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LlfTed Domains

D=(D,Ep) CPO = D, =(D,,LCp, )

D, ={l} W D
=10, L)} U1} x D) =1(0, L)} Ui(L,d) | d € D}

1p, 2(0,1) .|:D— D,

N lifting function
d] = (1,d)

how to order lifted elements?

VreD,. J—DL ;DL X

Vdi,ds € D. |d1| CEp, |do| & di Ep d
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Lifted Domains

TH. D, =(D,,Cp, ) CPO,

try on your own to prove:
PO,
bottom element,

complete observe that: Ll di| = u d;

1€N 1eEN

it iIs an upper bound
it is the least upper bound



LlfTIng operator

(D,Cp) CPO
(E, _E) CPO,

() D= E] =Dy = E

DBy s

for the definition to be well-given
we need to prove:

felD—FE = f*e€|lD; — FE]
f continuous implies f* continuous



TH. the lifting operator is well-defined
proof. assume f continuous, take a chain {Z,}nen in D,

we need to prove f~ (LI xn) = Ll f(xy,)

neN neN
if VneN. z, = Lp, thenitis obvious

otherwise, let k = min{i | z; # Lp, }
then Ym > k. dd,,, € D. x,,, = |d,, ]
and by prefix independence of lub

ngfn:: LJ Ln+k \_J,f*cun):: LJ f*cxn+k)

neN neN neN neN

we can just prove f* <|_| xn+k) = Ll f(Trar)

neN neN
. (see next slide)



(continue) r <|_| xn+k) = | | F*@nss)

neN

. (|_| xn+k) _ (U dekj) by def of

neN

— *( LI dp+k ) by lub in a lifted domain

| neN —
_ g ( UN dn—|—k) by def of lifting
ne
_ u F(d i) by continuity of f
neN
_ F*(Idnar ) by def of lifting
neN



TH. (:)"is monotone
(try to prove on your own)

TH. (:)7is continuous

proof. take a chain of continuous functions {fi : D — E}ien
we need to prove (I_l fi) = |_| fi
1N 1N
take a generic x € D}
we need to prove (u fz') (x) = (u fik) ()
iEN iEN
if = Lp, itis obvious
if ©=1[d] we have... (see next slide)

|0



(continue) (\_I ﬂ-) (ld)) = <\_| f) (Ld))

1€N

(|_| fz') (ld]) = (\_I fi) (d) by def of lifting

1€N €N

— Ll fi(d) by lub in a functional domain

1€N

= | | (4] by def of lifting

1€N

— (u fz.*) (Ld]) by lub in a functional domain

1€N



Let notation (de-lifting)

(B,Cp) CPOL  M.ee[D—E]  teD,
let x<=t.e = (Az.e)"t = { el’/,] ift=|d
(D — E] D

intuitively:

if ¢ is a lifted value |d]| then we de-lift the value and
assignitto z in e

otherwise returns | .



Continuity theorems



(D,Cp)
E;,CEg,)

TH. CPO fZD%E&XEQ giéﬂ'iOf

f is continuous iff g1, g2 are continuous

proof. =) f is continuous
; 1S continuous
<) notethat Vd € D. f(d) = (g1(d), g2(d))

assume ¢gi,ge are continuous

we want to prove f s continuous
take a chain {d;}ien in D

we must prove f (|_| di) — u f(d;)

1N 1eN

= ¢; IS continuous

(see next slide)



(continue) f <|_| dz) = L (@)

f (i\alwdi) ) (91 (i%di) 92 (Z%d%)) by def g1, 92

€N 1EN

= | |(91(ds), g2(dy)) by def of lub of pairs
ieN
= |_| f(d;) by def 91, 92

1eN



deE%F
fdé)\& f(dae)

TH. (EF.Cg) CPO [f:DxFE —F
(F.Cp) fe: D — F
fo 2 \d. f(d,e)
f is continuous ” Yd € D. f; are cont!nuous
Ve € E. f, are continuous
proof. =-) assume [ is continuous
take a generic d € D ec b
we want to prove fq is continuous fe
(omitted)

take a chain {e; };en In E

we prove fq (Ll 6¢) = | | fale)

N €N .
7’ 7’ (see next slide)
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by def of fq4

by lub of constant chain

by lub of pairs

by continuity of f

by def of j4



deE%F
fdé)\& f(d,@)

TH. (EF.Cg) CPO [f:DxFE —F
(F7 :F) fe D — F
fe £ Ad. f(d,e)
f is continuous ” Yd € D. f; are cont!nuous
Ve € E. f. are continuous

<) assume fq, fe are continuous for all d, e
we want to prove f Is continuous

take a chain {(dg, ex) }ren In D x E
we prove f (LI d, € ) |_| fdg, ex)
kEN keN
(see next slide)



(continue)  f (\_I (di, ex ) | | f(dk,ex)

keN keN

f(Uk(dg, ex)) = f(Uidi,Uje;) by def of lub of pairs

= fa(Uje;) by def of fawith d = L;d;
= L; fa(e;) by continuity of fa

=1, f(d, e;) by def of fa

= Lj fe, (d) by def of f..

= |—ij€j (I_Izdz) by def of d = Ll;d;
= U; U; fe,(d;) Dby continuity of fe,
= U; U; f(ds,e;) bydefof fe,

= Ugf(dr,ex) by switch lemma (applicable?)
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(continue) f (Ll (dk, ex ) | | f(dk,ex)
kEN kEN

if i <nAj<m then f(di,e;) C f(dn,em)? @

d;

f(di,e;)

|

;D dn /\ej ;E Em

= fa,(€;) E fa,(em) = [(disem) = fe,,(di) & fe,, (dn) = f(dn, em)

fa,

monotone

fem

monotone

= L; U; f(di,e;)

— I—lkf(dk7 €k)

<

by switch lemma (applicable?)

20




Some important functions
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Apply

(D,Cp) apply : |D — E| x D — FE
CPO
(E,Ck) apply(f,d) = f(d)

TH. apply is monotone

(try to prove on your own)
TH. apply is continuous

proof. from a previous theorem, we prove continuity
on each parameter separately apply,  apply,

1.forany f € [D — E] apply; = \d. f(d) is continuous

2. forany d € D apply, = \f. f(d) is continuous

(see next slides)
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1.forany f € [D — E] apply; = \d. f(d) is continuous
take f € [D — E] and a chain {d;}ien in D

we want to prove apply ¢ (u dz’) = Ll apply ¢ (d;)

(

apply ;(Usd;) = apply(f,U;d;) by def of apply;
= f(;d;) by def of apply
= L, f(d;) by continuity of |
= Uiapply(f,di) by def of apply

= Uapply ;(d;) by def of apply
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2. forany d € D apply ; = \f. f(d) is continuous
take d € D and achain {f;}iey in [D — F]

we want to prove apply, (L fz’) = | | apply4(£:)

1 1

apply 4(Ui fi) = apply(U; f;,d) by def of apply,
= (Ui f)(d) by def of apply
= L, fi(d) by def of lub of functions
= U;apply(f;,d) by def of apply

= U;apply ;(f;) by def of apply,

24



Apply: recap

apply : |D — Elx D — FE
apply(f,d) = f(d)

apply € [|[D — E| x D — FE|



Fix
fit : |D — D] — D
fir 2 Nf. | | F(Lp)

neN

(D, :D) CPOJ_

TH. fiz is monotone
(try to prove on your own)

TH. fix is continuous

proof. fix 2 Nf. | | f*(Lp)=| | Af. f*(Lp)

neN neN
by def of lub in functional domains

we prove that vn. Af. f"(_Lp) is continuous
(by mathematical induction on n )

then fiz is continuous because lub of continuous functions
(see next slides)
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(continue) Vn. Af. f"(Lp)

base case: \f. f°(Lp)=A\f. Lp
IS a constant function (continuous)

inductive case: assume g = \f. f"(Lp) is continuous
we want to prove h = \f. f"*!(Lp) is continuous
take a chain {fi}ienin [D — D]

we want to prove h (u fi) = | | n(f)

iEN iEN
(see next slide)
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(continue) Vn. Af. f"(Lp) ijji f””gl <|_|f> I_II\Ih(fi)

hU; fi) = (Wifi)" (L) by def of h
= (U; f)((Uifi)"(Lp)) by defof ()"
= (U; fi)(g(Uifi)) by def of g
= (L;.f5)(Uig(fi)) by ind. hyp (g continuous)
= (U f;)(Uifi"(Lp)) by defof g

— U, fi (Wi fM(Lp)) by def of lub in functional CPO
=U; U; f;(fi'(Lp)) by continuity of f;

= Up fx(fL(Lp)) by switch lemma

— U /2 (Lp) by def of ()"

= Lgh(fx) by def of h
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Fix: recap

fir :|D— D] — D

Cp) CPO

fix 2Nf. || fM(Lp)

neN

fix € ||[D — D] — D]
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Curry

(D7;D)
_ curry : (DX E —F)—D —FE— F
_ curry f d e = f(d,e)

TH. / continuous = curry(f) continuous

(try to prove on your own)
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Uncurry

(Dv ;D)
(E.Cp) CPO uncurry : (D - F — F) - (D x E) - F
L F
(F.Cp) uncurry f (d,e) = f de
, L F
TH. / continuous
(try to prove on your own)

TH. uncurry i1s the inverse of curry

= uncurry(f) continuous

(try to prove on your own)
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Disjoint Union

D= (D,Cp)
&= (E,Cg)

CPO | = D+E=(DWE, Cpug )

DWE={(0,d)|decD}U{(l,e)|ecE}

how to order elements?
IS there a bottom element?

IS It a complete order?

.p:D—DWUE

. . o
how to define (continuous) injections” v E— DWE
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