE3tmL86j8+q8Oe8/o0vObOeA/YHz8Q3NU5yf</latexit>

Assume the net is live



Place liveness on the 
occurrence graph
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A place p is live 
iff 

From any node of the occurrence graph we can reach a 
node with a token in p 

A place p is dead (at M0) 
iff 

All the nodes of the occurrence graph have no token in p



Place Liveness: example
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Exercise
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Draw a net that 
is place-live but not live 

(if you can)



Deadlock-freedom
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A Petri net is deadlock free, if every reachable 
marking enables some transition 

In other words, we are guaranteed that at any 
point in time of the computation, some 

transition can be fired 



Deadlock-freedom 
illustrated
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M0 M

…can we fire some transition?

For any reachable marking M…

M’
t



Deadlock freedom, 
formally

58

(P, T, F,M0)

⌅M ⇤ [M0 ⌃, ⇧t ⇤ T, M
t�⇥



Deadlock-freedom: 
example
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Is the net deadlock-free?



Deadlock-freedom: 
example
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Is the net deadlock-free?Yes No
<latexit sha1_base64="Ch5cbX20ZdLdGwPfGi9ov9kCqKQ="></latexit>

[p1i = { p1 , p2 , p3 }
<latexit sha1_base64="YMm37aqU7/oFcbjlS/bOduSza/U="></latexit>

[p1i = { p1 , p2 + p3 , p5 , ... }
<latexit sha1_base64="b2OCcDCJPyHRmDq0tMTB/CBZ7wU=">AAACDnicbVC7TsNAEDyHVwivAB00JxIkqshGQlBG0FAGiTykOIrWxyaccj5bd2tQZEXiE/gKWqjoEC2/QMG/4IQUkDDVaGZXuzNBrKQl1/10cguLS8sr+dXC2vrG5lZxe6dho8QIrItIRaYVgEUlNdZJksJWbBDCQGEzGFyM/eYdGisjfU3DGDsh9LXsSQGUSd3iXurbHi/H3RNfR+Qb2b8lMCa6L4+6xZJbcSfg88SbkhKbotYtfvk3kUhC1CQUWNv23Jg6KRiSQuGo4CcWYxAD6GM7oxpCtJ10kmHEDxMLFPEYDZeKT0T8vZFCaO0wDLLJEOjWznpj8T+vnVDvrJNKHSeEWowPkVQ4OWSFkVk5yG+kQSIYf45cai7AABEayUGITEyytgpZH95s+nnSOK54JxX36rhUPZ82k2f77IAdMY+dsiq7ZDVWZ4I9sCf2zF6cR+fVeXPef0ZzznRnl/2B8/EN0nycIQ==</latexit>

p5 6!<latexit sha1_base64="XG1OrhoxNB26A1h4/h1o9fL0kV8=">AAACCnicbVDLTgJBEJz1ifhCTbx4mQgmnsguidEj0YtHTOSRwGbTOzQwYfaRmV4NWfkDv8KrnrwZr/6EB//FBTkoWKdKVXe6uvxYSUO2/WktLa+srq3nNvKbW9s7u4W9/YaJEi2wLiIV6ZYPBpUMsU6SFLZijRD4Cpv+8GriN+9QGxmFtzSK0Q2gH8qeFECZ5BUO047p8VLsOR0t+wMCraP70tgrFO2yPQVfJM6MFNkMNa/w1elGIgkwJKHAmLZjx+SmoEkKheN8JzEYgxhCH9sZDSFA46bT/GN+khigiMeouVR8KuLvjRQCY0aBn00GQAMz703E/7x2Qr0LN5VhnBCGYnKIpMLpISO0zIpB3pUaiWCSHLkMuQANRKglByEyMcmaymd9OPPfL5JGpeycle2bSrF6OWsmx47YMTtlDjtnVXbNaqzOBHtgT+yZvViP1qv1Zr3/jC5Zs50D9gfWxzd2SJpI</latexit>p1 ! <latexit sha1_base64="hlDJbazStx/jbKCa8m+HWENEoxU=">AAACCnicbVDLTgJBEJz1ifhaNfHiZSKYeCK7JEaPRC8eMZFHAoT0Dg1MmH1kpldDVv7Ar/CqJ2/Gqz/hwX9xWTkoWKdKVXe6urxISUOO82ktLa+srq3nNvKbW9s7u/beft2EsRZYE6EKddMDg0oGWCNJCpuRRvA9hQ1vdDX1G3eojQyDWxpH2PFhEMi+FECp1LUPk7bp82LULbe1HAwJtA7vi5OuXXBKTga+SNwZKbAZql37q90LRexjQEKBMS3XiaiTgCYpFE7y7dhgBGIEA2ylNAAfTSfJ8k/4SWyAQh6h5lLxTMTfGwn4xox9L530gYZm3puK/3mtmPoXnUQGUUwYiOkhkgqzQ0ZomRaDvCc1EsE0OXIZcAEaiFBLDkKkYpw2lU/7cOe/XyT1csk9Kzk35ULlctZMjh2xY3bKXHbOKuyaVVmNCfbAntgze7EerVfrzXr/GV2yZjsH7A+sj2935JpJ</latexit>p2 ! <latexit sha1_base64="VBwHU7FNerKKnhPWsf7K9GlFf9c=">AAACCnicbVDLTgJBEJzFF+ILNfHiZSKYeCK7GKNHohePmMgjAUJ6hwYmzD4y06shK3/gV3jVkzfj1Z/w4L+44B4UrFOlqjtdXW6opCHb/rQyS8srq2vZ9dzG5tb2Tn53r26CSAusiUAFuumCQSV9rJEkhc1QI3iuwoY7upr6jTvURgb+LY1D7Hgw8GVfCqBE6uYP4rbp82LYPW1rORgSaB3cFyfdfMEu2TPwReKkpMBSVLv5r3YvEJGHPgkFxrQcO6RODJqkUDjJtSODIYgRDLCVUB88NJ14ln/CjyMDFPAQNZeKz0T8vRGDZ8zYc5NJD2ho5r2p+J/Xiqh/0YmlH0aEvpgeIqlwdsgILZNikPekRiKYJkcufS5AAxFqyUGIRIySpnJJH87894ukXi45ZyX7plyoXKbNZNkhO2InzGHnrMKuWZXVmGAP7Ik9sxfr0Xq13qz3n9GMle7ssz+wPr4BeYCaSg==</latexit>p3 !



Deadlock freedom on 
the occurrence graph

61

A net is deadlock free 
iff 

Every node of the occurrence graph has an outgoing arc



Question time
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Does liveness imply deadlock-freedom? 
(Can you exhibit a live Petri net that is not deadlock-free?) 

Does deadlock-freedom imply liveness? 
(Can you exhibit a deadlock-free net that is not live?) 
 



Question time
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Does liveness imply deadlock-freedom? 
(Can you exhibit a live Petri net that is not deadlock-free?) 

Does deadlock-freedom imply liveness? 
(Can you exhibit a deadlock-free net that is not live?) 
 

YES

NO

NO

YES



Liveness implies 
deadlock freedom

64

Lemma If (P, T, F,M0) is live, then it is deadlock-free

<latexit sha1_base64="B4WFZqsAYmQHh55aJXkkHdRKE1I="></latexit>

By contradiction, let M 2 [M0 i, with M 6!

Let t 2 T (T cannot be empty).

By liveness, 9M 0 2 [M i with M 0 t�! .

Since M 6!, we have [M i = {M }.
Therefore M = M 0 t�!, which is absurd.



Digression:  
for next exercises

65

Contraposition

P ) Q ⌘ (¬Q) ) ¬P



Exercises
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Prove each of the following properties  
or give some counterexamples 

If a system is not place-live, then it is not live 

If a system is not live, then it is not place-live 

If a system is place-live, then it is deadlock-free 

If a system is deadlock-free, then it is place-live



k-Boundedness
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Let k be a natural number  

A place p is k-bounded if no reachable marking has 
more than k tokens in place p 

A net is k-bounded if all of its places are k-bounded 

In other words, if a net is k-bounded, then k is a 
capacity constraint that can be imposed over places 

without any risk of causing “overflow”



Safe nets

68

A place p is safe if it is 1-bounded  

A net is safe if all of its places are safe 

In other words, if the net is safe, then we know 
that, in any reachable marking, each place 

contains one token at most



Boundedness
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A place p is bounded if it is k-bounded for some 
natural number k 

A net is bounded if all of its places are bounded 

A net is unbounded if it is not bounded 
(i.e., there is at least one place in which any 

number of tokens can appear)



Boundedness, formally
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(P, T, F,M0)

⌅k ⇥ N, ⇤M ⇥ [M0 ⇧, ⇤p ⇥ P, M(p) � k



Boundedness: example
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Which places are bounded? 
Is the net bounded? 

Which places are safe? 
Is the net safe?



Boundedness: example
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Which places are bounded? 
Is the net bounded? 

Which places are safe? 
Is the net safe?

all
Yes
all

Yes

none
No

none
No



Boundedness and the 
reachability graph

73

A system is bounded 
iff  

its reachability graph is finite 



Boundedness implies 
finiteness

74

Theorem: If a system is bounded  
then its reachability graph is finite 

Proof: if the system is bounded there exists k 
such that each place contains at most k tokens. 

If there are n places it means that there are at 
most (k+1)n reachable markings. 

Hence the occurrence graph has a finite number 
of nodes



Finiteness implies 
boundedness
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Theorem: A system is bounded  
if its reachability graph is finite 

Proof: for each node M we take kM be the 
maximum number of tokens in the same place. 

Then we let k be the largest among all kM  
k = max {kM | M is a node of the graph}  

(k exists because the reachability graph is finite) 

Clearly the system is k-bounded and thus bounded



Cyclicity  
(aka Reversibility)
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A marking M is a home marking if it can be 
reached from every reachable marking 

A net is cyclic (or reversible) if its initial marking 
is a home marking



Orthogonal properties
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Liveness, boundedness and cyclicity are 
independent of each other 

In other words, you can find nets that satisfy any 
arbitrary combination of the above three properties 

(and not the others)



Exercises
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Write the formal definition of the predicates 
Home(M,N) and Cyclic(N)



Exercises
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For each of the following nets, say if they are  
live, deadlock-free, bounded, safe, cyclic



Exercises
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For each of the following nets, say if they are  
live, deadlock-free, bounded, safe, cyclic



Petri nets: 
structural properties

81



Structural properties

82

All the properties we have seen so far are 
behavioural (or dynamic) 

(i.e. they depend on the initial marking and firing rules) 

It is sometimes interesting to connect them to 
structural properties 

(i.e. the shape of the graph representing the net) 

This way we can give structural characterization of 
behavioural properties for a class of nets 
(computationally less expensive to check)



A matter of 
terminology

83

To better reflect the above distinction, it is frequent: 

to use the term net system for denoting a Petri net 
with a given initial marking 

(we study behavioural properties of systems) 

to use the term net for denoting a Petri net  
without specifying any initial marking  
(we study structural properties of nets)



Paths and circuits

84

<latexit sha1_base64="j2PtaHNuYRWytwFKE38h2+eIFgU=">AAAB+XicbVDLSsNAFJ3UV62vqks3g0WoUEoiii6Lgris0Be0oUymt3XoZBJmboQS+hFudeVO3Po1LvwXk5iFtp7V4Zx7ueceL5TCoG1/WoWV1bX1jeJmaWt7Z3evvH/QMUGkObR5IAPd85gBKRS0UaCEXqiB+Z6Erje9Sf3uI2gjAtXCWQiuzyZKjAVnmEjdarPWqt2eDssVu25noMvEyUmF5GgOy1+DUcAjHxRyyYzpO3aIbsw0Ci5hXhpEBkLGp2wC/YQq5oNx4yzunJ5EhmFAQ9BUSJqJ8HsjZr4xM99LJn2GD2bRS8X/vH6E4ys3FiqMEBRPD6GQkB0yXIukB6AjoQGRpcmBCkU50wwRtKCM80SMkmJKSR/O4vfLpHNWdy7q9v15pXGdN1MkR+SYVIlDLkmD3JEmaRNOpuSJPJMXK7ZerTfr/We0YOU7h+QPrI9vI5+S3A==</latexit>

(P, T, F )

<latexit sha1_base64="yuxXsl8ePLGeh2ErsPjOg7PW1io="></latexit>

A path is a non-empty sequence of nodes x1x2...xk such that
<latexit sha1_base64="mDBSsefsDkAI/dVA716YSUqdfjU=">AAACB3icbVDLSsNAFJ3UV62vaJduBotQUUoiii6LgrisYB/QhjCZ3tbByYOZG2kJ/QC/wq2u3IlbP8OF/2ISu9DWszqccy/33ONFUmi0rE+jsLC4tLxSXC2trW9sbpnbOy0dxopDk4cyVB2PaZAigCYKlNCJFDDfk9D27i8zv/0ASoswuMVxBI7PhoEYCM4wlVyzXB254mjkJuLQnhzQngjolWtWrJqVg84Te0oqZIqGa371+iGPfQiQS6Z117YidBKmUHAJk1Iv1hAxfs+G0E1pwHzQTpKHn9D9WDMMaQSKCklzEX5vJMzXeux76aTP8E7Pepn4n9eNcXDuJCKIYoSAZ4dQSMgPaa5E2grQvlCAyLLkQNPfOVMMEZSgjPNUjNOaSmkf9uz386R1XLNPa9bNSaV+MW2mSHbJHqkSm5yROrkmDdIknIzJE3kmL8aj8Wq8Ge8/owVjulMmf2B8fAODjJf8</latexit>

(xi, xi+1) 2 F
<latexit sha1_base64="ooOZ0DnMcvb+JRBNxLdNmLXYmCw=">AAACE3icbVC7TsNAEDyHVwgvAyUFJxIkqsiOhKCMoKEMEnlIcRSdL+twyvnB3RopslLyCXwFLVR0iJYPoOBfsI0LSJjiNJrZ1d6MG0mh0bI+jdLS8srqWnm9srG5tb1j7u51dBgrDm0eylD1XKZBigDaKFBCL1LAfFdC151cZn73HpQWYXCD0wgGPhsHwhOcYSoNzcPE0R71QkUhHZvSmu1IuKMifye12dCsWnUrB10kdkGqpEBraH45o5DHPgTIJdO6b1sRDhKmUHAJs4oTa4gYn7Ax9FMaMB/0IMmDzOhxrBmGNAJFhaS5CL83EuZrPfXddNJneKvnvUz8z+vH6J0PEhFEMULAs0MoJOSHNFcijQ50JBQgsuznQEVAOVMMEZSgjPNUjNPKKmkf9nz6RdJp1O3TunXdqDYvimbK5IAckRNikzPSJFekRdqEkwfyRJ7Ji/FovBpvxvvPaMkodvbJHxgf3xM+nTA=</latexit>

for every 1  i  k

<latexit sha1_base64="ZVwhnacVljXBGtFl1k8lC10Aus4=">AAACIXicbVC7TsNAEDzzJrwClDQnEiQaIjsSgjKChhIkApGSKFpfNuGU89m6WwORla/gE/gKWqjoEB1C/Au2SQEJU41mdjW740dKWnLdD2dmdm5+YXFpubCyura+UdzcurJhbATWRahC0/DBopIa6yRJYSMyCIGv8NofnGb+9S0aK0N9ScMI2wH0texJAZRKneJB0rI9DrrL75BbGHJJXCF0Le+ZMODl+45X5hRmZFAedYolt+Lm4NPEG5MSG+O8U/xqdUMRB6hJKLC26bkRtRMwJIXCUaEVW4xADKCPzZRqCNC2k/ytEd+LLaTRERouFc9F/L2RQGDtMPDTyQDoxk56mfif14ypd9xOpI5iQi2yIJIK8yArjEz7Qt6VBokguxy51FyAASI0koMQqRinBRbSPrzJ76fJVbXiHVbci2qpdjJuZontsF22zzx2xGrsjJ2zOhPsgT2xZ/biPDqvzpvz/jM644x3ttkfOJ/fYdmh9A==</latexit>

and we say it leads from x1 to xk

<latexit sha1_base64="dssHeoxl2/zbZ7el2/n+BIr93jc="></latexit>

A path x1x2...xk is called a circuit if
<latexit sha1_base64="prmaXyXkJ9GVPl3WZuiL+PBWsYE="></latexit>

all its nodes are distinct and (xk, x1) 2 F
<latexit sha1_base64="AecvNeK45D6wJc6lZ62Kozwp/jU="></latexit>

since there is no node x with (x, x) 2 F , any circuit has at least two nodes



Paths and circuits

85

<latexit sha1_base64="j2PtaHNuYRWytwFKE38h2+eIFgU=">AAAB+XicbVDLSsNAFJ3UV62vqks3g0WoUEoiii6Lgris0Be0oUymt3XoZBJmboQS+hFudeVO3Po1LvwXk5iFtp7V4Zx7ueceL5TCoG1/WoWV1bX1jeJmaWt7Z3evvH/QMUGkObR5IAPd85gBKRS0UaCEXqiB+Z6Erje9Sf3uI2gjAtXCWQiuzyZKjAVnmEjdarPWqt2eDssVu25noMvEyUmF5GgOy1+DUcAjHxRyyYzpO3aIbsw0Ci5hXhpEBkLGp2wC/YQq5oNx4yzunJ5EhmFAQ9BUSJqJ8HsjZr4xM99LJn2GD2bRS8X/vH6E4ys3FiqMEBRPD6GQkB0yXIukB6AjoQGRpcmBCkU50wwRtKCM80SMkmJKSR/O4vfLpHNWdy7q9v15pXGdN1MkR+SYVIlDLkmD3JEmaRNOpuSJPJMXK7ZerTfr/We0YOU7h+QPrI9vI5+S3A==</latexit>

(P, T, F )

<latexit sha1_base64="ooOZ0DnMcvb+JRBNxLdNmLXYmCw=">AAACE3icbVC7TsNAEDyHVwgvAyUFJxIkqsiOhKCMoKEMEnlIcRSdL+twyvnB3RopslLyCXwFLVR0iJYPoOBfsI0LSJjiNJrZ1d6MG0mh0bI+jdLS8srqWnm9srG5tb1j7u51dBgrDm0eylD1XKZBigDaKFBCL1LAfFdC151cZn73HpQWYXCD0wgGPhsHwhOcYSoNzcPE0R71QkUhHZvSmu1IuKMifye12dCsWnUrB10kdkGqpEBraH45o5DHPgTIJdO6b1sRDhKmUHAJs4oTa4gYn7Ax9FMaMB/0IMmDzOhxrBmGNAJFhaS5CL83EuZrPfXddNJneKvnvUz8z+vH6J0PEhFEMULAs0MoJOSHNFcijQ50JBQgsuznQEVAOVMMEZSgjPNUjNPKKmkf9nz6RdJp1O3TunXdqDYvimbK5IAckRNikzPSJFekRdqEkwfyRJ7Ji/FovBpvxvvPaMkodvbJHxgf3xM+nTA=</latexit>

for every 1  i  k

<latexit sha1_base64="c5bXFizM09vdag5tZxVtWuKqvqY="></latexit>

An undirected path is a non-empty sequence of nodes x1x2...xk s.t.
<latexit sha1_base64="WdYY63t9mv7MyD64ibyFxGQpJHo=">AAACFHicbVC7TgJBFJ3FF+ILtbSZSEwwKtk1Gi2JJsQSE3kkgJvZ4YITZh+ZuWsgG1o/wa+w1crO2Npb+C8OSKHgqU7OuTf3nuNFUmi07U8rNTe/sLiUXs6srK6tb2Q3t6o6jBWHCg9lqOoe0yBFABUUKKEeKWC+J6Hm9S5Hfu0elBZhcIODCFo+6waiIzhDI7lZmu+74rDvJuLAGe7TpghovtTkcURLt8mRkdxszi7YY9BZ4kxIjkxQdrNfzXbIYx8C5JJp3XDsCFsJUyi4hGGmGWuIGO+xLjQMDZgPupWMkwzpXqwZhjQCRYWkYxF+byTM13rge2bSZ3inp72R+J/XiLFz3kpEEMUIAR8dQiFhfEhzJUxFQNtCASIbfQ7UFMGZYoigBGWcGzE2nWVMH850+llSPS44pwX7+iRXvJg0kyY7ZJfkiUPOSJFckTKpEE4eyBN5Ji/Wo/VqvVnvP6Mpa7KzTf7A+vgGIvmcjQ==</latexit>

(xi, xi+1) 2 (F [ F�1)
(denotes the inverse of a binary relation)

<latexit sha1_base64="VhzlVRD699GttsxK3VF/vNVwv64="></latexit>

F�1 = { (y, x) | (x, y) 2 F }

(a path where we disregard the orientation of arcs)



Connectedness
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<latexit sha1_base64="TSf5rmSClnZa43P5MfFkNhH6n9Y="></latexit>

A net (P, T, F ) is weakly connected if
<latexit sha1_base64="lKW0oLHXN8NkLgvkwnigSPB1Z6c="></latexit>

there is an undirected path between any two distinct nodes

<latexit sha1_base64="o744aSeIASD9pv5ygcsXKpcFA3g="></latexit>

A net (P, T, F ) is strongly connected if
<latexit sha1_base64="ddvO4Upc8PFfv8THO2oXifto4XY=">AAACKHicbVC7TsNAEDzzDOFloKQ5ESFRRTYCQYmgoQwSCUhJFK0vm+TE+WzdrYMiKz/CJ/AVtFDRoRQ0fAnnkILXVKOZXe3sRKmSloJg4s3NLywuLZdWyqtr6xub/tZ2wyaZEVgXiUrMbQQWldRYJ0kKb1ODEEcKb6K7i8K/GaKxMtHXNEqxHUNfy54UQE7q+Ed5y/bKNECDXFoOPAUa8AjpHlFz0CNO9wnvuiBSC+I66aIdd/xKUA2m4H9JOCMVNkOt47+3uonIYtQkFFjbDIOU2jkYkkLhuNzKLKYg7qCPTUc1xGjb+fS7Md/PLFDCUzRcKj4V8ftGDrG1ozhyk7ELb397hfif18yod9rOpU4zQi2KQyQVTg9ZYeSw6KQrDRJBkdwVpLkAA0RoJAchnJi5Hsuuj/D3939J47AaHleDq8PK2fmsmRLbZXvsgIXshJ2xS1ZjdSbYA3tiz+zFe/RevTdv8jU65812dtgPeB+fkE6meg==</latexit>

there is a path between any two distinct nodes



Connectedness, again
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A net (P,T,F) is weakly connected  
iff  

it cannot be splitted in separated components 

A weakly connected net is strongly connected iff 
for every arc (x,y) there is a path from y to x



Examples
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weakly connected 
not strongly connected



Examples
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not weakly connected 
not strongly connected



Examples
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weakly connected 
strongly connected



A note
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In the following we will consider (implicitly) weakly 
connected nets only 

(if they are not, then we can study each of their 
subsystems separately)



Question time
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Is the net strongly connected?



Question time
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Is the net strongly connected?

YES

YES

YES

NO



Interference of 
conflicts and synch

94
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Typical situation: 

initially t1 and t2 are not in conflict 

but when t3 fires they are in conflict 
(the firing of t3 is not controllable) 

How to rule this situation out?



S-systems / S-nets
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A Petri net is called S-system if every transition has 
one input place and one output place 

(S comes from Stellen, the German word for place) 

This way any synchronization is ruled out 

The theory of S-systems is very simple



T-systems / T-nets

96

A Petri net is called T-system if every place has one 
input transition and one output transition 

This way all choices/conflicts are ruled out 

T-systems are concurrent but essentially deterministic 

T-systems have been studied extensively since the 
early Seventies



Question time
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Is the net an S-net, a T-net?



Question time
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Is the net an S-net, a T-net?

S-net 
T-net

S-net 
T-net

S-net 
T-net

S-net 
T-net



Free-choice nets
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The aim is to avoid that a choice between transitions 
is influenced by the rest of the system  

Easiest way: 
keep places with more than one output transition apart 

from transitions with more than one input place 

In other words, if (p,t) is an arc, then it means that  
t is the only output transition of p (no conflict) 

OR 
p is the only input place of t (no synch)



Free-choice  
systems / nets
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But we can study a slightly more general class of nets by 
requiring a weaker constraint 

A Petri net is free-choice if  
for any pair of transitions  

their pre-sets are either disjoint or equal 

or, equivalently, if 
for any pair of places  

their post-sets are either disjoint or equal 



Question time
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Is the net free-choice?



Question time
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Is the net free-choice?

FC-net

FC-net

FC-net

FC-net



Free-choice 

Exercises
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Prove that every S-net is free-choice 

Prove that every T-net is free-choice 

Show a net for each area of the Eulero-Venn diagram below

S-nets T-nets


