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Formalization of basic concepts of

Petri nets

Free Choice Nets (book, optional reading)
https://www7.in.tum.de/~esparza/bookfc.html
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Petri nets:
occurrence graph



Occurrence graph
(aka Reachability graph)

The reachability graph is a graph that represents
all possible occurrence sequences of a net

Nodes of the graphs = reachable markings
Arcs of the graphs = firings

Formally, OG(N) = (|My), A) where A C [My) x T x [Mp) s.t.

(M,t, M) e A iff M — M



How to compute OG(N)

Adding all exiting arcs each time: markings to explore

1.
2.
3.

Nodes = {}, Arcs = {}, Todo = { My}
M = next(TOdo) select one marking to explore

Nodes = Nodes U{M}, Todo = Todo \ {M} update nodes

collect all firings from M y
Firings ={(M,t, M") | It € T, M’ € un(P), M — M'}

find new markings to explore

. New={M'"|(M,t, M'") € Firings} \ (Nodes U Todo)

. Todo = Todo U New, Arcs = Arcs U Firings update nodes
and arcs
_ isEmpty(Todo) ? stop : goto 2 repeatif there are still markings

I to be explored



Example: traffic light

Todo ={red}
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Ex
ample: traffic light

Todo={ }

Z \)
e
®

red




Example: traffic light

Todo ={ green }
red
wreen

green
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Example: traffic light

Todo ={ }
red

green
w




Example: traffic light

Todo={ }
go-green
go-red

green

go- yeIIow




Example: two traffic lights

Todo ={red + red’ }
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Example: two traffic luqh’rs

for readability issues)
B\
‘ /’ red + red’




Example: two traffic llqh’rs

for readability issues)
//\ red
e ,
@ red + red’ —
fo'!
gofted
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—» red + green’

green + red’

Todo = { green+red’ , red+green’ }



Example: two traffic Ilqh’rs

(we omit arc labels
for readability issues)

—» red + green’

/’ red + red’ —
G
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+ red’

go-Pellow
\) / _y green + green’
\4

green

green + red’ —

Todo ={ +red’ , green+green' , red+green' }



Example: two traffic Ilqh’rs

ggggggg

(we omit arc labels
for readability issues)

—» red + green’

3 + green’

_y green + green’

green + red’ —

+green’ , green+green
21

, red+green’ }



Example: two traffic Ilqh’rs

gggggggg

(we omit arc labels
for readability issues)

—» red + green’

\ red +

red + red’ — /

3 + green’

\4
_y green + green’

green + red’ —

+green’ , green+green
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Example: two traffic ||qh’rs

(we omit arc labels
for readability issues)

—» red + green’

red + red’ — /
red +
3 + green’

+red — /
/ }
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_y green + green’

green + red’ — /

green +

={ +green’ grz?en+ , red+ }




Example: two traffic llqh’rs

(we omit arc labels
for readability issues)
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Example: two traffic llqh’rs

(we omit arc labels
for readability issues)

—» red + green’

red + red’ — / \
3 + green’

+red - /
% A

_y green + green’

green + red’ — /
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Example: two traffic llqh’rs
(we omit arc labels
for readability issues)
—» red + green’
AN .
%} red + red’ — / \
; \\ red +

3 + green’

\i +red — ‘//v
go-Pellow
_ / _,green + green’
V )
green + red —
\ V

green +

Todo = { + )
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Example: two traffic llqh’rs

for readability issues)

—» red + green’

P\ s
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!O!EQF\Q) + red p— //
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Example: two traffic llqh’rs

(we omit arc labels

TOdO { 2red } for readability issues)
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Example: two traffic llqh’rs

Todo = { green+red }

r"r
fo’
O

2 red

goted

yellow

go-green

v
green + red

go-Ycllcw

green

29

(we omit arc labels
for readability issues)



Example: two traffic llqh’rs

(we omit arc labels

for readability issues)
Todo = { 2green, +red }
r—'r
fo’
O
2 red
gored
yellow + red
go-green
_» 2 green
M
green + red —

go-Ycllcw

green
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Example: two traffic llqh’rs

(we omit arc labels

f dabilit
TOdO {29reen green+ } or readability issues)
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green
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Example: two traffic llqh’rs

(we omit arc labels
for readability issues)

Todo = { green+ }
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Example: two traffic llqh’rs

Todo ={?2

r’r
fo’
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goted

go-green

green

2 red
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(we omit arc labels
for readability issues)
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Example: two traffic quh’rs

Todo={ }
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green
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(we omit arc labels
for readability issues)
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2
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Example: two traffic quh’rs

(we omit arc labels
for readability issues)
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Question time

Complete the net in
such a way that
the two lights
can never be green
at the same time

36



Question time
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(01000...

go-red'(85)
-green(tl)
go-yellow(t2)

(00100.. #>(10000...
go#green'(t6)
go-yellow'(t4)

(01001.. #>(01010..




Exercises

Modify the net so to guarantee that
green alternate on the two traffic lights
and then draw the reachabillity graph
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green

Modify the net so to guarantee that
green alternate on the two traffic lights
and then draw the reachabillity graph

green’

(01000...

%ge\n(tl)

go-red'(85) (00100

(01010... go yellow(tZ)

go- yeloX(t\ll)

01001...

(10000...

\g\red(tB)

go-green'(t6) (01000...
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Exercises

Play the “token games” on the previous nets
using Workflow Petri net Designer:
http://www.woped.org



http://www.woped.org/

k3 Exercise:
German traffic lights

German traffic lights have an extra phase:
traffic lights do not turn suddenly from red to green but
give a red light together with a yellow light before turning to green.

|dentify the possible states and model the automaton that lists all
possible states and state transitions.

Design a Petri net that behaves exactly like a German traffic light.

There should be three places indicating the state of each light and

make sure that the Petri net does not allow state transitions which
should not be possible.
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erman traffic lights

red

(01001
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° control1 (10010)
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German traffic lights

red

ontroll

vellow
. ("

go-green / go-ry

go-Yellow

green
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iproducer]

Exercise:
Producer and consumer

Model a process with one producer and one consumer:
Each one is either busy or free.

Each one alternates between these two states
After every production cycle the producer puts a
product in a buffer and the consumer consumes one
product from this buffer (when available) per cycle.

How to model 4 producers and 3 consumers connected
through a single buffer?
How to limit the size of the buffer to 2 items?
Draw the reachability graph
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Producer/Consumer Work Relation
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e

[producer] [Consumer

"~ Producer and consumer

prodl busy

prodl s:lt\ prodl end

prodl free consl staxt

consl free

consl end

item buffer

consl busy
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fproducer]

llllllllllll

consl busy

How to model 4 producers and 3 consumers connected
through a single buffer?
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Producer/Consumer Work Relation

P
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predl busy
prodl S:HT\ prodl e /®\
consl free
prodl free Mons1 stixt
consl end
/O\A cons1 busy
prod2 busy
\ prod2 end
prod2 start <§/ A/G)'\
cons2 free
prod2 free
Ifem buffer
cons2 sta
cons2 end
prod3 busy cons2 busy
\ prod3 end
prod3 start
prod3 free ccrss free u u u
Oow 10 Iiml e SiZze O e
cons3 end

pro u prod4 end

— buffer to 2 items?

prod4 start prod4 free

prodl busy

prodl st:lt\ prodl end

prodl free consl staxt

consl free

consl end

item buffer

49 consl busy



Producer/Consumer Work Relation
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predl busy
prodl st:n\ prodl e /®\
consl free
prodl free Mons1 stixt
consl end
prod2 bus consl busy
"
\ prod2 end
prod2 start <9/ 4/G)\
cons2 free
prod2 free
Ifem buffer
cons2 sta
cons2 end
prod3 busy cons2 busy
\ prod3 end
prod3 start 4/®\
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e——f cons3 busy

prod4 start prod4 free

prodl busy

prodl St:l’t\ prodl end

prodl free consl staxt

free slot

consl free

consl end

item buffer

50 consl busy



Producer/Consumer Work Relation
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prodl busy
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Exercise:
Dining philosophers

The problem is originally due to E.W. Dijkstra (and
soon elaborated by T. Hoare) as an examination
qguestion on a synchronization problem where five
computers competed for access to five shared tape
drive peripherals.

It can be used to illustrate several important concepts
in concurrency (mutual exclusion, deadlock, starvation)
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Exercise:
Dining philosophers

The life of a philosopher consists of
an alternation of thinking and eating

Five philosophers are living in a house where a table is laid
for them, each philosopher having his own place at the table

Their only problem (besides those of philosophy) is that the
dish served is a very difficult kind of spaghetti, that has to be
eaten with two forks. There are two forks next to each plate,
so that presents no difficulty: as a consequence, however,
no two neighbours may be eating simultaneously.
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Exercise:
Dining philosophers

Design a net for representing the dining
philosophers problem, then use WoPeD to
compute the reachability graph

image taken from wikipedia
philosophers clockwise from top:
Plato, Konfuzius, Socrates,
Voltaire and Descartes
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ining philosophers

st5(tl2)
(00001..c——a1001.. start eating(tl)
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Exercise:
Railway system

Use a Petri net to model a circular railway system
with four stations (st1, sto, sts3, st4) and one train

%ﬁ;

At each station passengers may
"hop on" or "hop off"
(this is Impossible when the train is moving)

The train has a capacity of 50 persons
(if the train is full no passenger can hop on,
iIf the train is empty no passenger can hop off)

What is the number of reachable states?
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%ﬁ” Rail

= way System

waiting stl

arrive
st2

waiting st4 waiting st2

arrive
st4

arrive
st3

waiting st3
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%ﬁh Railway System

waiting stl

waiting st4 waiting st2

51 x 8 = 408 states

waiting st3



Boundedness



k-Boundedness

Let k be a natural number

A place p is k-bounded if no reachable marking has
more than k tokens in place p

A net is k-bounded if all of its places are k-bounded
In other words, if a net is k-bounded, then k is a

capacity constraint that can be imposed over places
without any risk of causing “overflow”
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Safe nets

A place p is safe if it is 1-bounded
A net is safe if all of its places are safe
In other words, if the net is safe, then we know

that, in any reachable marking, each place
contains one token at most
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Boundedness

A place p is bounded if it is k-bounded for some
natural number k

A net is bounded if all of its places are bounded
A net is unbounded if it is not bounded

(i.e., there is at least one place in which any
number of tokens can appear)
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Boundedness, formally

(PaTaFaMO)

keN, VM e|Mp),

Vvpe P, M(p) <k



Boundedness: example

Which places are bounded?
Is the net bounded?
Which places are safe?
Is the net safe?
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Boundedness: example

Y VA

all  Which places are bounded? Nhone
Yes s the net bounded? No

all Which places are safe?  [OIN€
Yes ls the net safe? No

67




Boundedness and the
reachability graph

A system is bounded
Iff
its reachabillity graph is finite



Boundedness implies
finiteness

Theorem: If a system is bounded
then its reachability graph is finite

Proof: if the system is bounded there exists k
such that each place contains at most k tokens.

If there are n places it means that there are at
most (k+1)" reachable markings.

Hence the occurrence graph has a finite number
of nodes
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Finiteness implies
boundedness

Theorem: A system is bounded
If its reachability graph is finite

Proof: for each node M we take km be the
maximum number of tokens in the same place.

Then we let k be the largest among all ku
k = max {km | M is a node of the graph}
(k exists because the reachability graph is finite)

Clearly the system is k-bounded and thus bounded
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Consequence

A net is unbounded
if and only if

its reachability graph is not finite
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Exercises

Which places are bounded?
Which ones are safe?
Is the net bounded?

1| pzi

p3 t3
e
t4
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Exercises

Which places are bounded?
Which ones are safe?
Is the net bounded?
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Question time

Which places are bounded?
Which ones are safe?
Is the net bounded?

IIIIIIIIIIII

consl busy
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Question time

Which places are bounded?
Which ones are safe?
Is the net bounded?

tttttttttttt

consl busy
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Question time

Which places are bounded?
Which ones are safe?
Is the net bounded?




Question time

Which places are bounded?
Which ones are safe?
Is the net bounded?

waiting stl
arrive ‘ leave
stl stl
move4l movel2
leave hop hop arrive
4 on stl B st2
st stl
hop
2 o:c;Ft)Z
st4
waiting st4 free 1 :k ens usy waiting st2
hop hop
on st4 off
I st2
h
arrive op hop leave
off
st4 on st3 st2
st3
move34 move23
leave arrive
st3 st3
waiting st3
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Coverability



Coverability graph

A coverability graph is a finite
over-approximation of the reachability graph

It allows for markings with infinitely many tokens
in one place (called extended bags)

B:P— NU{oo}
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Discover unbounded
places

Suppose

Mo 25 My 25 My ... 5 M; ... 25 M,
with M; C M;

Let M = M; and M’ = M; and L = M’ — M

By the monotonicity Lemma we have, for any n € N:
M—="M+L—=>"M+2L—="... =" M+nL

Hence all places p marked by L (i.e. if L(p) > 0) are unbounded
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Account for unbounded
places

Idea:
When computing the RG, if M’ is found s.t.

My —* M —* M" with M Cc M’
Add the extended bag B (instead of M’) to the graph

M'(p) if M'(p) — M(p) =0

where B(p) = { 50 otherwise
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A few remarks

Idea: mark unbounded places by oo

Remind: M C M’ means that M C M’ A M # M’, i.e.,
1. for any p € P, M'(p) > M(p)
2. there exists at least one place ¢ € P such that M'(q) > M (q)

Remark:

Requiring My —* M —* M’ is different than
requiring M, M’ € | My )
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Operations on extended
bags

Inclusion: Let B, B’ : P — NU {00}
We write B C B’ if for any p we have

B'(p) = o0 or B(p),B'(p) € N A B(p) < B'(p)

Sum: Let B,B': P - NU {o0}

, e if B(p) =00 or B'(p) = cc
(B+B)(p):<\ B(p) + B'(p) ifB(p) B'(p )eNp

Difference: Let B P—NU{occ} and M : P —- Nwith M C B

00 if B(p) = o0
(B=M)P) =\ By - Mp) if Bp)eN
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Operations on extended
bags: examples

2a + b+ ococ C 2a + 2b + ococ C 2a + oob + ococ

2a + b+ ococ € a+ 20+ ooc € 2a + oob + 3¢

(3a + 2b + ococ) 4+ (2a + oob + ococ) = (ba 4+ oob 4 ooc)

(5a + ocob + coc) — (3a + 2b + ooc) =7
must be a marking!
(5a + oob + coc) — (3a + 2b + 4¢) = (2a + oob + ooc)
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Compute a reachability graph

1. Initialy N={ M, }andA=O

2. Take a bag B € N and a transition t € T such that
1. B enables t and there is no arc labelled t leaving from B

3. LetB'=B--t+t
4. Add B'to N and (B,t,B") to A
5. Repeat steps 2,3,4 until no new arc can be added

(all bags are finite in this case)
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Compute a coverability graph

1. Initialy N={ M, }andA=O

2. Take a bag B € N and a transition t € T such that
1. B enables t and there is no arc labelled t leaving from B

3. LetB'=B-°t+t

4. Let B¢ such that forany p € P
1. Bd(p) = <© if there is a node B" & N such that

1. there is a directed path from B" to B in the graph (N,A)
2. B" CB,

3. B"(p) < B(p) B - b
. p) < P o t

2. B'(p) = B'(p) otherwise \ 3 /
5. Add Bc' to N and (B,t,Bc') to A

6. Repeat steps 2,3,4,5 until no new arc can be added

/
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Example
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Example
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Example
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Properties of
coverability graphs

A coverability graph is always finite,
but in general it is not uniquely defined
(it depends on which B and t are selected at step 2)

Every firing sequence has a corresponding path in the CG
(the converse is not necessarily true)

Any path in a CG that visits only finite markings
corresponds to a firing sequence

If the RG is finite, then it coincides with the CG
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Reachability analysis
by coverability

All possible behaviours of a workflow net are represented
exactly in the Reachability Graph (if finite)

We use Coverability Graph when necessary (RG not finite)

WoPeD computes a Coverability Graph
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