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Probability law
Cumulative distribution function (probability law)

X : ⌦ ! R

<latexit sha1_base64="khf2asU7WfyQwy2Q/pyDJFDXGQQ=">AAACC3icbVC7TsNAEDyHVwivAAUFzYkIiSqyUSQeVQQNHQGRhxRH0fqyCaecH7pbI0VWPoGvoIWKDtHyERT8C3ZIAQlTjWZ2NbvjRUoasu1PK7ewuLS8kl8trK1vbG4Vt3caJoy1wLoIVahbHhhUMsA6SVLYijSC7ylsesPLzG8+oDYyDO5oFGHHh0Eg+1IApVK3uNc6d699HAB3KeSuD3TvecntuFss2WV7Aj5PnCkpsSlq3eKX2wtF7GNAQoExbceOqJOAJikUjgtubDACMYQBtlMagI+mk0weGPPD2EAaH6HmUvGJiL83EvCNGfleOpldaGa9TPzPa8fUP+0kMohiwkBkQSQVToKM0DJtBnlPaiSC7HLkMuACNBChlhyESMU4raqQ9uHMfj9PGsdlp1I+u6mUqhfTZvJsnx2wI+awE1ZlV6zG6kywMXtiz+zFerRerTfr/Wc0Z013dtkfWB/f7aCajA==</latexit>

FX(x) , P (X  x) = P ({! 2 ⌦ | X(!)  x})

<latexit sha1_base64="h7x1TCwE7jP8RgI6fpabxv7HVMM="></latexit>

P (X  a) = FX(a)

<latexit sha1_base64="A80E/JO6HZG0E8stBEcIg4eIufY=">AAACCHicbVDLSgNBEJyNrxhf8XHzMhiE5BJ2JaAehKAgHiOYByQh9E46ccjsw5leIS75Ab/Cq568iVf/woP/4ibmoIl1Kqq66epyQyUN2fanlVpYXFpeSa9m1tY3Nrey2zs1E0RaYFUEKtANFwwq6WOVJClshBrBcxXW3cHF2K/fozYy8G9oGGLbg74ve1IAJVInu1fJN1oK7zgU+Bnnl51GHgqdbM4u2hPweeJMSY5NUelkv1rdQEQe+iQUGNN07JDaMWiSQuEo04oMhiAG0MdmQn3w0LTjSfoRP4wMUMBD1FwqPhHx90YMnjFDz00mPaBbM+uNxf+8ZkS9k3Ys/TAi9MX4EEmFk0NGaJnUgrwrNRLBODly6XMBGohQSw5CJGKU9JRJ+nBmv58ntaOiUyqeXpdy5fNpM2m2zw5YnjnsmJXZFauwKhPsgT2xZ/ZiPVqv1pv1/jOasqY7u+wPrI9vpgmXaA==</latexit>

P (X > a) = 1� FX(a)

<latexit sha1_base64="NGLQf+/uGDntUeSWcsgJvX0/YVk=">AAACB3icbVDLSgNBEJyNrxhf0Ry9DAYhORh2JaAelKAgHiOYByQh9E46ccjsg5leIYR8gF/hVU/exKuf4cF/cRP3oIl1Kqq66epyQyUN2fanlVpaXlldS69nNja3tneyu3t1E0RaYE0EKtBNFwwq6WONJClshhrBcxU23OHV1G88oDYy8O9oFGLHg4Ev+1IAxVI3m6sWmhccivycc+foutssQLGbzdslewa+SJyE5FmCajf71e4FIvLQJ6HAmJZjh9QZgyYpFE4y7chgCGIIA2zF1AcPTWc8Cz/hh5EBCniImkvFZyL+3hiDZ8zIc+NJD+jezHtT8T+vFVH/tDOWfhgR+mJ6iKTC2SEjtIxbQd6TGolgmhy59LkADUSoJQchYjGKa8rEfTjz3y+S+nHJKZfObsv5ymXSTJrtswNWYA47YRV2w6qsxgQbsSf2zF6sR+vVerPef0ZTVrKTY39gfXwD3wmWXA==</latexit>

P (a < X  b) = FX(b)� FX(a)

<latexit sha1_base64="325vtPT+O4IJmkXdFcq+ORlwsO4=">AAACEnicbVDJSgNBEO1xjXGLehSkMQjJwTAjARUUgoJ4jGAWSEKoaSuxSc9id40Qhtz8BL/Cq568iVd/wIP/4kzMwe1d6vFeFVX13FBJQ7b9bk1Nz8zOzWcWsotLyyurubX1ugkiLbAmAhXopgsGlfSxRpIUNkON4LkKG+7gNPUbt6iNDPxLGobY8aDvy54UQInUzW1VC3DEm22FN9wt8mPOz7rNglvcTQsUu7m8XbLH4H+JMyF5NkG1m/toXwUi8tAnocCYlmOH1IlBkxQKR9l2ZDAEMYA+thLqg4emE4//GPGdyAAFPETNpeJjEb9PxOAZM/TcpNMDuja/vVT8z2tF1DvoxNIPI0JfpItIKhwvMkLLJCDkV1IjEaSXI5c+F6CBCLXkIEQiRkli2SQP5/f3f0l9r+SUS4cX5XzlZJJMhm2ybVZgDttnFXbOqqzGBLtjD+yRPVn31rP1Yr1+tU5Zk5kN9gPW2ydqrJpn</latexit>
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Probability density
X : ⌦ ! R

<latexit sha1_base64="khf2asU7WfyQwy2Q/pyDJFDXGQQ=">AAACC3icbVC7TsNAEDyHVwivAAUFzYkIiSqyUSQeVQQNHQGRhxRH0fqyCaecH7pbI0VWPoGvoIWKDtHyERT8C3ZIAQlTjWZ2NbvjRUoasu1PK7ewuLS8kl8trK1vbG4Vt3caJoy1wLoIVahbHhhUMsA6SVLYijSC7ylsesPLzG8+oDYyDO5oFGHHh0Eg+1IApVK3uNc6d699HAB3KeSuD3TvecntuFss2WV7Aj5PnCkpsSlq3eKX2wtF7GNAQoExbceOqJOAJikUjgtubDACMYQBtlMagI+mk0weGPPD2EAaH6HmUvGJiL83EvCNGfleOpldaGa9TPzPa8fUP+0kMohiwkBkQSQVToKM0DJtBnlPaiSC7HLkMuACNBChlhyESMU4raqQ9uHMfj9PGsdlp1I+u6mUqhfTZvJsnx2wI+awE1ZlV6zG6kywMXtiz+zFerRerTfr/Wc0Z013dtkfWB/f7aCajA==</latexit>

integrable fX : R ! [0,+1)

<latexit sha1_base64="9f7i62rN3kvX8F7KJXElXzWXAek="></latexit>

such that FX(a) =

Z a

�1
fX(x) dx :

<latexit sha1_base64="6QBaHzsjurA0FrNV2H87D6lZeUU="></latexit>

i.e. P (a < X  b) =

Z b

a
fX(x) dx :

<latexit sha1_base64="mA9XmELCDUPG+SIkP1PqORMHFlg="></latexit>

note that P (X = a) is usually 0 when X is continuous

<latexit sha1_base64="N+O4JrB8MBJslUhfoGH0uyR0oTs="></latexit>



Exponential distribution

4
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(Negative) Exp distribution
rate �

<latexit sha1_base64="K/7IHi7hCyojpBqrmAfzNT29Ubc=">AAACCHicbVDLTgJBEJzFF+ILHzcvE8HEE9klJuqN6MUjJvJIgJDeocEJs4/M9Jrghh/wK7zqyZvx6l948F8ckIOCdapUdaW7y4+VNOS6n05maXlldS27ntvY3Nreye/u1U2UaIE1EalIN30wqGSINZKksBlrhMBX2PCHVxO/cY/ayCi8pVGMnQAGoexLAWSlbv4gbZs+10DIi21lcz0ojrv5gltyp+CLxJuRApuh2s1/tXuRSAIMSSgwpuW5MXVS0CSFwnGunRiMQQxhgC1LQwjQdNLp9WN+nBigiMeouVR8KuLvRAqBMaPAt5MB0J2Z9ybif14rof55J5VhnBCGYrKIpMLpIiO0tLUg70mNRDC5HLkMuQDbBaGWHISwYmJ7ytk+vPnvF0m9XPJOSxc35ULlctZMlh2yI3bCPHbGKuyaVVmNCfbAntgze3EenVfnzXn/Gc04s8w++wPn4xtk0pkg</latexit>
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Fig. 14.2: Exponential probability laws with different rates l

0 0.25 0.5 0.75 1 1.25 1.5

0.25
0.5

0.75
1

1.25
1.5

1.75
2

x

y
=

le
�

lx

l = 0.5
l = 1
l = 2
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8a,b 2 R. P(a < X  b) =
Z b

a
fX (x)dx

So we can define the probability law FX of a variable X with density fX as follows:

FX (a) =
Z a

�•
fX (x)dx

Note that P(X = a)
def
= P({w | X(w) = a}) is usually 0 when continuous random

variables are considered. In case X is a discrete random variable, then its distribution
function has jump discontinuities and the function fX : R ! [0,1] given by fX (x) def

=
P(X = x) is called the probability mass function.

We are particularly interested in exponentially distributed random variables.

Definition 14.10 (Exponential distribution). A continuous random variable X is
said to be exponentially distributed with parameter l if its probability law and density
function are defined as follows:

FX (x) =

⇢
1� e�lx if x > 0

0 x < 0 fX (x) =

⇢
le�lx if x > 0

0 x < 0
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8a,b 2 R. P(a < X  b) =
Z b

a
fX (x)dx

So we can define the probability law FX of a variable X with density fX as follows:

FX (a) =
Z a

�•
fX (x)dx

Note that P(X = a)
def
= P({w | X(w) = a}) is usually 0 when continuous random

variables are considered. In case X is a discrete random variable, then its distribution
function has jump discontinuities and the function fX : R ! [0,1] given by fX (x) def

=
P(X = x) is called the probability mass function.

We are particularly interested in exponentially distributed random variables.

Definition 14.10 (Exponential distribution). A continuous random variable X is
said to be exponentially distributed with parameter l if its probability law and density
function are defined as follows:

FX (x) =

⇢
1� e�lx if x > 0

0 x < 0 fX (x) =

⇢
le�lx if x > 0

0 x < 0

variance 1/�2

<latexit sha1_base64="GrFfM9YuoAYF1eCB1gY8k79nzco=">AAACEHicbVC7TgJBFJ3FF+ILtdRiIphY4S4xUTuijSUm8kgAyd3hghNnZzczd0nIhsZP8CtstbIztv6Bhf/ighS+TnVyzj259x4/UtKS6747mbn5hcWl7HJuZXVtfSO/uVW3YWwE1kSoQtP0waKSGmskSWEzMgiBr7Dh355P/MYQjZWhvqJRhJ0ABlr2pQBKpW5+N2nbPh+CkaAF8qJ32FZpugfX5eK4my+4JXcK/pd4M1JgM1S7+Y92LxRxgJqEAmtbnhtRJwFDUigc59qxxQjELQywlVINAdpOMv1izPdjCxTyCA2Xik9F/J5IILB2FPjpZAB0Y397E/E/rxVT/6STSB3FhFpMFpFUOF1khZFpPch70iARTC5HLjUXYIAIjeQgRCrGaV+5tA/v9/d/Sb1c8o5Kp5flQuVs1kyW7bA9dsA8dswq7IJVWY0Jdsce2CN7cu6dZ+fFef0azTizzDb7AeftE8uom/0=</latexit>

expected value (mean) 1/�

<latexit sha1_base64="KAkz/Cj8+/QgGoBXhPnWHht9kos=">AAACG3icbVA7TsNAFFzzDeEXoKRZERDQBDtCAroIGkqQCEGKreh58xJWWa+t3WcEsnIEjsApaKGiQ7QUFNwFJ6SAwFSjmfedMFHSkut+OBOTU9Mzs4W54vzC4tJyaWX10sapEVgXsYrNVQgWldRYJ0kKrxKDEIUKG2HvZOA3btBYGesLukswiKCrZUcKoFxqlbYz33Y43iYoCNv8BlSKfCdC0Lt809vzVT6qDZv9VqnsVtwh+F/ijUiZjXDWKn367VikEWoSCqxtem5CQQaGpFDYL/qpxQRED7rYzKmGCG2QDR/q863UAsU8QcOl4kMRf3ZkEFl7F4V5ZQR0bce9gfif10ypcxhkUicpoRaDRSQVDhdZYWSeFPK2NEgEg8uRS80FGCBCIzkIkYtpHl0xz8Mb//4vuaxWvP3K0Xm1XDseJVNg62yD7TCPHbAaO2VnrM4Eu2eP7Ik9Ow/Oi/PqvH2XTjijnjX2C877F84toDM=</latexit>

fX(x) ,
⇢

�e��x if x � 0
0 if x < 0

<latexit sha1_base64="T23vXyAh9tIhMlacc5lwKctPShQ=">AAACd3icbVFNb9NAEF2bjxbz0QAXEAdWpFThQGSjSm0lDhVcOBaJtJGyIRpvxu6q67W7O64SWT7xKzn0B/QncGMTjERb3unpvZk3uzNppZWjOP4ZhHfu3ru/sfkgevjo8ZOt3tNnx66srcSRLHVpxyk41MrgiBRpHFcWoUg1nqRnn1f+yQVap0rzjZYVTgvIjcqUBPLSrPcjm40Hi3dckFVgco3nPBIaMxJNJFLMlWnAWli2jd atd3zyHDh+b97/5YuW73BRpOWiURnfXojcZ8TbrRBRfN356NVIoJl3kZGwKj+l4azXj4fxGvw2STrSZx2OZr1LMS9lXaAhqcG5SRJXNPWppKRGn1s7rECeQY4TTw0U6KbNelktf1s7oJJXaLnSfC3ivx0NFM4ti9RXFkCn7qa3Ev/nTWrK9qeNMlVNaORqECmN60FOWuWvgHyuLBLB6uXIleESLBChVRyk9GLtzxL5fSQ3f3+bHH8YJrvDg6+7/cNP3WY22Sv2hg1YwvbYIfvCjtiISXYVbAUvgpfBr/B1uBMO/pSGQdfznF1DmPwGO2i88w==</latexit>

FX(x) ,
⇢

1� e��x if x � 0
0 if x < 0

<latexit sha1_base64="46bZYrtqwdEl2FXKrc8AzN6NN5Q="></latexit>
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Properties: memoryless
P (X > a+ b|X > a) = P (X > b)

<latexit sha1_base64="3jBlmubNfDUrXgIAMuHfsSY2Chs=">AAACCXicbVDLSgNBEJz1GeNrVTx5GQxCghB2RVAPiujFYwRjAskSeietDpl9MNMryJov8Cu86smbePUrPPgv7q45aLQOQ3VVN91TfqykIcf5sCYmp6ZnZktz5fmFxaVle2X10kSJFtgUkYp02weDSobYJEkK27FGCHyFLX9wmvutW9RGRuEF3cXoBXAdyispgDKpZ683qu0j2Pbvs7fGD3le+rWeXXHqTgH+l7gjUmEjNHr2Z7cfiSTAkIQCYzquE5OXgiYpFA7L3cRgDGIA19jJaAgBGi8tzh/yrcQARTxGzaXihYg/J1IIjLkL/KwzALox414u/ud1Erra91IZxglhKPJFJBUWi4zQMssFeV9qJIL8cuQy5AI0EKGWHITIxCQLqpzl4Y7//i+53Km7u/WD893K8ckomRLbYJusyly2x47ZGWuwJhMsZY/siT1bD9aL9Wq9fbdOWKOZNfYL1vsXQ3yXvA==</latexit>

memoryless

recalling that P(X > a) = e−λa

  

       

P(X > a + b |X > a) =
P(X > a + b ∧ X > a)

P(X > a)

=
P(X > a + b)

P(X > a)
=

λe−λ(a+b)

λe−λa
= e−λb = P(X > b)
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Properties: memoryless
P (X > a+ b|X > a) = P (X > b)

<latexit sha1_base64="3jBlmubNfDUrXgIAMuHfsSY2Chs=">AAACCXicbVDLSgNBEJz1GeNrVTx5GQxCghB2RVAPiujFYwRjAskSeietDpl9MNMryJov8Cu86smbePUrPPgv7q45aLQOQ3VVN91TfqykIcf5sCYmp6ZnZktz5fmFxaVle2X10kSJFtgUkYp02weDSobYJEkK27FGCHyFLX9wmvutW9RGRuEF3cXoBXAdyispgDKpZ683qu0j2Pbvs7fGD3le+rWeXXHqTgH+l7gjUmEjNHr2Z7cfiSTAkIQCYzquE5OXgiYpFA7L3cRgDGIA19jJaAgBGi8tzh/yrcQARTxGzaXihYg/J1IIjLkL/KwzALox414u/ud1Erra91IZxglhKPJFJBUWi4zQMssFeV9qJIL8cuQy5AI0EKGWHITIxCQLqpzl4Y7//i+53Km7u/WD893K8ckomRLbYJusyly2x47ZGWuwJhMsZY/siT1bD9aL9Wq9fbdOWKOZNfYL1vsXQ3yXvA==</latexit>

memoryless

it is the only memoryless distribution!

   
P(X > a + b)

P(X > a)
= P(X > b)

   P(X > a + b) = P(X > a) P(X > b)

       P(X > a) = P(X > 1)a = ea ln P(X>1) = e−λa

 where   λ = −ln P(X > 1)
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Properties: min
(X1,�1)

<latexit sha1_base64="pI+9tcKpurlbyTr1kp0jk7eOszg=">AAACA3icbVDLSgNBEJyNrxgfiXr0MhiECBJ2JaDegl48RjAPSMLSO+nEIbMPZnqFsOToV3jVkzfx6od48F/cxD1oYp2Kqi66u7xISUO2/WnlVlbX1jfym4Wt7Z3dYmlvv2XCWAtsilCFuuOBQSUDbJIkhZ1II/iewrY3vp757QfURobBHU0i7PswCuRQCqBUckvFSsd1TnsqTQzAdU7cUtmu2nPwZeJkpMwyNNzSV28QitjHgIQCY7qOHVE/AU1SKJwWerHBCMQYRthNaQA+mn4yP3zKj2MDFPIINZeKz0X8nUjAN2bie+mkD3RvFr2Z+J/XjWl40U9kEMWEgZgtIqlwvsgILdNGkA+kRiKYXY5cBlyABiLUkoMQqRinFRXSPpzF75dJ66zq1KqXt7Vy/SprJs8O2RGrMIedszq7YQ3WZILF7Ik9sxfr0Xq13qz3n9GclWUO2B9YH9/AdJaE</latexit>

(X2,�2)

<latexit sha1_base64="d/IFc2MKflqaI8wieXxHHLGFiO4=">AAACA3icbVDLSgNBEJz1GeMjqx69DAYhgoTdEFBvQS8eI5gHJMvSO+nEIbMPZnqFEHL0K7zqyZt49UM8+C9uYg6aWKeiqovuriBR0pDjfForq2vrG5u5rfz2zu5ewd4/aJo41QIbIlaxbgdgUMkIGyRJYTvRCGGgsBUMr6d+6wG1kXF0R6MEvRAGkexLAZRJvl0otf3KWVdliR74lVPfLjplZwa+TNw5KbI56r791e3FIg0xIqHAmI7rJOSNQZMUCif5bmowATGEAXYyGkGIxhvPDp/wk9QAxTxBzaXiMxF/J8YQGjMKg2wyBLo3i95U/M/rpNS/8MYySlLCSEwXkVQ4W2SEllkjyHtSIxFML0cuIy5AAxFqyUGITEyzivJZH+7i98ukWSm71fLlbbVYu5o3k2NH7JiVmMvOWY3dsDprMMFS9sSe2Yv1aL1ab9b7z+iKNc8csj+wPr4Bw56Whg==</latexit>

X(!) = min{X1(!), X2(!)}

<latexit sha1_base64="CA/ecsh/EWyxihnPmXO9bDki0vg=">AAACIHicbVBNS8NAEN34WetX1aOXxSJUkJKIoB4E0YvHCtYGmhIm61gXd5OwOxEk9E/4E/wVXvXkTTwq+F9MawVtfafHezPMvBelSlpy3XdnYnJqema2NFeeX1hcWq6srF7YJDMCmyJRifEjsKhkjE2SpNBPDYKOFLaim5O+37pFY2USn9Ndih0N3VheSQFUSGFl268FicYubPFDHmgZ8yD3Q+9H3PbDnR8e9MJK1a27A/Bx4g1JlQ3RCCufwWUiMo0xCQXWtj03pU4OhqRQ2CsHmcUUxA10sV3QGDTaTj5I1eObmQVKeIqGS8UHIv7eyEFbe6ejYlIDXdtRry/+57Uzutrv5DJOM8JY9A+RVDg4ZIWRRV3IL6VBIuh/jrxoRYABIjSSgxCFmBX9lYs+vNH04+Rip+7t1g/OdqtHx8NmSmydbbAa89geO2KnrMGaTLB79sie2LPz4Lw4r87b9+iEM9xZY3/gfHwBJq+hWA==</latexit>

(X,�1 + �2)

<latexit sha1_base64="odUqxOZhae3TGhmhHJwMXEO1WnI=">AAACC3icbVDLSgNBEJyNrxhfUQ8evAwGIaKE3RBQb0EvHiOYByQh9E46ccjsg5leIYR8gl/hVU/exKsf4cF/cbOuoMY6FVXVdHe5oZKGbPvdyiwsLi2vZFdza+sbm1v57Z2GCSItsC4CFeiWCwaV9LFOkhS2Qo3guQqb7uhy5jfvUBsZ+Dc0DrHrwdCXAymAYqmX3yu2Tjoqzveh5xx/s/JRL1+wS3YCPk+clBRYilov/9HpByLy0CehwJi2Y4fUnYAmKRROc53IYAhiBENsx9QHD013kjww5YeRAQp4iJpLxRMRf05MwDNm7Llx0gO6NX+9mfif145ocNadSD+MCH0xW0RSYbLICC3jZpD3pUYimF2OXPpcgAYi1JKDELEYxVXl4j6cv9/Pk0a55FRK59eVQvUibSbL9tkBKzKHnbIqu2I1VmeCTdkDe2RP1r31bL1Yr1/RjJXO7LJfsN4+Aaa0mb0=</latexit>

(independent, exponentially distributed)

P (X  x) , 1� e�(�1+�2)x

<latexit sha1_base64="KjPqPprnkbdiWFiCw8QDzwCLYt4="></latexit>

(related to sojourn time in CTMC)
(exploited in PEPA)

is exponentially distributed

  

 

  

  

 

P(min{X1, X2} > x)
= P(X1 > x ∧ X2 > x)
= P(X1 > x) P(X2 > x)
= e−λ1xe−λ2x

= e−(λ1+λ2)x
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Properties: precedence
(X1,�1)

<latexit sha1_base64="pI+9tcKpurlbyTr1kp0jk7eOszg=">AAACA3icbVDLSgNBEJyNrxgfiXr0MhiECBJ2JaDegl48RjAPSMLSO+nEIbMPZnqFsOToV3jVkzfx6od48F/cxD1oYp2Kqi66u7xISUO2/WnlVlbX1jfym4Wt7Z3dYmlvv2XCWAtsilCFuuOBQSUDbJIkhZ1II/iewrY3vp757QfURobBHU0i7PswCuRQCqBUckvFSsd1TnsqTQzAdU7cUtmu2nPwZeJkpMwyNNzSV28QitjHgIQCY7qOHVE/AU1SKJwWerHBCMQYRthNaQA+mn4yP3zKj2MDFPIINZeKz0X8nUjAN2bie+mkD3RvFr2Z+J/XjWl40U9kEMWEgZgtIqlwvsgILdNGkA+kRiKYXY5cBlyABiLUkoMQqRinFRXSPpzF75dJ66zq1KqXt7Vy/SprJs8O2RGrMIedszq7YQ3WZILF7Ik9sxfr0Xq13qz3n9GclWUO2B9YH9/AdJaE</latexit>

(X2,�2)

<latexit sha1_base64="d/IFc2MKflqaI8wieXxHHLGFiO4=">AAACA3icbVDLSgNBEJz1GeMjqx69DAYhgoTdEFBvQS8eI5gHJMvSO+nEIbMPZnqFEHL0K7zqyZt49UM8+C9uYg6aWKeiqovuriBR0pDjfForq2vrG5u5rfz2zu5ewd4/aJo41QIbIlaxbgdgUMkIGyRJYTvRCGGgsBUMr6d+6wG1kXF0R6MEvRAGkexLAZRJvl0otf3KWVdliR74lVPfLjplZwa+TNw5KbI56r791e3FIg0xIqHAmI7rJOSNQZMUCif5bmowATGEAXYyGkGIxhvPDp/wk9QAxTxBzaXiMxF/J8YQGjMKg2wyBLo3i95U/M/rpNS/8MYySlLCSEwXkVQ4W2SEllkjyHtSIxFML0cuIy5AAxFqyUGITEyzivJZH+7i98ukWSm71fLlbbVYu5o3k2NH7JiVmMvOWY3dsDprMMFS9sSe2Yv1aL1ab9b7z+iKNc8csj+wPr4Bw56Whg==</latexit>

(independent, exponentially distributed)

P (X1 < X2) ,
�1

�1 + �2

<latexit sha1_base64="21h8vhTrf4N1/8MqoIYJgXmIGBo="></latexit>

318 14 Measure Theory and Markov Chains

Proof. Imagine you are at some time t and neither of the two variables has fired. The
probability that X1 fires in the infinitesimal interval dt while X2 fires in some later
instant is

l1e�l1t
✓Z •

t
l2e�l2t2dt2

◆
dt

from which we derive

P(X1 < X2) =
Z •

0
l1e�l1t1

✓Z •

t1
l2e�l2t2dt2

◆
dt1

=
Z •

0
l1e�l1t1

h
e�l2t2

it1

•
dt1

=
Z •

0
l1e�l1t1 · e�l2t1dt1

=
Z •

0
l1e�(l1+l2)t1dt1

=


l1

l1 +l2
e�(l1+l2)t

�0

•

=
l1

l1 +l2

ut

We will exploit this property when presenting the process algebra PEPA, in
Chapter 16.

As a special case, when the rates of the two variables are equal, i.e., l1 = l2, then
P(X1 < X2) = 1/2.

14.3.1 Stochastic Processes

Stochastic processes are a very powerful mathematical tool that allows us to describe
and analyse a wide variety of systems.

Definition 14.11 (Stochastic process). Let (W ,A ,P) be a probability space and T
be a set. Then a family {Xt}t2T of random variables over W is said to be a stochastic
process.

A stochastic process can be identified with a function X : W ⇥T ! R such that

8t 2 T. X(·, t) : W ! R is a random variable

Usually the values in R that each random variable can take are called states and
the elements of T are interpreted as times.

Obviously the set T strongly characterises the process. A process in which T is
N or a subset of N is said to be a discrete time process; on the other hand if T = R

(related to embedded DTMC)
(exploited in PEPA)



(homogeneous) CTMC

10
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<latexit sha1_base64="oWGjpMi3gCO9Sap8oCoZF5bKKkk=">AAACInicbVDLSgNBEJyNr/iOehG8DAZBIYRdCai3qBdvRjBGyIbQO+nEIbMPZnqFsMSv8aof4k08Cf6FP+Bu3ING61RUdVPd5UVKGrLtd6swMzs3v1BcXFpeWV1bL21s3pgw1gKbIlShvvXAoJIBNkmSwttII/iewpY3PM/81j1qI8PgmkYRdnwYBLIvBVAqdUvb++6ljwOocNcHuhOgktNxhTcOuqWyXbUn4H+Jk5Myy9Holj7dXihiHwMSCoxpO3ZEnQQ0SaFwvOTGBiMQQxhgO6UB+Gg6yeSDMd+LDVDII9RcKj4R8edGAr4xI99LJ7MzzbSXif957Zj6x51EBlFMGIgsiKTCSZARWqbVIO9JjUSQXY5cBlyABiLUkoMQqRinXf0KzGIoDJUZpy050538JTeHVadWPbmqletneV9FtsN22T5z2BGrswvWYE0m2AN7ZE/s2Xq0XqxX6+17tGDlO1vsF6yPLyz6o+U=</latexit>

probability space homogeneous
Markov chain{Xt}t2R

<latexit sha1_base64="03Ak8GwxX5i5xCpCemE1a2juLuI=">AAACDXicbVC7TsNAEDzzDOFloEI0JyIkqshGkYAugoYyIPKQYss6XzbhlPNDd2ukyLL4BL6CFio6RMs3UPAv2CYFJEw1mtnVzo4fS6HRsj6NhcWl5ZXVylp1fWNza9vc2e3oKFEc2jySker5TIMUIbRRoIRerIAFvoSuP74s/O49KC2i8BYnMbgBG4ViKDjDXPLMfSfteehkXoqOCKkTMLzz/fQmyzyzZtWtEnSe2FNSI1O0PPPLGUQ8CSBELpnWfduK0U2ZQsElZFUn0RAzPmYj6Oc0ZAFoNy1fyOhRohlGNAZFhaSlCL83UhZoPQn8fLKIqGe9QvzP6yc4PHNTEcYJQsiLQygklIc0VyLvBuhAKEBkRXKgeQucKYYISlDGeS4meVnVvA979vt50jmp2436+XWj1ryYNlMhB+SQHBObnJImuSIt0iacPJAn8kxejEfj1Xgz3n9GF4zpzh75A+PjG+UMnEM=</latexit>

P (Xtn+�t = x|Xtn = xn, · · · , Xt0 = x0) = P (X�t = x|X0 = xn)

<latexit sha1_base64="Vv/ow2z8V1T3AyyXA7qFXCNcmyY="></latexit>

let Ti be the time spent in state i

<latexit sha1_base64="mJY79PDG7zgH2MqCQIptifBLTCc=">AAACInicbVDJSgNBEO1xN25Rj14aE8FTmBFBvYlePCoYFZIQatqKKdKz0F0jhCF/4Sf4FV715E08Cfov9ow5uD1oeLxXS9cLU02Wff/Nm5icmp6ZnZuvLCwuLa9UV9cubJIZhU2V6MRchWBRU4xNJtZ4lRqEKNR4GQ6OC//yFo2lJD7nYYqdCG5i6pECdlK32sjbtic1sqyfd6kuQ5Tcd48ilDbFmCXF0jIwyjrVR91qzW/4JeRfEoxJTYxx2q1+tK8TlUVuktJgbSvwU+7kYJiUxlGlnVlMQQ3gBluOxhCh7eTlXSO5lVngRKZoJGlZivi9I4fI2mEUusoIuG9/e4X4n9fKuLffySlOM8ZYFYuYNJaLrDLkAkN5TQaZofg5FiEoMMCMhiQo5cTMJVhxeQS/r/9LLnYawW7j4Gyndng0TmZObIhNsS0CsScOxYk4FU2hxJ14EI/iybv3nr0X7/WrdMIb96yLH/DePwFYPaKG</latexit>

before making a transitions to any other state

<latexit sha1_base64="xSP4juqc018aUeMSzQPU46/et6g="></latexit>

P (Ti > 15|Ti > 10) = P (Ti > 5)

<latexit sha1_base64="rrLPdRy999p2WCs0ahTe6MIgTZY=">AAACD3icbVC7TgJBFJ3FF+ILtaSZSEygIbsGohYaoo0lJrwS2GxmhwtOmH1k5q4JQQo/wa+w1crO2PoJFv6Ly0Kh4GnuyTn35t573FAKjab5ZaRWVtfWN9Kbma3tnd297P5BUweR4tDggQxU22UapPChgQIltEMFzHMltNzh9dRv3YPSIvDrOArB9tjAF33BGcaSk83VCnVHXFqVh6SYRXpBZ1Kl6GTzZslMQJeJNSd5MkfNyX53ewGPPPCRS6Z1xzJDtMdMoeASJplupCFkfMgG0ImpzzzQ9jh5YkKPI80woCEoKiRNRPg9MWae1iPPjTs9hnd60ZuK/3mdCPtn9lj4YYTg8+kiFBKSRZorEacDtCcUILLp5UCFTzlTDBGUoIzzWIziuDJxHtbi98ukeVKyyqXz23K+ejVPJk1y5IgUiEVOSZXckBppEE4eyTN5Ia/Gk/FmvBsfs9aUMZ85JH9gfP4AxUOZjw==</latexit>

the random variable Ti is memoryless

<latexit sha1_base64="+BjVuJEZWohgjcedKhk8H7eRscs=">AAACIXicbVCxbhNBEN0LEIyBYEKZZoWDRIN1Z0UCuihpUhopTiLZljW3Hiej7O6dduYiWSd/BZ/AV6SFii6iQ4h/yZ5xAQmvenpvRjPv5aUlljT9mWw8ePho83HrSfvps+dbLzovt0+4qILBoSlsEc5yYLTkcSgkFs/KgOByi6f55WHjn15hYCr8sSxKnDg49zQnAxKlaeddPea5lgvUAfyscPoKAkHc1rvHU9rVxNqhK8LCIv Ny2ummvXQFfZ9ka9JVawymnd/jWWEqh16MBeZRlpYyqSEIGYvL9rhiLMFcwjmOIvXgkCf1KtZSv6kYpNAlBk1Wr0T8e6MGx7xweZx0IBd812vE/3mjSuYfJjX5shL0pjkkFBM3h9gEin2hnlFAEWg+R01eGwgggoE0GBPFKhbYjn1kd9PfJyf9XrbX+/ip390/WDfTUjvqtXqrMvVe7asjNVBDZdRnda2+qm/Jl+R7cpP8+DO6kax3Xql/kPy6BdL1o4E=</latexit>

it must be exponentially distributed

<latexit sha1_base64="iwhShvfMrZ1uP30mbpjE5O9TPmo=">AAACHnicbVC7SgNBFJ31bXytWtoMBkEswq4Iahe0sVQwD0iWcHdyo4Ozs8vMXTEs+Qc/wa+w1cpObLXwX5zEFGq81eGc+zonzpS0FAQf3tT0zOzc/MJiaWl5ZXXNX9+o2zQ3AmsiValpxmBRSY01kqSwmRmEJFbYiG9Oh3rjFo2Vqb6kfoZRAlda9qQAclTH3yvatscl8SS3xGPkeJelGjVJUKrPu+4DI+OcsDvo+OWgEoyKT4JwDMpsXOcd/7PdTUWeuG1CgbWtMMgoKsCQFAoHpXZuMQNxA1fYclBDgjYqRp4GfCe3QCnP0HCp+IjEnxMFJNb2k9h1JkDX9q82JP/TWjn1jqJC6syZ0mJ4iKTC0SErjHRhobNtkAiGnyOXmgswQIRGchDCkblLr+TyCP+6nwT1/Up4UDm+2C9XT8bJLLAtts12WcgOWZWdsXNWY4Lds0f2xJ69B+/Fe/XevlunvPHMJvtV3vsXFsyjRw==</latexit>

rate �i, mean 1/�i

<latexit sha1_base64="sP717vrzASGhovgFnrE0kLxVIGY=">AAACHnicbVDLSgNBEJz1bXxFPXoZTAQRibsiqDfRi8cI5gFJCL2TThycnV1megVZ8g9+gl/hVU/exKse/BcnMeAj1qmo6qK7K0yUtOT7797E5NT0zOzcfG5hcWl5Jb+6VrVxagRWRKxiUw/BopIaKyRJYT0xCFGosBZenw382g0aK2N9SbcJtiLoadmVAshJ7fxO1rRdboCQF5vK5TrQlsVdHiFoXgz2vrV+O1/wS/4QfJwEI1JgI5Tb+Y9mJxZphJqEAmsbgZ9QKwNDUijs55qpxQTENfSw4aiGCG0rG/7U51upBYp5goZLxYci/kxkEFl7G4VuMgK6sn+9gfif10ipe9TKpE5SQi0Gi0gqHC6ywkhXFvKONEgEg8uRS80FuIYIjeQghBNT117O9RH8/X6cVPdLwUHp+GK/cHI6amaObbBNts0CdshO2DkrswoT7I49sEf25N17z96L9/o1OuGNMuvsF7y3T2cIoP4=</latexit>

P (Ti > t+�t|Ti > t) = P (Ti > �t)

<latexit sha1_base64="fMORqQKj/6rWNiXEagQ5F++CF44=">AAACHXicbVDJSgNBEO1xjXGLevTSGASDEGYkoB6UoB48RsgGSQg1nUps0rPQXSOEmG/wE/wKr3ryJl7Fg//iZBLB7Z1evVdFVT03VNKQbb9bM7Nz8wuLqaX08srq2npmY7NqgkgLrIhABbrugkElfayQJIX1UCN4rsKa2z8f+7Ub1EYGfpkGIbY86PmyKwVQLLUzudJeuS1Pab95gYqA021S5vgJnzhfeq6dydp5OwH/S5wpybIpSu3MR7MTiMhDn4QCYxqOHVJrCJqkUDhKNyODIYg+9LARUx88NK1h8tKI70YGKOAhai4VT0T8PjEEz5iB58adHtC1+e2Nxf+8RkTdo9ZQ+mFE6IvxIpIKk0VGaBlnhbwjNRLB+HLk0ucCNBChlhyEiMUoDi8d5+H8/v4vqR7knUL++KqQLZ5Nk0mxbbbD9pjDDlmRXbISqzDB7tgDe2RP1r31bL1Yr5PWGWs6s8V+wHr7BHx6n+Y=</latexit>
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<latexit sha1_base64="oWGjpMi3gCO9Sap8oCoZF5bKKkk=">AAACInicbVDLSgNBEJyNr/iOehG8DAZBIYRdCai3qBdvRjBGyIbQO+nEIbMPZnqFsMSv8aof4k08Cf6FP+Bu3ING61RUdVPd5UVKGrLtd6swMzs3v1BcXFpeWV1bL21s3pgw1gKbIlShvvXAoJIBNkmSwttII/iewpY3PM/81j1qI8PgmkYRdnwYBLIvBVAqdUvb++6ljwOocNcHuhOgktNxhTcOuqWyXbUn4H+Jk5Myy9Holj7dXihiHwMSCoxpO3ZEnQQ0SaFwvOTGBiMQQxhgO6UB+Gg6yeSDMd+LDVDII9RcKj4R8edGAr4xI99LJ7MzzbSXif957Zj6x51EBlFMGIgsiKTCSZARWqbVIO9JjUSQXY5cBlyABiLUkoMQqRinXf0KzGIoDJUZpy050538JTeHVadWPbmqletneV9FtsN22T5z2BGrswvWYE0m2AN7ZE/s2Xq0XqxX6+17tGDlO1vsF6yPLyz6o+U=</latexit>

probability space homogeneous
Markov chain{Xt}t2R

<latexit sha1_base64="03Ak8GwxX5i5xCpCemE1a2juLuI=">AAACDXicbVC7TsNAEDzzDOFloEI0JyIkqshGkYAugoYyIPKQYss6XzbhlPNDd2ukyLL4BL6CFio6RMs3UPAv2CYFJEw1mtnVzo4fS6HRsj6NhcWl5ZXVylp1fWNza9vc2e3oKFEc2jySker5TIMUIbRRoIRerIAFvoSuP74s/O49KC2i8BYnMbgBG4ViKDjDXPLMfSfteehkXoqOCKkTMLzz/fQmyzyzZtWtEnSe2FNSI1O0PPPLGUQ8CSBELpnWfduK0U2ZQsElZFUn0RAzPmYj6Oc0ZAFoNy1fyOhRohlGNAZFhaSlCL83UhZoPQn8fLKIqGe9QvzP6yc4PHNTEcYJQsiLQygklIc0VyLvBuhAKEBkRXKgeQucKYYISlDGeS4meVnVvA979vt50jmp2436+XWj1ryYNlMhB+SQHBObnJImuSIt0iacPJAn8kxejEfj1Xgz3n9GF4zpzh75A+PjG+UMnEM=</latexit>

it must be exponentially distributed

<latexit sha1_base64="iwhShvfMrZ1uP30mbpjE5O9TPmo=">AAACHnicbVC7SgNBFJ31bXytWtoMBkEswq4Iahe0sVQwD0iWcHdyo4Ozs8vMXTEs+Qc/wa+w1cpObLXwX5zEFGq81eGc+zonzpS0FAQf3tT0zOzc/MJiaWl5ZXXNX9+o2zQ3AmsiValpxmBRSY01kqSwmRmEJFbYiG9Oh3rjFo2Vqb6kfoZRAlda9qQAclTH3yvatscl8SS3xGPkeJelGjVJUKrPu+4DI+OcsDvo+OWgEoyKT4JwDMpsXOcd/7PdTUWeuG1CgbWtMMgoKsCQFAoHpXZuMQNxA1fYclBDgjYqRp4GfCe3QCnP0HCp+IjEnxMFJNb2k9h1JkDX9q82JP/TWjn1jqJC6syZ0mJ4iKTC0SErjHRhobNtkAiGnyOXmgswQIRGchDCkblLr+TyCP+6nwT1/Up4UDm+2C9XT8bJLLAtts12WcgOWZWdsXNWY4Lds0f2xJ69B+/Fe/XevlunvPHMJvtV3vsXFsyjRw==</latexit>

let Ti,j be the time spent in state i

<latexit sha1_base64="bkR/jS+s+D655/aD0j2JzkJhT/g=">AAACJnicbVDJSgNBEO1xN25Rj14aE8GDhJkgqLegF48KRoUkhJq2oqU9C901QhjyH36CX+FVT95EPAh+ij0xB7cHDY/3aul6YarJsu+/eWPjE5NT0zOzpbn5hcWl8vLKqU0yo7CpEp2Y8xAsaoqxycQaz1ODEIUaz8Kbg8I/u0VjKYlPuJ9iJ4LLmHqkgJ3ULdfztu1JjSyrJ92ctq4HVRmi5Cv3KEJpU4xZUiwtA6OsUnXQLVf8mj+E/EuCEamIEY665ff2RaKyyE1SGqxtBX7KnRwMk9I4KLUziymoG7jElqMxRGg7+fC2gdzILHAiUzSStByK+L0jh8jafhS6ygj4yv72CvE/r5Vxb7eTU5xmjLEqFjFpHC6yypALDeUFGWSG4udYhKDAADMakqCUEzOXYsnlEfy+/i85rdeC7drecb3S2B8lMyPWxLrYFIHYEQ1xKI5EUyhxJx7Eo3jy7r1n78V7/Sod80Y9q+IHvI9Poc+kPA==</latexit>

before making a transitions to state j

<latexit sha1_base64="7/0nE+d/cvE2deqj5mwBP6jemcc=">AAACI3icbVC7TsNAEDzzDOEVoKQ5EZCogh0hAR2ChjJIBJCSKFofm3DkfLZu10jIymfwCXwFLVR0iIaCf8EOKXhNNZqZ1e5OmBhN7Pvv3sTk1PTMbGmuPL+wuLRcWVk9pzh1CpsqNrG7DIHQaItN1mzwMnEIUWjwIhwcF/7FLTrSsT3juwQ7EfSt7mkFnEvdyk7Wpp6UIfZihzKCgbZ9CZIdWNJFhCTHkhgY5ebN5rBbqfo1fwT5lwRjUhVjNLqVj/ZVrNIILSsDRK3AT7iTgWOtDA7L7ZQwATWAPrZyaiFC6mSjx4ZyKyXI1yfopDZyJOL3iQwiorsozJMR8DX99grxP6+Vcm+/k2mbpIxWFYtYGxwtIuV03hjKK+2QGYrLUWorFThgRqclKJWLaV5hOe8j+P39X3JerwW7tYPTevXwaNxMSayLDbEtArEnDsWJaIimUOJePIon8ew9eC/eq/f2FZ3wxjNr4ge8j0/hmKP8</latexit>

P (Ti,j > t+�t|Ti,j > t) = P (Ti,j > �t)

<latexit sha1_base64="WQu4A3Dgb/Q3vqo9BhpR7SvqPDU=">AAACKXicbVDLSgNBEJz1GeMr6tHLYBASlLArEfWgBPXgMUIShSSE3rHVMbMPZnqFsOZL/AS/wquevKngyR9xE+PbOhVV1XR3uaGShmz7yRoaHhkdG09NpCenpmdmM3PzNRNEWmBVBCrQxy4YVNLHKklSeBxqBM9VeOS293r+0SVqIwO/Qp0Qmx6c+fJUCqBEamXWy7lKK5arF90dWmnsoyLgdPUp5fk2/0p8+PlWJmsX7D74X+IMSJYNUG5lXhongYg89EkoMKbu2CE1Y9AkhcJuuhEZDEG04QzrCfXBQ9OM++91+XJkgAIeouZS8b6I3ydi8IzpeG6S9IDOzW+vJ/7n1SM63WzG0g8jQl/0FpFU2F9khJZJb8hPpEYi6F2OXPpcgAYi1JKDEIkYJUWmkz6c39//JbW1glMsbB0Ws6XdQTMptsiWWI45bIOV2AErsyoT7Jrdsjt2b91YD9aj9fweHbIGMwvsB6zXN02rpQg=</latexit>

the random variable Ti,j is memoryless

<latexit sha1_base64="rDL/GA0ktGGWK8MY+sgGN0ROTxo=">AAACJXicbVBNTxRBEO1BQVi+Vj1y6bCQcCCbGUKi3ohePGLCAsnuZlPTWwsF3T2TrhqSzWR/hz/BX+FVT96MiQfjX7Fn3YOA7/TyXlWq3stLSyxp+jNZevJ0eeXZ6lprfWNza7v9/MU5F1Uw2DOFLcJlDoyWPPaExOJlGRBcbvEiv33X+Bd3GJgKfybTEocOrjxNyIBEadTO6gFPtFyjDuDHhdN3EAjitt47G9V0eDPb08TaoS vC1CLzbNTupN10Dv2YZAvSUQucjtq/BuPCVA69GAvM/SwtZVhDEDIWZ61BxViCuYUr7EfqwSEP63m0md6vGKTQJQZNVs9F/HejBsc8dXmcdCDX/NBrxP95/Uomr4c1+bIS9KY5JBRTN4fYBIqdoR5TQBFoPkdNXhsIIIKBNBgTxSqW2Ip9ZA/TPybnR93suPvmw1Hn5O2imVW1o3bVgcrUK3Wi3qtT1VNGfVSf1Rf1NfmUfEu+Jz/+ji4li52X6h6S338AGiylNw==</latexit>

rate �i,j , mean 1/�i,j

<latexit sha1_base64="lYdB6ig0uI6EDdjaO/CIgbT7r8E=">AAACJnicbVDLSgNBEJz1bXxFPXoZTAQPEneDoN6CXjwqGBNIQuiddOLo7Owy0yuEJf/hJ/gVXvXkTcSD4Kc4iTmosU5FVRfdXWGipCXff/empmdm5+YXFnNLyyura/n1jSsbp0ZgVcQqNvUQLCqpsUqSFNYTgxCFCmvh7enQr92hsTLWl9RPsBVBT8uuFEBOaufLWdN2uQFCXmwql+tAO5N7N4PiHo8QNC8G+7/1QTtf8Ev+CHySBGNSYGOct/MfzU4s0gg1CQXWNgI/oVYGhqRQOMg1U4sJiFvoYcNRDRHaVjb6bcB3UgsU8wQNl4qPRPyZyCCyth+FbjICurZ/vaH4n9dIqXvUyqROUkIthotIKhwtssJIVxryjjRIBMPLkUvNBbimCI3kIIQTU9dizvUR/P1+klyVS8FB6fiiXKicjJtZYFtsm+2ygB2yCjtj56zKBLtnj+yJPXsP3ov36r19j05548wm+wXv8wvuYKRq</latexit>

P (Xtn+�t = x|Xtn = xn, · · · , Xt0 = x0) = P (X�t = x|X0 = xn)

<latexit sha1_base64="Vv/ow2z8V1T3AyyXA7qFXCNcmyY="></latexit>

Ti = min
j 6=i

Ti,j

<latexit sha1_base64="xZE9qOjwoSC5XNgpY7GZTr9vAKs=">AAACEXicbVDLSgNBEJz1bXxFPYowGAQPEnYloB4E0YvHCHlBNiyzk1ZbZ2fXmV4hLDn5CX6FVz15E69+gQf/xU3MQaN1Kqq66a4KE4WWXPfDmZicmp6ZnZsvLCwuLa8UV9caNk6NhLqMVWxaobCgUEOdkBS0EgMiChU0w5vTgd+8A2Mx1jXqJdCJxKXGC5SCcikobtYC5Efcj1AH2bWv4ZZj3+e1IMPd635QLLlldwj+l3gjUmIjVIPip9+NZRqBJqmEtW3PTaiTCUMoFfQLfmohEfJGXEI7p1pEYDvZMEafb6dWUMwTMBwVH4rwcyMTkbW9KMwnI0FXdtwbiP957ZQuDjoZ6iQl0HJwiFDB8JCVBvN+gHfRAJEYfA4cNZfCCCIwyIWUuZjmhRXyPrzx9H9JY6/sVcqH55XS8cmomTm2wbbYDvPYPjtmZ6zK6kyye/bIntiz8+C8OK/O2/fohDPaWWe/4Lx/AeufnKc=</latexit>

�i =
X

j 6=i

�i,j

<latexit sha1_base64="TUuQZftYoha7CttehYZYBfSxhNU=">AAACHHicbVC7SgRBEJz17fk6NTQZPAQDOXZFUANBNDFU8FS4PZbeuVZbZ2fXmV5BlvsFP8GvMNXITEwFA//FvfMEXxUVVdV0d8WZJse+/+YNDA4Nj4yOjVcmJqemZ6qzc0cuza3Chkp1ak9icKjJYIOJNZ5kFiGJNR7Hl7td//garaPUHPJNhq0EzgydkgIupai6HOoy3IaI5JYMXZ5ExUVo8EpSR35ZBa1cdKJqza/7Pci/JOiTmuhjP6q+h+1U5QkaVhqcawZ+xq0CLJPS2KmEucMM1CWcYbOkBhJ0raL3UUcu5Q44lRlaSVr2RPw+UUDi3E0Sl8kE+Nz99rrif14z59ONVkEmyxmN6i5i0thb5JSlsiqUbbLIDN3LUZKRCiwwoyUJSpViXnZXKfsIfn//lxyt1oO1+ubBWm17p9/MmFgQi2JZBGJdbIs9sS8aQolbcS8exKN35z15z97LZ3TA68/Mix/wXj8AJrqhnA==</latexit>
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Embedded  DTMC
(⌦,A, P )

<latexit sha1_base64="oWGjpMi3gCO9Sap8oCoZF5bKKkk=">AAACInicbVDLSgNBEJyNr/iOehG8DAZBIYRdCai3qBdvRjBGyIbQO+nEIbMPZnqFsMSv8aof4k08Cf6FP+Bu3ING61RUdVPd5UVKGrLtd6swMzs3v1BcXFpeWV1bL21s3pgw1gKbIlShvvXAoJIBNkmSwttII/iewpY3PM/81j1qI8PgmkYRdnwYBLIvBVAqdUvb++6ljwOocNcHuhOgktNxhTcOuqWyXbUn4H+Jk5Myy9Holj7dXihiHwMSCoxpO3ZEnQQ0SaFwvOTGBiMQQxhgO6UB+Gg6yeSDMd+LDVDII9RcKj4R8edGAr4xI99LJ7MzzbSXif957Zj6x51EBlFMGIgsiKTCSZARWqbVIO9JjUSQXY5cBlyABiLUkoMQqRinXf0KzGIoDJUZpy050538JTeHVadWPbmqletneV9FtsN22T5z2BGrswvWYE0m2AN7ZE/s2Xq0XqxX6+17tGDlO1vsF6yPLyz6o+U=</latexit>

probability space homogeneous
Markov chain{Xt}t2R

<latexit sha1_base64="03Ak8GwxX5i5xCpCemE1a2juLuI=">AAACDXicbVC7TsNAEDzzDOFloEI0JyIkqshGkYAugoYyIPKQYss6XzbhlPNDd2ukyLL4BL6CFio6RMs3UPAv2CYFJEw1mtnVzo4fS6HRsj6NhcWl5ZXVylp1fWNza9vc2e3oKFEc2jySker5TIMUIbRRoIRerIAFvoSuP74s/O49KC2i8BYnMbgBG4ViKDjDXPLMfSfteehkXoqOCKkTMLzz/fQmyzyzZtWtEnSe2FNSI1O0PPPLGUQ8CSBELpnWfduK0U2ZQsElZFUn0RAzPmYj6Oc0ZAFoNy1fyOhRohlGNAZFhaSlCL83UhZoPQn8fLKIqGe9QvzP6yc4PHNTEcYJQsiLQygklIc0VyLvBuhAKEBkRXKgeQucKYYISlDGeS4meVnVvA979vt50jmp2436+XWj1ryYNlMhB+SQHBObnJImuSIt0iacPJAn8kxejEfj1Xgz3n9GF4zpzh75A+PjG+UMnEM=</latexit>

Ti = min
j 6=i

Ti,j

<latexit sha1_base64="xZE9qOjwoSC5XNgpY7GZTr9vAKs=">AAACEXicbVDLSgNBEJz1bXxFPYowGAQPEnYloB4E0YvHCHlBNiyzk1ZbZ2fXmV4hLDn5CX6FVz15E69+gQf/xU3MQaN1Kqq66a4KE4WWXPfDmZicmp6ZnZsvLCwuLa8UV9caNk6NhLqMVWxaobCgUEOdkBS0EgMiChU0w5vTgd+8A2Mx1jXqJdCJxKXGC5SCcikobtYC5Efcj1AH2bWv4ZZj3+e1IMPd635QLLlldwj+l3gjUmIjVIPip9+NZRqBJqmEtW3PTaiTCUMoFfQLfmohEfJGXEI7p1pEYDvZMEafb6dWUMwTMBwVH4rwcyMTkbW9KMwnI0FXdtwbiP957ZQuDjoZ6iQl0HJwiFDB8JCVBvN+gHfRAJEYfA4cNZfCCCIwyIWUuZjmhRXyPrzx9H9JY6/sVcqH55XS8cmomTm2wbbYDvPYPjtmZ6zK6kyye/bIntiz8+C8OK/O2/fohDPaWWe/4Lx/AeufnKc=</latexit>

�i =
X

j 6=i

�i,j

<latexit sha1_base64="TUuQZftYoha7CttehYZYBfSxhNU=">AAACHHicbVC7SgRBEJz17fk6NTQZPAQDOXZFUANBNDFU8FS4PZbeuVZbZ2fXmV5BlvsFP8GvMNXITEwFA//FvfMEXxUVVdV0d8WZJse+/+YNDA4Nj4yOjVcmJqemZ6qzc0cuza3Chkp1ak9icKjJYIOJNZ5kFiGJNR7Hl7td//garaPUHPJNhq0EzgydkgIupai6HOoy3IaI5JYMXZ5ExUVo8EpSR35ZBa1cdKJqza/7Pci/JOiTmuhjP6q+h+1U5QkaVhqcawZ+xq0CLJPS2KmEucMM1CWcYbOkBhJ0raL3UUcu5Q44lRlaSVr2RPw+UUDi3E0Sl8kE+Nz99rrif14z59ONVkEmyxmN6i5i0thb5JSlsiqUbbLIDN3LUZKRCiwwoyUJSpViXnZXKfsIfn//lxyt1oO1+ubBWm17p9/MmFgQi2JZBGJdbIs9sS8aQolbcS8exKN35z15z97LZ3TA68/Mix/wXj8AJrqhnA==</latexit>

pi,j = P

0

@
^

k 6=i,j

Ti,j < Ti,k

1

A = P

✓
Ti,j < min

k 6=i,j
Ti,k

◆
=

�i,j

�i

<latexit sha1_base64="rKsKJkvFwwu/2WAHVvxrcz5LiiY="></latexit>

P =

2

6664

0 p1,2 · · · p1,N
p2,1 0 · · · p2,N
...

...
...

pN,1 pN,2 · · · 0

3

7775
=

2

6664

0 �1,2/�1 · · · �1,N/�1

�2,1/�2 0 · · · �2,N/�2
...

...
...

�N,1/�N �N,2/�N · · · 0

3

7775

<latexit sha1_base64="3nscsHS4te5PhvEnjpcBggN0DN4="></latexit>

P =

2

6664

0 p1,2 · · · p1,N
p2,1 0 · · · p2,N
...

...
...

pN,1 pN,2 · · · 0

3

7775
=

2

6664

0 �1,2/�1 · · · �1,N/�1

�2,1/�2 0 · · · �2,N/�2
...

...
...

�N,1/�N �N,2/�N · · · 0

3

7775

<latexit sha1_base64="3nscsHS4te5PhvEnjpcBggN0DN4="></latexit>
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Embedded DTMC
(⌦,A, P )

<latexit sha1_base64="oWGjpMi3gCO9Sap8oCoZF5bKKkk=">AAACInicbVDLSgNBEJyNr/iOehG8DAZBIYRdCai3qBdvRjBGyIbQO+nEIbMPZnqFsMSv8aof4k08Cf6FP+Bu3ING61RUdVPd5UVKGrLtd6swMzs3v1BcXFpeWV1bL21s3pgw1gKbIlShvvXAoJIBNkmSwttII/iewpY3PM/81j1qI8PgmkYRdnwYBLIvBVAqdUvb++6ljwOocNcHuhOgktNxhTcOuqWyXbUn4H+Jk5Myy9Holj7dXihiHwMSCoxpO3ZEnQQ0SaFwvOTGBiMQQxhgO6UB+Gg6yeSDMd+LDVDII9RcKj4R8edGAr4xI99LJ7MzzbSXif957Zj6x51EBlFMGIgsiKTCSZARWqbVIO9JjUSQXY5cBlyABiLUkoMQqRinXf0KzGIoDJUZpy050538JTeHVadWPbmqletneV9FtsN22T5z2BGrswvWYE0m2AN7ZE/s2Xq0XqxX6+17tGDlO1vsF6yPLyz6o+U=</latexit>

probability space homogeneous
Markov chain{Xt}t2R

<latexit sha1_base64="03Ak8GwxX5i5xCpCemE1a2juLuI=">AAACDXicbVC7TsNAEDzzDOFloEI0JyIkqshGkYAugoYyIPKQYss6XzbhlPNDd2ukyLL4BL6CFio6RMs3UPAv2CYFJEw1mtnVzo4fS6HRsj6NhcWl5ZXVylp1fWNza9vc2e3oKFEc2jySker5TIMUIbRRoIRerIAFvoSuP74s/O49KC2i8BYnMbgBG4ViKDjDXPLMfSfteehkXoqOCKkTMLzz/fQmyzyzZtWtEnSe2FNSI1O0PPPLGUQ8CSBELpnWfduK0U2ZQsElZFUn0RAzPmYj6Oc0ZAFoNy1fyOhRohlGNAZFhaSlCL83UhZoPQn8fLKIqGe9QvzP6yc4PHNTEcYJQsiLQygklIc0VyLvBuhAKEBkRXKgeQucKYYISlDGeS4meVnVvA979vt50jmp2436+XWj1ryYNlMhB+SQHBObnJImuSIt0iacPJAn8kxejEfj1Xgz3n9GF4zpzh75A+PjG+UMnEM=</latexit>

P =

2

6664

0 p1,2 · · · p1,N
p2,1 0 · · · p2,N
...

...
...

pN,1 pN,2 · · · 0

3

7775
=

2

6664

0 �1,2/�1 · · · �1,N/�1

�2,1/�2 0 · · · �2,N/�2
...

...
...

�N,1/�N �N,2/�N · · · 0

3

7775

<latexit sha1_base64="3nscsHS4te5PhvEnjpcBggN0DN4="></latexit>

⇡ = ⇡ · P

<latexit sha1_base64="s4q5eLtpcBklZ5FrQZmP7Jw7lC8=">AAACBHicbVC7SgNBFJ2NrxhfUUubwSBYhV0JqIUQtLGMYB6QXcLs5CYOmX0wczcQlrR+ha1WdmLrf1j4L86uW2jiKYbDOedy7xw/lkKjbX9apZXVtfWN8mZla3tnd6+6f9DRUaI4tHkkI9XzmQYpQmijQAm9WAELfAldf3KT+d0pKC2i8B5nMXgBG4diJDhDIw2qVTcW9Iqa1+XDCGlrUK3ZdTsHXSZOQWqkgMl/ucOIJwGEyCXTuu/YMXopUyi4hHnFTTTEjE/YGPqGhiwA7aX55XN6kmiGEY1BUSFpLsLviZQFWs8C3yQDhg960cvE/7x+gqMLLxVhnCCEPFuEQkK+SHMlTCVAh0IBIssuBypCypliiKAEZZwbMTEdVUwfzuLvl0nnrO406pd3jVrzumimTI7IMTklDjknTXJLWqRNOJmSJ/JMXqxH69V6s95/oiWrmDkkf2B9fAP3tZc5</latexit>

NX

i=1

⇡i = 1

<latexit sha1_base64="HRz4fuPEz7ekn/mBv61ogcjZhYU=">AAACCnicbVDLSgNBEJyNrxhfUcGLl8EgeAq7ElAPgaAXTxLBPCCJy+ykE5vMPpjpFcKaP/ArvOrJm3j1Jzz4L25iDppYp6Kqm64uL1JoyLY/rczC4tLySnY1t7a+sbmV396pmzDWEmoyVKFuesKAwgBqhKSgGWkQvqeg4Q0uxn7jHrTBMLihYQQdX/QD7KEUlEpufq9tYt9NsOyMbq94O0IXeZk7br5gF+0J+DxxpqTApqi6+a92N5SxDwFJJYxpOXZEnURoQqlglGvHBiIhB6IPrZQGwgfTSSb5R/wwNoJCHoHmqPhEhN8bifCNGfpeOukLujOz3lj8z2vF1DvtJBhEMUEgx4cIFUwOGakxLQZ4FzUQiXFy4BhwKbQgAo1cSJmKcdpULu3Dmf1+ntSPi06peHZdKlTOp81k2T47YEfMYSeswi5ZldWYZA/siT2zF+vRerXerPef0Yw13dllf2B9fAMYOZlu</latexit>

(

<latexit sha1_base64="rCLkm2nIuqyexPsC7ip5JGyEnW4="></latexit>

(if ergodic) we get a steady state distribution

but the embedded DTMC ignores 
the amount of time spent in each state
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Balance equations
(⌦,A, P )

<latexit sha1_base64="oWGjpMi3gCO9Sap8oCoZF5bKKkk=">AAACInicbVDLSgNBEJyNr/iOehG8DAZBIYRdCai3qBdvRjBGyIbQO+nEIbMPZnqFsMSv8aof4k08Cf6FP+Bu3ING61RUdVPd5UVKGrLtd6swMzs3v1BcXFpeWV1bL21s3pgw1gKbIlShvvXAoJIBNkmSwttII/iewpY3PM/81j1qI8PgmkYRdnwYBLIvBVAqdUvb++6ljwOocNcHuhOgktNxhTcOuqWyXbUn4H+Jk5Myy9Holj7dXihiHwMSCoxpO3ZEnQQ0SaFwvOTGBiMQQxhgO6UB+Gg6yeSDMd+LDVDII9RcKj4R8edGAr4xI99LJ7MzzbSXif957Zj6x51EBlFMGIgsiKTCSZARWqbVIO9JjUSQXY5cBlyABiLUkoMQqRinXf0KzGIoDJUZpy050538JTeHVadWPbmqletneV9FtsN22T5z2BGrswvWYE0m2AN7ZE/s2Xq0XqxX6+17tGDlO1vsF6yPLyz6o+U=</latexit>

probability space homogeneous
Markov chain{Xt}t2R

<latexit sha1_base64="03Ak8GwxX5i5xCpCemE1a2juLuI=">AAACDXicbVC7TsNAEDzzDOFloEI0JyIkqshGkYAugoYyIPKQYss6XzbhlPNDd2ukyLL4BL6CFio6RMs3UPAv2CYFJEw1mtnVzo4fS6HRsj6NhcWl5ZXVylp1fWNza9vc2e3oKFEc2jySker5TIMUIbRRoIRerIAFvoSuP74s/O49KC2i8BYnMbgBG4ViKDjDXPLMfSfteehkXoqOCKkTMLzz/fQmyzyzZtWtEnSe2FNSI1O0PPPLGUQ8CSBELpnWfduK0U2ZQsElZFUn0RAzPmYj6Oc0ZAFoNy1fyOhRohlGNAZFhaSlCL83UhZoPQn8fLKIqGe9QvzP6yc4PHNTEcYJQsiLQygklIc0VyLvBuhAKEBkRXKgeQucKYYISlDGeS4meVnVvA979vt50jmp2436+XWj1ryYNlMhB+SQHBObnJImuSIt0iacPJAn8kxejEfj1Xgz3n9GF4zpzh75A+PjG+UMnEM=</latexit>

let pi be the long time proportion of time spent in state i

<latexit sha1_base64="VcaQQR3Eb6r9L01MY2jsPqwtOeg="></latexit>

with respect to the time spent in other states

<latexit sha1_base64="3BmZ3dUWqr83QYz6ymhuL1j4Qc0=">AAACKXicbVDLSgNBEJz1bXxFPXoZDIKnsCuKehO9eFQwGkhC6J10zODsg+leRZZ8iZ/gV3jVkzcVPPkjzsYcNLFPRVU/qitMjSb2/XdvYnJqemZ2br60sLi0vFJeXbukJLMKayoxia2HQGh0jDXWbLCeWoQoNHgV3pwU+tUtWtJJfMH3KbYiuI51VytgR7XLe3mTuvJOc09apBQVS04k91CyjlA6JmapY5k4ykpiYKS+bJcrftUflBwHwRBUxLDO2uXPZidRWeS2KQNEjcBPuZWDZa0M9kvNjDAFdQPX2HAwhgiplQ/e68utjMCZSp0BbeSAxN8TOURE91HoOiPgHo1qBfmf1si4e9DKdZxmjLEqDrE2ODhEymqXG8qOtsgMhXMsglBggRmtlqCUIzMXZMnlEYx+Pw4ud6rBbvXwfKdydDxMZk5siE2xLQKxL47EqTgTNaHEg3gSz+LFe/RevTfv46d1whvOrIs/5X19A38tpvU=</latexit>

the flow in/out of each state i must balance

<latexit sha1_base64="pISGZnpFJEU0wId153RNT8UDqEQ="></latexit>

�ipi

<latexit sha1_base64="tb/BSIHbW9ZYXMxxeHISqbn69kQ=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrIREtBF0FAGiTykxLLWl0045fzgbo0URSn4Clqo6BAtn0LBv2AbF5Aw1WhmVrs7fqykIdv+tEpLyyura+X1ysbm1vZOdXevbaJEC2yJSEW664NBJUNskSSF3VgjBL7Cjj++yvzOA2ojo/CWJjG6AYxCOZQCKJXcvkqjA/Akjz3pVWt23c7BF4lTkBor0PSqX/1BJJIAQxIKjOk5dkzuFDRJoXBW6ScGYxBjGGEvpSEEaNxpfvSMHyUGKOIxai4Vz0X8PTGFwJhJ4KfJAOjOzHuZ+J/XS2h47k5lGCeEocgWkVSYLzJCy7QN5AOpkQiyy5HLkAvQQIRachAiFZO0nkrahzP//SJpn9Sd0/rFzWmtcVk0U2YH7JAdM4edsQa7Zk3WYoLdsyf2zF6sR+vVerPef6Ilq5jZZ39gfXwDPdaWag==</latexit>

outgoing flow

<latexit sha1_base64="5Pf2CXNyL/LEzxIggCGRF0mDo8E=">AAACB3icbVC7TsNAEDyHVwivQEqaExESVWRHSEAXQUMZJPKQEis6XzbhlPOddbcGRVY+gK+ghYoO0fIZFPwLtkkBCVONZna1sxNEUlh03U+nsLK6tr5R3Cxtbe/s7pX3D9pWx4ZDi2upTTdgFqRQ0EKBErqRARYGEjrB5CrzO/dgrNDqFqcR+CEbKzESnGEqDcqVpG9HVMc41kKN6Ujqh9mgXHVrbg66TLw5qZI5moPyV3+oeRyCQi6ZtT3PjdBPmEHBJcxK/dhCxPiEjaGXUsVCsH6Sh5/R49gy1DQCQ4WkuQi/NxIWWjsNg3QyZHhnF71M/M/rxTg69xOhohhB8ewQCgn5IcuNSFsBOhQGEFmWHKhQlDPDEMEIyjhPxTitqZT24S1+v0za9Zp3Wru4qVcbl/NmiuSQHJET4pEz0iDXpElahJMpeSLP5MV5dF6dN+f9Z7TgzHcq5A+cj2/xUZmJ</latexit>

rate at which transitions out of state i occur

<latexit sha1_base64="jnMkvIgp7K619LFdlGZN2doBtSE="></latexit>

rate at which transitions into state i occur from state k

<latexit sha1_base64="4hhMfzma/UbTGvkjzU7OFH+XzjA="></latexit>

�k,ipk

<latexit sha1_base64="9tgmSf76IYYOa01l4xceTvpR7uM=">AAACBHicbVC7SgNBFJ2Nrxhfq5Y2g0GwkLArAbUL2lhGMA9IwnJ3chOHzD6YuRsIS1q/wlYrO7H1Pyz8FzdrCk081eGcc7n3Hj9W0pDjfFqFldW19Y3iZmlre2d3z94/aJoo0QIbIlKRbvtgUMkQGyRJYTvWCIGvsOWPbmZ+a4zayCi8p0mMvQCGoRxIAZRJnm13VRbug5eOzuQ09kaeXXYqTg6+TNw5KbM56p791e1HIgkwJKHAmI7rxNRLQZMUCqelbmIwBjGCIXYyGkKAppfml0/5SWKAIh6j5lLxXMTfEykExkwCP0sGQA9m0ZuJ/3mdhAaXvVSGcUIYitkikgrzRUZomVWCvC81EsHscuQy5AI0EKGWHITIxCTrqJT14S5+v0ya5xW3Wrm6q5Zr1/NmiuyIHbNT5rILVmO3rM4aTLAxe2LP7MV6tF6tN+v9J1qw5jOH7A+sj292jJgq</latexit>

X

k 6=i

�k,ipk

<latexit sha1_base64="gp+StsA3P8YsoadrcTaUKhVTAWg=">AAACEnicbVA9SwNBEN2L3/ErainIYhAsJNxJQO2CNpYKRoVcOOY2oy7Z2zt354RwpPMn+CtstbITW/+Ahf/FTUyhxlc93pvHzLw4U9KS7394pYnJqemZ2bny/MLi0nJlZfXcprkR2BSpSs1lDBaV1NgkSQovM4OQxAov4u7RwL+4Q2Nlqs+ol2E7gWstr6QAclJU2QhtnkRFN9R4y2U/VC7aASfsyH4WdaNK1a/5Q/BxEoxIlY1wElU+w04q8gQ1CQXWtgI/o3YBhqRQ2C+HucUMRBeuseWohgRtuxj+0edbuQVKeYaGS8WHIv5MFJBY20tiN5kA3di/3kD8z2vldLXfLqTOckItBotIKhwussJIVxDyjjRIBIPLkUvNBRggQiM5COHE3DVWdn0Ef78fJ+e7taBeOzitVxuHo2Zm2TrbZNssYHuswY7ZCWsywe7ZI3tiz96D9+K9em/foyVvlFljv+C9fwG9hp5S</latexit>

incoming flow

<latexit sha1_base64="TRs1iayhxV/MkEKw20gQ2bAhffY=">AAACB3icbVC7TsNAEDyHVwgvQ0qaExESVWRHSEAXQUMZJPKQEis6XzbhlPPZuluDIisfwFfQQkWHaPkMCv4F27iAhKlGM7va2fEjKQw6zqdVWlldW98ob1a2tnd29+z9g44JY82hzUMZ6p7PDEihoI0CJfQiDSzwJXT96VXmd+9BGxGqW5xF4AVsosRYcIapNLSrycCMqVA8DISa0LEMH+ZDu+bUnRx0mbgFqZECraH9NRiFPA5AIZfMmL7rROglTKPgEuaVQWwgYnzKJtBPqWIBGC/Jw8/pcWwYhjQCTYWkuQi/NxIWGDML/HQyYHhnFr1M/M/rxzg+9xKhohhB8ewQCgn5IcO1SFsBOhIaEFmWHNIWKGeaIYIWlHGeinFaUyXtw138fpl0GnX3tH5x06g1L4tmyuSQHJET4pIz0iTXpEXahJMZeSLP5MV6tF6tN+v9Z7RkFTtV8gfWxzfKyplx</latexit>

rate at which transitions into state i occur from other states

<latexit sha1_base64="QiFshceKqN6AoBB3UVCNfIiwYks="></latexit>
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Infinitesimal matrix gen
(⌦,A, P )

<latexit sha1_base64="oWGjpMi3gCO9Sap8oCoZF5bKKkk=">AAACInicbVDLSgNBEJyNr/iOehG8DAZBIYRdCai3qBdvRjBGyIbQO+nEIbMPZnqFsMSv8aof4k08Cf6FP+Bu3ING61RUdVPd5UVKGrLtd6swMzs3v1BcXFpeWV1bL21s3pgw1gKbIlShvvXAoJIBNkmSwttII/iewpY3PM/81j1qI8PgmkYRdnwYBLIvBVAqdUvb++6ljwOocNcHuhOgktNxhTcOuqWyXbUn4H+Jk5Myy9Holj7dXihiHwMSCoxpO3ZEnQQ0SaFwvOTGBiMQQxhgO6UB+Gg6yeSDMd+LDVDII9RcKj4R8edGAr4xI99LJ7MzzbSXif957Zj6x51EBlFMGIgsiKTCSZARWqbVIO9JjUSQXY5cBlyABiLUkoMQqRinXf0KzGIoDJUZpy050538JTeHVadWPbmqletneV9FtsN22T5z2BGrswvWYE0m2AN7ZE/s2Xq0XqxX6+17tGDlO1vsF6yPLyz6o+U=</latexit>

probability space homogeneous
Markov chain{Xt}t2R

<latexit sha1_base64="03Ak8GwxX5i5xCpCemE1a2juLuI=">AAACDXicbVC7TsNAEDzzDOFloEI0JyIkqshGkYAugoYyIPKQYss6XzbhlPNDd2ukyLL4BL6CFio6RMs3UPAv2CYFJEw1mtnVzo4fS6HRsj6NhcWl5ZXVylp1fWNza9vc2e3oKFEc2jySker5TIMUIbRRoIRerIAFvoSuP74s/O49KC2i8BYnMbgBG4ViKDjDXPLMfSfteehkXoqOCKkTMLzz/fQmyzyzZtWtEnSe2FNSI1O0PPPLGUQ8CSBELpnWfduK0U2ZQsElZFUn0RAzPmYj6Oc0ZAFoNy1fyOhRohlGNAZFhaSlCL83UhZoPQn8fLKIqGe9QvzP6yc4PHNTEcYJQsiLQygklIc0VyLvBuhAKEBkRXKgeQucKYYISlDGeS4meVnVvA979vt50jmp2436+XWj1ryYNlMhB+SQHBObnJImuSIt0iacPJAn8kxejEfj1Xgz3n9GF4zpzh75A+PjG+UMnEM=</latexit>

�ipi

<latexit sha1_base64="tb/BSIHbW9ZYXMxxeHISqbn69kQ=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrIREtBF0FAGiTykxLLWl0045fzgbo0URSn4Clqo6BAtn0LBv2AbF5Aw1WhmVrs7fqykIdv+tEpLyyura+X1ysbm1vZOdXevbaJEC2yJSEW664NBJUNskSSF3VgjBL7Cjj++yvzOA2ojo/CWJjG6AYxCOZQCKJXcvkqjA/Akjz3pVWt23c7BF4lTkBor0PSqX/1BJJIAQxIKjOk5dkzuFDRJoXBW6ScGYxBjGGEvpSEEaNxpfvSMHyUGKOIxai4Vz0X8PTGFwJhJ4KfJAOjOzHuZ+J/XS2h47k5lGCeEocgWkVSYLzJCy7QN5AOpkQiyy5HLkAvQQIRachAiFZO0nkrahzP//SJpn9Sd0/rFzWmtcVk0U2YH7JAdM4edsQa7Zk3WYoLdsyf2zF6sR+vVerPef6Ilq5jZZ39gfXwDPdaWag==</latexit>

outgoing flow

<latexit sha1_base64="5Pf2CXNyL/LEzxIggCGRF0mDo8E=">AAACB3icbVC7TsNAEDyHVwivQEqaExESVWRHSEAXQUMZJPKQEis6XzbhlPOddbcGRVY+gK+ghYoO0fIZFPwLtkkBCVONZna1sxNEUlh03U+nsLK6tr5R3Cxtbe/s7pX3D9pWx4ZDi2upTTdgFqRQ0EKBErqRARYGEjrB5CrzO/dgrNDqFqcR+CEbKzESnGEqDcqVpG9HVMc41kKN6Ujqh9mgXHVrbg66TLw5qZI5moPyV3+oeRyCQi6ZtT3PjdBPmEHBJcxK/dhCxPiEjaGXUsVCsH6Sh5/R49gy1DQCQ4WkuQi/NxIWWjsNg3QyZHhnF71M/M/rxTg69xOhohhB8ewQCgn5IcuNSFsBOhQGEFmWHKhQlDPDEMEIyjhPxTitqZT24S1+v0za9Zp3Wru4qVcbl/NmiuSQHJET4pEz0iDXpElahJMpeSLP5MV5dF6dN+f9Z7TgzHcq5A+cj2/xUZmJ</latexit>

X

k 6=i

�k,ipk

<latexit sha1_base64="gp+StsA3P8YsoadrcTaUKhVTAWg=">AAACEnicbVA9SwNBEN2L3/ErainIYhAsJNxJQO2CNpYKRoVcOOY2oy7Z2zt354RwpPMn+CtstbITW/+Ahf/FTUyhxlc93pvHzLw4U9KS7394pYnJqemZ2bny/MLi0nJlZfXcprkR2BSpSs1lDBaV1NgkSQovM4OQxAov4u7RwL+4Q2Nlqs+ol2E7gWstr6QAclJU2QhtnkRFN9R4y2U/VC7aASfsyH4WdaNK1a/5Q/BxEoxIlY1wElU+w04q8gQ1CQXWtgI/o3YBhqRQ2C+HucUMRBeuseWohgRtuxj+0edbuQVKeYaGS8WHIv5MFJBY20tiN5kA3di/3kD8z2vldLXfLqTOckItBotIKhwussJIVxDyjjRIBIPLkUvNBRggQiM5COHE3DVWdn0Ef78fJ+e7taBeOzitVxuHo2Zm2TrbZNssYHuswY7ZCWsywe7ZI3tiz96D9+K9em/foyVvlFljv+C9fwG9hp5S</latexit>

incoming flow

<latexit sha1_base64="TRs1iayhxV/MkEKw20gQ2bAhffY=">AAACB3icbVC7TsNAEDyHVwgvQ0qaExESVWRHSEAXQUMZJPKQEis6XzbhlPPZuluDIisfwFfQQkWHaPkMCv4F27iAhKlGM7va2fEjKQw6zqdVWlldW98ob1a2tnd29+z9g44JY82hzUMZ6p7PDEihoI0CJfQiDSzwJXT96VXmd+9BGxGqW5xF4AVsosRYcIapNLSrycCMqVA8DISa0LEMH+ZDu+bUnRx0mbgFqZECraH9NRiFPA5AIZfMmL7rROglTKPgEuaVQWwgYnzKJtBPqWIBGC/Jw8/pcWwYhjQCTYWkuQi/NxIWGDML/HQyYHhnFr1M/M/rxzg+9xKhohhB8ewQCgn5IcO1SFsBOhIaEFmWHNIWKGeaIYIWlHGeinFaUyXtw138fpl0GnX3tH5x06g1L4tmyuSQHJET4pIz0iTXpEXahJMZeSLP5MV6tF6tN+v9Z7RkFTtV8gfWxzfKyplx</latexit>

=

<latexit sha1_base64="6kkp4kvInNO6xC0IO0iSrqb05NE=">AAAB83icbVBNS8NAFNzUr1q/qh69LBbBU0mkoB6EohePLVhbaEPZbF/r0s0m7L4VSugv8Konb+LVH+TB/2ISc9DWOQ0z7/HmTRBLYdB1P53Syura+kZ5s7K1vbO7V90/uDeR1Rw6PJKR7gXMgBQKOihQQi/WwMJAQjeY3mR+9xG0EZG6w1kMfsgmSowFZ5hK7athtebW3Rx0mXgFqZECrWH1azCKuA1BIZfMmL7nxugnTKPgEuaVgTUQMz5lE+inVLEQjJ/kQef0xBqGEY1BUyFpLsLvjYSFxszCIJ0MGT6YRS8T//P6FscXfiJUbBEUzw6hkJAfMlyLtAGgI6EBkWXJgQpFOdMMEbSgjPNUtGkllbQPb/H7ZXJ/Vvca9ct2o9a8LpopkyNyTE6JR85Jk9ySFukQToA8kWfy4ljn1Xlz3n9GS06xc0j+wPn4Bi50kVI=</latexit>

�i =
X

j 6=i

�i,j

<latexit sha1_base64="TUuQZftYoha7CttehYZYBfSxhNU=">AAACHHicbVC7SgRBEJz17fk6NTQZPAQDOXZFUANBNDFU8FS4PZbeuVZbZ2fXmV5BlvsFP8GvMNXITEwFA//FvfMEXxUVVdV0d8WZJse+/+YNDA4Nj4yOjVcmJqemZ6qzc0cuza3Chkp1ak9icKjJYIOJNZ5kFiGJNR7Hl7td//garaPUHPJNhq0EzgydkgIupai6HOoy3IaI5JYMXZ5ExUVo8EpSR35ZBa1cdKJqza/7Pci/JOiTmuhjP6q+h+1U5QkaVhqcawZ+xq0CLJPS2KmEucMM1CWcYbOkBhJ0raL3UUcu5Q44lRlaSVr2RPw+UUDi3E0Sl8kE+Nz99rrif14z59ONVkEmyxmN6i5i0thb5JSlsiqUbbLIDN3LUZKRCiwwoyUJSpViXnZXKfsIfn//lxyt1oO1+ubBWm17p9/MmFgQi2JZBGJdbIs9sS8aQolbcS8exKN35z15z97LZ3TA68/Mix/wXj8AJrqhnA==</latexit>

Q =

2

6664

��1 �1,2 · · · �1,N

�2,1 ��2 · · · �2,N
...

...
...

�N,1 �N,2 · · · ��N

3

7775

<latexit sha1_base64="RYL+sizAUc6EN8EG+i+h3MznwMU=">AAAC53icbVJNb9NAEF2br2K+Ahy5rIhAHEpkW5WAA1IFF05RK5G2KLai8WaSrrpeW7vjSpFlcYUTN8SVn8WBX8EfYJ06UdJ2Tm/mzXsz+5GVSloKwz+ef+Pmrdt3du4G9+4/ePio9/jJkS0qI3AkClWYkwwsKqlxRJIUnpQGIc8UHmdnH1v++ByNlYX+TIsS0xzmWs6kAHKlSe/fIX/PE4UzGgdJhnOpazAGFk0tXDTB60Q5sy lMIv6Sr3Ad7cZNm4tpQXabGDZJEqzzeDdqG9cu8bWquFOdr4gVWONNz+GF50a+vcx62LBVoZ52JwoSI+enlAaTXj8chMvgV0HUgT7r4mDS+5tMC1HlqEkosHYchSWlzpakUOiMK4sliDOY49hBDTnatF4+TsNfVBao4CUaLhVfFnFTUUNu7SLPXGcOdGovc23xOm5c0extWktdVoRatINIKlwOssJI9+rIp9IgEbSbI5eaCzBAhEZyEMIVK/cN2vuILp/+KjiKB9He4N3hXn//Q3czO+wZe85esYi9YfvsEztgIya8L95X75v33Zf+D/+n/+ui1fc6zVO2Ff7v/5Qc4kc=</latexit>

(

<latexit sha1_base64="rCLkm2nIuqyexPsC7ip5JGyEnW4="></latexit>

p ·Q = 0

<latexit sha1_base64="/JeOcLdFQx0d7jzg7fx4M6lqp7E=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwVRIpqAuh6MZlC/YBTSiT6W0dOkmGmRuhhIJf4VZX7sStv+LCfzGJWWjrWR3OuZd77vGVFAZt+9MqrayurW+UNytb2zu7e9X9g66JYs2hwyMZ6b7PDEgRQgcFSugrDSzwJfT86U3m9x5AGxGFdzhT4AVsEoqx4AxTyVUuH0VI2/SK2sNqza7bOegycQpSIwVaw+qXO4p4HECIXDJjBo6t0EuYRsElzCtubEAxPmUTGKQ0ZAEYL8kzz+lJbBhGVIGmQtJchN8bCQuMmQV+OhkwvDeLXib+5w1iHF94iQhVjBDy7BAKCfkhw7VIywA6EhoQWZYcqAgpZ5ohghaUcZ6KcdpOJe3DWfx+mXTP6k6jftlu1JrXRTNlckSOySlxyDlpklvSIh3CiSJP5Jm8WI/Wq/Vmvf+Mlqxi55D8gfXxDRHLlRc=</latexit>

NX

i=1

pi = 1

<latexit sha1_base64="jssSl5hYmnEKSrMBIxYsQsMml6Y=">AAACCHicbVC7TsNAEDyHVwgv8+hoTkRIVJGNIgFFpAgaKhQk8pASY50vm3DK+aG7NVKw8gN8BS1UdIiWv6DgX7BNCkiYajSzq50dL5JCo2V9GoWFxaXlleJqaW19Y3PL3N5p6TBWHJo8lKHqeEyDFAE0UaCETqSA+Z6Etje6yPz2PSgtwuAGxxE4PhsGYiA4w1Ryzb2ejn03ETV7cntFI1fQGrVds2xVrBx0nthTUiZTNFzzq9cPeexDgFwyrbu2FaGTMIWCS5iUerGGiPERG0I3pQHzQTtJnn5CD2PNMKQRKCokzUX4vZEwX+ux76WTPsM7Petl4n9eN8bBqZOIIIoRAp4dQiEhP6S5EmktQPtCASLLkgMVAeVMMURQgjLOUzFOeyqlfdiz38+T1nHFrlbOrqvl+vm0mSLZJwfkiNjkhNTJJWmQJuHkgTyRZ/JiPBqvxpvx/jNaMKY7u+QPjI9vi4qYlQ==</latexit>
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Stationary distributions

Q =

2

6664

��1 �1,2 · · · �1,N

�2,1 ��2 · · · �2,N
...

...
...

�N,1 �N,2 · · · ��N

3

7775

<latexit sha1_base64="RYL+sizAUc6EN8EG+i+h3MznwMU=">AAAC53icbVJNb9NAEF2br2K+Ahy5rIhAHEpkW5WAA1IFF05RK5G2KLai8WaSrrpeW7vjSpFlcYUTN8SVn8WBX8EfYJ06UdJ2Tm/mzXsz+5GVSloKwz+ef+Pmrdt3du4G9+4/ePio9/jJkS0qI3AkClWYkwwsKqlxRJIUnpQGIc8UHmdnH1v++ByNlYX+TIsS0xzmWs6kAHKlSe/fIX/PE4UzGgdJhnOpazAGFk0tXDTB60Q5sy lMIv6Sr3Ad7cZNm4tpQXabGDZJEqzzeDdqG9cu8bWquFOdr4gVWONNz+GF50a+vcx62LBVoZ52JwoSI+enlAaTXj8chMvgV0HUgT7r4mDS+5tMC1HlqEkosHYchSWlzpakUOiMK4sliDOY49hBDTnatF4+TsNfVBao4CUaLhVfFnFTUUNu7SLPXGcOdGovc23xOm5c0extWktdVoRatINIKlwOssJI9+rIp9IgEbSbI5eaCzBAhEZyEMIVK/cN2vuILp/+KjiKB9He4N3hXn//Q3czO+wZe85esYi9YfvsEztgIya8L95X75v33Zf+D/+n/+ui1fc6zVO2Ff7v/5Qc4kc=</latexit>

(

<latexit sha1_base64="rCLkm2nIuqyexPsC7ip5JGyEnW4="></latexit>

p ·Q = 0

<latexit sha1_base64="/JeOcLdFQx0d7jzg7fx4M6lqp7E=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwVRIpqAuh6MZlC/YBTSiT6W0dOkmGmRuhhIJf4VZX7sStv+LCfzGJWWjrWR3OuZd77vGVFAZt+9MqrayurW+UNytb2zu7e9X9g66JYs2hwyMZ6b7PDEgRQgcFSugrDSzwJfT86U3m9x5AGxGFdzhT4AVsEoqx4AxTyVUuH0VI2/SK2sNqza7bOegycQpSIwVaw+qXO4p4HECIXDJjBo6t0EuYRsElzCtubEAxPmUTGKQ0ZAEYL8kzz+lJbBhGVIGmQtJchN8bCQuMmQV+OhkwvDeLXib+5w1iHF94iQhVjBDy7BAKCfkhw7VIywA6EhoQWZYcqAgpZ5ohghaUcZ6KcdpOJe3DWfx+mXTP6k6jftlu1JrXRTNlckSOySlxyDlpklvSIh3CiSJP5Jm8WI/Wq/Vmvf+Mlqxi55D8gfXxDRHLlRc=</latexit>

NX

i=1

pi = 1

<latexit sha1_base64="jssSl5hYmnEKSrMBIxYsQsMml6Y=">AAACCHicbVC7TsNAEDyHVwgv8+hoTkRIVJGNIgFFpAgaKhQk8pASY50vm3DK+aG7NVKw8gN8BS1UdIiWv6DgX7BNCkiYajSzq50dL5JCo2V9GoWFxaXlleJqaW19Y3PL3N5p6TBWHJo8lKHqeEyDFAE0UaCETqSA+Z6Etje6yPz2PSgtwuAGxxE4PhsGYiA4w1Ryzb2ejn03ETV7cntFI1fQGrVds2xVrBx0nthTUiZTNFzzq9cPeexDgFwyrbu2FaGTMIWCS5iUerGGiPERG0I3pQHzQTtJnn5CD2PNMKQRKCokzUX4vZEwX+ux76WTPsM7Petl4n9eN8bBqZOIIIoRAp4dQiEhP6S5EmktQPtCASLLkgMVAeVMMURQgjLOUzFOeyqlfdiz38+T1nHFrlbOrqvl+vm0mSLZJwfkiNjkhNTJJWmQJuHkgTyRZ/JiPBqvxpvx/jNaMKY7u+QPjI9vi4qYlQ==</latexit>

⇡ = ⇡ · P

<latexit sha1_base64="s4q5eLtpcBklZ5FrQZmP7Jw7lC8=">AAACBHicbVC7SgNBFJ2NrxhfUUubwSBYhV0JqIUQtLGMYB6QXcLs5CYOmX0wczcQlrR+ha1WdmLrf1j4L86uW2jiKYbDOedy7xw/lkKjbX9apZXVtfWN8mZla3tnd6+6f9DRUaI4tHkkI9XzmQYpQmijQAm9WAELfAldf3KT+d0pKC2i8B5nMXgBG4diJDhDIw2qVTcW9Iqa1+XDCGlrUK3ZdTsHXSZOQWqkgMl/ucOIJwGEyCXTuu/YMXopUyi4hHnFTTTEjE/YGPqGhiwA7aX55XN6kmiGEY1BUSFpLsLviZQFWs8C3yQDhg960cvE/7x+gqMLLxVhnCCEPFuEQkK+SHMlTCVAh0IBIssuBypCypliiKAEZZwbMTEdVUwfzuLvl0nnrO406pd3jVrzumimTI7IMTklDjknTXJLWqRNOJmSJ/JMXqxH69V6s95/oiWrmDkkf2B9fAP3tZc5</latexit>

NX

i=1

⇡i = 1

<latexit sha1_base64="HRz4fuPEz7ekn/mBv61ogcjZhYU=">AAACCnicbVDLSgNBEJyNrxhfUcGLl8EgeAq7ElAPgaAXTxLBPCCJy+ykE5vMPpjpFcKaP/ArvOrJm3j1Jzz4L25iDppYp6Kqm64uL1JoyLY/rczC4tLySnY1t7a+sbmV396pmzDWEmoyVKFuesKAwgBqhKSgGWkQvqeg4Q0uxn7jHrTBMLihYQQdX/QD7KEUlEpufq9tYt9NsOyMbq94O0IXeZk7br5gF+0J+DxxpqTApqi6+a92N5SxDwFJJYxpOXZEnURoQqlglGvHBiIhB6IPrZQGwgfTSSb5R/wwNoJCHoHmqPhEhN8bifCNGfpeOukLujOz3lj8z2vF1DvtJBhEMUEgx4cIFUwOGakxLQZ4FzUQiXFy4BhwKbQgAo1cSJmKcdpULu3Dmf1+ntSPi06peHZdKlTOp81k2T47YEfMYSeswi5ZldWYZA/siT2zF+vRerXerPef0Yw13dllf2B9fAMYOZlu</latexit>

(

<latexit sha1_base64="rCLkm2nIuqyexPsC7ip5JGyEnW4="></latexit>

P =

2

6664

0 p1,2 · · · p1,N
p2,1 0 · · · p2,N
...

...
...

pN,1 pN,2 · · · 0

3

7775

<latexit sha1_base64="W7/Zxs1jpm6frk8BhoDw/oxqsEY=">AAACp3icbZFNa9tAEIZX6leqfsRpT6WXpaalhWAkE2hyCA3JJb2kLtSOwRJmtB47S1YrsTsKGKFf1V/TQ/9LV7IaGqdzenhn3p3ZmbRQ0lIY/vL8Bw8fPX6y8zR49vzFy93e3quJzUsjcCxylZtpChaV1DgmSQqnhUHIUoWX6fVZk7+8QWNlrn/QusAkg5WWSymAnDTv/RzxYx4rXNIsiFNcSV2BMbCuK+GiDkL+gRfzKtof1o 5iscjJ/pUu6jgOHA33oyYZbhUMNwXxTSfdwi1v7Bcbe0t3u4SNHfWiGymIjVxdUTLv9cNB2Aa/D1EHfdbFaN77HS9yUWaoSSiwdhaFBSXuVZJCoXu3tFiAuIYVzhxqyNAmVbvcmr8vLVDOCzRcKt6K+K+jgszadZa6ygzoym7nGvF/uVlJy8OkkrooCbVoGpFU2Daywkh3NeQLaZAImsmRS80FGCBCIzkI4cTSnTFw+4i2f38fJsNBdDA4+n7QPzntNrPD3rJ37COL2Gd2ws7ZiI2Z8N54X7xz76v/yf/mT/zpptT3Os9rdid8+ANAkcfy</latexit>

1/�i mean time spent into state i

<latexit sha1_base64="6H2f2sd82nilTyDWjbc7CBq5U1o="></latexit>

⇡i proportion of transitions into state i

<latexit sha1_base64="CWjuEBgEWcE/T0jLeB7DdOgV75U="></latexit>

pi =
⇡i/�iP
j ⇡j/�j

<latexit sha1_base64="BrIV+XHVqBhQVGVviA5rgQda7GA="></latexit>

if 8i, j. �i = �j then 8i. pi = ⇡i

<latexit sha1_base64="3kVeJMuIgohw+yV+YR0DpN3ppBc="></latexit>
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Example

represent the system as a CTMC, by defining its

<latexit sha1_base64="KwRWgmPMK71lyAcwWZU649K8Cnw="></latexit>

infinitesimal generator matrix

<latexit sha1_base64="HK9z82bw6+wg0iEnuayjsc0ef+0=">AAACGHicbVC7TsNAEDzzJrwClDQnAhJVZEdIQBdBQwkSAaTEis7HOqxyPlt3a0Rk5Qf4BL6CFio6REtHwb9wMSl4TTWa2dXsTpQptOT7797E5NT0zOzcfGVhcWl5pbq6dm7T3EhoyVSl5jISFhRqaBGSgsvMgEgiBRdR/2jkX9yAsZjqMxpkECaipzFGKchJ3epW0bExRx2jRgKLiVC8BxqMoNTwRJDB22G3WvPrfgn+lwRjUmNjnHSrH52rVOYJaJJKWNsO/IzCQhhCqWBY6eQWMiH7ogdtR7VIwIZF+c2Qb+fWhfMMDEfFSxG+bxQisXaQRG7S3Xdtf3sj8T+vnVO8Hxaos5xAy1EQoYIyyEqDribgV2iASIwuB1cLl8I1QWCQCymdmLveKq6P4Pf3f8l5ox7s1g9OG7Xm4biZObbBNtkOC9gea7JjdsJaTLI79sAe2ZN37z17L97r1+iEN95ZZz/gvX0Cq1ag9w==</latexit>

embedded DTMC

<latexit sha1_base64="65sf3eaoG/x+Od0w3pIlQxCm2w8=">AAACB3icbVDLSsNAFJ3UV62vaJduBovgqiRFUHfFunAjVOgL2lAmk9s6dPJg5kYooR/gV7jVlTtx62e48F9MYhZaPavDOfdyzz1uJIVGy/owSiura+sb5c3K1vbO7p65f9DTYaw4dHkoQzVwmQYpAuiiQAmDSAHzXQl9d9bK/P49KC3CoIPzCByfTQMxEZxhKo3NajLSEwq+C54HHr3q3LQWY7Nm1a0c9C+xC1IjBdpj83PkhTz2IUAumdZD24rQSZhCwSUsKqNYQ8T4jE1hmNKA+aCdJA+/oMexZhjSCBQVkuYi/NxImK/13HfTSZ/hnV72MvE/bxjj5NxJRBDFCAHPDqGQkB/SXIm0FaCeUIDIsuRARUA5UwwRlKCM81SM05oqaR/28vd/Sa9Rt0/rF7eNWvOyaKZMDskROSE2OSNNck3apEs4mZNH8kSejQfjxXg13r5HS0axUyW/YLx/AaYUmLc=</latexit>

A server can serve up to two requests

<latexit sha1_base64="MV7dHhymtjMHy8u/O8v+1jpS2ss=">AAACH3icbVDLSgNBEJz1bXxFPXoZDIIghF0R1JuPi0cFo0ISwuzYiUNmZ9fpHkWWfISf4Fd41ZM38ZqD/+LkcdDEPhVV1XR1xZlWSGHYDSYmp6ZnZufmCwuLS8srxdW1K0ydlVCRqU7tTSwQtDJQIUUabjILIok1XMft055+/QAWVWou6SmDeiJaRjWVFOSpRnEnr2GTH3ME621cCjOA3GWcUk6PKbdw7wAJO41iKSyH/eHjIBqCEhvOeaP4XbtNpUvAkNQCsRqFGdVzYUlJDZ1CzSFkQrZFC6oeGpEA1vP+Ux2+5VD4BJlPpTTvk/B7IxcJ4lMSe2ci6A5HtR75n1Z11Dyo58pkjsDI3iFSGvqHUFrlawB+qywQiV5y4Mr4XqwgAqu4kNKTztdX8H1Eo9+Pg6vdcrRXPrzYLR2dDJuZYxtsk22ziO2zI3bGzlmFSfbMXtkbew9ego/gM/gaWCeC4c46+zNB9weNK6Li</latexit>

one/two new requests arrive with rate �

<latexit sha1_base64="FmoH0+kotULjn2Vtxno2Z75P59U="></latexit>

one/two requests are served with rate µ

<latexit sha1_base64="LT3sS5g/Aco5y5j1dHI4XbxxF50=">AAACJXicbVDLSgNBEJz1bXxFPXoZjIKnuCuCehO9eFQwKiQh9E46Ojg7u073KLLkO/wEv8KrnryJ4EH8FTcxB191Kqq66a6KM6OJw/AtGBoeGR0bn5gsTU3PzM6V5xdOKPVOYU2lJnVnMRAabbHGmg2eZQ4hiQ2expf7Pf/0Gh3p1B7zbYbNBM6t7mgFXEitcpQ3qCNTi+t8k0qHVx6JSYJDSeiusS1vNF9IB4xypZH4lW6rXAmrYR/yL4kGpCIGOGyV3xvtVPkELSsDRPUozLiZg2OtDHZLDU+YgbqEc6wX1EKC1Mz70bpy1RNwKjN0UhvZF/H7Rg4J0W0SF5MJ8AX99nrif17dc2e7mWubeUareodYG+wfIuV00RnKtnbIDL3PUWorFRQ9MDotQalC9EWJpaKP6Hf6v+RkoxptVneONiq7e4NmJsSSWBZrIhJbYlcciENRE0rciQfxKJ6C++A5eAlev0aHgsHOoviB4OMTEL2lJw==</latexit>

find the steady state distribution when � = µ

<latexit sha1_base64="bETGukdduuw+pcIDtrbEUVh16T0="></latexit>
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Example

represent the system as a CTMC, by defining its

<latexit sha1_base64="KwRWgmPMK71lyAcwWZU649K8Cnw="></latexit>

infinitesimal generator matrix

<latexit sha1_base64="HK9z82bw6+wg0iEnuayjsc0ef+0=">AAACGHicbVC7TsNAEDzzJrwClDQnAhJVZEdIQBdBQwkSAaTEis7HOqxyPlt3a0Rk5Qf4BL6CFio6REtHwb9wMSl4TTWa2dXsTpQptOT7797E5NT0zOzcfGVhcWl5pbq6dm7T3EhoyVSl5jISFhRqaBGSgsvMgEgiBRdR/2jkX9yAsZjqMxpkECaipzFGKchJ3epW0bExRx2jRgKLiVC8BxqMoNTwRJDB22G3WvPrfgn+lwRjUmNjnHSrH52rVOYJaJJKWNsO/IzCQhhCqWBY6eQWMiH7ogdtR7VIwIZF+c2Qb+fWhfMMDEfFSxG+bxQisXaQRG7S3Xdtf3sj8T+vnVO8Hxaos5xAy1EQoYIyyEqDribgV2iASIwuB1cLl8I1QWCQCymdmLveKq6P4Pf3f8l5ox7s1g9OG7Xm4biZObbBNtkOC9gea7JjdsJaTLI79sAe2ZN37z17L97r1+iEN95ZZz/gvX0Cq1ag9w==</latexit>

embedded DTMC

<latexit sha1_base64="65sf3eaoG/x+Od0w3pIlQxCm2w8=">AAACB3icbVDLSsNAFJ3UV62vaJduBovgqiRFUHfFunAjVOgL2lAmk9s6dPJg5kYooR/gV7jVlTtx62e48F9MYhZaPavDOfdyzz1uJIVGy/owSiura+sb5c3K1vbO7p65f9DTYaw4dHkoQzVwmQYpAuiiQAmDSAHzXQl9d9bK/P49KC3CoIPzCByfTQMxEZxhKo3NajLSEwq+C54HHr3q3LQWY7Nm1a0c9C+xC1IjBdpj83PkhTz2IUAumdZD24rQSZhCwSUsKqNYQ8T4jE1hmNKA+aCdJA+/oMexZhjSCBQVkuYi/NxImK/13HfTSZ/hnV72MvE/bxjj5NxJRBDFCAHPDqGQkB/SXIm0FaCeUIDIsuRARUA5UwwRlKCM81SM05oqaR/28vd/Sa9Rt0/rF7eNWvOyaKZMDskROSE2OSNNck3apEs4mZNH8kSejQfjxXg13r5HS0axUyW/YLx/AaYUmLc=</latexit>

A server can serve up to two requests

<latexit sha1_base64="MV7dHhymtjMHy8u/O8v+1jpS2ss=">AAACH3icbVDLSgNBEJz1bXxFPXoZDIIghF0R1JuPi0cFo0ISwuzYiUNmZ9fpHkWWfISf4Fd41ZM38ZqD/+LkcdDEPhVV1XR1xZlWSGHYDSYmp6ZnZufmCwuLS8srxdW1K0ydlVCRqU7tTSwQtDJQIUUabjILIok1XMft055+/QAWVWou6SmDeiJaRjWVFOSpRnEnr2GTH3ME621cCjOA3GWcUk6PKbdw7wAJO41iKSyH/eHjIBqCEhvOeaP4XbtNpUvAkNQCsRqFGdVzYUlJDZ1CzSFkQrZFC6oeGpEA1vP+Ux2+5VD4BJlPpTTvk/B7IxcJ4lMSe2ci6A5HtR75n1Z11Dyo58pkjsDI3iFSGvqHUFrlawB+qywQiV5y4Mr4XqwgAqu4kNKTztdX8H1Eo9+Pg6vdcrRXPrzYLR2dDJuZYxtsk22ziO2zI3bGzlmFSfbMXtkbew9ego/gM/gaWCeC4c46+zNB9weNK6Li</latexit>

one/two new requests arrive with rate �

<latexit sha1_base64="FmoH0+kotULjn2Vtxno2Z75P59U="></latexit>

one/two requests are served with rate µ

<latexit sha1_base64="LT3sS5g/Aco5y5j1dHI4XbxxF50=">AAACJXicbVDLSgNBEJz1bXxFPXoZjIKnuCuCehO9eFQwKiQh9E46Ojg7u073KLLkO/wEv8KrnryJ4EH8FTcxB191Kqq66a6KM6OJw/AtGBoeGR0bn5gsTU3PzM6V5xdOKPVOYU2lJnVnMRAabbHGmg2eZQ4hiQ2expf7Pf/0Gh3p1B7zbYbNBM6t7mgFXEitcpQ3qCNTi+t8k0qHVx6JSYJDSeiusS1vNF9IB4xypZH4lW6rXAmrYR/yL4kGpCIGOGyV3xvtVPkELSsDRPUozLiZg2OtDHZLDU+YgbqEc6wX1EKC1Mz70bpy1RNwKjN0UhvZF/H7Rg4J0W0SF5MJ8AX99nrif17dc2e7mWubeUareodYG+wfIuV00RnKtnbIDL3PUWorFRQ9MDotQalC9EWJpaKP6Hf6v+RkoxptVneONiq7e4NmJsSSWBZrIhJbYlcciENRE0rciQfxKJ6C++A5eAlev0aHgsHOoviB4OMTEL2lJw==</latexit>

find the steady state distribution when � = µ

<latexit sha1_base64="bETGukdduuw+pcIDtrbEUVh16T0="></latexit>

Q =

2

4
�2� � �
µ ��� µ �
µ µ �2µ

3

5

<latexit sha1_base64="hDB3tj01OIwrGZhg7EcnBt8TgCM="></latexit>

P =

2

4
0 1/2 1/2

µ/�+ µ 0 �/�+ µ
1/2 1/2 0

3

5

<latexit sha1_base64="cwzvMPKu18Q7SWL/h9hQUn8waDc="></latexit>
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Example

represent the system as a CTMC, by defining its

<latexit sha1_base64="KwRWgmPMK71lyAcwWZU649K8Cnw="></latexit>

infinitesimal generator matrix

<latexit sha1_base64="HK9z82bw6+wg0iEnuayjsc0ef+0=">AAACGHicbVC7TsNAEDzzJrwClDQnAhJVZEdIQBdBQwkSAaTEis7HOqxyPlt3a0Rk5Qf4BL6CFio6REtHwb9wMSl4TTWa2dXsTpQptOT7797E5NT0zOzcfGVhcWl5pbq6dm7T3EhoyVSl5jISFhRqaBGSgsvMgEgiBRdR/2jkX9yAsZjqMxpkECaipzFGKchJ3epW0bExRx2jRgKLiVC8BxqMoNTwRJDB22G3WvPrfgn+lwRjUmNjnHSrH52rVOYJaJJKWNsO/IzCQhhCqWBY6eQWMiH7ogdtR7VIwIZF+c2Qb+fWhfMMDEfFSxG+bxQisXaQRG7S3Xdtf3sj8T+vnVO8Hxaos5xAy1EQoYIyyEqDribgV2iASIwuB1cLl8I1QWCQCymdmLveKq6P4Pf3f8l5ox7s1g9OG7Xm4biZObbBNtkOC9gea7JjdsJaTLI79sAe2ZN37z17L97r1+iEN95ZZz/gvX0Cq1ag9w==</latexit>

embedded DTMC

<latexit sha1_base64="65sf3eaoG/x+Od0w3pIlQxCm2w8=">AAACB3icbVDLSsNAFJ3UV62vaJduBovgqiRFUHfFunAjVOgL2lAmk9s6dPJg5kYooR/gV7jVlTtx62e48F9MYhZaPavDOfdyzz1uJIVGy/owSiura+sb5c3K1vbO7p65f9DTYaw4dHkoQzVwmQYpAuiiQAmDSAHzXQl9d9bK/P49KC3CoIPzCByfTQMxEZxhKo3NajLSEwq+C54HHr3q3LQWY7Nm1a0c9C+xC1IjBdpj83PkhTz2IUAumdZD24rQSZhCwSUsKqNYQ8T4jE1hmNKA+aCdJA+/oMexZhjSCBQVkuYi/NxImK/13HfTSZ/hnV72MvE/bxjj5NxJRBDFCAHPDqGQkB/SXIm0FaCeUIDIsuRARUA5UwwRlKCM81SM05oqaR/28vd/Sa9Rt0/rF7eNWvOyaKZMDskROSE2OSNNck3apEs4mZNH8kSejQfjxXg13r5HS0axUyW/YLx/AaYUmLc=</latexit>

A server can serve up to two requests

<latexit sha1_base64="MV7dHhymtjMHy8u/O8v+1jpS2ss=">AAACH3icbVDLSgNBEJz1bXxFPXoZDIIghF0R1JuPi0cFo0ISwuzYiUNmZ9fpHkWWfISf4Fd41ZM38ZqD/+LkcdDEPhVV1XR1xZlWSGHYDSYmp6ZnZufmCwuLS8srxdW1K0ydlVCRqU7tTSwQtDJQIUUabjILIok1XMft055+/QAWVWou6SmDeiJaRjWVFOSpRnEnr2GTH3ME621cCjOA3GWcUk6PKbdw7wAJO41iKSyH/eHjIBqCEhvOeaP4XbtNpUvAkNQCsRqFGdVzYUlJDZ1CzSFkQrZFC6oeGpEA1vP+Ux2+5VD4BJlPpTTvk/B7IxcJ4lMSe2ci6A5HtR75n1Z11Dyo58pkjsDI3iFSGvqHUFrlawB+qywQiV5y4Mr4XqwgAqu4kNKTztdX8H1Eo9+Pg6vdcrRXPrzYLR2dDJuZYxtsk22ziO2zI3bGzlmFSfbMXtkbew9ego/gM/gaWCeC4c46+zNB9weNK6Li</latexit>

one/two new requests arrive with rate �

<latexit sha1_base64="FmoH0+kotULjn2Vtxno2Z75P59U="></latexit>

one/two requests are served with rate µ

<latexit sha1_base64="LT3sS5g/Aco5y5j1dHI4XbxxF50=">AAACJXicbVDLSgNBEJz1bXxFPXoZjIKnuCuCehO9eFQwKiQh9E46Ojg7u073KLLkO/wEv8KrnryJ4EH8FTcxB191Kqq66a6KM6OJw/AtGBoeGR0bn5gsTU3PzM6V5xdOKPVOYU2lJnVnMRAabbHGmg2eZQ4hiQ2expf7Pf/0Gh3p1B7zbYbNBM6t7mgFXEitcpQ3qCNTi+t8k0qHVx6JSYJDSeiusS1vNF9IB4xypZH4lW6rXAmrYR/yL4kGpCIGOGyV3xvtVPkELSsDRPUozLiZg2OtDHZLDU+YgbqEc6wX1EKC1Mz70bpy1RNwKjN0UhvZF/H7Rg4J0W0SF5MJ8AX99nrif17dc2e7mWubeUareodYG+wfIuV00RnKtnbIDL3PUWorFRQ9MDotQalC9EWJpaKP6Hf6v+RkoxptVneONiq7e4NmJsSSWBZrIhJbYlcciENRE0rciQfxKJ6C++A5eAlev0aHgsHOoviB4OMTEL2lJw==</latexit>

find the steady state distribution when � = µ

<latexit sha1_base64="bETGukdduuw+pcIDtrbEUVh16T0="></latexit>

Q =

2

4
�2� � �
µ ��� µ �
µ µ �2µ

3

5

<latexit sha1_base64="hDB3tj01OIwrGZhg7EcnBt8TgCM="></latexit>

P =

2

4
0 1/2 1/2

µ/�+ µ 0 �/�+ µ
1/2 1/2 0

3

5

<latexit sha1_base64="cwzvMPKu18Q7SWL/h9hQUn8waDc="></latexit>
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Example
find the steady state distribution when � = µ

<latexit sha1_base64="bETGukdduuw+pcIDtrbEUVh16T0="></latexit>

Q =

2

4
�2� � �
µ ��� µ �
µ µ �2µ

3

5

<latexit sha1_base64="hDB3tj01OIwrGZhg7EcnBt8TgCM="></latexit>

P =

2

4
0 1/2 1/2

µ/�+ µ 0 �/�+ µ
1/2 1/2 0

3

5

<latexit sha1_base64="cwzvMPKu18Q7SWL/h9hQUn8waDc="></latexit>

Q =

2

4
�2� � �
� �2� �
� � �2�

3

5

<latexit sha1_base64="AKeZQp/ajl88WCG2GoYknqttP6M="></latexit>

P =

2

4
0 1/2 1/2
1/2 0 1/2
1/2 1/2 0

3

5

<latexit sha1_base64="5xyo1H3DSvGgj6U/JK4er6t/Hus="></latexit>
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Example
find the steady state distribution when � = µ

<latexit sha1_base64="bETGukdduuw+pcIDtrbEUVh16T0="></latexit>

8
>><

>>:

�2�p1 + �p2 + �p3 = 0
�p1 � 2�p2 + �p3 = 0
�p1 + �p2 � 2�p3 = 0

p1 + p2 + p3 = 1

<latexit sha1_base64="ugkUi35bXtWV23Ib/VASD1VoOYU="></latexit>

8
>>>><

>>>>:

1
2⇡2 +

1
2⇡3 = ⇡1

1
2⇡1 +

1
2⇡3 = ⇡2

1
2⇡1 +

1
2⇡2 = ⇡3

⇡1 + ⇡2 + ⇡3 = 1

<latexit sha1_base64="2RttGeyVGeJl9m373fGgKUydzYM="></latexit>

p = [ 1/3 , 1/3 , 1/3 ]

<latexit sha1_base64="whbhP6GwwM9mC1brB9xDLtfYGKY=">AAACEXicbVDLSgNBEJyNrxhfqx5FGAyCB4m7GlAPQtCLxwjmAckSZiedOGT2wUyvEJac/AS/wquevIlXv8CD/+LuugdNrEsXVd10d7mhFBot69MozM0vLC4Vl0srq2vrG+bmVlMHkeLQ4IEMVNtlGqTwoYECJbRDBcxzJbTc0VXqt+5BaRH4tzgOwfHY0BcDwRkmUs/cDekF7XSpfXTSpYdT1emZZatiZaCzxM5JmeSo98yvbj /gkQc+csm07thWiE7MFAouYVLqRhpCxkdsCJ2E+swD7cTZGxO6H2mGAQ1BUSFpJsLviZh5Wo89N+n0GN7paS8V//M6EQ7OnFj4YYTg83QRCgnZIs2VSPIB2hcKEFl6OVDhU84UQwQlKOM8EaMksFKShz39/SxpHlfsauX8plquXebJFMkO2SMHxCanpEauSZ00CCcP5Ik8kxfj0Xg13oz3n9aCkc9skz8wPr4BBiyY/A==</latexit>

⇡ = [ 1/3 , 1/3 , 1/3 ]

<latexit sha1_base64="FJsA9MVR6ImTSDBgKUx8t2xSeyw=">AAACE3icbVC7TsNAEDyHVwgvAyUFJyIkChRsiAQUSBE0lEEiDym2ovNlE04526e7NVJkpeQT+ApaqOgQLR9Awb/ghBSQMM2OZna1uxMoKQw6zqeVm5tfWFzKLxdWVtfWN+zNrbqJE82hxmMZ62bADEgRQQ0FSmgqDSwMJDSC/tXIb9yDNiKObnGgwA9ZLxJdwRlmUtve9ZSgF7TlUffoxKOHU9Vv20Wn5IxBZ4k7IUUyQbVtf3mdmCchRMglM6blOgr9lGkUXMKw4CUGFON91oNWRiMWgvHT8SNDup8YhjFVoKmQdCzC74mUhcYMwiDrDBnemWlvJP7ntRLsnvmpiFSCEPHRIhQSxosM1yJLCGhHaEBko8uBiohyphkiaEEZ55mYZJEVsjzc6e9nSf245JZL5zflYuVykkye7JA9ckBcckoq5JpUSY1w8kCeyDN5sR6tV+vNev9pzVmTmW3yB9bHN5qImdU=</latexit>

Q =

2

4
�2� � �
� �2� �
� � �2�

3

5

<latexit sha1_base64="AKeZQp/ajl88WCG2GoYknqttP6M="></latexit>

P =

2

4
0 1/2 1/2
1/2 0 1/2
1/2 1/2 0

3

5

<latexit sha1_base64="5xyo1H3DSvGgj6U/JK4er6t/Hus="></latexit>
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CTMC as LTS
↵C : S ! S ! R

<latexit sha1_base64="PEF2gmP+dBxBKkl4A5vC54Y/5Cc=">AAACFHicbVC5TsNAEF2HK4QrQEmzIkKiimwUiaOKSEMZjhxSHEXjZSCrrA/tjpEiKy2fwFfQQkWHaOkp+Bfs4AICU4ye3pvRm3lepKQh2/6wCnPzC4tLxeXSyura+kZ5c6ttwlgLbIlQhbrrgUElA2yRJIXdSCP4nsKON2pkeucOtZFhcEXjCPs+3AbyRgqglBqUuQsqGsKgccIvuUth3l0faOh5ycVkUK7YVXta/C9wclBheTUH5U/3OhSxjwEJBcb0HDuifgKapFA4KbmxwQjECG6xl8IAfDT9ZPrJhO/FBlL7CDWXik9J/LmRgG/M2PfSyexCM6tl5H9aL6abo34igygmDERmRFLh1MgILdOIkF9LjUSQXY5cBlyABiLUkoMQKRmnmZXSPJzZ7/+C9kHVqVWPz2uV+mmeTJHtsF22zxx2yOrsjDVZiwl2zx7ZE3u2HqwX69V6+x4tWPnONvtV1vsXtV+dkg==</latexit>

↵C i j = �i,j

<latexit sha1_base64="RJJUOEmUkZ0hTTzZl8ZKkcBK6a0=">AAACEHicbVC7SgNBFJ31GeMraqnFYBAsJOxKQC0EMY2lgjGBbFjuTm7i6OyDmbtCWGLhJ/gVtlrZia1/YOG/uIlbaOKpDufcw733+LGShmz705qanpmdmy8sFBeXlldWS2vrVyZKtMC6iFSkmz4YVDLEOklS2Iw1QuArbPi3taHfuENtZBReUj/GdgC9UHalAMokr7Tlgoqvwavdy/sbfsxdlWU74KVy72bglcp2xR6BTxInJ2WW49wrfbmdSCQBhiQUGNNy7JjaKWiSQuGg6CYGYxC30MNWRkMI0LTT0RcDvpMYoIjHqLlUfCTi70QKgTH9wM8mA6BrM+4Nxf+8VkLdw3YqwzghDMVwEUmFo0VGaJnVg7wjNRLB8HLkMuQCNBChlhyEyMQk66uY9eGMfz9JrvYrTrVydFEtn5zmzRTYJttmu8xhB+yEnbFzVmeCPbAn9sxerEfr1Xqz3n9Gp6w8s8H+wPr4Bu+ynLc=</latexit>

embedded DTMC

↵D : S ! D(S)

<latexit sha1_base64="QOX8sBXjT8XT9dthVN77XzxtNTc=">AAACEXicbVDLSgNBEJyN7/ha9SjCYBDiJeyK4OMk6sGjojGBbAi9k04yZPbBTK8gS05+gl/hVU/exKtf4MF/cTfmoIl1Kqq66eryYyUNOc6nVZianpmdm18oLi4tr6zaa+u3Jkq0wKqIVKTrPhhUMsQqSVJYjzVC4Cus+f2z3K/doTYyCm/oPsZmAN1QdqQAyqSWveWBinvQOj/m19yjiHsBUM/30/NB+Xq3ZZecijMEnyTuiJTYCJct+8trRyIJMCShwJiG68TUTEGTFAoHRS8xGIPoQxcbGQ0hQNNMh28M+E5iIEsQo+ZS8aGIvzdSCIy5D/xsMg9pxr1c/M9rJNQ5bKYyjBPCUOSHSCocHjJCy6wf5G2pkQjy5MhlyAVoIEItOQiRiUlWWDHrwx3/fpLc7lXc/crR1X7p5HTUzDzbZNuszFx2wE7YBbtkVSbYA3tiz+zFerRerTfr/We0YI12NtgfWB/fQOKcOQ==</latexit>

! D i j =

!
! i,j!

k != i ! i,k
if i != j

0 otherwise

<latexit sha1_base64="F3nSbzrhbrKYiSMpARSz8NZ1WCU="></latexit>

can we derive a notion of equivalence between states?


