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Determinacy by structural induction
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Termination

A result can always be returned
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Determinacy

Any two results are the same
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Termination vs 
determinacy

x + y

xy

rand()

±sqrt(x)

termination? determinacy?
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Determinacy of 
arithmetic expressions

<latexit sha1_base64="JRkuLH2TYfCc3+CJLiRaDrLXV4s="></latexit>

a ::= x | n | a op a

<latexit sha1_base64="3aKT+zvuGm7pv9wVZz1vGahAJvU="></latexit>

op 2 {+,⇥,�}

<latexit sha1_base64="m8r7litemvt0HOGXY35se29naAA="></latexit>

hx,�i �! �(x)
<latexit sha1_base64="R/2xXiqU1mHGbDvmDQUdZpCoJn4="></latexit>

hn,�i �! n

<latexit sha1_base64="BYPObDvcUmLjFmiC9V30MtCllLU="></latexit>

ha0,�i �! n0 ha1,�i �! n1

ha0 op a1,�i �! n0 op n1

<latexit sha1_base64="Tf6eyI8pBM/YSzJ25JKWZgL44ks="></latexit>

n 2 Z

<latexit sha1_base64="OmqjCHZpZWpXQnuB+YTGyFWsk5o="></latexit>

x 2 Ide
<latexit sha1_base64="F33hCTYTidzMsMewq4QT/Zd6PSY="></latexit>

M M
= {� | � : Ide ! Z}

<latexit sha1_base64="H7fyBqzON93oOgl4228ctmTLDmU="></latexit>

8a. P (a) ?

<latexit sha1_base64="5ZgLgoRgNf+qDb6V6j8ZJ/T93qo="></latexit>

P (a)
M
= 8� 2 M. 8m,m0 2 Z. ha,�i �! m ^ ha,�i �! m0 ) m = m0
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Structural induction 
principle

<latexit sha1_base64="hp+NsGEwycUJwGaExC3ZpkADlDs="></latexit>

8n 2 Z. P (n)
<latexit sha1_base64="i/IrG3YpiGcoZBeaO81/TN+BJGQ="></latexit>

8x 2 Ide. P (x)
<latexit sha1_base64="oxcHSdwR3weQdMpYd+eESj7FFu8="></latexit>

8a0, a1. P (a0) ^ P (a1) ) P (a0 op a1)
<latexit sha1_base64="ULxLh3wVO7Qi3yCisR+naeQ0ZmU="></latexit>

8a. P (a)
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Base case
<latexit sha1_base64="i/IrG3YpiGcoZBeaO81/TN+BJGQ="></latexit>

8x 2 Ide. P (x)
<latexit sha1_base64="iA19E1J3Hm9EIDD3YEBfBOFK/Dw="></latexit>

Take a generic x 2 Ide

<latexit sha1_base64="m8r7litemvt0HOGXY35se29naAA="></latexit>

hx,�i �! �(x)

<latexit sha1_base64="/4QuTSCLj/N9/BYNjHuoiMLyg9k="></latexit>

P (x)
M
= 8�,m,m0. hx,�i �! m ^ hx,�i �! m0 ) m = m0

<latexit sha1_base64="D50W2l2Z+E18QEVvGipqifAZTus="></latexit>

We want to prove

<latexit sha1_base64="O9w15dgspau7fhDCUjzLbe17/2Q=">AAAC/XicpVHLjtMwFHXCayivDiwRkkWLYDGKklkAG6QRbFgOUjszUh0qx73NWLWdYN/MQ1bE17BDbPkFfoG/wUm7gJnuuKvjcx/n+tyiVtJhmv6O4hs3b92+s3N3cO/+g4ePhruPj1zVWAFTUanKnhTcgZIGpihRwUltgetCwXGx+tDlj8/AOlmZCV7WkGteGrmUgmOg5sNfnrklnfAV0BIMWCnomDlZar7HEC6wV/CFaqD1ut 3CvWzH1CWYhDbFTamAXuytBzDbv5mqTGlleYrc2uqcbhk7ptws/mNA2KGdD0dpkvZBr4NsA0ZkE4fz3egZW1Si0WBQKO7cLEtrzD23KIWCdsAaBzUXK17CLEDDNbjc98ItfdE4jhWtwVKpaE/C3x2ea+cudREqNcdTdzXXkdtyswaXb3MvTd0gGNEJoQyedEJOWBluCXQhLSDybnOg0lDBLUcMx6NciEA24bgDZuBcVFoHaz1bwBK+tJ51ehaUZ0Uj1SIgys7Ch61cO8+qMJ/6d23bDoKh2VX7roOj/SR7naSf9kcH7zfW7pCn5Dl5RTLyhhyQj+SQTImIkmgS5dHn+Gv8Lf4e/1iXxtGm5wn5J+KffwDTDPeD</latexit>

Take generic �,m,m0 s.t. hx,�i �! m and hx,�i �! m0

<latexit sha1_base64="c6KgqKEZMCTErHpWlxv1Enc+xx4=">AAACdnicbVBNbxMxFHSWrxI+msIRgSzSqpyi3R6AS6UCF45FIk2lOIreOi/Bqu1d7LcpleXfw6/hCuKfcMS75AANcxrNvOd5nrLWylOe/+xlN27eun1n527/3v0HD3cHe4/OfNU4iWNZ6cqdl+BRK4tjUqTxvHYIptQ4KS/etf5kjc6ryn6kqxpnBlZWLZUEStJ88CYIv+QT5JdgiVPFa1etke8Lwi/UPR9K3WAMJh5va4dxP8 4Hw3yUd+DbpNiQIdvgdL7XeyoWlWwMWpIavJ8WeU2zAI6U1Bj7ovFYg7yAFU4TtWDQz0IXHPlB46E9Ex1Xmnci/r0RwHh/Zco0aYA++eteK/7Pmza0fD0LytYNoZVtECmNXZCXTqUSkS+UQyJoL0euLJfggAid4iBlEpvUal9YvJSVMWAXQSxwiZ9jEG2eQx1E2Si9SIyLdfqwU2BXKUWk0h0PxzHGfiq0uF7fNjk7GhUvR/mHo+HJ2021O+wJe85esIK9YifsPTtlYybZV/aNfWc/er+yZ9lBdvhnNOttdh6zf5DlvwGaA8NI</latexit>

We want to prove m = m0

<latexit sha1_base64="fov0mFrb/BumwYU62YdlpQtmBdI=">AAACTHicbVDLbhNBEJw1kIfDw4EDhwhpFAuJk7WbA3BBisiFY5BwEsljWb2zbWeUeWxmehNFo/0arvAr3PkPbgiJWceHvPpUquru6q6y1ipQnv/Oeo8eP1lb39jsbz199vzFYPvlUXCNlziWTjt/UkJArSyOSZHGk9ojmFLjcXl20OnHF+iDcvYbXdU4NbCwaq4kUKJmg9dRhDk/cDaoCj2nU+QLB7qdDYb5KF8Wvw+KFRiyVR 3OtrM3onKyMWhJaghhUuQ1TSN4UlJj2xdNwBrkGSxwkqAFg2Ealx+0/G0TgByv0wlK8yWJNycimBCuTJk6DdBpuKt15EPapKH5x2lUtm4IreyMSGlcGgXpVYoGeaU8EkF3OXJluQQPROgVBykT2aSs+sLipXTGgK2iqHCO520UnZ9HHUXZKF0lxMVFetgrsIvkIlzaz+Ontm37KdDibnz3wdHeqHg/yr/uDfc/r6LdYDtsl71jBfvA9tkXdsjGTLKWfWc/2M/sV/Yn+5v9u27tZauZV+xW9db+A4QEs8E=</latexit>

Consider the goal
<latexit sha1_base64="YpHuZslgLt8u+d4FRUxxwoI9H0c="></latexit>

hx,�i �! m

<latexit sha1_base64="vLmUxGN9ATZVxwp5IZ0eCTxrmtY=">AAACSHicbVBNbxMxEPWGrzZ8NKVHVMkiQuIU7fZAuSBVcOFGkUhbKY6iWe8ktWp7F3tcFFn7W7jCX+Ef8C+4Vb3hTXPo15ye3puZN/PKRitPef436z14+Ojxk43N/tNnz19sDbZfHvk6OIljWevanZTgUSuLY1Kk8aRxCKbUeFyefer043N0XtX2Gy0bnBpYWDVXEihRs8FOFH7Ov1i95HSK3AWN7WwwzEf5qvhdUKzBkK3rcL ad7YqqlsGgJanB+0mRNzSN4EjJtLAvgscG5BkscJKgBYN+GlfXt/xN8EA1b9BxpfmKxOsTEYz3S1OmTgN06m9rHXmfNgk0fz+NyjaB0MrOiJTGlZGXTqVYkFfKIRF0lyNXlktwQIROcZAykSHl1BcWf8jaGLBVFBXO8XsbRefnUEdRBqWrhLg4Tw87BXaRXESd9vP4oW3bfgq0uB3fXXC0NyrejfKve8ODj+toN9gr9pq9ZQXbZwfsMztkYybZkv1kv9jv7E/2L7vILq9ae9l6ZofdqF7vPxamshk=</latexit>

Only the rule
<latexit sha1_base64="dHMHMK8LusW6xwHsTyF9ToGGfnQ="></latexit>

is applicable, hence m = �(x)

<latexit sha1_base64="k/JTuPOZzv1xXv2Js85nT4qyxb8=">AAACS3icbVBNbxMxEPUGCiV8pSBxQUgWERIHFO32AFyQKrhwLIK0leIomvVOwqi2d7FniyKzf4Yr/BV+AL+DG+KAN+QALe/09N6Mn+eVjaHAef49G1y6vHPl6u614fUbN2/dHu3dOQp16zVOdW1qf1JCQEMOp0xs8KTxCLY0eFyevur94zP0gWr3jtcNzi2sHC1JAydpMboXVVjKt2TJgDfrJzKQ09gtRuN8km8gL5JiS8Zii8 PFXvZAVbVuLTrWBkKYFXnD8wieSRvshqoN2IA+hRXOEnVgMczj5oBOPmoDcC0b9JKM3Ij490YEG8LalmnSAr8P571e/J83a3n5fB7JNS2j030Qk8FNUNCeUjMoK/LIDP3PUZKTGjwwoycJWiexTVUNlcOPurYWXBVVhUv80EXV53k0UZUtmSoxqc7SwZ7ArVKKqtP7Mr7oum6YCi3O13eRHO1PiqeT/M3++ODlttpdcV88FI9FIZ6JA/FaHIqp0OKT+Cy+iK/Zt+xH9jP79Wd0kG137op/MNj5DdaRs3A=</latexit>

Similarly, since
<latexit sha1_base64="i7rVvbicMplaVpYlENLHWN/hd1o="></latexit>

hx,�i �! m0 <latexit sha1_base64="sQM6uVcvtNxA13tZlBzkxVukdqc="></latexit>

it must be m0 = �(x)
<latexit sha1_base64="w0T5i5wjcFCqYHNfhJZsXPNxrUE="></latexit>

and thus we conclude m = m0
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Base case
<latexit sha1_base64="D50W2l2Z+E18QEVvGipqifAZTus="></latexit>

We want to prove

<latexit sha1_base64="c6KgqKEZMCTErHpWlxv1Enc+xx4=">AAACdnicbVBNbxMxFHSWrxI+msIRgSzSqpyi3R6AS6UCF45FIk2lOIreOi/Bqu1d7LcpleXfw6/hCuKfcMS75AANcxrNvOd5nrLWylOe/+xlN27eun1n527/3v0HD3cHe4/OfNU4iWNZ6cqdl+BRK4tjUqTxvHYIptQ4KS/etf5kjc6ryn6kqxpnBlZWLZUEStJ88CYIv+QT5JdgiVPFa1etke8Lwi/UPR9K3WAMJh5va4dxP8 4Hw3yUd+DbpNiQIdvgdL7XeyoWlWwMWpIavJ8WeU2zAI6U1Bj7ovFYg7yAFU4TtWDQz0IXHPlB46E9Ex1Xmnci/r0RwHh/Zco0aYA++eteK/7Pmza0fD0LytYNoZVtECmNXZCXTqUSkS+UQyJoL0euLJfggAid4iBlEpvUal9YvJSVMWAXQSxwiZ9jEG2eQx1E2Si9SIyLdfqwU2BXKUWk0h0PxzHGfiq0uF7fNjk7GhUvR/mHo+HJ2021O+wJe85esIK9YifsPTtlYybZV/aNfWc/er+yZ9lBdvhnNOttdh6zf5DlvwGaA8NI</latexit>

We want to prove m = m0

<latexit sha1_base64="fov0mFrb/BumwYU62YdlpQtmBdI=">AAACTHicbVDLbhNBEJw1kIfDw4EDhwhpFAuJk7WbA3BBisiFY5BwEsljWb2zbWeUeWxmehNFo/0arvAr3PkPbgiJWceHvPpUquru6q6y1ipQnv/Oeo8eP1lb39jsbz199vzFYPvlUXCNlziWTjt/UkJArSyOSZHGk9ojmFLjcXl20OnHF+iDcvYbXdU4NbCwaq4kUKJmg9dRhDk/cDaoCj2nU+QLB7qdDYb5KF8Wvw+KFRiyVR 3OtrM3onKyMWhJaghhUuQ1TSN4UlJj2xdNwBrkGSxwkqAFg2Ealx+0/G0TgByv0wlK8yWJNycimBCuTJk6DdBpuKt15EPapKH5x2lUtm4IreyMSGlcGgXpVYoGeaU8EkF3OXJluQQPROgVBykT2aSs+sLipXTGgK2iqHCO520UnZ9HHUXZKF0lxMVFetgrsIvkIlzaz+Ontm37KdDibnz3wdHeqHg/yr/uDfc/r6LdYDtsl71jBfvA9tkXdsjGTLKWfWc/2M/sV/Yn+5v9u27tZauZV+xW9db+A4QEs8E=</latexit>

Consider the goal
<latexit sha1_base64="vLmUxGN9ATZVxwp5IZ0eCTxrmtY=">AAACSHicbVBNbxMxEPWGrzZ8NKVHVMkiQuIU7fZAuSBVcOFGkUhbKY6iWe8ktWp7F3tcFFn7W7jCX+Ef8C+4Vb3hTXPo15ye3puZN/PKRitPef436z14+Ojxk43N/tNnz19sDbZfHvk6OIljWevanZTgUSuLY1Kk8aRxCKbUeFyefer043N0XtX2Gy0bnBpYWDVXEihRs8FOFH7Ov1i95HSK3AWN7WwwzEf5qvhdUKzBkK3rcL ad7YqqlsGgJanB+0mRNzSN4EjJtLAvgscG5BkscJKgBYN+GlfXt/xN8EA1b9BxpfmKxOsTEYz3S1OmTgN06m9rHXmfNgk0fz+NyjaB0MrOiJTGlZGXTqVYkFfKIRF0lyNXlktwQIROcZAykSHl1BcWf8jaGLBVFBXO8XsbRefnUEdRBqWrhLg4Tw87BXaRXESd9vP4oW3bfgq0uB3fXXC0NyrejfKve8ODj+toN9gr9pq9ZQXbZwfsMztkYybZkv1kv9jv7E/2L7vILq9ae9l6ZofdqF7vPxamshk=</latexit>

Only the rule

<latexit sha1_base64="k/JTuPOZzv1xXv2Js85nT4qyxb8=">AAACS3icbVBNbxMxEPUGCiV8pSBxQUgWERIHFO32AFyQKrhwLIK0leIomvVOwqi2d7FniyKzf4Yr/BV+AL+DG+KAN+QALe/09N6Mn+eVjaHAef49G1y6vHPl6u614fUbN2/dHu3dOQp16zVOdW1qf1JCQEMOp0xs8KTxCLY0eFyevur94zP0gWr3jtcNzi2sHC1JAydpMboXVVjKt2TJgDfrJzKQ09gtRuN8km8gL5JiS8Zii8 PFXvZAVbVuLTrWBkKYFXnD8wieSRvshqoN2IA+hRXOEnVgMczj5oBOPmoDcC0b9JKM3Ij490YEG8LalmnSAr8P571e/J83a3n5fB7JNS2j030Qk8FNUNCeUjMoK/LIDP3PUZKTGjwwoycJWiexTVUNlcOPurYWXBVVhUv80EXV53k0UZUtmSoxqc7SwZ7ArVKKqtP7Mr7oum6YCi3O13eRHO1PiqeT/M3++ODlttpdcV88FI9FIZ6JA/FaHIqp0OKT+Cy+iK/Zt+xH9jP79Wd0kG137op/MNj5DdaRs3A=</latexit>

Similarly, since
<latexit sha1_base64="w0T5i5wjcFCqYHNfhJZsXPNxrUE="></latexit>

and thus we conclude m = m0

<latexit sha1_base64="hp+NsGEwycUJwGaExC3ZpkADlDs="></latexit>

8n 2 Z. P (n)
<latexit sha1_base64="DHfYDC+e+ZUSH8IcclDG2ufMIqc="></latexit>

Take a generic n 2 Z

<latexit sha1_base64="KQDCE4g8kTmb7Tgm4xZPYr9pSiU="></latexit>

P (n)
M
= 8�,m,m0. hn,�i �! m ^ hn,�i �! m0 ) m = m0

<latexit sha1_base64="C6URAPB7nHmZsA4di7xhElZSShU=">AAAC/XicpVHLbtQwFHXCqwyPTmGJkCxmECyqKOkC2CBVsGFZpJm20jiMHM+d1BrbCfZNS2VFfA07xJZf4Bf4G5zMLKCdHXd1fO7jXJ9b1Eo6TNPfUXzj5q3bd3buDu7df/Bwd7j36NhVjRUwFZWq7GnBHShpYIoSFZzWFrguFJwUq/dd/uQcrJOVmeBlDbnmpZFLKTgGaj785Zlb0glfAS3BgJWCjpmTpeb7DOEL9gq+UA20Xr dbuBftmLoEk9CmuCkVULO/HsBs/2aqMqWV5Rlya6sLumXsmHKz+I8BYYd2PhylSdoHvQ6yDRiRTRzN96KnbFGJRoNBobhzsyytMffcohQK2gFrHNRcrHgJswAN1+By3wu39HnjOFa0Bkuloj0Jf3d4rp271EWo1BzP3NVcR27LzRpcvsm9NHWDYEQnhDJ40gk5YWW4JdCFtIDIu82BSkMFtxwxHI9yIQLZhOMOmIELUWkdrPVsAUv43HrW6VlQnhWNVIuAKDsPH7Zy7Tyrwnzq37ZtOwiGZlftuw6OD5LsVZJ+PBgdvttYu0OekGfkJcnIa3JIPpAjMiUiSqJJlEef4q/xt/h7/GNdGkebnsfkn4h//gGoMvdv</latexit>

Take generic �,m,m0 s.t. hn,�i �! m and hn,�i �! m0

<latexit sha1_base64="cnkMm8p6bO2/4DbdD+/cporYEao="></latexit>

hn,�i �! m

<latexit sha1_base64="R/2xXiqU1mHGbDvmDQUdZpCoJn4="></latexit>

hn,�i �! n
<latexit sha1_base64="a+YCPo52S8tRh7skBxHD1CV/snc="></latexit>

is applicable, hence m = n

<latexit sha1_base64="G/xmfbxZSQDmZiuRhsglQ0j9tKU="></latexit>

hn,�i �! m0 <latexit sha1_base64="WUcKVYFL2id0aYStEubFbFpozBA="></latexit>

it must be m0 = n
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Inductive case

<latexit sha1_base64="hdqXw6Wi0VefjUNjvtuVNqq0pUQ="></latexit>

Take generic �,m,m0 such that
<latexit sha1_base64="a2BVgK4qixdrFxhZp5OEmhiru6Q="></latexit>

ha0 op a1,�i �! m and ha0 op a1,�i �! m0

<latexit sha1_base64="c6KgqKEZMCTErHpWlxv1Enc+xx4=">AAACdnicbVBNbxMxFHSWrxI+msIRgSzSqpyi3R6AS6UCF45FIk2lOIreOi/Bqu1d7LcpleXfw6/hCuKfcMS75AANcxrNvOd5nrLWylOe/+xlN27eun1n527/3v0HD3cHe4/OfNU4iWNZ6cqdl+BRK4tjUqTxvHYIptQ4KS/etf5kjc6ryn6kqxpnBlZWLZUEStJ88CYIv+QT5JdgiVPFa1etke8Lwi/UPR9K3WAMJh5va4dxP8 4Hw3yUd+DbpNiQIdvgdL7XeyoWlWwMWpIavJ8WeU2zAI6U1Bj7ovFYg7yAFU4TtWDQz0IXHPlB46E9Ex1Xmnci/r0RwHh/Zco0aYA++eteK/7Pmza0fD0LytYNoZVtECmNXZCXTqUSkS+UQyJoL0euLJfggAid4iBlEpvUal9YvJSVMWAXQSxwiZ9jEG2eQx1E2Si9SIyLdfqwU2BXKUWk0h0PxzHGfiq0uF7fNjk7GhUvR/mHo+HJ2021O+wJe85esIK9YifsPTtlYybZV/aNfWc/er+yZ9lBdvhnNOttdh6zf5DlvwGaA8NI</latexit>

We want to prove m = m0

<latexit sha1_base64="oxcHSdwR3weQdMpYd+eESj7FFu8="></latexit>

8a0, a1. P (a0) ^ P (a1) ) P (a0 op a1)
<latexit sha1_base64="QtyVoJ4uwK/N+NdPgXwRSEUCHMQ="></latexit>

Take generic a0, a1
<latexit sha1_base64="WQKaXOSGLaNUdgsETKzxpY3ewOo=">AAAC2HicbVHJbhNBEO0ZtmA2B06ISysOUpCQNQ4ScEGK4MLRSDiOcFujmp7ypJVehu6eJFZrEDfEgQt/x3fwA/TYPpClTk+vllf1qqilcD7L/iTpjZu3bt/Zutu7d//Bw0f97ceHzjSW44QbaexRAQ6l0Djxwks8qi2CKiROi5MPXX56itYJoz/7ZY1zBZUWC8HBRyrv/wrMLegUKTjXKKS74z3IsxesxAV+pWxhLEhJmROVgu E3hudxJUeZx3O/Eg+FbLANKs/amJagKxln5dnLdQuza4ZJoysrqmMP1pqz6wfstnl/kA2zVdCrYLQBA7KJcb6dvGKl4XFz7bmMN8xGWe3nAawXXGLbY43DGvgJVDiLUINCNw8r5ZY+bxx4Q2u0VEi6IvH/jgDKuaUqYqUCf+wu5zryutys8Yu38yB03XjUvBPyIrrQCTluRXwI0lJY9B66zZEKTTlY8B6toMB5JJv4oQuCziuwS1vGozSecaMU6DKsP9UG1m1hUQZWNEKWEVF2Gm2wYvMBE1VpeNe2bS/aPLps6lVwuD8cvR5mn/YHB+83hm+RZ2SH7JEReUMOyEcyJhPCyd/kabKTDNIv6ff0R/pzXZomm54n5EKkv/8BFwznxQ==</latexit>

We assume P (a0)
M
= 8�. 9m0. ha0,�i �! m0

<latexit sha1_base64="6zUC9GiLefXeuBK8CxS1dxVo2Nk=">AAADVHicpVJNb9NAEF0nlIYApYUjlxURokhVZEMFXCpVcOEYEGkrZaNovJ64q+6H2V03RJb5F1zhXyHxXziwTnygbSQOzOnpzcebfTtpIYXzcfwr6nRvbd3e7t3p3713f+fB7t7DE2dKy3HMjTT2LAWHUmgce+ElnhUWQaUST9OLd03+9BKtE0Z/8ssCpwpyLeaCgw/UbC/qjfZhJp6zDOf4mbK5sSAlZU7kCg6Yxy9+JVKlss S6UjNRb2CfBXr4lUnQuUQa5h2sBzC7Zpg0OrciP/dgrVnQjXPZArMc/2dIswZlH/+hc7S5cbY7iIfxKuhNkLRgQNoYBe9esszwUqH2XIJzkyQu/LQC6wWXWPdZ6bAAfgE5TgLUoNBNq5VwTZ+WDryhBVoqJF2R+HdHBcq5pUpDpQJ/7q7nGnJTblL6+ZtpJXRRetS8EfIiuNcIOW5FOAakmbDoPTSbIxWacrDgPVpBgfNAluE6rgg6r8AubRYepXHBjVKgs2p9NHXFmi0syoqlpZBZQJRdBhusaH/OBFVaHdV13Q82J9dNvQlOXgyTV8P4w+Hg+G1reI88Jk/IPknIa3JM3pMRGRMemehb9D360fnZ+d3tdrfWpZ2o7XlErkR35w9wmBs2</latexit>

P (ai)
M
= 8�,mi,m

0
i. hai,�i �! mi ^ hai,�i �! m0

i ) mi = m0
i

<latexit sha1_base64="D50W2l2Z+E18QEVvGipqifAZTus=">AAACYXicbZDPTttAEMY3puVPWiBQqRcuq0aVeopskAoXJAQXjlQiBCmOovF6Elbsrt3dcVC0+GW4wgtx7ot0HXIo0Dl9+mZG38wvK5V0FMfPrWjlw8fVtfWN9qfPm1vbnZ3dK1dUVmBfFKqw1xk4VNJgnyQpvC4tgs4UDrLbs6Y/mKF1sjCXNC9xpGFq5EQKoGCNO1996iZ8gPwODHEqeGmLGdbjTjfuxYvi70WyFF22rIvxTu sgzQtRaTQkFDg3TOKSRh4sSaGwbqeVwxLELUxxGKQBjW7kFw/U/HvloMlGy6XiCxP/3fCgnZvrLExqoBv3tteY/+sNK5ocjbw0ZUVoRBNEUuEiyAkrAxnkubRIBM3lyKXhAiwQoZUchAhmFVC9CnSkwc5tHp4yeCcKrcHkPs1xgr9rnzZXWFQ+zSqp8qB4OgsYrAQzDdlp4Gu5P67ruh0wJ2+hvhdX+73kZy/+td89OV0CX2d77Bv7wRJ2yE7YObtgfSbYPXtgj+yp9SfaiDrR7sto1FrufGGvKtr7C/XxubU=</latexit>

We want to prove
<latexit sha1_base64="yJdcxAzNLvVQ1rGC2/l/sq3Lh7U="></latexit>

P (a0 op a1)
M
= 8�,m,m0. ha0 op a1,�i �! m ^ ha0 op a1,�i �! m0 ) m = m0

(inductive hypotheses)
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<latexit sha1_base64="BYPObDvcUmLjFmiC9V30MtCllLU="></latexit>

ha0,�i �! n0 ha1,�i �! n1

ha0 op a1,�i �! n0 op n1

<latexit sha1_base64="fov0mFrb/BumwYU62YdlpQtmBdI=">AAACTHicbVDLbhNBEJw1kIfDw4EDhwhpFAuJk7WbA3BBisiFY5BwEsljWb2zbWeUeWxmehNFo/0arvAr3PkPbgiJWceHvPpUquru6q6y1ipQnv/Oeo8eP1lb39jsbz199vzFYPvlUXCNlziWTjt/UkJArSyOSZHGk9ojmFLjcXl20OnHF+iDcvYbXdU4NbCwaq4kUKJmg9dRhDk/cDaoCj2nU+QLB7qdDYb5KF8Wvw+KFRiyVR 3OtrM3onKyMWhJaghhUuQ1TSN4UlJj2xdNwBrkGSxwkqAFg2Ealx+0/G0TgByv0wlK8yWJNycimBCuTJk6DdBpuKt15EPapKH5x2lUtm4IreyMSGlcGgXpVYoGeaU8EkF3OXJluQQPROgVBykT2aSs+sLipXTGgK2iqHCO520UnZ9HHUXZKF0lxMVFetgrsIvkIlzaz+Ontm37KdDibnz3wdHeqHg/yr/uDfc/r6LdYDtsl71jBfvA9tkXdsjGTLKWfWc/2M/sV/Yn+5v9u27tZauZV+xW9db+A4QEs8E=</latexit>

Consider the goal
<latexit sha1_base64="G9QwIDRMkoBmU1jc80BzEPsEwCk="></latexit>

ha0 op a1,�i �! m

<latexit sha1_base64="vLmUxGN9ATZVxwp5IZ0eCTxrmtY=">AAACSHicbVBNbxMxEPWGrzZ8NKVHVMkiQuIU7fZAuSBVcOFGkUhbKY6iWe8ktWp7F3tcFFn7W7jCX+Ef8C+4Vb3hTXPo15ye3puZN/PKRitPef436z14+Ojxk43N/tNnz19sDbZfHvk6OIljWevanZTgUSuLY1Kk8aRxCKbUeFyefer043N0XtX2Gy0bnBpYWDVXEihRs8FOFH7Ov1i95HSK3AWN7WwwzEf5qvhdUKzBkK3rcL ad7YqqlsGgJanB+0mRNzSN4EjJtLAvgscG5BkscJKgBYN+GlfXt/xN8EA1b9BxpfmKxOsTEYz3S1OmTgN06m9rHXmfNgk0fz+NyjaB0MrOiJTGlZGXTqVYkFfKIRF0lyNXlktwQIROcZAykSHl1BcWf8jaGLBVFBXO8XsbRefnUEdRBqWrhLg4Tw87BXaRXESd9vP4oW3bfgq0uB3fXXC0NyrejfKve8ODj+toN9gr9pq9ZQXbZwfsMztkYybZkv1kv9jv7E/2L7vILq9ae9l6ZofdqF7vPxamshk=</latexit>

Only the rule
<latexit sha1_base64="xRu7lVy7Ugs1Ssj0pqwLH3RPjoA="></latexit>

is applicable

<latexit sha1_base64="k4m0FENFRH4dKx18nb2GNEeSDyY=">AAADIXiclVFNbxMxFPQuHy3hK4UjF4sUiUMU7RaJcqBSBReORSJtpThaeb0vGyu2d7HfNkTW/hp+DTfEAQnxZ/CmObRNL7zTaJ49Y8/ktZIOk+RPFN+5e+/+zu6D3sNHj5887e89O3VVYwWMRaUqe55zB0oaGKNEBee1Ba5zBWf54mO3P7sA62RlvuCqhqnmpZEzKTgGKuv/9szN6ByMALrPEL7hWtPnqoHW6/ZoizNZwoZMc5 xL9FXdsqHJ0nafLiXOg4TiplRAeZYMmZOl5sxeMkxVprSynCO3tlrS24SDDDfFVZX0/1XCY9qsP0hGyXroNkg3YEA2c5LtRW9YUYlGg0GhuHOTNKlx6rlFKRS0PdY4qLlY8BImARquwU392rmlrxrHsaI1WCoVXZNw9Ybn2rmVzsPJLjh3c9eRt+0mDc7eTb00dYOhos4IZUihM3LCytAs0EJaQOTdy4FKQwW3HBGspFyIQDah6muGDjW3K1uETxlYikrrELpnBczga+vX1VpQnuWNVEVAlF2EGKzcNFAFV+qP2rbthZjTm6Fug9ODUfp2lHw+GBx/2AS+S16Ql+Q1SckhOSafyAkZExG9j/JoEan4e/wj/hn/ujwaR5s7z8m1if/+A29lBl0=</latexit>

hence m = n0 op n1 with ha0,�i �! n0 and ha1,�i �! n1

<latexit sha1_base64="k/JTuPOZzv1xXv2Js85nT4qyxb8=">AAACS3icbVBNbxMxEPUGCiV8pSBxQUgWERIHFO32AFyQKrhwLIK0leIomvVOwqi2d7FniyKzf4Yr/BV+AL+DG+KAN+QALe/09N6Mn+eVjaHAef49G1y6vHPl6u614fUbN2/dHu3dOQp16zVOdW1qf1JCQEMOp0xs8KTxCLY0eFyevur94zP0gWr3jtcNzi2sHC1JAydpMboXVVjKt2TJgDfrJzKQ09gtRuN8km8gL5JiS8Zii8 PFXvZAVbVuLTrWBkKYFXnD8wieSRvshqoN2IA+hRXOEnVgMczj5oBOPmoDcC0b9JKM3Ij490YEG8LalmnSAr8P571e/J83a3n5fB7JNS2j030Qk8FNUNCeUjMoK/LIDP3PUZKTGjwwoycJWiexTVUNlcOPurYWXBVVhUv80EXV53k0UZUtmSoxqc7SwZ7ArVKKqtP7Mr7oum6YCi3O13eRHO1PiqeT/M3++ODlttpdcV88FI9FIZ6JA/FaHIqp0OKT+Cy+iK/Zt+xH9jP79Wd0kG137op/MNj5DdaRs3A=</latexit>

Similarly, since
<latexit sha1_base64="BtDOw/TaAXjJaFSKvnvcMVWv+qM="></latexit>

ha0 op a1,�i �! m0

<latexit sha1_base64="zY24GQz5hAE3stdPA1D0JcgbnVE=">AAADK3icnVFNbxMxEPUuXyV8pXDkYpGicoii3SIBl0oVSIhjkUhbKY4ir3eysWp7F3s2IbL2J/FrOIE4cOF/4N3m0DY9MaenN+P3xm+ySkmHSfIzim/dvnP33s793oOHjx4/6e8+PXFlbQWMRalKe5ZxB0oaGKNEBWeVBa4zBafZ+Ye2f7oE62RpvuC6gqnmhZFzKTgGatb/45mbU4lU1w5pBnSPIXzDTthnqobG6/3mcIs0+7 OEDZnmuJDoy6phw0ClzR5dSVwEFcVNoYDyWTJkThaaM3vBMFWawspigdzackVvlA463OSXZdL/kAnrNLP+IBklXdFtkG7AgGzqeLYbvWZ5KWoNBoXizk3SpMKp5xalUND0WO2g4uKcFzAJ0HANbuo764a+rB3HklZgqVS0I+HyC8+1c2udhck2O3e915I39SY1zt9NvTRVjWBEa4QyxNAaOWFluDHQXFpA5O3mQKWhgluOCFZSLkQg63D0K4YONbdrm4dPGViJUuuQumc5zOFr47vrWlCeZbVUeUCULUMMVm5OUAZX6g+bpumFmNProW6Dk4NR+maUfD4YHL3fBL5DnpMX5BVJyVtyRD6RYzImIvoYqaiOlvH3+Ef8K/59MRpHmzfPyJWK//4DHocJLg==</latexit>

it must be m0 = n0
0 op n

0
1 with ha0,�i �! n0

0 and ha1,�i �! n0
1

<latexit sha1_base64="umdVjdq2LXxnpuX3hzjMIKXY8Z4=">AAAC4nicbVFNbxMxEPUuXyV8NIUjF4sUhUOIdosEXCpVcOFYJNJWiqPI652kVm3vYo9bImv/ADfEgQt/jB+DhHfJgTaZ09ObN3ozb4paSYdZ9jtJb92+c/fezv3eg4ePHu/2956cuMpbARNRqcqeFdyBkgYmKFHBWW2B60LBaXHxoe2fXoJ1sjKfcVXDTPOlkQspOEZq3v8ZmFtQbkqK597RK6CiMkL5Eug+Q/iKnUUolIcm6O ZwgzPzjI2Y5nguMVR1w0Zmnm/TDTeFw61KPWz2m3l/kI2zrugmyNdgQNZ1PN9LXrOyEl6DQaG4c9M8q3EWuEUpFDQ95h3UXFzwJUwjNFyDm4XOuKEvvONY0RoslYp2JPw/Ebh2bqWLqGwvcDd7LbmtN/W4eDcL0tQewYjWCKWCzsgJK+NrgJbSAiJvNwcqDRXcckSwknIhIunjr64ZOtTcrmwZjzJwJSqt4wMDK2EBX5rQZWxBBVZ4qcqIKLuMMVjJzTJ6syq60nDYNE0vxpzfDHUTnByM8zfj7NPB4Oj9OvAd8ow8Jy9JTt6SI/KRHJMJEeRPMkhGyau0TL+l39Mf/6Rpsp55Sq5V+usvK0bttg==</latexit>

and thus we conclude m = n0 op n1 = n0
0 op n

0
1 = m0

<latexit sha1_base64="GXb4VAHCRKT2QHHTBS029mGwD+g=">AAACv3icbVHLjtMwFHXCayivDkhsEMKiRbBAVTILYDPSMGxYDhKdGamuKse5ba1xnGBfFyLLP8Af8hd8Ak7oAqa9q+Nz7/G5Pi4aJS1m2a8kvXHz1u07B3cH9+4/ePhoePj43NbOCJiKWtXmsuAWlNQwRYkKLhsDvCoUXBRXn7r+xQaMlbX+im0D84qvtFxKwTFSi+FPpmupS9A48Mwu6WlL49EJlBug67apcQ0W7Fs6Zgg/sD f0hXIQvF5k4XiXfR3pMeW63CvJ90vyMA6L4SibZH3RXZBvwYhs62xxmDxnZS1cFbcXils7y7MG554blEJBGDBnoeHiiq9gFqHmFdi5760DfeUsx5o2YKhUtCfhX4XnlbVtVcTJiuPaXu915L7ezOHyw9xL3TgELTojlAp6IytMzNUALaUBRN5tDjFwKrjhiGAk5UJE0sXvGTAN30VdVTFLz0pYwrfgWednQHlWOKnKiCjbxAcbyfUqurA63k/9cQhhEAPNr8e3C86PJvm7SfblaHRyuo32gDwjL8kbkpP35IR8JmdkSgT5nTxNXiQ0/ZiuUp02f0fTZKt5Qv6rtP0DxjreLw==</latexit>

By inductive hypotheses, n0 = n0
0 and n1 = n0

1

Inductive case (ctd)



Many sorted signatures
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Different types of 
expressions

e ::= x | n | e + e | e ≤ e | e & e

((x + 1) ≤ (y − 1)) & (x ≤ 42)

((((x + 1) ≤ y) − 1) & x) ≤ 42

x + (1 ≤ (y − (1 & (x ≤ 42))))
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Many sorted signatures
        arithmetic expressionsa ::= x | n | a + a

      Boolean expressionsb ::= a ≤ a | b & b

Sorts:  identifiers  
           numerals  
           arithmetic expressions  
           Boolean expressions 

x
n

a
b

Operators: 
 takes two arithmetic expressions and returns an arithmetic expression 
 takes two arithmetic expressions and returns a Boolean expression 
 takes two Boolean expressions and returns a Boolean expression

⋅ + ⋅
⋅ ≤ ⋅
⋅ & ⋅
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Terms over a signature
a many sorted signature
a set of sorts

<latexit sha1_base64="0oENJUs76039kTg0+aH2ky47GDk="></latexit>

S = {s, ...}
<latexit sha1_base64="QjXR1zuwkiYwcT7VD4z1MQYo5hY="></latexit>

⌃ = {⌃s1...sn,s}s1,...,sn,s2S

<latexit sha1_base64="0wLg9hCPcJ/MgzWeTjBaHN60eMw="></latexit>

f 2 ⌃s1...sn,s
<latexit sha1_base64="VS59F+KAN4+rHFfieDzi9t+/Ni0="></latexit>

f : (s1 ⇥ · · ·⇥ sn) ! s

denotes the set of all terms of sort s

it is the least set such that:

<latexit sha1_base64="cKxfUTfyagUDNfW6jkvlxzI0JJc="></latexit>

T⌃,s

<latexit sha1_base64="I8hwuevGRLpkBaC4gum5+zli7CM="></latexit>

• if c 2 ⌃✏,s, then c 2 T⌃,s

• if f 2 ⌃s1...sn,s and 8i. ti 2 T⌃,si , then f(t1, ..., tn) 2 T⌃,s

<latexit sha1_base64="AX6QmwJFs+1NBX+x03OVvkkKV8c="></latexit>

T⌃ = {T⌃,s}s2S denotes the set of all well-sorted terms
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Boolean expressions

<latexit sha1_base64="JRkuLH2TYfCc3+CJLiRaDrLXV4s="></latexit>

a ::= x | n | a op a

<latexit sha1_base64="3aKT+zvuGm7pv9wVZz1vGahAJvU="></latexit>

op 2 {+,⇥,�}<latexit sha1_base64="Tf6eyI8pBM/YSzJ25JKWZgL44ks="></latexit>

n 2 Z
<latexit sha1_base64="OmqjCHZpZWpXQnuB+YTGyFWsk5o="></latexit>

x 2 Ide
<latexit sha1_base64="tn6XkD231MbV1DqLpM8MLDRDq5o="></latexit>

cmp 2 {<,, >,�,=, 6=}
<latexit sha1_base64="gs3NAGDOV4eUS9zqgDMVyJDfnlo="></latexit>

bop 2 {^,_}

<latexit sha1_base64="oiE6bUL9JrtGi/w99kdLg9zmSk0="></latexit>

S
M
= {Aexp,Bexp}

<latexit sha1_base64="rfnRIjoNVdL0FVOIt1p8rq7Ktj4="></latexit>

⌃✏,Bexp
M
= B

<latexit sha1_base64="EfKv9eA6wlGPuDeVqaVtWoWzWaI="></latexit>

⌃Bexp,Bexp
M
= {¬}

<latexit sha1_base64="RCcuf/eLFKqSdi/qpu1R15Mwvqk="></latexit>

⌃AexpAexp,Bexp
M
= {<,, >,�,=, 6=}

<latexit sha1_base64="0HvBRIYxQYwkmCVKezW5e+jBWoU="></latexit>

⌃BexpBexp,Bexp
M
= {^,_}

<latexit sha1_base64="lQfFbsu4+ZJXjn2PNH5Cw/Csbs0="></latexit>

⌃AexpAexp,Aexp
M
= {+,⇥,�}

<latexit sha1_base64="378Xwh2JPkHth7h7qbXKr6UATv0="></latexit>

b ::= v | a cmp a | ¬b | b bop b

<latexit sha1_base64="kPJ+u/n0zJPNIErgPmFw0CbycrU="></latexit>

v 2 B

<latexit sha1_base64="+pmprMTGBS4WBApZwu9/M7TsVPg="></latexit>

⌃✏,Aexp
M
= Ide [ Z
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<latexit sha1_base64="JRkuLH2TYfCc3+CJLiRaDrLXV4s="></latexit>

a ::= x | n | a op a

<latexit sha1_base64="m8r7litemvt0HOGXY35se29naAA="></latexit>

hx,�i �! �(x)
<latexit sha1_base64="R/2xXiqU1mHGbDvmDQUdZpCoJn4="></latexit>

hn,�i �! n

<latexit sha1_base64="BYPObDvcUmLjFmiC9V30MtCllLU="></latexit>

ha0,�i �! n0 ha1,�i �! n1

ha0 op a1,�i �! n0 op n1

<latexit sha1_base64="duXna+L9B46zW/QSaCkFAMZ1USE="></latexit>

hv,�i �! v

<latexit sha1_base64="378Xwh2JPkHth7h7qbXKr6UATv0="></latexit>

b ::= v | a cmp a | ¬b | b bop b

<latexit sha1_base64="SRnJSWlU1UDc/Zvk2n1qZ1jn8hc="></latexit>

ha0,�i �! n0 ha1,�i �! n1

ha0 cmp a1,�i �! n0 cmp n1

<latexit sha1_base64="3IqxmbwDZq+1Upz+STZte7eDRIQ="></latexit>

hb,�i �! v

h¬b,�i �! ¬v
<latexit sha1_base64="hkPQRoKtaTT4C96cvq3Grhs9yaw="></latexit>

hb0,�i �! v0 hb1,�i �! v1
hb0 bop b1,�i �! v0 bop v1

Semantics of expressions
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Subterms
<latexit sha1_base64="Bc0dY+Gk6JOLsK4k/YyXX/Mhjwo="></latexit>

ti � f(t1, ..., tn)

sometimes, an additional requirement: 
sort-preserving relation

<latexit sha1_base64="op/4cUkDnkPHr+9rbgUlXlK97HI="></latexit>

f 2 ⌃s1...sn,s ^ si = s
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One sorted = Unsorted

a singleton set of sorts
<latexit sha1_base64="wqLJqohcCQwmtO/DuLDInMQYrE4="></latexit>

S = {⇤}

<latexit sha1_base64="ZAUiQ2VYgqa+0VGcfJkyC6LCDVs="></latexit>

⌃⇤...⇤,⇤ ' ⌃n

a special case:

n
{



Termination of Boolean expressions

20
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<latexit sha1_base64="JRkuLH2TYfCc3+CJLiRaDrLXV4s="></latexit>

a ::= x | n | a op a

<latexit sha1_base64="m8r7litemvt0HOGXY35se29naAA="></latexit>

hx,�i �! �(x)
<latexit sha1_base64="R/2xXiqU1mHGbDvmDQUdZpCoJn4="></latexit>

hn,�i �! n

<latexit sha1_base64="BYPObDvcUmLjFmiC9V30MtCllLU="></latexit>

ha0,�i �! n0 ha1,�i �! n1

ha0 op a1,�i �! n0 op n1

<latexit sha1_base64="duXna+L9B46zW/QSaCkFAMZ1USE="></latexit>

hv,�i �! v

<latexit sha1_base64="378Xwh2JPkHth7h7qbXKr6UATv0="></latexit>

b ::= v | a cmp a | ¬b | b bop b

<latexit sha1_base64="SRnJSWlU1UDc/Zvk2n1qZ1jn8hc="></latexit>

ha0,�i �! n0 ha1,�i �! n1

ha0 cmp a1,�i �! n0 cmp n1

<latexit sha1_base64="3IqxmbwDZq+1Upz+STZte7eDRIQ="></latexit>

hb,�i �! v

h¬b,�i �! ¬v
<latexit sha1_base64="hkPQRoKtaTT4C96cvq3Grhs9yaw="></latexit>

hb0,�i �! v0 hb1,�i �! v1
hb0 bop b1,�i �! v0 bop v1

Termination of expressions

<latexit sha1_base64="OPE42bZvYfAifjf6ZjgMiguNKk4=">AAAC2HicbVFLbxMxEPYurxJeKZwQF6sRUpFQtCkIuCBV5cIFKUj0IeIomvVOtlb9WGxv2shaxA1x4MK/43fwB/Ame+hrTp+/Gc83801eSeF8lv1N0hs3b92+s3G3d+/+g4eP+puPD5ypLcd9bqSxRzk4lELjvhde4lFlEVQu8TA/+dDmDxdonTD6i19WOFVQajEXHHykZv3f4+38BStwjt8omxsLUlLmRKmACc0U+OM8D5+a4X eGZ3EaR5nHM7/SDbmssQmL5lzlXlspQZcSaf6ya2TXbyaNLq0ojz1Ya06v6zTrD7Jhtgp6FYw6MCBdjGebyStWGF4r1J5LcG4yyio/DWC94BKbHqsdVsBPoMRJhBoUumlYqTb0ee3AG1qhpULSFYnnfwRQzi1VHivb/dzlXEtel5vUfv5uGoSuao+at0JeRAdaIcetiAdBWgiL3kM7OVKhKQcL3qMVFDiPZB0vdEHQeQV2aYu4lMZTbpQCXYT17ZqwuoBFGVheC1lERNki2mBF576JqjS8b5qmF20eXTb1KjjYGY7eDLPPrwe7e53hG+QZ2SLbZETekl3ykYzJPuHkX/I02UoG6df0R/oz/bUuTZPuzxNyIdI//wHvVun5</latexit>

P (b)
M
= 8� 2 M. 9v 2 B. hb,�i �! v

<latexit sha1_base64="rhbKsEA3apQZVzwePV1g+ad2UIc="></latexit>

8b. P (b) ?
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Base case

the only 
variable

<latexit sha1_base64="znOzuIGDg0OsF0QrridbbW605vU=">AAACQHicbVBNTxRBEO1BUVhRQY6EpOPGxNNmhoN6MSF48YiJCyTbE1LTU7t26O4Zuqsxm878Dq/6V/wX/gNuxCsne5Y98GGdXt6rqlf1qlYrT3n+J1t59Hj1ydO19cGzjecvXm5uvTryTXASx7LRjTupwKNWFsekSONJ6xBMpfG4OvvU68cX6Lxq7Feat1gamFk1VRIoUWUUfsoP5twFjd3p5jAf5YviD0GxBEO2rMPTrWxX1I 0MBi1JDd5PirylMoIjJdPCgQgeW5BnMMNJghYM+jIuru74m+CBGt6i40rzBYm3JyIY7+emSp0G6Ju/r/Xk/7RJoOmHMirbBkIreyNSGhdGXjqV4kBeK4dE0F+OXFkuwQEROsVBykSGlM9AWPwuG2PA1lHUOMXzLorez6GOogpK1wlxcZEedgrsLLmIJu3n8WPXdYMUaHE/vofgaG9UvBvlX/aG+wfLaNfYDnvN3rKCvWf77DM7ZGMm2Tn7wX6yX9nv7DK7yv7etK5ky5ltdqey639w3LBj</latexit>

By rule
<latexit sha1_base64="QKyvaTk70e7lqvz1H5jlIJL7dT4="></latexit>

we have

<latexit sha1_base64="/baxcNPdQ78IM/pj87OyQzXBR4I="></latexit>

8v 2 B. P (v)
<latexit sha1_base64="EiN9BnLgzFgSS4QRIeqSUCiHS38="></latexit>

Take a generic v 2 B
<latexit sha1_base64="hb5HcGA4rSd/JIbFqUgoKRWITnI=">AAAC13icbVHLbhMxFPUMrxIeTWGDxMY0RSoSiiZFAjZIFWxYBom0RXEU3fHcTK36MdiepJE1sEMs2PB5/AZfgCfJgj7u6vg+dI7PySspnM+yP0l64+at23e27nbu3X/wcLu78+jImdpyHHEjjT3JwaEUGkdeeIknlUVQucTj/OxDOz+eo3XC6M9+WeFEQanFTHDwsTXt/grMzegx0gVoT72hlTVzpHvD/fkLVuAMv1I2MxakpM yJUkH/G8PzqMtR5vHcrxSEXNbYhLqJQwm6lEjnL9frzK7fTBpdWlGeerDWLK473mum3V7Wz1ZFr4LBBvTIpobTneQVKwyvFWrPJTg3HmSVnwSwXnCJTYfVDivgZ1DiOEINCt0krHgb+rx20P4YLRWSrpr4/0UA5dxS5XFTgT91l2dt87rZuPazt5MgdFV71Lwl8iJ60BI5bkXMA2khLHoPrXKkQlMOFrxHKyhwHpt1DOgCofMK7NIW8VMaF9woBboI64yawFoVFmVgeS1kERFl82iDFRv/Y6qWhndN03SizYPLpl4FRwf9wet+9umgd/h+Y/gWeUp2yT4ZkDfkkHwkQzIinPxNniTPkt30S/o9/ZH+XK+myebmMblQ6e9/yxHoNA==</latexit>

We want to prove P (v)
M
= 8�. 9u. hv,�i �! u

<latexit sha1_base64="DfTpQqTreEPrxh3lAPdfk97AiTY=">AAACoXicbZFLb9NAEMfX5lXCK4UjQhqRIHFAkd0DcEGq4AIHpICatlI2isbribPKetfsrlNVlr8kN74JR9auD9Ayp//OY2fmN1mlpPNJ8iuKb92+c/fewf3Rg4ePHj8ZHz49daa2ghbCKGPPM3SkpKaFl17ReWUJy0zRWbb71MXP9mSdNPrEX1a0KrHQciMF+uBaj1XD3QZOcEeAUJAmKwVMuZNFiVxq4CX6bZY1X9spoM5BGO 1kThb8lqAwqEKyQl0ogv2bocz2b66MLqwsth6tNRdQT9v1eJLMkt7gpkgHMWGDzdeH0QueG1GXpL1Q6NwyTSq/atB6KRS1I147qlDssKBlkBpLcqumx9LCq9qhN1CFaaWC3kl/VzRYOndZZiGz29Jdj3XO/8WWtd+8XzVSV7UnLbpGXgYAXSMnrAy8CXJpyXvsJicIIAVa9D7gBRQiOOtwgBHXdCFMWQayDc9pQz/apiduKRwmq6XKgwK+DwtbeYWZm/A/NB/ath0FoOl1fDfF6dEsfTtLvh1Njj8OaA/Yc/aSvWYpe8eO2Wc2Zwsm2E/2O4qiOJ7EX+J5/P0qNY6GmmfsH4uXfwACjtAL</latexit>

Take a generic � 2 M and consider the goal hv,�i �! u

<latexit sha1_base64="duXna+L9B46zW/QSaCkFAMZ1USE="></latexit>

hv,�i �! v

<latexit sha1_base64="D4+2U+ByGLjKSQ/lcN0/a5FO98U="></latexit>

hv,�i �! u -[u=v] ⇤

<latexit sha1_base64="2gccFGT/jYrPtqxMgJp1rRPGUDg="></latexit>

And we are done (taking u = v)
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A surprising base case
<latexit sha1_base64="QtyVoJ4uwK/N+NdPgXwRSEUCHMQ="></latexit>

Take generic a0, a1
<latexit sha1_base64="vu8AQpIeK4j+Az6of8/TuhzO3iU="></latexit>

8a0, a1. P (a0 cmp a1)

<latexit sha1_base64="zjCBGAk8XyoN6oiFI+AoGYYmjFA=">AAADDXicfVLLjtMwFHXCayivDizZWHSQioSqZJCADdIINqxQkei0UlNVN85NxhrbCbbTTmWFX+Br2CEWbPgG/gYnrQTzEHd1dO71fZzjtBLc2Cj6HYTXrt+4eWvvdu/O3Xv3H/T3Hx6bstYMJ6wUpZ6lYFBwhRPLrcBZpRFkKnCanr5r89MVasNL9cluKlxIKBTPOQPrqWX/p0tMTqdI16AstSWtdLlCejAewjJKJNgTjcJ1wO SOyappYBk/SzLM8TNN8lKDEDQxvJAw+pLgmV/Z0MTime2Wc6mosXGrxicFqEIg/V/j59tOid6WJqJUhebFiQWty/VVfQ+aZX8QjaIu6GUQ78CA7GK83A9eJFnJaonKMgHGzOOosgsH2nImsOkltcEK2CkUOPdQgUSzcN3chj6tDbQ6oaZc0I7Ef184kMZsZOoru+Mu5lryqty8tvnrheOqqi0q1g6y3GvQDjJMc+8i0oxrtBbazZFyRRlosBY1p8CYJ2tv67mBxkrQG535oxSuWSklqMxt7WvcXx/SmovMI5qsvAya7/T3f0FT96Zpmp6XOb4o6mVwfDiKX46ij4eDo7c7wffIY/KEDElMXpEj8p6MyYSwYBh8CKbBLPwafgu/hz+2pWGwe/OInIvw1x9HdP7Z</latexit>

We want to prove P (a0 cmp a1)
M
= 8�. 9v. ha0 cmp a1,�i �! v

<latexit sha1_base64="7vpb/mmvgWb9CunKlJHwtzWI3oo=">AAACk3icbZDbahRBEIZ7x1NcTxvFKxEaN4IXsszkQgURQuKFN0IENwlsr0NNT+1skz6M3T0bQjNv50v4Ct7qA9gzGVAT6+rnr6qu/r+ilsL5NP0+Sq5dv3Hz1tbt8Z279+4/mGw/PHKmsRzn3EhjTwpwKIXGuRde4kltEVQh8bg4Pej6xxu0Thj92Z/XuFRQabESHHy08smXwNyKHhjtRImW+jXSyoCkO0yCriRSyFOmwK8tyt ALtwpc1W0LefaSOVEpYPZilEmjKyuqtQdrzRnd7LT5ZJrO0r7oVZENYkqGOsy3R09ZaXijUHsuwblFltZ+GcB6wSW2Y9Y4rIGfQoWLKDUodMvQg2jp88aBN7SOSYSkvYl/bwRQzp2rIk72US73OvN/vUXjV2+WQei68ah5d8iLmLg75LgVkTDSUlj0HrqfIxWacrDgPVpBgfNoNhH5mGk840Yp0GVgJa7waxv+8C0aIcuoKNvEwFYMXE18n4Z3bduOI9DsMr6r4mh3lr2apZ92p3v7A9ot8oQ8Iy9IRl6TPfKBHJI54eQb+UF+kl/J4+Rtsp+8vxhNRsPOI/JPJR9/A3LNzZQ=</latexit>

Consider the goal ha0 cmp a1,�i �! v

<latexit sha1_base64="znOzuIGDg0OsF0QrridbbW605vU=">AAACQHicbVBNTxRBEO1BUVhRQY6EpOPGxNNmhoN6MSF48YiJCyTbE1LTU7t26O4Zuqsxm878Dq/6V/wX/gNuxCsne5Y98GGdXt6rqlf1qlYrT3n+J1t59Hj1ydO19cGzjecvXm5uvTryTXASx7LRjTupwKNWFsekSONJ6xBMpfG4OvvU68cX6Lxq7Feat1gamFk1VRIoUWUUfsoP5twFjd3p5jAf5YviD0GxBEO2rMPTrWxX1I 0MBi1JDd5PirylMoIjJdPCgQgeW5BnMMNJghYM+jIuru74m+CBGt6i40rzBYm3JyIY7+emSp0G6Ju/r/Xk/7RJoOmHMirbBkIreyNSGhdGXjqV4kBeK4dE0F+OXFkuwQEROsVBykSGlM9AWPwuG2PA1lHUOMXzLorez6GOogpK1wlxcZEedgrsLLmIJu3n8WPXdYMUaHE/vofgaG9UvBvlX/aG+wfLaNfYDnvN3rKCvWf77DM7ZGMm2Tn7wX6yX9nv7DK7yv7etK5ky5ltdqey639w3LBj</latexit>

By rule
<latexit sha1_base64="QKyvaTk70e7lqvz1H5jlIJL7dT4="></latexit>

we have
<latexit sha1_base64="SRnJSWlU1UDc/Zvk2n1qZ1jn8hc="></latexit>

ha0,�i �! n0 ha1,�i �! n1

ha0 cmp a1,�i �! n0 cmp n1

<latexit sha1_base64="5WirDjfBnZCwz67WI/UxLaA/p5k=">AAACi3icbVBNaxRBEO0dPxJXYzZ6FKFxI3gIy0wEFVEIEcFjBHcT2F6Gnp6a3SbdPZPumpil6X/mH/HqVX+EPeMeNLFOj/eq6lW9olHSYZp+HyS3bt+5u7V9b3j/wc7D3dHeo5mrWytgKmpV27OCO1DSwBQlKjhrLHBdKDgtzj90+uklWCdr8wXXDSw0XxpZScExUvlo5pmr6PGaMoQr7Pd5C2XwCFZL03fRuqLcSlxpQCkoXE UH12104YBS14oV3Td5emDybD+q8eiQj8bpJO2L3gTZBozJpk7yvcFTVtai1WBQKO7cPEsbXHhuo6WCMGStg4aLc76EeYSGa3AL3x8c6PPWcaxpA5ZKRXsS/p7wXDu31kXs1BxX7rrWkf/T5i1WbxZemqZFMKIzQqmgN3LCypgs0FJaQOTd5UCloYJbjjE+SbkQkWxjiENm4Kuoteam9KyECi6CZ52fBeVZ0UpVRkTZZXzYSm6W0YXVcT/170MIwxhodj2+m2B2OMleTdLPh+Oj40202+QJeUZekIy8JkfkEzkhUyLIN/KD/CS/kp3kZfI2efenNRlsZh6Tfyr5+Bti18nt</latexit>

By termination of arithmetic expressions, such n0, n1 exist
<latexit sha1_base64="w3TVPP7KFI1OgjWfAF2ea9+myFs="></latexit>

And we are done (taking v = n0 cmp n1)

<latexit sha1_base64="P8XAPfPyFFjC0JzLwXBncrwu3LE="></latexit>

ha0 cmp a1,�i �! v -[v=n0 cmp n1] ha0,�i �! n0, ha1,�i �! n1
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Proof obligations
try to complete on your own  
the missing inductive cases of the proof

<latexit sha1_base64="TqvrG9a7cmQ2bfm6JAkYGh7rE00="></latexit>

8b. P (b) ) P (¬b)

<latexit sha1_base64="kD0x2QhxDKly8FVLIHPAk5KdaTY="></latexit>

8b0, b1. (P (b0) ^ P (b1)) ) P (b0 bop b1)



Commands
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Commands

<latexit sha1_base64="rfnRIjoNVdL0FVOIt1p8rq7Ktj4="></latexit>

⌃✏,Bexp
M
= B

<latexit sha1_base64="EfKv9eA6wlGPuDeVqaVtWoWzWaI="></latexit>

⌃Bexp,Bexp
M
= {¬}

<latexit sha1_base64="RCcuf/eLFKqSdi/qpu1R15Mwvqk="></latexit>

⌃AexpAexp,Bexp
M
= {<,, >,�,=, 6=}

<latexit sha1_base64="0HvBRIYxQYwkmCVKezW5e+jBWoU="></latexit>

⌃BexpBexp,Bexp
M
= {^,_}

<latexit sha1_base64="lQfFbsu4+ZJXjn2PNH5Cw/Csbs0="></latexit>

⌃AexpAexp,Aexp
M
= {+,⇥,�}

<latexit sha1_base64="+pmprMTGBS4WBApZwu9/M7TsVPg="></latexit>

⌃✏,Aexp
M
= Ide [ Z

<latexit sha1_base64="0W3KPan5x3jM7L02BOPZYz0mp3Q="></latexit>

a ::= x | n | a+ a | · · ·
<latexit sha1_base64="6a3FRes8fia4Pro0I/J9zB841pg="></latexit>

b ::= v | a  a | · · ·
<latexit sha1_base64="JX0a94SSJYmvYiuQTT03lxLb9dg="></latexit>

c ::= skip | x := a | c ; c | if b then c else c | while b do c

<latexit sha1_base64="Bj6h309DRHm7cPiMhAwHebsR2GA="></latexit>

⌃✏,Com
M
= {skip}

<latexit sha1_base64="2YniCCM95bUNP4sYlUOaDBo86Ng="></latexit>

S
M
= {Aexp,Bexp,Com}

<latexit sha1_base64="lbGCxRP8RP6eo9FJHVtNCM35CRs="></latexit>

⌃Aexp,Com
M
= {x := | x 2 Ide}

<latexit sha1_base64="2uiNw/mgjeAf+PK0rPNf47kUB6k="></latexit>

⌃ComCom,Com
M
= { ; }

<latexit sha1_base64="rbMyMpoLKmfHmegi/mauzbG0168="></latexit>

⌃BexpComCom,Com
M
= { if }

<latexit sha1_base64="+0QCarntbn+GqMEyxAZzQaP4WqQ="></latexit>

⌃BexpCom,Com
M
= {while }
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Big-step operational 
semantics of commands

   (the evaluation of  in  returns the integer )⟨a, σ⟩ ⟶ n a σ n

   (the evaluation of  in  returns the Boolean )⟨b, σ⟩ ⟶ v b σ v

  (the evaluation of  in  returns the memory )⟨c, σ⟩ ⟶ σ′ c σ σ′ 
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Memories
<latexit sha1_base64="stErxp++IRRhryIppYUJ042eLFk="></latexit>

M M
= {� : Ide ! Z | � has finite support }

<latexit sha1_base64="QXgDBcBZHldYmQHnl5Lyp5yW7Tc="></latexit>

{x 2 Ide | �(x) 6= 0} is finite

<latexit sha1_base64="nN3RIPq2eTOFW++Bib7bwPUCIsQ="></latexit>

(n1/x1, ..., nk/xk) : Ide ! Z

<latexit sha1_base64="oqPZ2qguGfhjUGFNmNSZhuxs6ac="></latexit>

(n1/x1, ..., nk/xk)(x)
M
=

⇢
ni if x = xi

0 otherwise

<latexit sha1_base64="0PqYm60cnVdlUUow/R9u+qPPG64="></latexit>

�0
M
= () is the typical initial memory

all different
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Memory updates
<latexit sha1_base64="cnqjrp4AzwqILtGkyGWxTo19yHk="></latexit>

�[n/y](x)
M
=

⇢
n if x = y
�(x) otherwise

<latexit sha1_base64="XEpixzgTLWFGiICAR7hu6S7SqrM="></latexit>

(n1/x1, ..., nk/xk) = �0[n1/x1, ..., nk/xk]

<latexit sha1_base64="9tthzKyTLZGLXZ7UcRtYi66GlZE="></latexit>

y 6= z ) �[n/y][m/z] = �[m/z][n/y]

<latexit sha1_base64="6a+LT0xSeL1rfgcyQ9PVRwAcS1g="></latexit>

�[m/y][n/y] = �[n/y]
<latexit sha1_base64="bCUchTUwtqD/b5ftMzfEF3KzsxM="></latexit>

�[m/y][n/y](x)
M
=

⇢
n if x = y
�[m/y](x) = �(x) otherwise

<latexit sha1_base64="px9Jddm3MS8pzOJQRyzL7LSCzlg="></latexit>

we write �[n/y,m/z] in such cases

<latexit sha1_base64="woP5gHWiz/D/om3L9Nc2tTris+o=">AAACYHicbVDLbhNBEBwvL2MesUFc4DLCQuJgWbuAgAtSBBeOQcJJJI9l9c62zSjzWGZ6g6zRfkyu4Yu45ksya3wgCX0qVXWrqqustQqU53962a3bd+7e698fPHj46PHecPTkMLjGS5xJp50/LiGgVhZnpEjjce0RTKnxqDz50ulHp+iDcvY7bWpcGFhbtVISKFHL4TOxch605iKotYGJmdjJZrocjvNpvh1+ExQ7MGa7OViOem 9F5WRj0JLUEMK8yGtaRPCkpMZ2IJqANcgTWOM8QQsGwyJu87f8VROAHK/Rc6X5lsR/LyKYEDamTJsG6Ee4rnXk/7R5Q6uPi6hs3RBa2RmR0rg1CtKrVAzySnkkgi45cmW5BA9E6BUHKRPZpKauGAYy4De+Sk9Z/CWdMWCrKCpc4c82ii6FRx1F2ShdJcTFaarBK7Dr5C1ccuXxU9u2g1Rzcb3Um+DwzbR4P82/vRvvf94V3mcv2Ev2mhXsA9tnX9kBmzHJIjtj5+x37yLrZ3vZ6O9q1tvdPGVXJnt+CVqfuOo=</latexit>

8�,m, n, y.

<latexit sha1_base64="ODgRhnQ345zj2IJhTxn4fb4KOPc=">AAACYnicbVDLThtBEBxvXuC8bDhwSA6jWJFysKxdEoVckFBy4QhSDEgey+qdbTsj5rGZ6QU5q/2aXOGDcs+HMGt8CJA6laq6Vd2Vl1oFStM/neTR4ydPn21sdp+/ePnqda+/dRJc5SWOpdPOn+UQUCuLY1Kk8az0CCbXeJqff2v90wv0QTn7nZYlTg0srJorCRSlWW9HzJ0HrbkIamFgaIZ2uBz+Gs16g3SUrsAfkmxNBmyNo1 m/81EUTlYGLUkNIUyytKRpDZ6U1Nh0RRWwBHkOC5xEasFgmNarDxr+vgpAjpfoudJ8JeK/GzWYEJYmj5MG6Ee477Xi/7xJRfMv01rZsiK0sg0ipXEVFKRXsRrkhfJIBO3lyJXlEjwQoVccpIxiFbu6ExjIgF/6Ij5l8VI6Y8AWtShwjj+bWrRXeNS1yCuli8i4uIg1eAV2EbOFi6m83m+aphtrzu6X+pCc7I6yz6P0+NPg4Ou68A32hr1jH1jG9tgBO2RHbMwka9hvdsWuO3+TbtJPtm9Hk856Z5vdQfL2BvBCuaQ=</latexit>

8�,m, n, y, z.
<latexit sha1_base64="9tthzKyTLZGLXZ7UcRtYi66GlZE="></latexit>

y 6= z ) �[n/y][m/z] = �[m/z][n/y]
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Semantics of commands
<latexit sha1_base64="JX0a94SSJYmvYiuQTT03lxLb9dg="></latexit>

c ::= skip | x := a | c ; c | if b then c else c | while b do c

<latexit sha1_base64="rhFZcxADzmFkdEOvGb7VHSzUBRs="></latexit>

hskip,�i �! �

<latexit sha1_base64="gA+h0VkpMmCdXXaCeMPDWJo+YzM="></latexit>

ha,�i �! n

hx := a,�i �! �[n/x]

<latexit sha1_base64="GpttSfyoUsAo/ALOndk0J29SJo0="></latexit>

hc0,�i �! �00 hc1,�00i �! �0

hc0 ; c1,�i �! �0

<latexit sha1_base64="NK4mskmkQjSrtKTyNQsV3hYKnkk="></latexit>

hb,�i �! ↵ hc1,�i �! �0

hif b then c0 else c1,�i �! �0

<latexit sha1_base64="xee7mNnZvoR365kDKE7+qn1JYfM="></latexit>

hb,�i �! tt hc0,�i �! �0

hif b then c0 else c1,�i �! �0

<latexit sha1_base64="JfDJd6rcf7BLbNxsC34hgxI09/0="></latexit>

hb,�i �! ↵

hwhile b do c,�i �! �

<latexit sha1_base64="sNALkjWUV+BBNU6YcoawIKswkF4="></latexit>

hb,�i �! tt hc,�i �! �00 hwhile b do c,�00i �! �0

hwhile b do c,�i �! �0
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Multiple rules for the 
same construct!

<latexit sha1_base64="m8r7litemvt0HOGXY35se29naAA="></latexit>

hx,�i �! �(x)
<latexit sha1_base64="R/2xXiqU1mHGbDvmDQUdZpCoJn4="></latexit>

hn,�i �! n

<latexit sha1_base64="BYPObDvcUmLjFmiC9V30MtCllLU="></latexit>

ha0,�i �! n0 ha1,�i �! n1

ha0 op a1,�i �! n0 op n1

<latexit sha1_base64="duXna+L9B46zW/QSaCkFAMZ1USE="></latexit>

hv,�i �! v

<latexit sha1_base64="SRnJSWlU1UDc/Zvk2n1qZ1jn8hc="></latexit>

ha0,�i �! n0 ha1,�i �! n1

ha0 cmp a1,�i �! n0 cmp n1

<latexit sha1_base64="3IqxmbwDZq+1Upz+STZte7eDRIQ="></latexit>

hb,�i �! v

h¬b,�i �! ¬v
<latexit sha1_base64="hkPQRoKtaTT4C96cvq3Grhs9yaw="></latexit>

hb0,�i �! v0 hb1,�i �! v1
hb0 bop b1,�i �! v0 bop v1

<latexit sha1_base64="rhFZcxADzmFkdEOvGb7VHSzUBRs="></latexit>

hskip,�i �! �

<latexit sha1_base64="gA+h0VkpMmCdXXaCeMPDWJo+YzM="></latexit>

ha,�i �! n

hx := a,�i �! �[n/x]

<latexit sha1_base64="GpttSfyoUsAo/ALOndk0J29SJo0="></latexit>

hc0,�i �! �00 hc1,�00i �! �0

hc0 ; c1,�i �! �0

<latexit sha1_base64="NK4mskmkQjSrtKTyNQsV3hYKnkk="></latexit>

hb,�i �! ↵ hc1,�i �! �0

hif b then c0 else c1,�i �! �0

<latexit sha1_base64="xee7mNnZvoR365kDKE7+qn1JYfM="></latexit>

hb,�i �! tt hc0,�i �! �0

hif b then c0 else c1,�i �! �0

<latexit sha1_base64="JfDJd6rcf7BLbNxsC34hgxI09/0="></latexit>

hb,�i �! ↵

hwhile b do c,�i �! �

<latexit sha1_base64="sNALkjWUV+BBNU6YcoawIKswkF4="></latexit>

hb,�i �! tt hc,�i �! �00 hwhile b do c,�00i �! �0

hwhile b do c,�i �! �0
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Recursive definition!

<latexit sha1_base64="sNALkjWUV+BBNU6YcoawIKswkF4="></latexit>

hb,�i �! tt hc,�i �! �00 hwhile b do c,�00i �! �0

hwhile b do c,�i �! �0

one premise is as complex 
as the conclusion

<latexit sha1_base64="m8r7litemvt0HOGXY35se29naAA="></latexit>

hx,�i �! �(x)
<latexit sha1_base64="R/2xXiqU1mHGbDvmDQUdZpCoJn4="></latexit>

hn,�i �! n

<latexit sha1_base64="BYPObDvcUmLjFmiC9V30MtCllLU="></latexit>

ha0,�i �! n0 ha1,�i �! n1

ha0 op a1,�i �! n0 op n1

<latexit sha1_base64="duXna+L9B46zW/QSaCkFAMZ1USE="></latexit>

hv,�i �! v

<latexit sha1_base64="SRnJSWlU1UDc/Zvk2n1qZ1jn8hc="></latexit>

ha0,�i �! n0 ha1,�i �! n1

ha0 cmp a1,�i �! n0 cmp n1

<latexit sha1_base64="3IqxmbwDZq+1Upz+STZte7eDRIQ="></latexit>

hb,�i �! v

h¬b,�i �! ¬v
<latexit sha1_base64="hkPQRoKtaTT4C96cvq3Grhs9yaw="></latexit>

hb0,�i �! v0 hb1,�i �! v1
hb0 bop b1,�i �! v0 bop v1

<latexit sha1_base64="rhFZcxADzmFkdEOvGb7VHSzUBRs="></latexit>

hskip,�i �! �

<latexit sha1_base64="gA+h0VkpMmCdXXaCeMPDWJo+YzM="></latexit>

ha,�i �! n

hx := a,�i �! �[n/x]

<latexit sha1_base64="GpttSfyoUsAo/ALOndk0J29SJo0="></latexit>

hc0,�i �! �00 hc1,�00i �! �0

hc0 ; c1,�i �! �0

<latexit sha1_base64="NK4mskmkQjSrtKTyNQsV3hYKnkk="></latexit>

hb,�i �! ↵ hc1,�i �! �0

hif b then c0 else c1,�i �! �0

<latexit sha1_base64="xee7mNnZvoR365kDKE7+qn1JYfM="></latexit>

hb,�i �! tt hc0,�i �! �0

hif b then c0 else c1,�i �! �0

<latexit sha1_base64="JfDJd6rcf7BLbNxsC34hgxI09/0="></latexit>

hb,�i �! ↵

hwhile b do c,�i �! �
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Triangular numbers
<latexit sha1_base64="1ObEtLg+MYRKILLYCAHsA/V1qnA="></latexit>

T1

<latexit sha1_base64="CEY44/Fq7xkhC0wrD8TKzcH/IHw="></latexit>

T2

<latexit sha1_base64="TmaSq1VjIA10em/+PpbUu2btf1o="></latexit>

T3

<latexit sha1_base64="ydHRNi6LYW36QcFlkjB7gUQF7CA="></latexit>

T4

<latexit sha1_base64="ghljUW1YfFbQMOp0rxLBd7sWXGA="></latexit>

T5

<latexit sha1_base64="ytTS6Q7IF1fzn8Id1apisNSIFLc="></latexit>

1

<latexit sha1_base64="Yxkcb4AKT0MrEMhHFsvRiyYIgKU="></latexit>

3

<latexit sha1_base64="WkXe8LTxfFRwmtrqg/wXnjzJZkw="></latexit>

6

<latexit sha1_base64="tqFMjLh+TAy9y7vmXVuYVdFRtiA="></latexit>

10

<latexit sha1_base64="efy51fp6z22oFLj59ugXFEzPtJc="></latexit>

15

<latexit sha1_base64="R7kEUyqdxs8nkkI62q+2jtZuVX0="></latexit>

k

<latexit sha1_base64="UkJMSro8S5V1PBEOAuggE8zIBm0="></latexit>

k + 1

<latexit sha1_base64="t/93xgQIU129iCKky2Tw0skdQ2A="></latexit>

Tk
M
=

kX

i=1

i =
k(k + 1)

2

<latexit sha1_base64="t/93xgQIU129iCKky2Tw0skdQ2A="></latexit>

Tk
M
=

kX

i=1

i =
k(k + 1)

2
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Compute Tk without div
<latexit sha1_base64="4xnrGs/k5FxgHc/KLDQGYKe3GJ8="></latexit>c0

<latexit sha1_base64="uZtLZPXparg6kBH2tLerVMS3I4E="></latexit>c1

<latexit sha1_base64="GSFYnuYR6NHxes4Eq6Vu/0E1BHQ="></latexit>w
<latexit sha1_base64="sLlLq40LdQ7TO9FB3pK1O9hdaFk="></latexit>c2

<latexit sha1_base64="MsvgHzzU30LUtaSkVeqaYiPaTm4="></latexit>c3

<latexit sha1_base64="BiXJK/lWzmUUs2lg5BXhZSoGBrQ="></latexit>

{

<latexit sha1_base64="BiXJK/lWzmUUs2lg5BXhZSoGBrQ="></latexit>

{

<latexit sha1_base64="BiXJK/lWzmUUs2lg5BXhZSoGBrQ="></latexit>

{
<latexit sha1_base64="BiXJK/lWzmUUs2lg5BXhZSoGBrQ="></latexit>

{
<latexit sha1_base64="hoRzBjtrLYBbI0VboX3rhTIlXHs="></latexit>c

<latexit sha1_base64="B4QpwDPC1GcCYsgnHz2P53mdUxE="></latexit>

b

<latexit sha1_base64="QeR1R+//MIK1JZ/pRg8S1l5Rvbk="></latexit>

t := 0;
i := 1;
while i  k do (

t := t+ i;
i := i+ 1 )

<latexit sha1_base64="9snm4tEkudlNOtvRsP/6/hyDDWE="></latexit>

let’s find � such that h(c0; c1);w, (2/k)i �! �

<latexit sha1_base64="E19CVzR9z9RLMrr+a9UWg2vcEVM="></latexit>

let’s find �0,� such that

⇢
hc0; c1, (2/k)i �! �0

hw,�0i �! �

initial memory
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<latexit sha1_base64="iwtUC8IymqDyz50PqJnvrAmgDzQ="></latexit>

-n2=1 ⇤

<latexit sha1_base64="USv74uzNibDgPU1iQoWxYRkL5yc="></latexit>

let’s find �0 such that hc0; c1, (2/k)i �! �0

<latexit sha1_base64="7lpnYR1nO1cZWtMDzMz3btSqo60="></latexit>

hc0; c1, (2/k)i �! �0

<latexit sha1_base64="qpcFCVOT9Lv48w83TtgxsdECSvA="></latexit>

- ht := 0, (2/k)i �! �1, hi := 1,�1i �! �0
<latexit sha1_base64="N71km9QKIo9cg1JlPNOoUxmRAsA="></latexit>

-�1=(2/k)[n1/t] h0, (2/k)i �! n1, hi := 1, (2/k, n1/t)i �! �0

<latexit sha1_base64="9G4Jw2kaxdDUKrbmsvmK1yfFEUw="></latexit>

-n1=0 hi := 1, (2/k, 0/t)i �! �0
<latexit sha1_base64="e/MSgRcTTDPOMI1vrzWOz7vFXWY="></latexit>

-�0=(2/k,0/t)[n2/i] h1, (2/k, 0/t)i �! n2
<latexit sha1_base64="N7s3oIsmMWiqrRMFYOmA8OZIvlc="></latexit>

�0 = (2/k, 0/t, 1/i)
<latexit sha1_base64="9frT9OsyAMpKJUqcagzpo4mU89w="></latexit>

more concisely: hc0; c1, (2/k)i �! �0
<latexit sha1_base64="jK8vwSjx8bLSwlFWvqa9Ll9wCKw="></latexit>

-⇤
�0=(2/k,0/t,1/i) ⇤

<latexit sha1_base64="4xnrGs/k5FxgHc/KLDQGYKe3GJ8="></latexit>c0
<latexit sha1_base64="uZtLZPXparg6kBH2tLerVMS3I4E="></latexit>c1

<latexit sha1_base64="GSFYnuYR6NHxes4Eq6Vu/0E1BHQ="></latexit>w
<latexit sha1_base64="sLlLq40LdQ7TO9FB3pK1O9hdaFk="></latexit>c2

<latexit sha1_base64="MsvgHzzU30LUtaSkVeqaYiPaTm4="></latexit>c3

<latexit sha1_base64="BiXJK/lWzmUUs2lg5BXhZSoGBrQ="></latexit>

{

<latexit sha1_base64="BiXJK/lWzmUUs2lg5BXhZSoGBrQ="></latexit>

{

<latexit sha1_base64="BiXJK/lWzmUUs2lg5BXhZSoGBrQ="></latexit>

{
<latexit sha1_base64="BiXJK/lWzmUUs2lg5BXhZSoGBrQ="></latexit>

{
<latexit sha1_base64="hoRzBjtrLYBbI0VboX3rhTIlXHs="></latexit>c

<latexit sha1_base64="B4QpwDPC1GcCYsgnHz2P53mdUxE="></latexit>

b

<latexit sha1_base64="nBO+QfELoXG/OKF9zDQ9Y/KWvyI="></latexit>

�
M
= (2/n)

<latexit sha1_base64="QeR1R+//MIK1JZ/pRg8S1l5Rvbk="></latexit>

t := 0;
i := 1;
while i  k do (

t := t+ i;
i := i+ 1 )

Let’s derive
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Let’s derive
<latexit sha1_base64="877lYG+Z067VY/HOMqhQhuYVg2w=">AAACpnicbZHPbhMxEMad5V8Jf5rCkYtFgghSlOymUuGCVMGFEyoSaSrFUZj1TjZWvN7Fnm0UrfbheAyegCu8Ad40B9oyp0/fjP2Nf44LrRyF4c9WcOfuvfsPDh62Hz1+8vSwc/Ts3OWllTiRuc7tRQwOtTI4IUUaLwqLkMUap/H6Y9OfXqJ1KjdfaVvgPIPUqKWSQN5adGaVcEuukV47vlQm4T3hVJpBj7tSrjitgHi7JzSYVC PfDPrj0XoQjmgQjdQbYXe20LlJrUpXBNbmG76/oV50uuEw3BW/LaK96LJ9nS2OWsciyWWZoSGpwblZFBY0r8CSkhrrtigdFiDXkOLMSwMZunm1o1DzV6UDynmBlivNdyb+e6KCzLltFvvJDGjlbvYa83+9WUnLd/NKmaIkNLIJIuVhNEFOWuXxIk+URSJoNkeuDJdggQit4iClN0vP+1qgowzs1ib+UQY3Ms8yMEklElzi97oSzRYWdSXiUunEKy4uPQarrj5C5D6VV+/rum57zNFNqLfF+XgYnQzDL+Pu6Yc98AP2gr1kfRaxt+yUfWJnbMIk+8F+sd/sT9APPgeTYHo1GrT2Z56zaxV8+wuzHNJo</latexit>

let’s find � such that hw, (2/k, 0/t, 1/i)i �! �
<latexit sha1_base64="4xnrGs/k5FxgHc/KLDQGYKe3GJ8="></latexit>c0

<latexit sha1_base64="uZtLZPXparg6kBH2tLerVMS3I4E="></latexit>c1

<latexit sha1_base64="GSFYnuYR6NHxes4Eq6Vu/0E1BHQ="></latexit>w
<latexit sha1_base64="sLlLq40LdQ7TO9FB3pK1O9hdaFk="></latexit>c2

<latexit sha1_base64="MsvgHzzU30LUtaSkVeqaYiPaTm4="></latexit>c3

<latexit sha1_base64="BiXJK/lWzmUUs2lg5BXhZSoGBrQ="></latexit>

{

<latexit sha1_base64="BiXJK/lWzmUUs2lg5BXhZSoGBrQ="></latexit>

{

<latexit sha1_base64="BiXJK/lWzmUUs2lg5BXhZSoGBrQ="></latexit>

{
<latexit sha1_base64="BiXJK/lWzmUUs2lg5BXhZSoGBrQ="></latexit>

{
<latexit sha1_base64="hoRzBjtrLYBbI0VboX3rhTIlXHs="></latexit>c

<latexit sha1_base64="B4QpwDPC1GcCYsgnHz2P53mdUxE="></latexit>

b

<latexit sha1_base64="nBO+QfELoXG/OKF9zDQ9Y/KWvyI="></latexit>

�
M
= (2/n)

<latexit sha1_base64="QeR1R+//MIK1JZ/pRg8S1l5Rvbk="></latexit>

t := 0;
i := 1;
while i  k do (

t := t+ i;
i := i+ 1 )<latexit sha1_base64="mwhELj6ON1GUA9/002z8nEzMIfs="></latexit>

hw, (2/k, 0/t, 1/i)i �! �
<latexit sha1_base64="iJtB59dsQs0lYYCRkyvZZSEZowM="></latexit>

- hb, (2/k, 0/t, 1/i)i �! tt, hc, (2/k, 0/t, 1/i)i �! �1, hw,�1i �! �
<latexit sha1_base64="1NnqQvqslGCDDDV5Zx/IsXChWUw="></latexit>

-⇤ hc, (2/k, 0/t, 1/i)i �! �1, hw,�1i �! �
<latexit sha1_base64="4SPq8oyKwsOhwiY6k1diUC5H0yE="></latexit>

-⇤
�1=(2/k,0/t,1/i)[1/t,2/i] hw, (2/k, 1/t, 2/i)i �! �

<latexit sha1_base64="228tGGSgDzfidlI7FGwzr6oAEKE="></latexit>

- hb, (2/k, 1/t, 2/i)i �! tt, hc, (2/k, 1/t, 2/i)i �! �2, hw,�2i �! �
<latexit sha1_base64="NsDBBK8CO3158BOtEi8advzcxVA="></latexit>

-⇤ hc, (2/k, 1/t, 2/i)i �! �2, hw,�2i �! �

<latexit sha1_base64="sJ+z683r26Fbz7hXFG+pJHsMu1s="></latexit>

-�=(2/k,3/t,3/i) hb, (2/k, 3/t, 3/i)i �! ↵
<latexit sha1_base64="mEGBoKOuUcni5BCp7an1HxYW1lg="></latexit>

� = (2/k, 3/t, 3/i)<latexit sha1_base64="5yIG8Wu6zV9Tdr4C5+LrpTzw5lI=">AAACWnicbVDLbhNBEBwvr8QB4gA3LiMsJMTB2oUIuCBF4cIxSDiJ5DFW72zbjDKPzUxPjLXaL8k1fBQSH8Os8YEk9KlU1a2qrrLWKlCe/+pld+7eu/9ga7u/8/DR493B3pPj4KKXOJZOO39aQkCtLI5JkcbT2iOYUuNJefap008u0Afl7Fda1Tg1sLBqriRQomaDXWGX4L1bfnvNxaH7MRsM81G+Hn4bFBswZJs5mu313orKyW jQktQQwqTIa5o24ElJjW1fxIA1yDNY4CRBCwbDtFknb/nLGIAcr9FzpfmaxH8vGjAhrEyZNg3Q93BT68j/aZNI8w/TRtk6ElrZGZHSuDYK0qtUCfJKeSSCLjlyZbkED0ToFQcpExlTR9cMAxnwK1+lpywupTMGbNWICud43jaiS+FRN6KMSlcJcXGRavAK7CJ5C5dcefOxbdt+qrm4WeptcPxmVLwb5V/2hweHm8K32HP2gr1iBXvPDthndsTGTLLILtkV+9n7nWXZdrbzdzXrbW6esmuTPfsD1vq22A==</latexit>

-⇤ ⇤

<latexit sha1_base64="XFgSoTB2YcT8zbdH/MKqdTLGM+o="></latexit>

-⇤
�2=(2/k,1/t,2/i)[3/t,3/i] hw, (2/k, 3/t, 3/i)i �! �
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Termination of commands?
<latexit sha1_base64="JX0a94SSJYmvYiuQTT03lxLb9dg="></latexit>

c ::= skip | x := a | c ; c | if b then c else c | while b do c

<latexit sha1_base64="rhFZcxADzmFkdEOvGb7VHSzUBRs="></latexit>

hskip,�i �! �

<latexit sha1_base64="gA+h0VkpMmCdXXaCeMPDWJo+YzM="></latexit>

ha,�i �! n

hx := a,�i �! �[n/x]

<latexit sha1_base64="GpttSfyoUsAo/ALOndk0J29SJo0="></latexit>

hc0,�i �! �00 hc1,�00i �! �0

hc0 ; c1,�i �! �0

<latexit sha1_base64="NK4mskmkQjSrtKTyNQsV3hYKnkk="></latexit>

hb,�i �! ↵ hc1,�i �! �0

hif b then c0 else c1,�i �! �0

<latexit sha1_base64="xee7mNnZvoR365kDKE7+qn1JYfM="></latexit>

hb,�i �! tt hc0,�i �! �0

hif b then c0 else c1,�i �! �0

<latexit sha1_base64="JfDJd6rcf7BLbNxsC34hgxI09/0="></latexit>

hb,�i �! ↵

hwhile b do c,�i �! �

<latexit sha1_base64="sNALkjWUV+BBNU6YcoawIKswkF4="></latexit>

hb,�i �! tt hc,�i �! �00 hwhile b do c,�00i �! �0

hwhile b do c,�i �! �0

<latexit sha1_base64="yhnAab2btvqvparqm+QZIjJh9iY=">AAACwHicbVFNb9NAEF27fJSUjxSOXFZEiCKhyC4IuCBV7YULUpBIWykbReP1xFl1P9zddUtqmf9Z9c90nRiJpszp7Xs7ejNvslIK55PkOoq3Hjx89Hj7SW/n6bPnL/q7L4+dqSzHMTfS2NMMHEqhceyFl3haWgSVSTzJzo5a/eQCrRNG//LLEqcKCi3mgoMP1Kxfjfb4e5bjHM8pmxsLUlLmRKGACc0U+EWW1T+a4R+Gv8M0rh PfbaoSdCGR8g9ds12/mTS6sKJYeLDWXP7tnvUHyTBZFb0P0g4MSFej2W70keWGVwq15xKcm6RJ6ac1WC+4xKbHKocl8DMocBKgBoVuWq/yaejbyoE3tERLhaQrEv/tqEE5t1RZ+Nnu5Da1lvyfNqn8/Ou0FrqsPGreGnkRtm6NHLciBI80Fxa9h3ZypEJTDha8RysocB7IKlzijqHzCuzS5mEpjZfcKAU6r9c3aupV6hZlzbJKyDwgyi5CDFZ0iZvgSutvTdP0QszpZqj3wfH+MP08TH5+GhwcdoFvk9fkDdkjKflCDsh3MiJjwslNFEW9aCc+jBexic/XX+Oo63lF7lR8dQu8LN2i</latexit>

P (c)
M
= 8� 2 M. 9�0 2 M. hc,�i �! �0 <latexit sha1_base64="CpzGgsJmTC9OigJ5NEnt/19uODE="></latexit>

8c. P (c) ?
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Termination?
<latexit sha1_base64="CpzGgsJmTC9OigJ5NEnt/19uODE="></latexit>

8c. P (c) ?
<latexit sha1_base64="RvuVPZ9G5jnKOZKIXfhWJY/jKyw="></latexit>

P (c)
M
= 8�. 9�0. hc,�i �! �0

<latexit sha1_base64="NsHl8EXqVGquwoh3Xcd0ISW2sxM="></latexit>

take w
M
= while tt do skip

<latexit sha1_base64="RI4Z+kGD3pr57GQCFyxh67m4G+M="></latexit>

hw,�i �! �0

<latexit sha1_base64="BA/wcy3Z+smPckU2giqPTzwVnyU="></latexit>

- htt,�i �! tt, hskip,�i �! �00, hw,�00i �! �0

<latexit sha1_base64="qRKNtcjGK68H8VUl1iXvEhHPcXo="></latexit>

- hskip,�i �! �00, hw,�00i �! �0

<latexit sha1_base64="V6W+Hyz0cGo368kezUCH55vUrHM="></latexit>

-�00=� hw,�i �! �0
same goal from which we started! 
no other options: 
no way to complete the derivation!

<latexit sha1_base64="34vhWOU+A9LQlnCjnBZlwPCHrIQ="></latexit>

¬P (w) we have found a counterexample to termination

<latexit sha1_base64="mTYwcd19Ga1tT7+p9EEun+JkqMA="></latexit>

htt,�i 6�!↵
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Divergence

<latexit sha1_base64="aMFUF2tXmtxf6ZHGWPF3fSB5rN0="></latexit>

and we say that c diverges on �

<latexit sha1_base64="3w9LvT20hMg95WES+3ttxwdLdfI="></latexit>

hc,�i 6�! means ¬9�0. hc,�i �! �0

sometimes divergence is very difficult to detect 
(well… it is undecidable)
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Divergence
<latexit sha1_base64="locgHiJYXoR7r+DnEpXoAfk76Ic=">AAACiHicbZBNaxRBEIZ7x4/E9WujRy+NG0EQlpkIJgorIV48RnCTwPay1PTUbJrtj7G7J5ulmV/jr/GqJ/+NPZNFTGKdXt6q4q168koK59P0dy+5c/fe/a3tB/2Hjx4/eTrYeXbiTG05TriRxp7l4FAKjRMvvMSzyiKoXOJpvvzU9k8v0Dph9Fe/rnCmYKFFKTj4aM0H48BcST0ske6uWIElfqNMgT/Py7A6FxIbRi8/puyvWZ jW+TC+fJPtNvPBMB2lXdHbItuIIdnU8Xyn95YVhtcKtecSnJtmaeVnAawXPIb1We2wAr6EBU6j1KDQzUL3Z0Nf1Q68oRVaKiTtTPx3I4Bybq3yONle6272WvN/vWnty4NZELqqPWreBvn4ehfkuBURINJCWPQe2suRCk05WPAeraDAeTTrSPRaoPMK7NoW8SmNK26UAl2EK8ZN6HhalIHltZBFVJRdRAxWgF7EbGZiKg3jpmn6EXN2E+ptcbI3yt6N0i97w8OjDfBt8oK8JK9JRvbJIflMjsmEcPKd/CA/ya+kn6TJfvL+ajTpbXaek2uVHP0B4ZfH8Q==</latexit>

take w
M
= while x > 0 do x := x+ 1

<latexit sha1_base64="qStW+YsiWLKzJnU1quMM10/EeJw=">AAACaHicbZDPbhMxEMad5V8JFFI4oKpCsppW4hTtFqnlglTBhWMrNW2lOIpmvZPFiu1d7NmiyNoTT8MVnoZX4Cnwpjn0D3P69M2MvplfXmvlKU3/9JIHDx89frLxtP/s+eaLl4OtV+e+apzEsax05S5z8KiVxTEp0nhZOwSTa7zIF5+7/sUVOq8qe0bLGqcGSqvmSgJFazZ4G4Sfc4IFcuAlWnRK8j3hVWlgr50NhukoXRW/L7 K1GLJ1ncy2eu9FUcnGoCWpwftJltY0DeBISY1tXzQea5ALKHESpQWDfhpWf7R8v/FAFa/RcaX5ysSbGwGM90uTx0kD9NXf7XXm/3qThuYfpkHZuiG0sgsipXEV5KVTERDyQjkkgu5y5MpyCQ6IIg8OUkazicRuBXoy4JauiE9Z/C4rY8AWQRQ4x29tEN0VDnUQeaN0ERUXVxGDU2DLmC2qmMrDx7Zt+xFzdhfqfXF+MMoOR+npwfD40xr4Btthu+wdy9gRO2Zf2AkbM8l+sJ/sF/vd+5sMkjfJ9vVo0lvvvGa3Ktn9BytRvA4=</latexit>

take a generic �
<latexit sha1_base64="Hd9VyobjYh0fTNm4GgKCAZgLTv0=">AAACZnicbVBNbxMxEHWWrxKgTUGIQy8WKVK5RLtFalGlShVcOBaJtJXiKJr1zoZRbe/W9pZG1h76a7jCz+Ef8DPwhhxoyzs9vTejN/PyWpHzafqrl9y7/+Dho7XH/SdPn61vDDafn7iqsRLHslKVPcvBoSKDY09e4VltEXSu8DQ//9j5p5doHVXmi1/UONUwN1SSBB+l2WArCFdyKvm2cDTXsHP1Vii84On2QTsbDNNRugS/S7 IVGbIVjmebvXeiqGSj0XipwLlJltZ+GsB6kgrbvmgc1iDPYY6TSA1odNOw/KLlbxoHvuI1Wk6KL0X8dyOAdm6h8zipwX91t71O/J83aXz5fhrI1I1HI7sgTwqXQU5aivUgL8ii99BdjpwMl2DBe7TEQcooNrGvG4HOa7ALW8SnDH6TldZgiiAKLPGiDaK7wqIKIm9IFZFxcRlrsARmHrNFFVN5OGzbth9rzm6Xepec7I6yvVH6eXd49GFV+BrbYq/ZDsvYPjtin9gxGzPJrtl39oP97P1O1pOXyau/o0lvtfOC3UDC/wAlk7qX</latexit>

if �(x)  0:
<latexit sha1_base64="RI4Z+kGD3pr57GQCFyxh67m4G+M="></latexit>

hw,�i �! �0 <latexit sha1_base64="ChblKdgv/C7zMtqK5U9EjhR8hD4="></latexit>

-�0=� hx > 0,�i �! ↵
<latexit sha1_base64="CNl+YVI4K4OHySEnEyOJPPuEFVQ="></latexit>

-⇤ ⇤

<latexit sha1_base64="tIKrVkjmS/eJZbniijDSBjBANPI=">AAACY3icbVBNaxRBEO0dPxI3fmyiB0GExo0QL8tMAlEEQ9CLxwhuEthelpqemrVJd8+kuya6NOOv8Rr/jz/A/2HPugeT+E6P96p4VS+vtfKUpr96ya3bd+6urd/rb9x/8PDRYHPr2FeNkziWla7caQ4etbI4JkUaT2uHYHKNJ/nZh84/uUDnVWU/06LGqYG5VaWSQFGaDZ4G4UuuSr4tvJob2Pn26oCn22/b2WCYjtIl+E2Src iQrXA02+ztiaKSjUFLUoP3kyytaRrAkZIa275oPNYgz2COk0gtGPTTsHyh5S8bD1TxGh1Xmi9F/HcjgPF+YfI4aYC++OteJ/7PmzRUvpkGZeuG0MouiJTGZZCXTsVukBfKIRF0lyNXlktwQIROcZAyik0s60qgJwNu4Yr4lMWvsjIGbBFEgSWet0F0VzjUQeSN0kVkXFzEGpwCO4/ZooqpPLxr27Yfa86ul3qTHO+Osv1R+ml3ePh+Vfg6e8ZesB2WsdfskH1kR2zMJPvOfrBL9rP3O9lItpInf0eT3mrnMbuC5Pkf/Ny5GQ==</latexit>

if �(x) > 0:
<latexit sha1_base64="RI4Z+kGD3pr57GQCFyxh67m4G+M="></latexit>

hw,�i �! �0

<latexit sha1_base64="EWzd+ICJVtGJd93vuBK9YSkFgzw="></latexit>

- hx > 0,�i �! tt, hx := x+ 1,�i �! �00, hw,�00i �! �0

<latexit sha1_base64="2K5WBnczggaEAD6wlgfHdjaV/S4="></latexit>

-⇤ hx := x+ 1,�i �! �00, hw,�00i �! �0

<latexit sha1_base64="MuDSq5rwgc3U2JLNrte+bCMy+hQ="></latexit>

-�00=�[n/x] hx+ 1,�i �! n, hw,�[n/x]i �! �0

<latexit sha1_base64="aYPC+iBnudT83nJCCNTMQpGkpco="></latexit>

-⇤
n=�(x)+1 hw,�[�(x) + 1/x]i �! �0

<latexit sha1_base64="df03x9mWvaTck04E/OJO+4hH1kM="></latexit>

hence hw,�i �! �

not the same goal from which we started! 
how can we prove divergence?

<latexit sha1_base64="rZD3CZiKzgLQesfWapdurNfq4Lg="></latexit>

�(x) > 0 ) �[�(x) + 1/x](x) = �(x) + 1 > 0
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Proving divergence  
(if possible)

<latexit sha1_base64="GkRxOEJOgTPgsuR6m7VYLbSgr6o="></latexit>

suppose we find a set of memories S ✓ M such that
<latexit sha1_base64="WEJhxA3ROWIypFDbVqzLWyWG2FU="></latexit>

• 8� 2 S. hb,�i �! tt

• 8� 2 S. 8�0 2 M. hc,�i �! �0 ) �0 2 S
<latexit sha1_base64="AV6d25cFofJeWGiPj6K2K6Q+RPA="></latexit>

then we can conclude 8� 2 S. hw,�i 6�!

<latexit sha1_base64="QRb9lcSoE6AIffIecSccmTZo8Co="></latexit>

note that if hc,�i 6�!, then hc,�i �! �0 ) �0 2 S trivially holds

<latexit sha1_base64="gE0vEZfd9cNhhmUKOVw8cgHnvec="></latexit>

consider w
M
= while b do c
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Revisiting the example
<latexit sha1_base64="locgHiJYXoR7r+DnEpXoAfk76Ic="></latexit>

take w
M
= while x > 0 do x := x+ 1

<latexit sha1_base64="qStW+YsiWLKzJnU1quMM10/EeJw="></latexit>

take a generic �

<latexit sha1_base64="Hd9VyobjYh0fTNm4GgKCAZgLTv0="></latexit>

if �(x)  0:
<latexit sha1_base64="df03x9mWvaTck04E/OJO+4hH1kM="></latexit>

hence hw,�i �! �

<latexit sha1_base64="PHExSleJK9+EsmnAm9wOKyHtaH0="></latexit>

let S
M
= {� | �(x) > 0}

<latexit sha1_base64="rPhLh1VcrOcY4ZEZVTAe+4hIk0M="></latexit>

• 8� 2 S. hx > 0,�i �! tt

• 8� 2 S. 8�0. hx := x+ 1,�i �! �0 ) �0 2 S
<latexit sha1_base64="+QPFNqj19cVeoot/1nFu6YhMidY="></latexit>

hx := x+ 1,�i �! �0 ) �0 = �[�(x) + 1/x]
<latexit sha1_base64="rZD3CZiKzgLQesfWapdurNfq4Lg="></latexit>

�(x) > 0 ) �[�(x) + 1/x](x) = �(x) + 1 > 0

<latexit sha1_base64="drl/XsrxnSePWvfEh4l9ePRa+mE="></latexit>

in fact

<latexit sha1_base64="uRd2DKTrishUlaamZB7TbVnLxEc=">AAACqnicbVBNb9NAEN2YrxI+msKRy0KCVKQosotEewFVcOFYEGmLslE0Xo+dVffD7K4bIss/jx/Bb+AKd9aJD7Rl9vL2vRm9mZeWUjgfxz970a3bd+7e27nff/Dw0ePdwd6TU2cqy3HKjTT2PAWHUmiceuElnpcWQaUSz9KLD61+donWCaO/+HWJcwWFFrng4AO1GCxq5nLql2gxNxbHVOR0xJwoFOx/f/UuHo1bUQdOgi4k0t V4qzK7/TNtfM2ed08aXVhRLD1Ya1bNqFkMhvEk3hS9CZIODElXJ4u93muWGV4p1J5LcG6WxKWf12C94BKbPqsclsAvoMBZgBoUunm9SaKhLysH3tASLRWSbkj8d6IG5dxapaFTgV+661pL/k+bVT4/mtdCl5VHzVsjL8L1rZHjVoSIkWbCovfQbo5UaMrBgvdoBQXOA1mFzK8YOq/Arm0WjtK44kYp0FnNMszxW1OzdguLsmZpJWQWEGWXIQYruuRNcKX126Zp+iHm5HqoN8HpwSR5M4k/HQyP33eB75Bn5AXZJwk5JMfkIzkhU8LJD/KL/CZ/onH0OfoazbatUa+beUquVJT9BU5V1Ns=</latexit>

therefore, if �(x) > 0, then hw,�i 6�!
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Exercise
<latexit sha1_base64="s+ylxOI6SWyShXFZy3whVFHNBMc="></latexit>

take w
M
= while x 6= 0 do x := x� 2

<latexit sha1_base64="HOROJ3fsF2GPlDb0g8wXAFgJD/c=">AAACwXicbVFNb9NAEF2bj5a0QApHLgsJEgcUOUWiXJAqeuFYJNJWiqNovB47q+6H2R0niiz/UCR+DOvEB9oye3n7ZkZv5k1WKekpSX5H8aPHT54eHD4bHB0/f/FyePLqytvaCZwJq6y7ycCjkgZnJEnhTeUQdKbwOru96PLXa3ReWvOTthUuNJRGFlIABWo5XDepL3ghTc5phdwjcVtwUIpDoKxRW65RWyfR83HqZalhzH0tVq EcKFAKTKmQbz7uk6nb/1NjqUnf9k9ZUzpZrgics5t23C6Ho2SS7II/BNMejFgfl8uT6FOaW1FrNCQUeD+fJhUtGnAkhcJ2kNYeKxC3UOI8QAMa/aLZGdTy97UHsrxCx6XiOxL/7WhAe7/VWajUQCt/P9eR/8vNayq+LBppqprQiE6IZNi+E/LCyeA88lw6JIJucuTScAEOiNBJDkIEsg6nuCPoSYPbujwsZXAjrNbhFk2aY4G/2ibtpnComjSrpcoD4uk62OBk77wNqrz52rbtINg8vW/qQ3B1Opl+niQ/Tkfn33rDD9kb9o59YFN2xs7Zd3bJZkywP1EcHUXH8UUs4yp2+9I46nteszsRN38B8cjbyQ==</latexit>

find the set of all and only memories � such that hw,�i 6�!

<latexit sha1_base64="uXYmzCz7WYU4XE/bkhpi24ubJdo="></latexit>

hx := x� 2,�i �! �0 ) �0 = �[�(x)� 2/x]

<latexit sha1_base64="AGvtC8IC4p+mPWMrxpZfNDRyNY0="></latexit>

S1
M
= {� | �(x) < 0}

<latexit sha1_base64="tqALfwtvKyJAQePm0L0lfoFdl3Y="></latexit>

S2
M
= {� | 9k 2 Z. �(x) = 2k + 1}

<latexit sha1_base64="nFUu5/G/BNB4JArVDtTD3SIpZMQ="></latexit>

• 8� 2 S. hx 6= 0,�i �! tt

• 8� 2 S. 8�0. hx := x� 2,�i �! �0 ) �0 2 S
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Collatz’s conjecture: 
half or triple plus one

<latexit sha1_base64="lNYImtzFM9pXfPWSNUpy4ySnXMw="></latexit>

w
M
=

<latexit sha1_base64="LfmonoH3u8E0cUQLzAqkWnpVZYc="></latexit>

while x > 1 do ( if x%2 = 0 then x := x/2
else x := (3⇥ x) + 1 )

<latexit sha1_base64="njZFjU3E4+q6s5ija1WU8Rz1+lI="></latexit>

8�. �(x)  1 ) hw,�i �! �

<latexit sha1_base64="6G4UQdSAdmbqWryREPsXQVzQYpc="></latexit>

open conjecture:
<latexit sha1_base64="SwjKuR5Gky3btyODY6X54bCwJoE="></latexit>

8�. 9�0. hw,�i �! �0

<latexit sha1_base64="U7TU3vfNzJMcW4SmwGckTvhlUHM="></latexit>

8�. �(x) > 1 ) hw,�i �! �[1/x]
<latexit sha1_base64="ZzJhwr1AEmZledkGpcm8uN3tagU="></latexit>

more precisely:

Experimental evidence:  
as of 2020, the conjecture has been verified for all values up to 268. 
Barina, David. "Convergence verification of the Collatz problem".  
The Journal of Supercomputing  (2020). doi:10.1007/s11227-020-03368-x

<latexit sha1_base64="XNsNtNFdzQHA2s8CidHs0dQ86bs="></latexit>

⌘ ¬(9�. hw,�i 6�!)



Determinacy?
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Determinacy of commands?
<latexit sha1_base64="JX0a94SSJYmvYiuQTT03lxLb9dg="></latexit>

c ::= skip | x := a | c ; c | if b then c else c | while b do c

<latexit sha1_base64="rhFZcxADzmFkdEOvGb7VHSzUBRs="></latexit>

hskip,�i �! �

<latexit sha1_base64="gA+h0VkpMmCdXXaCeMPDWJo+YzM="></latexit>

ha,�i �! n

hx := a,�i �! �[n/x]

<latexit sha1_base64="GpttSfyoUsAo/ALOndk0J29SJo0="></latexit>

hc0,�i �! �00 hc1,�00i �! �0

hc0 ; c1,�i �! �0

<latexit sha1_base64="NK4mskmkQjSrtKTyNQsV3hYKnkk="></latexit>

hb,�i �! ↵ hc1,�i �! �0

hif b then c0 else c1,�i �! �0

<latexit sha1_base64="xee7mNnZvoR365kDKE7+qn1JYfM="></latexit>

hb,�i �! tt hc0,�i �! �0

hif b then c0 else c1,�i �! �0

<latexit sha1_base64="JfDJd6rcf7BLbNxsC34hgxI09/0="></latexit>

hb,�i �! ↵

hwhile b do c,�i �! �

<latexit sha1_base64="sNALkjWUV+BBNU6YcoawIKswkF4="></latexit>

hb,�i �! tt hc,�i �! �00 hwhile b do c,�00i �! �0

hwhile b do c,�i �! �0

<latexit sha1_base64="CpzGgsJmTC9OigJ5NEnt/19uODE="></latexit>

8c. P (c) ?
<latexit sha1_base64="DbwAbv1MlBDx9Rj0MBQkfmB+OCc="></latexit>

P (c)
M
= 8�,�1,�2. hc,�i �! �1 ^ hc,�i �! �2 ) �1 = �2
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Structural induction 
principle

<latexit sha1_base64="FjW6gj1uW/tCbx7gkRu+RMZ1jlw="></latexit>

8x, a. P (x := a)
<latexit sha1_base64="ehaW78SPvuEyHJIHfS5QdVqcZ5o="></latexit>

P (skip)
<latexit sha1_base64="YvIWLsUmZ8sTcmbLh4LnPbbRDoc="></latexit>

8c0, c1. P (c0) ^ P (c1) ) P (c0 ; c1)

<latexit sha1_base64="/82hzb/KqJeGqq+H8h8y6AwjCbs="></latexit>

8b, c. P (c) ) P (while b do c)
<latexit sha1_base64="Mg5jow+H0Lv7Q0zzu+c0mb/bGMI="></latexit>

8c 2 Com. P (c)

<latexit sha1_base64="Jj7WjG7oyadzyH+D+GU6iv+W6mw="></latexit>

8b, c0, c1. P (c0) ^ P (c1) ) P (if b then c0 else c1)
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Base case
<latexit sha1_base64="D50W2l2Z+E18QEVvGipqifAZTus="></latexit>

We want to prove

<latexit sha1_base64="fov0mFrb/BumwYU62YdlpQtmBdI=">AAACTHicbVDLbhNBEJw1kIfDw4EDhwhpFAuJk7WbA3BBisiFY5BwEsljWb2zbWeUeWxmehNFo/0arvAr3PkPbgiJWceHvPpUquru6q6y1ipQnv/Oeo8eP1lb39jsbz199vzFYPvlUXCNlziWTjt/UkJArSyOSZHGk9ojmFLjcXl20OnHF+iDcvYbXdU4NbCwaq4kUKJmg9dRhDk/cDaoCj2nU+QLB7qdDYb5KF8Wvw+KFRiyVR 3OtrM3onKyMWhJaghhUuQ1TSN4UlJj2xdNwBrkGSxwkqAFg2Ealx+0/G0TgByv0wlK8yWJNycimBCuTJk6DdBpuKt15EPapKH5x2lUtm4IreyMSGlcGgXpVYoGeaU8EkF3OXJluQQPROgVBykT2aSs+sLipXTGgK2iqHCO520UnZ9HHUXZKF0lxMVFetgrsIvkIlzaz+Ontm37KdDibnz3wdHeqHg/yr/uDfc/r6LdYDtsl71jBfvA9tkXdsjGTLKWfWc/2M/sV/Yn+5v9u27tZauZV+xW9db+A4QEs8E=</latexit>

Consider the goal
<latexit sha1_base64="vLmUxGN9ATZVxwp5IZ0eCTxrmtY=">AAACSHicbVBNbxMxEPWGrzZ8NKVHVMkiQuIU7fZAuSBVcOFGkUhbKY6iWe8ktWp7F3tcFFn7W7jCX+Ef8C+4Vb3hTXPo15ye3puZN/PKRitPef436z14+Ojxk43N/tNnz19sDbZfHvk6OIljWevanZTgUSuLY1Kk8aRxCKbUeFyefer043N0XtX2Gy0bnBpYWDVXEihRs8FOFH7Ov1i95HSK3AWN7WwwzEf5qvhdUKzBkK3rcL ad7YqqlsGgJanB+0mRNzSN4EjJtLAvgscG5BkscJKgBYN+GlfXt/xN8EA1b9BxpfmKxOsTEYz3S1OmTgN06m9rHXmfNgk0fz+NyjaB0MrOiJTGlZGXTqVYkFfKIRF0lyNXlktwQIROcZAykSHl1BcWf8jaGLBVFBXO8XsbRefnUEdRBqWrhLg4Tw87BXaRXESd9vP4oW3bfgq0uB3fXXC0NyrejfKve8ODj+toN9gr9pq9ZQXbZwfsMztkYybZkv1kv9jv7E/2L7vILq9ae9l6ZofdqF7vPxamshk=</latexit>

Only the rule

<latexit sha1_base64="k/JTuPOZzv1xXv2Js85nT4qyxb8=">AAACS3icbVBNbxMxEPUGCiV8pSBxQUgWERIHFO32AFyQKrhwLIK0leIomvVOwqi2d7FniyKzf4Yr/BV+AL+DG+KAN+QALe/09N6Mn+eVjaHAef49G1y6vHPl6u614fUbN2/dHu3dOQp16zVOdW1qf1JCQEMOp0xs8KTxCLY0eFyevur94zP0gWr3jtcNzi2sHC1JAydpMboXVVjKt2TJgDfrJzKQ09gtRuN8km8gL5JiS8Zii8 PFXvZAVbVuLTrWBkKYFXnD8wieSRvshqoN2IA+hRXOEnVgMczj5oBOPmoDcC0b9JKM3Ij490YEG8LalmnSAr8P571e/J83a3n5fB7JNS2j030Qk8FNUNCeUjMoK/LIDP3PUZKTGjwwoycJWiexTVUNlcOPurYWXBVVhUv80EXV53k0UZUtmSoxqc7SwZ7ArVKKqtP7Mr7oum6YCi3O13eRHO1PiqeT/M3++ODlttpdcV88FI9FIZ6JA/FaHIqp0OKT+Cy+iK/Zt+xH9jP79Wd0kG137op/MNj5DdaRs3A=</latexit>

Similarly, since

<latexit sha1_base64="FjW6gj1uW/tCbx7gkRu+RMZ1jlw=">AAACSnicbVDLahRBFK0eo4njIxPFlQiFgxBBhm4JKkIg6MblCE4SmBqG29V3xiL1aKtux4Si/Re3+iv+gL/hTtxYPc5CE8/qcM69dW6dstYqUJ5/z3pXNq5e29y63r9x89bt7cHOncPgGi9xIp12/riEgFpZnJAijce1RzClxqPy5HXnH52iD8rZd3Re48zA0qqFkkBJmg/uiYXzoDU/ewKjT3y8e/ZyHx7PB8N8lK/AL5NiTY ZsjfF8J3sgKicbg5akhhCmRV7TLIInJTW2fdEErEGewBKniVowGGZxdX/LHzUByPEaPVear0T8eyOCCeHclGnSAL0PF71O/J83bWjxYhaVrRtCK7sgUhpXQUF6lYpBXimPRNBdjlxZLsEDEXrFQcokNqmpvrD4UTpjwFZRVLjAD20UXZ5HHUXZKF0lxsVp+rBXYJcpRbj0Po/7bdv2U6HFxfouk8Ono+LZKH+7Nzx4ta52i91nD9kuK9hzdsDesDGbMMki+8y+sK/Zt+xH9jP79We0l6137rJ/0Nv4DayrscU=</latexit>

8x, a. P (x := a)
<latexit sha1_base64="teN0PvMplwLOhfezDdGqDCS+XPo="></latexit>

Take generic x 2 Ide, a 2 Aexp

<latexit sha1_base64="gA+h0VkpMmCdXXaCeMPDWJo+YzM="></latexit>

ha,�i �! n

hx := a,�i �! �[n/x]
<latexit sha1_base64="dIhCwcura4h9WITViK0CR6BNJYU="></latexit>

with ha,�i �! n

<latexit sha1_base64="4d5JRiwQLHxzYuCZVuHqAmzih0M="></latexit>

with ha,�i �! m

<latexit sha1_base64="CLd9DNDnmniBRN7ILrZ2HHoie5E="></latexit>

P (x := a)
M
= 8�,�1,�2. hx := a,�i �! �1 ^ hx := a,�i �! �2 ) �1 = �2

<latexit sha1_base64="2N28NQXIWqyoewYSwgI5RVSZKfg="></latexit>

Take generic �,�1,�2 s.t. hx := a,�i �! �1 and hx := a,�i �! �2
<latexit sha1_base64="mIT+8hXYOsJNb0vCNeq5XRQIfY4=">AAACX3icbVBNbxMxEHWWj5YAbdqeKoRkkSIhDtFuDsClUkUvPRaJNJXiKJr1ToJV27vYs6kqa/9Dfw1X+Bsc+Sd4wx6g5Z2e3pvRm3l5pZWnNP3ZSx48fPR4a/tJ/+mz5zu7g739C1/WTuJElrp0lzl41MrihBRpvKwcgsk1TvOr09afrtF5VdrPdFPh3MDKqqWSQFFaDN4G4Zd8ivwaLHEqeeXKNfIj4dXKwCI77sj4qFkMhu ko3YDfJ1lHhqzD+WKv91IUpawNWpIavJ9laUXzAI6U1Nj0Re2xAnkFK5xFasGgn4fNUw1/XXto70HHleYbEf/eCGC8vzF5nDRAX/xdrxX/581qWn6YB2WrmtDKNoiUxk2Ql07FtpAXyiERtJcjV5ZLcECETnGQMop1rK8vLF7L0hiwRRAFLvFrE0Sb51AHkddKF5FxsY4POwV2FVNEbNfxcNw0TT8Wmt2t7z65GI+yd6P003h48rGrdpu9YK/YG5ax9+yEnbFzNmGS3bJv7Dv70fuVbCU7yeDPaNLrdg7YP0gOfwPlv7es</latexit>

We want to prove �1 = �2
<latexit sha1_base64="GnGTakYv6f+cPJv9bTgxjcWlXjA="></latexit>

hx := a,�i �! �1

<latexit sha1_base64="3m3ZsCVSiS6NBft6lnjlTbn510Y="></latexit>

is applicable, hence �1 = �[n/x]

<latexit sha1_base64="igjqGpsZDA1+rFLcGnJ1fvN19Eg="></latexit>

hx := a,�i �! �2

<latexit sha1_base64="3euezEdhskFAE6OIyMGzb6vTg64="></latexit>

it must be �2 = �[m/x]

<latexit sha1_base64="rAvQ9nxgH2cjkzltabW7KZ6RmS0="></latexit>

by determinacy of Aexp we have n = m and thus �1 = �2
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Inductive case
<latexit sha1_base64="WQKaXOSGLaNUdgsETKzxpY3ewOo=">AAAC2HicbVHJbhNBEO0ZtmA2B06ISysOUpCQNQ4ScEGK4MLRSDiOcFujmp7ypJVehu6eJFZrEDfEgQt/x3fwA/TYPpClTk+vllf1qqilcD7L/iTpjZu3bt/Zutu7d//Bw0f97ceHzjSW44QbaexRAQ6l0Djxwks8qi2CKiROi5MPXX56itYJoz/7ZY1zBZUWC8HBRyrv/wrMLegUKTjXKKS74z3IsxesxAV+pWxhLEhJmROVgu E3hudxJUeZx3O/Eg+FbLANKs/amJagKxln5dnLdQuza4ZJoysrqmMP1pqz6wfstnl/kA2zVdCrYLQBA7KJcb6dvGKl4XFz7bmMN8xGWe3nAawXXGLbY43DGvgJVDiLUINCNw8r5ZY+bxx4Q2u0VEi6IvH/jgDKuaUqYqUCf+wu5zryutys8Yu38yB03XjUvBPyIrrQCTluRXwI0lJY9B66zZEKTTlY8B6toMB5JJv4oQuCziuwS1vGozSecaMU6DKsP9UG1m1hUQZWNEKWEVF2Gm2wYvMBE1VpeNe2bS/aPLps6lVwuD8cvR5mn/YHB+83hm+RZ2SH7JEReUMOyEcyJhPCyd/kabKTDNIv6ff0R/pzXZomm54n5EKkv/8BFwznxQ==</latexit>

We assume P (a0)
M
= 8�. 9m0. ha0,�i �! m0

<latexit sha1_base64="D50W2l2Z+E18QEVvGipqifAZTus=">AAACYXicbZDPTttAEMY3puVPWiBQqRcuq0aVeopskAoXJAQXjlQiBCmOovF6Elbsrt3dcVC0+GW4wgtx7ot0HXIo0Dl9+mZG38wvK5V0FMfPrWjlw8fVtfWN9qfPm1vbnZ3dK1dUVmBfFKqw1xk4VNJgnyQpvC4tgs4UDrLbs6Y/mKF1sjCXNC9xpGFq5EQKoGCNO1996iZ8gPwODHEqeGmLGdbjTjfuxYvi70WyFF22rIvxTu sgzQtRaTQkFDg3TOKSRh4sSaGwbqeVwxLELUxxGKQBjW7kFw/U/HvloMlGy6XiCxP/3fCgnZvrLExqoBv3tteY/+sNK5ocjbw0ZUVoRBNEUuEiyAkrAxnkubRIBM3lyKXhAiwQoZUchAhmFVC9CnSkwc5tHp4yeCcKrcHkPs1xgr9rnzZXWFQ+zSqp8qB4OgsYrAQzDdlp4Gu5P67ruh0wJ2+hvhdX+73kZy/+td89OV0CX2d77Bv7wRJ2yE7YObtgfSbYPXtgj+yp9SfaiDrR7sto1FrufGGvKtr7C/XxubU=</latexit>

We want to prove

(inductive hypotheses)

<latexit sha1_base64="YvIWLsUmZ8sTcmbLh4LnPbbRDoc="></latexit>

8c0, c1. P (c0) ^ P (c1) ) P (c0 ; c1)
<latexit sha1_base64="yBq3/Wao+YwxXWBGeZo6uETRqcw="></latexit>

Take generic c0, c1

<latexit sha1_base64="QrmvAFO2NQBmnfc/0Ja86NuoGaE="></latexit>

P (c0 ; c1)
M
= 8�,�1,�2. hc0 ; c1,�i �! �1 ^ hc0 ; c1,�i �! �2 ) �1 = �2

<latexit sha1_base64="qN/ftkjqwQj+kL5ou7XrnXrJACw="></latexit>

Take generic �,�1,�2 such that hc0 ; c1,�i �! �1 and hc0 ; c1,�i �! �2

<latexit sha1_base64="mIT+8hXYOsJNb0vCNeq5XRQIfY4=">AAACX3icbVBNbxMxEHWWj5YAbdqeKoRkkSIhDtFuDsClUkUvPRaJNJXiKJr1ToJV27vYs6kqa/9Dfw1X+Bsc+Sd4wx6g5Z2e3pvRm3l5pZWnNP3ZSx48fPR4a/tJ/+mz5zu7g739C1/WTuJElrp0lzl41MrihBRpvKwcgsk1TvOr09afrtF5VdrPdFPh3MDKqqWSQFFaDN4G4Zd8ivwaLHEqeeXKNfIj4dXKwCI77sj4qFkMhu ko3YDfJ1lHhqzD+WKv91IUpawNWpIavJ9laUXzAI6U1Nj0Re2xAnkFK5xFasGgn4fNUw1/XXto70HHleYbEf/eCGC8vzF5nDRAX/xdrxX/581qWn6YB2WrmtDKNoiUxk2Ql07FtpAXyiERtJcjV5ZLcECETnGQMop1rK8vLF7L0hiwRRAFLvFrE0Sb51AHkddKF5FxsY4POwV2FVNEbNfxcNw0TT8Wmt2t7z65GI+yd6P003h48rGrdpu9YK/YG5ax9+yEnbFzNmGS3bJv7Dv70fuVbCU7yeDPaNLrdg7YP0gOfwPlv7es</latexit>

We want to prove �1 = �2

<latexit sha1_base64="aj386FrVFhVYsoiwupeVelYZUMg=">AAADAniclVFNj9MwEHXC11K+unBESBYV0iKhKikIuKy0Yi8cQCqI7q5UV9HEmWatdexgO1tVUTjxa7ghDlz4I/wbnDaV2C0X5uKn9/w84zdpKYV1UfQ7CK9cvXb9xs7N3q3bd+7e6+/eP7K6MhwnXEttTlKwKIXCiRNO4klpEIpU4nF6dtjqx+dorNDqk1uWOCsgV2IuODhPJf2f4z2eiKcswzl+pmyuDUhJmRV5Ac/WRxJvwG j4hUlQuUTqTR3LzJphUqvciPzUgTF6QTdmtsAsb+X/NI7Yx+3H9jdi0h9Ew2hVdBvEHRiQrsbJbvCcZZpXBSrHJVg7jaPSzWowTnCJTY9VFkvgZ5Dj1EMFBdpZvUq4oU8qC07TEg0Vkq5I/NtRQ2Htskj9zQLcqb2steS/tGnl5q9ntVBl5VDxtpETPpO2keVG+NUhzYRB56CdHKlQlIMB59AICpx7svK7vNDQugLM0mT+UwoXXBcFqKxe77ipWTuFQVmztBIy84iycx+DEd0+tO9K6/2maXo+5vhyqNvgaDSMXw6jDy8GB2+6wHfIQ/KY7JGYvCIH5C0ZkwnhwaPgMHgXvA+/ht/C7+GP9dUw6DwPyIUKf/0B/Kb3Iw==</latexit>

P (ci)
M
= 8�,�1,�2. hci,�i �! �1 ^ hci,�i �! �2 ) �1 = �2
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<latexit sha1_base64="fov0mFrb/BumwYU62YdlpQtmBdI=">AAACTHicbVDLbhNBEJw1kIfDw4EDhwhpFAuJk7WbA3BBisiFY5BwEsljWb2zbWeUeWxmehNFo/0arvAr3PkPbgiJWceHvPpUquru6q6y1ipQnv/Oeo8eP1lb39jsbz199vzFYPvlUXCNlziWTjt/UkJArSyOSZHGk9ojmFLjcXl20OnHF+iDcvYbXdU4NbCwaq4kUKJmg9dRhDk/cDaoCj2nU+QLB7qdDYb5KF8Wvw+KFRiyVR 3OtrM3onKyMWhJaghhUuQ1TSN4UlJj2xdNwBrkGSxwkqAFg2Ealx+0/G0TgByv0wlK8yWJNycimBCuTJk6DdBpuKt15EPapKH5x2lUtm4IreyMSGlcGgXpVYoGeaU8EkF3OXJluQQPROgVBykT2aSs+sLipXTGgK2iqHCO520UnZ9HHUXZKF0lxMVFetgrsIvkIlzaz+Ontm37KdDibnz3wdHeqHg/yr/uDfc/r6LdYDtsl71jBfvA9tkXdsjGTLKWfWc/2M/sV/Yn+5v9u27tZauZV+xW9db+A4QEs8E=</latexit>

Consider the goal

<latexit sha1_base64="vLmUxGN9ATZVxwp5IZ0eCTxrmtY=">AAACSHicbVBNbxMxEPWGrzZ8NKVHVMkiQuIU7fZAuSBVcOFGkUhbKY6iWe8ktWp7F3tcFFn7W7jCX+Ef8C+4Vb3hTXPo15ye3puZN/PKRitPef436z14+Ojxk43N/tNnz19sDbZfHvk6OIljWevanZTgUSuLY1Kk8aRxCKbUeFyefer043N0XtX2Gy0bnBpYWDVXEihRs8FOFH7Ov1i95HSK3AWN7WwwzEf5qvhdUKzBkK3rcL ad7YqqlsGgJanB+0mRNzSN4EjJtLAvgscG5BkscJKgBYN+GlfXt/xN8EA1b9BxpfmKxOsTEYz3S1OmTgN06m9rHXmfNgk0fz+NyjaB0MrOiJTGlZGXTqVYkFfKIRF0lyNXlktwQIROcZAykSHl1BcWf8jaGLBVFBXO8XsbRefnUEdRBqWrhLg4Tw87BXaRXESd9vP4oW3bfgq0uB3fXXC0NyrejfKve8ODj+toN9gr9pq9ZQXbZwfsMztkYybZkv1kv9jv7E/2L7vILq9ae9l6ZofdqF7vPxamshk=</latexit>

Only the rule
<latexit sha1_base64="xRu7lVy7Ugs1Ssj0pqwLH3RPjoA="></latexit>

is applicable
<latexit sha1_base64="GpttSfyoUsAo/ALOndk0J29SJo0="></latexit>

hc0,�i �! �00 hc1,�00i �! �0

hc0 ; c1,�i �! �0

<latexit sha1_base64="KCZShRyJwBXdDgER1wTEYoL0XX4="></latexit>

hc0 ; c1,�i �! �1

<latexit sha1_base64="dI593/7HMHKh6QwbE5R00DpLgWI=">AAAC5XichVHJbtRAEG2bLQzbBI5cWkxYDtFgJ1LgEimCC8cgMUmk6ZFVbtd4WunFdLczGln+BG6IAxe+i7+hPWOJLEjU6em9eqqqV3klhfNJ8juKb92+c/fe1v3Bg4ePHj8Zbj89caa2HCfcSGPPcnAohcaJF17iWWURVC7xND//2OmnF2idMPqLX1U4U1BqMRccfKCy4c+GuTldoOZId5gTpYIsPdyA11m6Q5fCL4IiQZcSKc +S3Y3I7IZh0ujSinLhwVqzpL117QVdXLamu3/F/9iDu82Go2ScrIveBGkPRqSv42w72meF4bVC7bkE56ZpUvlZA9YLLrEdsNphBfwcSpwGqEGhmzXrEFv6snbgDa3QUiHpmsTLjgaUcyuVh04FfuGuax35L21a+/n7WSN0VfsQczfIi3B5N8hxK8J3kBbCovfQbY5UaMrBgvdoBQXOA1mHd10Z6LwCu7JFOErjkhulQtgNK3COX9uGdVtYlA3LayGLgCi7CDFY0aduwlTaHLZtOwgxp9dDvQlO9sbpwTj5vDc6+tAHvkWekxfkDUnJO3JEPpFjMiE8ItGr6G2UxGX8Lf4e/9i0xlHveUauVPzrD9Wo59s=</latexit>

hence �1 = �0
1 with hc0,�i �! �00

1 and hc1,�00
1 i �! �0

1
<latexit sha1_base64="fJpMTmu5aw8vZUrJrEdvqDMlilE=">AAAChnicbZBNb9NAEIY35qMhfKVwREgrUiQOUWRHglZCSBFcOLaCtJWykTXeTNxR98PsrltFln8Xv4UDV/gb2E4O0DKnV+87s7PzZIUiH+L4Ry+6c/fe/b3+g8HDR4+fPB3uPzv1tnQS59Iq684z8KjI4DxQUHheOASdKTzLLj+1+dkVOk/WfA2bApcackNrkhAaKx2eVMKv+RfSpMCpzZh7MhL5gVBgcoVcprEYv5dpMhaecg 3Cdb5Q1uSO8osAztlrvg3T6UE9SIejeBJ3xW+LZCdGbFfH6X7vpVhZWWo0QSrwfpHERVhW4AJJhfVAlB4LkJeQ46KRBjT6ZdXdXvPXpYdgeYGOk+KdiX9PVKC93+is6dQQLvzNrDX/ly3KsD5aVmSKMqCR7aJADZB2kZeOGqjIV+QwBGh/jpwMl+AgBHTEQcrGLBvKA2HwWlqtwawqscI1fqsr0e5zqCqRlaRWjeLiqjnY0Ra7sM37vPpQ1x3Q5Ca+2+J0OkneTeKT6Wj2cYe2z16wV+wNS9ghm7HP7JjNmWTf2U/2i/2O+tEkehsdbluj3m7mOfunotkfG4rGrA==</latexit>

Similarly, since hc0 ; c1,�i �! �2
<latexit sha1_base64="zp11N1kK/ANEYGuo1ttMSfbwWnw=">AAAC6nichVFNi9RAEO1EV9fxa1aPXhpnRcFlSMbPy8KiF48ruB8wGUKlU5NptrsTuys7DCF/wpt48OKf8t/YmQm4H4J1erxXj6p6lVVKOoqi30F44+bWrdvbdwZ3791/8HC48+jYlbUVeCRKVdrTDBwqafCIJCk8rSyCzhSeZGcfO/3kHK2TpflCqwpnGgoj51IAeSod/mwSN+eSuK4d8Qz5buJkoSGd7G/A83Syy5eSFl5RYA qFXKTR3kZM7IZJVGkKK4sFgbXlkvfWtRdMftEa7/0V/2P37jYdjqJxtC5+HcQ9GLG+DtOd4FWSl6LWaEgocG4aRxXNGrAkhcJ2kNQOKxBnUODUQwMa3axZJ9nyZ7UDKnmFlkvF1yRedDSgnVvpzHdqoIW7qnXkv7RpTfP3s0aaqiY0ohtE0l/eDXLCSv8i5Lm0SATd5sil4QIsEKGVHITwZO1/dmmgIw12ZXN/lMGlKLX2YTdJjnP82jZJt4VF1SRZLVXuEU/OfQxW9qmXfipv9tu2HfiY46uhXgfHk3H8dhx9nowOPvSBb7Mn7Cl7wWL2jh2wT+yQHTERbAUvg9fBm1CF38Lv4Y9Naxj0nsfsUoW//gDQD+m8</latexit>

it must be �2 = �0
2 with hc0,�i �! �00

2 and hc1,�00
2 i �! �0

2

<latexit sha1_base64="U8h9QBYdys4Mkmn/mTcfOxDVuZg=">AAAChnicbVBNbxMxEHWWr7B8NIUjQrJIUIuEot1IbblUisqFYyqRtlIcrWa9k8SqPxbbmypa7e/it3DgCn8Db4gQtMzp+b0Zv5mXl1I4nyTfOtG9+w8ePuo+jp88ffZ8r7f/4sKZynKcciONvcrBoRQap154iVelRVC5xMv8+mOrX67ROmH0Z78pca5gqcVCcPCBynrnTBuhC9Q+rplb0LMNDc+Ke7FGutqUxq/QCUcHk0OeJe 8G7+lN4CGIA+bEUsHBQZae/oGjQZP1+skw2Ra9C9Id6JNdTbL9zmtWGF6psASX4NwsTUo/r8F6wSU2MasclsCvYYmzADUodPN6e3tD31YOvKElWiok3ZL490QNyrmNykOnAr9yt7WW/J82q/ziw7wWuqw8at4aeSFxa+S4DfFYpIWw6D20m2PIjXKw4D1aQYHzQFYh5ZhpvOFGKdBFzQpc4JemZq2fRVmzvBKyCIiydTjYCtDL4MJM+J/Wp03TxCHQ9HZ8d8HFaJgeD5PzUX98tou2S16RN+SQpOSEjMknMiFTwslX8p38ID+jbjSMjqKT361RZzfzkvxT0fgXZdrErA==</latexit>

By inductive hypothesis P (c0), we have �00
1 = �00

2

<latexit sha1_base64="uw9LFD0VqQz0FNDrOiiCPgoykbU=">AAACjXicbZBNb9NAEIY3LtASPpqWI5cVKYJTZKfi49BWVTnAsUikrRRH1ng9SVfdXbu7s60iy/+HX8MV+DesUx/6wZwevTOjd+bNKyUdxfHfXrT26PGT9Y2n/WfPX7zcHGxtn7jSW4ETUarSnuXgUEmDE5Kk8KyyCDpXeJpffGn7p1donSzND1pWONOwMHIuBVCQssFRnbo5B1NwOveOXyMXpRHKF8h3UicXGrJk/wbe3aJxR9 l4p8kGw3gUr4o/hKSDIevqONvq7aZFKbxGQ0KBc9MkrmhWgyUpFDb91DusQFzAAqcBDWh0s3r1bMPfegdU8gotl4qvRLy9UYN2bqnzMKmBzt39Xiv+rzf1NP88q6WpPKERrRFJhSsjJ6wMKSIvpEUiaC9HLg0XYIEIreQgRBB9iPWOoSMNdmmL8JTBa1FqHbKu0wLneNnUaXuFRVWnuZeqCMTTqxCDlWAWwTstgyuv95um6YeYk/uhPoST8Sj5OIq/j4eHR13gG+w1e8Pes4R9YofsGztmEybYT/aL/WZ/os3oQ7QXHdyMRr1u5xW7U9HXf27eyWw=</latexit>

and thus we conclude �1 = �0
1 = �0

2 = �2

<latexit sha1_base64="Upcq6+Unfve0r6kCvTdjYUqM/S4=">AAAC0XicnVHLbtNAFB2bR0t4NC3LshiRoLJAkR2kwgapgg3LIkhbKRNZ1+MbZ9R5mJlxq8iyhFiw4Qv5Bz6CceoFbVlxV0fnPs695+aVFM4nya8ovnP33v2t7QeDh48eP9kZ7u6dOFNbjjNupLFnOTiUQuPMCy/xrLIIKpd4mp9/6PKnF2idMPqLX1e4UFBqsRQcfKCy4Y+GuSUFXVC/qh0dMwm6lEh5lr5iTpQKDg6yKbNXLJ NGl1aUKw/WmkvaV2TpeDPiP7un4zYbjpJJsgl6G6Q9GJE+jrPd6DUrDK8Vas8lODdPk8ovGrBecIntgNUOK+DnUOI8QA0K3aLZGNbSF7UDb2iFlgpJNyT+3dGAcm6t8lCpwK/czVxH/is3r/3y7aIRuqo9at4JeREu74QctyJ8AmkhLHoP3eZIhaYcLHiPVlDgPJB1eM01QecV2LUtwlEaL7lRKpjdsAKX+LVtWLeFRdmwvBayCIiyi2CDFb3rJqjS5l3btoNgc3rT1NvgZDpJDyfJp+no6H1v+DbZJ8/JS5KSN+SIfCTHZEY4+R3tRfvRs/hzvI6/xd+vSuOo73lKrkX88w8yo+E/</latexit>

and thus hc1,�00
2 i �! �0

1 and hc1,�00
2 i �! �0

2
<latexit sha1_base64="DmaPHTR71G4jNP6W4jjdpfpy6k0=">AAACiXicbVBNaxsxEJW3H0k3/XDaYymI2qUpFLPrQxICgZBcenQhTgKWWWa1Y1tEH1tJ62CW/WP9J731mvyKal0X2qRzenpvRm/m5aUUzifJj0706PGTp1vbz+Kd5y9evuruvr5wprIcx9xIY69ycCiFxrEXXuJVaRFULvEyvz5r9cslWieMPverEqcK5lrMBAcfqKx7zrQRukDt45q5GT1d0fCsuBdLpItVafwCnXC0P9rjWf qp/5neIA2cpgsIHX3mxFzBxyw9/oOG/Sbr9pJBsi76EKQb0CObGmW7nXesMLxSYQ8uwblJmpR+WoP1gktsYlY5LIFfwxwnAWpQ6Kb1+vyGfqgceENLtFRIuibx74kalHMrlYdOBX7h7mst+T9tUvnZ4bQWuqw8at4aeSFxbeS4DQlZpIWw6D20m2OIjnKw4D1aQYHzQFYh6JhpvOFGKdBFzQqc4bemZq2fRVmzvBKyCIiyZTjYCtDz4MJM+J/Wx03TxCHQ9H58D8HFcJDuD5Kvw97J6SbabfKWvCd7JCUH5IR8ISMyJpx8Jz/JLbmLdqI0OoyOfrdGnc3MG/JPRWe/AO9Cxkw=</latexit>

By inductive hypothesis P (c1), we then have �0
1 = �0

2
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Inductive case
<latexit sha1_base64="WQKaXOSGLaNUdgsETKzxpY3ewOo=">AAAC2HicbVHJbhNBEO0ZtmA2B06ISysOUpCQNQ4ScEGK4MLRSDiOcFujmp7ypJVehu6eJFZrEDfEgQt/x3fwA/TYPpClTk+vllf1qqilcD7L/iTpjZu3bt/Zutu7d//Bw0f97ceHzjSW44QbaexRAQ6l0Djxwks8qi2CKiROi5MPXX56itYJoz/7ZY1zBZUWC8HBRyrv/wrMLegUKTjXKKS74z3IsxesxAV+pWxhLEhJmROVgu E3hudxJUeZx3O/Eg+FbLANKs/amJagKxln5dnLdQuza4ZJoysrqmMP1pqz6wfstnl/kA2zVdCrYLQBA7KJcb6dvGKl4XFz7bmMN8xGWe3nAawXXGLbY43DGvgJVDiLUINCNw8r5ZY+bxx4Q2u0VEi6IvH/jgDKuaUqYqUCf+wu5zryutys8Yu38yB03XjUvBPyIrrQCTluRXwI0lJY9B66zZEKTTlY8B6toMB5JJv4oQuCziuwS1vGozSecaMU6DKsP9UG1m1hUQZWNEKWEVF2Gm2wYvMBE1VpeNe2bS/aPLps6lVwuD8cvR5mn/YHB+83hm+RZ2SH7JEReUMOyEcyJhPCyd/kabKTDNIv6ff0R/pzXZomm54n5EKkv/8BFwznxQ==</latexit>

We assume P (a0)
M
= 8�. 9m0. ha0,�i �! m0

<latexit sha1_base64="D50W2l2Z+E18QEVvGipqifAZTus=">AAACYXicbZDPTttAEMY3puVPWiBQqRcuq0aVeopskAoXJAQXjlQiBCmOovF6Elbsrt3dcVC0+GW4wgtx7ot0HXIo0Dl9+mZG38wvK5V0FMfPrWjlw8fVtfWN9qfPm1vbnZ3dK1dUVmBfFKqw1xk4VNJgnyQpvC4tgs4UDrLbs6Y/mKF1sjCXNC9xpGFq5EQKoGCNO1996iZ8gPwODHEqeGmLGdbjTjfuxYvi70WyFF22rIvxTu sgzQtRaTQkFDg3TOKSRh4sSaGwbqeVwxLELUxxGKQBjW7kFw/U/HvloMlGy6XiCxP/3fCgnZvrLExqoBv3tteY/+sNK5ocjbw0ZUVoRBNEUuEiyAkrAxnkubRIBM3lyKXhAiwQoZUchAhmFVC9CnSkwc5tHp4yeCcKrcHkPs1xgr9rnzZXWFQ+zSqp8qB4OgsYrAQzDdlp4Gu5P67ruh0wJ2+hvhdX+73kZy/+td89OV0CX2d77Bv7wRJ2yE7YObtgfSbYPXtgj+yp9SfaiDrR7sto1FrufGGvKtr7C/XxubU=</latexit>

We want to prove

(inductive hypothesis)

<latexit sha1_base64="mIT+8hXYOsJNb0vCNeq5XRQIfY4=">AAACX3icbVBNbxMxEHWWj5YAbdqeKoRkkSIhDtFuDsClUkUvPRaJNJXiKJr1ToJV27vYs6kqa/9Dfw1X+Bsc+Sd4wx6g5Z2e3pvRm3l5pZWnNP3ZSx48fPR4a/tJ/+mz5zu7g739C1/WTuJElrp0lzl41MrihBRpvKwcgsk1TvOr09afrtF5VdrPdFPh3MDKqqWSQFFaDN4G4Zd8ivwaLHEqeeXKNfIj4dXKwCI77sj4qFkMhu ko3YDfJ1lHhqzD+WKv91IUpawNWpIavJ9laUXzAI6U1Nj0Re2xAnkFK5xFasGgn4fNUw1/XXto70HHleYbEf/eCGC8vzF5nDRAX/xdrxX/581qWn6YB2WrmtDKNoiUxk2Ql07FtpAXyiERtJcjV5ZLcECETnGQMop1rK8vLF7L0hiwRRAFLvFrE0Sb51AHkddKF5FxsY4POwV2FVNEbNfxcNw0TT8Wmt2t7z65GI+yd6P003h48rGrdpu9YK/YG5ax9+yEnbFzNmGS3bJv7Dv70fuVbCU7yeDPaNLrdg7YP0gOfwPlv7es</latexit>

We want to prove �1 = �2

<latexit sha1_base64="/82hzb/KqJeGqq+H8h8y6AwjCbs="></latexit>

8b, c. P (c) ) P (while b do c)
<latexit sha1_base64="nuhQZW0UQ9ijNKzGLolyZnytvi0="></latexit>

Take generic b, c

<latexit sha1_base64="gYAmzzpHKNE77UBXUqc3Lj5r6EU="></latexit>

P (while b do c)
M
= 8�,�1,�2. hwhile b do c,�i �! �1 ^ hwhile b do c,�i �! �2 ) �1 = �2

<latexit sha1_base64="Yzk1pZlEqH4YJJMYqrvaUE5UOyg="></latexit>

Take �,�1,�2 such that hwhile b do c,�i �! �1 and hwhile b do c,�i �! �2

<latexit sha1_base64="7ADvnM/kUraCSHlMZKfAP3Jiz2k=">AAAClXicbVBLaxRBEO4dH4nra6MHD14aF8GDLDMR1EsgRBHxYgQ3CewsS01PzaZJPybdNRuHZv6Tv0bwpD/FnnUPJrGg4OOrx1f1FbWSntL05yC5cfPW7a3tO8O79+4/eDjaeXTkbeMEToVV1p0U4FFJg1OSpPCkdgi6UHhcnL3r68crdF5a85XaGucalkZWUgBFajH6lBsrTYmGhiH3FT9oeYmETksDouW24oW1CsFw/BYX+3 6Rf8npFB1yiEkXlot4gO8Wo3E6SdfBr4NsA8ZsE4eLncGrvLSi0VFdKPB+lqU1zQM4kkJhN8wbjzWIM1jiLEIDGv08rJ/u+PPGA1leo+NS8TWJ/04E0N63uoidGujUX6315P9qs4aqt/MgTd0QGtELkVS4FvLCyVX/eSkdEkF/OXJpogMOKNomOQgRySbae0nQkwbXujI+ZfBCWK3BlCEvscLzLuT9FQ5VyItGqjIinq+iDU6CWUbt3EZVHva6rhtGm7Orpl4HR7uT7PUk/bI73j/YGL7NnrJn7AXL2Bu2zz6yQzZlgn1nP9gv9jt5kuwl75MPf1uTwWbmMbsUyec/OojOSw==</latexit>

By determinacy of boolean expressions, there are two cases
<latexit sha1_base64="eposdK99YrB9IZa0kOKMhBzuCbA="></latexit>

hb,�i �! tt
<latexit sha1_base64="JF/AH/cNosmFs+gIQvaHT/q6tfQ="></latexit>

hb,�i �! ↵

<latexit sha1_base64="DbwAbv1MlBDx9Rj0MBQkfmB+OCc=">AAAC/HiclVFNbxMxEPUuHy3hoykcOHCxiJCKhKLdgIBLpAok4BgQaSvFUTTrnWyteu2t7W0Urba/hhviwIX/wr/Bm2wk2nBhLn5+b8YzfpMUUlgXRb+D8MbNW7d3du907t67/2Cvu//wyOrScBxzLbU5ScCiFArHTjiJJ4VByBOJx8nZ+0Y/vkBjhVZf3bLAaQ6ZEnPBwXlq1v05OuDPWYpzPKdsrg1ISZkVWQ4v1scs3oBB/5 JJUJlEyluOmfWdSa0yI7JTB8boBd2UsgWmWSP/V9mAfdl+argRZ91e1I9WQbdB3IIeaWM02w9eslTzMkfluARrJ3FUuGkFxgkuse6w0mIB/AwynHioIEc7rVbe1vRZacFpWqChQtIViX9XVJBbu8wTn5mDO7XXtYb8lzYp3fzttBKqKB0q3jRywnvSNLLcCL80pKkw6Bw0kyMVinIw4BwaQYFzT5Z+i1caWpeDWZrUf0rhgus8B5VW6/3WFWumMCgrlpRCph5RduFtMKLdh/ZdaTWs67rjbY6vm7oNjgb9+HU/+vyqd/iuNXyXPCFPyQGJyRtySD6RERkTHjwOhsGH4GN4GX4Lv4c/1qlh0NY8Ilci/PUHBSX0jw==</latexit>

P (c)
M
= 8�,�1,�2. hc,�i �! �1 ^ hc,�i �! �2 ) �1 = �2
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<latexit sha1_base64="vLmUxGN9ATZVxwp5IZ0eCTxrmtY=">AAACSHicbVBNbxMxEPWGrzZ8NKVHVMkiQuIU7fZAuSBVcOFGkUhbKY6iWe8ktWp7F3tcFFn7W7jCX+Ef8C+4Vb3hTXPo15ye3puZN/PKRitPef436z14+Ojxk43N/tNnz19sDbZfHvk6OIljWevanZTgUSuLY1Kk8aRxCKbUeFyefer043N0XtX2Gy0bnBpYWDVXEihRs8FOFH7Ov1i95HSK3AWN7WwwzEf5qvhdUKzBkK3rcL ad7YqqlsGgJanB+0mRNzSN4EjJtLAvgscG5BkscJKgBYN+GlfXt/xN8EA1b9BxpfmKxOsTEYz3S1OmTgN06m9rHXmfNgk0fz+NyjaB0MrOiJTGlZGXTqVYkFfKIRF0lyNXlktwQIROcZAykSHl1BcWf8jaGLBVFBXO8XsbRefnUEdRBqWrhLg4Tw87BXaRXESd9vP4oW3bfgq0uB3fXXC0NyrejfKve8ODj+toN9gr9pq9ZQXbZwfsMztkYybZkv1kv9jv7E/2L7vILq9ae9l6ZofdqF7vPxamshk=</latexit>

Only the rule
<latexit sha1_base64="xRu7lVy7Ugs1Ssj0pqwLH3RPjoA="></latexit>

is applicable

<latexit sha1_base64="6ctXE/8GCCUHQSbghCEI4tBnkag=">AAACv3icbZFNb9NAEIbX5qsNXykcuaxIkTigyC4ScEEq9MKxSKStlI2i8XrirLofZnfcKLL8Q+HXsE4tRFvm9O47M5qZZ4taq0BZ9itJ791/8PDR3v7o8ZOnz56PD16cBdd4iTPptPMXBQTUyuKMFGm8qD2CKTSeF5cnff78Cn1Qzv6gbY0LA5VVKyWBorUck7BO2RItjVoRVvzE2aBK9JzWyCsHmh8KDbbSyIUBWherdrNWGj vBC/HXKl18y3ciqMqA8EO9drbyqloTeO82/Dq7zA+75XiSTbNd8LsiH8SEDXG6PEjei9LJxsQ9pYYQ5nlW06IFT0rGZUaiCViDvIQK51FaMBgW7Q5Px980AcjxOl6lNN+Z+G9HCyaErSliZX9PuJ3rzf/l5g2tPi1aZeuG0Mp+EEU0u0FBehW5Iy+VRyLoN0euLJfggQi94iBlNJv4ETcGBjLgt76MR1ncSGcM2LIVJa7wZ9fuiHvUrSgapcuouLiKGLwaoLs4lbefu64bRcz5bah3xdnRNP8wzb4fTY6/DsD32Cv2mr1lOfvIjtk3dspmTLLfCUv2k1H6Ja1Sm9bXpWky9LxkNyLd/gGSRdyo</latexit>

Consider the goal hwhile b do c,�i �! �1
<latexit sha1_base64="JfDJd6rcf7BLbNxsC34hgxI09/0="></latexit>

hb,�i �! ↵

hwhile b do c,�i �! �

<latexit sha1_base64="sCJmnwj0Zh8HOPhKbcmqYUxPQXM="></latexit>

hence �1 = �

<latexit sha1_base64="o0eTew1cSWuhi0KidZgysU2bN08="></latexit>

Similarly, since hwhile b do c,�i �! �2
<latexit sha1_base64="v6n/AHVwhup1VUcfIn458dMggC0="></latexit>

it must be �2 = �
<latexit sha1_base64="4ETQ91cC3xyVhf2+N9piKGo8NqM="></latexit>

and thus we conclude �1 = � = �2

<latexit sha1_base64="ZH258RUznhuHc2qsBkLc0pFpsFY="></latexit>

if hb,�i �! ↵
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<latexit sha1_base64="vLmUxGN9ATZVxwp5IZ0eCTxrmtY=">AAACSHicbVBNbxMxEPWGrzZ8NKVHVMkiQuIU7fZAuSBVcOFGkUhbKY6iWe8ktWp7F3tcFFn7W7jCX+Ef8C+4Vb3hTXPo15ye3puZN/PKRitPef436z14+Ojxk43N/tNnz19sDbZfHvk6OIljWevanZTgUSuLY1Kk8aRxCKbUeFyefer043N0XtX2Gy0bnBpYWDVXEihRs8FOFH7Ov1i95HSK3AWN7WwwzEf5qvhdUKzBkK3rcL ad7YqqlsGgJanB+0mRNzSN4EjJtLAvgscG5BkscJKgBYN+GlfXt/xN8EA1b9BxpfmKxOsTEYz3S1OmTgN06m9rHXmfNgk0fz+NyjaB0MrOiJTGlZGXTqVYkFfKIRF0lyNXlktwQIROcZAykSHl1BcWf8jaGLBVFBXO8XsbRefnUEdRBqWrhLg4Tw87BXaRXESd9vP4oW3bfgq0uB3fXXC0NyrejfKve8ODj+toN9gr9pq9ZQXbZwfsMztkYybZkv1kv9jv7E/2L7vILq9ae9l6ZofdqF7vPxamshk=</latexit>

Only the rule
<latexit sha1_base64="xRu7lVy7Ugs1Ssj0pqwLH3RPjoA="></latexit>

is applicable

<latexit sha1_base64="6ctXE/8GCCUHQSbghCEI4tBnkag=">AAACv3icbZFNb9NAEIbX5qsNXykcuaxIkTigyC4ScEEq9MKxSKStlI2i8XrirLofZnfcKLL8Q+HXsE4tRFvm9O47M5qZZ4taq0BZ9itJ791/8PDR3v7o8ZOnz56PD16cBdd4iTPptPMXBQTUyuKMFGm8qD2CKTSeF5cnff78Cn1Qzv6gbY0LA5VVKyWBorUck7BO2RItjVoRVvzE2aBK9JzWyCsHmh8KDbbSyIUBWherdrNWGj vBC/HXKl18y3ciqMqA8EO9drbyqloTeO82/Dq7zA+75XiSTbNd8LsiH8SEDXG6PEjei9LJxsQ9pYYQ5nlW06IFT0rGZUaiCViDvIQK51FaMBgW7Q5Px980AcjxOl6lNN+Z+G9HCyaErSliZX9PuJ3rzf/l5g2tPi1aZeuG0Mp+EEU0u0FBehW5Iy+VRyLoN0euLJfggQi94iBlNJv4ETcGBjLgt76MR1ncSGcM2LIVJa7wZ9fuiHvUrSgapcuouLiKGLwaoLs4lbefu64bRcz5bah3xdnRNP8wzb4fTY6/DsD32Cv2mr1lOfvIjtk3dspmTLLfCUv2k1H6Ja1Sm9bXpWky9LxkNyLd/gGSRdyo</latexit>

Consider the goal hwhile b do c,�i �! �1

<latexit sha1_base64="o0eTew1cSWuhi0KidZgysU2bN08=">AAACvnicbZFNbxMxEIad5SsNXykcuVikSByqaBMk4IIUwYVjEaStFEfRrHd2M6o/FtvbEK32h/bXgJOuEG2Z0+t3ZjQzj7NKkQ9petVL7t1/8PBR/2Dw+MnTZ8+Hhy9Ova2dxLm0yrrzDDwqMjgPFBSeVw5BZwrPsosvu/zZJTpP1vwI2wqXGkpDBUkI0VoNvTCWTI4mDBrhC/6dNClwanvMPRmJ/EgoMKVCLjSEdVY0mzUpbA XPxF8rt/Etj4WnUoNwXb2ypnRUrgM4Zzf8OruaHrWr4Sgdp/vgd8WkEyPWxcnqsPdO5FbWOq4pFXi/mKRVWDbgAsm4zEDUHiuQF1DiIkoDGv2y2dNp+ZvaQ7C8QsdJ8b2J/3Y0oL3f6ixW7u7xt3M783+5RR2Kj8uGTFUHNHI3KEQ0+0FeOorYkefkMATYbY6cDJfgIAR0xEHKaNbxH24M9EGD27o8HmVwI63WYPJG5Fjgz7bZE3eoGpHVpPKouLiMGBx10G2cyptPbdsOIubJbah3xel0PHk/Tr9NR7PPHfA+e8Ves7dswj6wGfvKTticSXbFfvf6vYNklhSJTux1adLrel6yG5H8+gPx2N1X</latexit>

Similarly, since hwhile b do c,�i �! �2

<latexit sha1_base64="g66vURur8AIwht0IMuKBJTKN+8g="></latexit>

if hb,�i �! tt

<latexit sha1_base64="sNALkjWUV+BBNU6YcoawIKswkF4="></latexit>

hb,�i �! tt hc,�i �! �00 hwhile b do c,�00i �! �0

hwhile b do c,�i �! �0

<latexit sha1_base64="kQS7zp0e7G44GQdHfbqLjoduExw=">AAADAXichVHLbtQwFHXCqwyPTmEJC4spggWqkiIBm0pV2SDBokhMW2k8Gt04dzJW/Qi209EoyoqvYYdYsOFL+BucTHi0ReKujs/xudc+NyulcD5JfkTxlavXrt/YuDm4dfvO3c3h1r0jZyrLccyNNPYkA4dSaBx74SWelBZBZRKPs9PXrX58htYJoz/4VYlTBYUWc8HBB2o2/FYzN6cL1BzpNnOiUDBL99bgySzdpkvhF0GRoA uJlD9bS8yuz0waXVhRLDxYa5a0N3ZO0PkfI1PgF9m8Xi6ExIbRjP2mchPOvxq31v80D72b2XCU7CRd0csg7cGI9HU424qes9zwSqH2XIJzkzQp/bQG6wUPLxqwymEJ/BQKnASoQaGb1l3ADX1cOfCGlmipkLQj8W9HDcq5lcrCzfZT7qLWkv/SJpWfv5rWQpeVDytoB/mQTzfIcSvC5pDmwqL30L4cqdCUgwXv0QoKnAeyCqs8N9B5BXZl8/ApjUtulAqrqFmOc/zY1F3sFmXNskrIPCDKzkIMVvSpmzCV1ntN0wxCzOnFUC+Do92d9MVO8n53tH/QB75BHpBH5ClJyUuyT96QQzImPHoYHURvo3fxp/hz/CX+ur4aR73nPjlX8fefFhf0Ig==</latexit>

hence �1 = �0
1 with hc,�i �! �00

1 and hwhile b do c,�00
1 i �! �0

1

<latexit sha1_base64="wa3tYhJc5p+0bvMtoN2BgXq99vw="></latexit>

it must be �2 = �0
2 with hc,�i �! �00

2 and hwhile b do c,�00
2 i �! �0

2

<latexit sha1_base64="THyajJ5xVir56adWlCr4tBeRAzc=">AAADCXictVFNb9NAEF2brxI+msKRy4oElQOK7CABF6QKLohTEU1bKRtZ4/XYWXU/zO66UWT5F/BruCEOXPgV/Bs2wUK05cqc3r6Z2TfzJq+lcD5Jfkbxtes3bt7auT24c/fe/d3h3oNjZxrLccaNNPY0B4dSaJx54SWe1hZB5RJP8rO3m/zJOVonjD7y6xoXCiotSsHBByobfm+ZK6lfNo6OmQRdSaRMgV/mZbtaCokdozn7Qx UmvPkz5kSlYH8/mzLb90ijKyuqpQdrzYr2FVk6pqCL//P3dNxlw1EySbZBr4K0ByPSx2G2Fz1nheGNQu25BOfmaVL7RQvWCx4mGrDGYQ38DCqcB6hBoVu0W6M7+qRx4A2t0VIh6ZbEvztaUM6tVR4qN0u5y7kN+a/cvPHlq0UrdN141Hwj5IM/WyHHrQgXRFoIi97DZnKkQlMOFrxHKyhwHsgmnPSCoPMK7NoWYSmNK26UCqdoWYElfurare0WZcvyRsgiIMrOgw1W9K6boErb113XDYLN6WVTr4Lj6SR9MUk+TEcHb3rDd8gj8pg8JSl5SQ7IO3JIZoRH4+h99DE6ij/HX+Kv8bffpXHU9zwkFyL+8QsLtfiZ</latexit>

thus hwhile b do c,�00
2 i �! �0

1 and hwhile b do c,�00
2 i �! �0

2
<latexit sha1_base64="ZoKVasVBYOSPuLxkeFn9ojqJeoo=">AAACoHicdZBNbxMxEIad5auEj6Zw5GKaIhUJRbtplJQDUgWX3kgl0lbEUeT1ziZWd+3FHqeKrP1l/BKOXOFP4A2pRBHM6fU7Y70zT1oV0mIcf2tFd+7eu/9g52H70eMnT3c7e8/OrXZGwEToQpvLlFsopIIJSizgsjLAy7SAi/TqQ9O/WIGxUqtPuK5gVvKFkrkUHIM170w8szlNHVJcggEqLVWaSpU5gXIFdLmudOjY4B+MD1 nJcZnm/nopC6gZTRm9sTId3uL1AXtDX9bzTjfuvT0e9gdDGvfieJT0k0b0R4OjAU2C01SXbGs832sdsUwLV4JCUXBrp0lc4cxzg1KEqDZzFiourvgCpkEqXoKd+c39NX3lLEdNKzBUFnRjwp8/PC+tXZdpmGy2tX/3GvNfvanD/HjmpaocghJNEIbDN0FWmMAnEMukAUTebB7wKSq44YhgJOVCBNMF0rcCLZbcrE0WjlJwLXRZcpV5lkEOX2q/4Wmg8Cx1ssiComwVMBjJ1SJkMx1SqX9X13U7YL5hSf8vzvu9ZNiLz/rdk/db4DvkBdknhyQhI3JCTsmYTIggX8l38oP8jPaj0+hjdPZ7NGpt/zwntyr6/AsTq9Hj</latexit>

but there is no inductive hypothesis P (while b do c) !

<latexit sha1_base64="gWj/gdiXVqK5Mq84fIQri/jKZTA=">AAAChHicbVDbbhMxEHUWKGW5pfCIkCwS1CJV0W4Ql5eiqrzwRpBIWymOolnvJLHqy2J7U0XWfhYfg3iF/8AbIgQt83R8zozPzCkqKZzPsm+d5MbNWzu3d++kd+/df/Cwu/fo1JnachxzI409L8ChFBrHXniJ55VFUIXEs+LifaufrdA6YfRnv65wqmChxVxw8JGadT8ybYQuUfs0MDenJ2sanzX3YoV0ua6MX6ITjvZHB/xF/5 BeRhai1GdOLBTs78/yoz9w2G9m3V42yDZFr4N8C3pkW6PZXucpKw2vVVyBS3BukmeVnwawXnCJTcpqhxXwC1jgJEINCt00bC5v6PPagTe0QkuFpBsS/54IoJxbqyJ2KvBLd1Vryf9pk9rP306D0FXtUfPWyAuJGyPHbQzHIi2FRe+h3RxjapSDBe/RCgqcR7KOGadM4yU3SoEuAytxjl+awFo/izKwohayjIiyVTzYCtCL6MJM/J+Go6Zp0hhofjW+6+B0OMhfD7JPw97xyTbaXfKEPCMHJCdvyDH5QEZkTDj5Sr6TH+RnspMcJi+TV79bk8525jH5p5J3vwDipcQJ</latexit>

By inductive hypothesis P (c), we have �00
1 = �00

2



5555

Recursive definition!

<latexit sha1_base64="sNALkjWUV+BBNU6YcoawIKswkF4="></latexit>

hb,�i �! tt hc,�i �! �00 hwhile b do c,�00i �! �0

hwhile b do c,�i �! �0

one premise is as much 
complex as the conclusion

to close the proof of determinacy  
we need a more convenient induction principle:

Rule induction


