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Program equivalence

Symbolic manipulation of programs is possible  
if we can guarantee that their semantics is preserved

Useful to study program transformations 
(interpreters, compilers, code optimisation, refactoring…)

but… when are two commands equivalent?
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Operational equivalence
A first attempt

<latexit sha1_base64="2o/bhf0jrvDqP3dUkX41KWL+1Rs="></latexit>

c1 ⇠o c2
M⌘ 8�. ( hc1,�0i �! � , hc2,�0i �! � )

What’s wrong with this definition?

default initial memory

<latexit sha1_base64="Fe8ra/RanBCWKQRCzLJMRKDo93Q="></latexit>

x := y + 1 ⇠o x := 1

<latexit sha1_base64="LcxqOHzUZi3F+NHGKv0v4J33+I0="></latexit>

C[•] M
= y := 1; [•]

<latexit sha1_base64="jjz3cVgFnw4Iw3IJ7EwF4ZBwhYM="></latexit>

C[x := y + 1]
M
= y := 1 ;x := y + 1

<latexit sha1_base64="INTedyDvdQQcVzy0KRxH2LPfTLw="></latexit>

C[x := 1]
M
= y := 1 ;x := 1

<latexit sha1_base64="uT4ggicEQtByGfU4YCW9YwMKJuI="></latexit>

C[x := y + 1] 6⇠oC[x := 1]

<latexit sha1_base64="6kk4undCkfna4hv1iODnRHwPYYo="></latexit>

8x. �0(x) = 0
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Operational equivalence

much better: 
it is an equivalence relation 
and also a congruence 
(but we will see this later)

<latexit sha1_base64="xSljLtP4i0zXHJRF7vRlI3ukVvg="></latexit>

c1 ⇠o c2
M⌘ 8�,�0. ( hc1,�i �! �0 , hc2,�i �! �0 )

any initial memory
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Concrete equivalence
<latexit sha1_base64="L3/DyYRhNcIE3IVLFJXrHOkhsnQ="></latexit>

w
M
= while x > 0 do x := x� 1

<latexit sha1_base64="pekm7kgDR/0y/Ov/HyviYU0eQWM="></latexit>

c
M
= if x > 0 then x := 0 else skip

<latexit sha1_base64="2Pm3ukPkdQe3m8XMxHPpHvcJsZ4="></latexit>

c
?⇠o w

<latexit sha1_base64="ouWwrtk2Zlwby+S3lGsyCGFzJwg="></latexit>

Take a generic �
<latexit sha1_base64="4j+QlqwKM+g++vPHxTlrsM7+EKw="></latexit>

if �(x)  0:

<latexit sha1_base64="g4H9kZL/jUALZJPbF+JcfRLTEDI="></latexit>

hw,�i �! �0

<latexit sha1_base64="PCI5TBdm0YZYZx/KeG3Jpk2eyBw="></latexit>

-�0=� hx > 0,�i �! ↵
<latexit sha1_base64="pX52nNNKU9fCoIasjrp4JCWhoiM="></latexit>

-⇤ ⇤

<latexit sha1_base64="sPs1zYX+QT36WeVV1HdR5cnNSyE="></latexit>

hc,�i �! �0

<latexit sha1_base64="riHznzYVLKYAypJSajk2WeKMtmQ="></latexit>

-⇤ hskip,�i �! �0

<latexit sha1_base64="7Dd1XxDQDyTVBdzgjtVnVnaSsFQ="></latexit>

-�0=� ⇤

<latexit sha1_base64="z/2cf+YrmEDvEiRn1YZ28KJQKO0="></latexit>

hw,�i �! �

<latexit sha1_base64="acwmHf9mpBiX38g1f6Y/FtwgwpQ="></latexit>

hc,�i �! �

<latexit sha1_base64="RiyXkJSEItiQLwh0e+Yeu70SR4Q="></latexit>

- hx > 0,�i �! ↵ , hskip,�i �! �0
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Example (ctd)

<latexit sha1_base64="LpglYhluL60vOJNkXE3keqqj4BY="></latexit>

-⇤ hx := 0,�i �! �0
<latexit sha1_base64="N0KsVFRbsy0wGr7na3D9v0Dehew="></latexit>

-⇤
�0=�[0/x] ⇤

<latexit sha1_base64="H8r+Qekc8ioMpzZTO/cVGL8yaIA="></latexit>

hc,�i �! �[0/x]

<latexit sha1_base64="sVjeR360poO+0rNsN9jV0Sb+caM="></latexit>

8n > 0. P (n)

<latexit sha1_base64="L3/DyYRhNcIE3IVLFJXrHOkhsnQ="></latexit>

w
M
= while x > 0 do x := x� 1

<latexit sha1_base64="pekm7kgDR/0y/Ov/HyviYU0eQWM="></latexit>

c
M
= if x > 0 then x := 0 else skip

<latexit sha1_base64="2Pm3ukPkdQe3m8XMxHPpHvcJsZ4="></latexit>

c
?⇠o w

<latexit sha1_base64="ouWwrtk2Zlwby+S3lGsyCGFzJwg="></latexit>

Take a generic �
<latexit sha1_base64="R8oi++22uaIbNTrCKqY3M9ln5+g="></latexit>

if �(x) > 0:
<latexit sha1_base64="sPs1zYX+QT36WeVV1HdR5cnNSyE="></latexit>

hc,�i �! �0
<latexit sha1_base64="MyvPj+T8rgopVPEacRif5woWLPU="></latexit>

- hx > 0,�i �! tt, hx := 0,�i �! �0

<latexit sha1_base64="3TZd8PzpmdkGomn4YBJ/aQKBEa0="></latexit>

P (n)
M
= 8�. �(x) = n ) hw,�i �! �[0/x]

<latexit sha1_base64="3TZd8PzpmdkGomn4YBJ/aQKBEa0="></latexit>

P (n)
M
= 8�. �(x) = n ) hw,�i �! �[0/x]

<latexit sha1_base64="3TZd8PzpmdkGomn4YBJ/aQKBEa0="></latexit>

P (n)
M
= 8�. �(x) = n ) hw,�i �! �[0/x]
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Example (ctd)

<latexit sha1_base64="pX52nNNKU9fCoIasjrp4JCWhoiM="></latexit>

-⇤ ⇤

<latexit sha1_base64="sVjeR360poO+0rNsN9jV0Sb+caM="></latexit>

8n > 0. P (n)

<latexit sha1_base64="+7X8/KFWRhfJxkR9iZfNIQaCGgg="></latexit>

- hx > 0,�i �! tt, hx := x� 1,�i �! �00, hw,�00i �! �0
<latexit sha1_base64="Uf6URiw1VlJO5sImgTE/0ke/U7E="></latexit>

-⇤ hx := x� 1,�i �! �00, hw,�00i �! �0
<latexit sha1_base64="Bjnt0McqP/cP6sZEKVEBtgR0xB0="></latexit>

-⇤
�00=�[0/x] hw,�[0/x]i �! �0

<latexit sha1_base64="L3/DyYRhNcIE3IVLFJXrHOkhsnQ="></latexit>

w
M
= while x > 0 do x := x� 1

<latexit sha1_base64="pekm7kgDR/0y/Ov/HyviYU0eQWM="></latexit>

c
M
= if x > 0 then x := 0 else skip

<latexit sha1_base64="2Pm3ukPkdQe3m8XMxHPpHvcJsZ4="></latexit>

c
?⇠o w

<latexit sha1_base64="g4H9kZL/jUALZJPbF+JcfRLTEDI="></latexit>

hw,�i �! �0

<latexit sha1_base64="Hsnkf0bEngVsA8ygIARtGYXPXg0="></latexit>

-�0=�[0/x] hx > 0,�[0/x]i �! ↵
<latexit sha1_base64="2AU2iQcQ0VrwLpPs+mM6nR6dDA0="></latexit>

hw,�i �! �[0/x]

<latexit sha1_base64="3TZd8PzpmdkGomn4YBJ/aQKBEa0="></latexit>

P (n)
M
= 8�. �(x) = n ) hw,�i �! �[0/x]

<latexit sha1_base64="FGRAocYyGMKsBcnHwP/ixPnKSUQ="></latexit>

P (1)
M
= 8�. �(x) = 1 ) hw,�i �! �[0/x]

<latexit sha1_base64="BmQFupAj6zMqhg4EMq6yK2OmoWs="></latexit>

take a generic � and suppose �(x) = 1
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Example (ctd)

<latexit sha1_base64="g4H9kZL/jUALZJPbF+JcfRLTEDI="></latexit>

hw,�i �! �0
<latexit sha1_base64="+7X8/KFWRhfJxkR9iZfNIQaCGgg="></latexit>

- hx > 0,�i �! tt, hx := x� 1,�i �! �00, hw,�00i �! �0
<latexit sha1_base64="Uf6URiw1VlJO5sImgTE/0ke/U7E="></latexit>

-⇤ hx := x� 1,�i �! �00, hw,�00i �! �0

<latexit sha1_base64="m38dQ5Ife9ZlFsLDxMkbubF+ofs="></latexit>

8n > 0. P (n) ) P (n+ 1)

<latexit sha1_base64="0Lv8a6pafQCH8RscXGQsfiFz5Q8="></latexit>

-⇤
�00=�[n/x] hw,�[n/x]i �! �0

<latexit sha1_base64="iA+UfGzVNFr2S+rHTRuoQ3hJ9Z4="></latexit>

by inductive hypothesis P (n) we know hw,�[n/x]i �! �[0/x]
<latexit sha1_base64="W+EMaTG1nZFnN7K7MZuIbCDY5/8="></latexit>

by determinacy it must be �0 = �[0/x]

<latexit sha1_base64="sVjeR360poO+0rNsN9jV0Sb+caM="></latexit>

8n > 0. P (n)

<latexit sha1_base64="L3/DyYRhNcIE3IVLFJXrHOkhsnQ="></latexit>

w
M
= while x > 0 do x := x� 1

<latexit sha1_base64="pekm7kgDR/0y/Ov/HyviYU0eQWM="></latexit>

c
M
= if x > 0 then x := 0 else skip

<latexit sha1_base64="2Pm3ukPkdQe3m8XMxHPpHvcJsZ4="></latexit>

c
?⇠o w

<latexit sha1_base64="2AU2iQcQ0VrwLpPs+mM6nR6dDA0="></latexit>

hw,�i �! �[0/x]

<latexit sha1_base64="3TZd8PzpmdkGomn4YBJ/aQKBEa0="></latexit>

P (n)
M
= 8�. �(x) = n ) hw,�i �! �[0/x]

<latexit sha1_base64="ZU/qakkAzx4Dk6tSvMckYi03HYk="></latexit>

we assume P (n)
M
= 8�. �(x) = n ) hw,�i �! �[0/x]

<latexit sha1_base64="EsL44Rh/6rBG8XVnvlEWrNikgIo="></latexit>

we prove P (n+ 1)
M
= 8�. �(x) = n+ 1 ) hw,�i �! �[0/x]

<latexit sha1_base64="shBa0pRR+3QJPpqFHX2/p3KwgOc="></latexit>

take a generic � and suppose �(x) = n+ 1

<latexit sha1_base64="91sVGGejFN+wSiCpqaUOAOYAoaE="></latexit>

take a generic n > 0
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Parametric equivalence

<latexit sha1_base64="g4H9kZL/jUALZJPbF+JcfRLTEDI="></latexit>

hw,�i �! �0

<latexit sha1_base64="58wxHwaN04tg5NXYNO9XKoOEY5M="></latexit>

w
M
= while b do c

<latexit sha1_base64="vF7nP7eEx1Tx72epOlap05LFHjI="></latexit>

ww
M
= while b do (while b do c)

<latexit sha1_base64="9kbuYSlNS6WVYmJlHbcEVx5gvRI="></latexit>w

<latexit sha1_base64="ouWwrtk2Zlwby+S3lGsyCGFzJwg="></latexit>

Take a generic �
<latexit sha1_base64="NJLXIn61g9Poy4fz6NHBtd9zbqY="></latexit>

if hb,�i �! ↵ :

<latexit sha1_base64="rhUE2/6STpXR7WcIpH97PdLKVCI="></latexit>

-�0=� hb,�i �! ↵
<latexit sha1_base64="jbkXNTNDErciIqIS2Sgdc6SIyEQ="></latexit>

-⇤ ⇤
<latexit sha1_base64="Bd3tVl1PWE2NhX5eo7VH7/djIvE="></latexit>

hww,�i �! �0
<latexit sha1_base64="rhUE2/6STpXR7WcIpH97PdLKVCI="></latexit>

-�0=� hb,�i �! ↵
<latexit sha1_base64="jbkXNTNDErciIqIS2Sgdc6SIyEQ="></latexit>

-⇤ ⇤

<latexit sha1_base64="z/2cf+YrmEDvEiRn1YZ28KJQKO0="></latexit>

hw,�i �! �

<latexit sha1_base64="9Y9ATQhc68WrjNsg7LgxoO/tIao="></latexit>

hww,�i �! �

<latexit sha1_base64="YXGHom6VRebOXgxRk1ETWQfYZcg="></latexit>

w
?⇠o ww
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Example (ctd)
<latexit sha1_base64="58wxHwaN04tg5NXYNO9XKoOEY5M="></latexit>

w
M
= while b do c

<latexit sha1_base64="vF7nP7eEx1Tx72epOlap05LFHjI="></latexit>

ww
M
= while b do (while b do c)

<latexit sha1_base64="9kbuYSlNS6WVYmJlHbcEVx5gvRI="></latexit>w

<latexit sha1_base64="ouWwrtk2Zlwby+S3lGsyCGFzJwg="></latexit>

Take a generic �

<latexit sha1_base64="jbkXNTNDErciIqIS2Sgdc6SIyEQ="></latexit>

-⇤ ⇤

<latexit sha1_base64="PHdVhXqAt+3ZBLBsdXOfNr4wlnE="></latexit>

if hb,�i �! tt:
<latexit sha1_base64="MduNl1ErRWqRewsYpO3V7d4NiT0="></latexit>

hww,�i �! �0
1

<latexit sha1_base64="WM3B0TWo5k4VXbqCthO6sxZ6zFA="></latexit>

- hb,�i �! tt, hw,�i �! �00, hww,�00i �! �0
1

<latexit sha1_base64="BmOKhYebDCA47B1bn7CB5PKW76o="></latexit>

-⇤ hw,�i �! �00, hww,�00i �! �0
1

<latexit sha1_base64="jlrhonigBvvsfZY6hjNuYaSMoqY="></latexit>

if hw,�i �! �0:

<latexit sha1_base64="tZHgB5UUHxAEaztVuktMK3IzoFg="></latexit>

-⇤
�00=�0 hww,�0i �! �0

1
<latexit sha1_base64="sUV5jThRmWh3L3bbKxXENyoqTfQ="></latexit>

-�0
1=�0 hb,�0i �! ↵

<latexit sha1_base64="Bd3tVl1PWE2NhX5eo7VH7/djIvE="></latexit>

hww,�i �! �0

see home exercises

<latexit sha1_base64="YXGHom6VRebOXgxRk1ETWQfYZcg="></latexit>

w
?⇠o ww

<latexit sha1_base64="gkUq3Gealhm83zCSn8O0UbqE5vU="></latexit>

8b, c,�,�0. hwhile b do c,�i �! �0 ) hb,�0i �! ↵
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Example (ctd)
<latexit sha1_base64="58wxHwaN04tg5NXYNO9XKoOEY5M="></latexit>

w
M
= while b do c

<latexit sha1_base64="vF7nP7eEx1Tx72epOlap05LFHjI="></latexit>

ww
M
= while b do (while b do c)

<latexit sha1_base64="9kbuYSlNS6WVYmJlHbcEVx5gvRI="></latexit>w

<latexit sha1_base64="ouWwrtk2Zlwby+S3lGsyCGFzJwg="></latexit>

Take a generic �
<latexit sha1_base64="PHdVhXqAt+3ZBLBsdXOfNr4wlnE="></latexit>

if hb,�i �! tt:
<latexit sha1_base64="MduNl1ErRWqRewsYpO3V7d4NiT0="></latexit>

hww,�i �! �0
1

<latexit sha1_base64="WM3B0TWo5k4VXbqCthO6sxZ6zFA="></latexit>

- hb,�i �! tt, hw,�i �! �00, hww,�00i �! �0
1

<latexit sha1_base64="BmOKhYebDCA47B1bn7CB5PKW76o="></latexit>

-⇤ hw,�i �! �00, hww,�00i �! �0
1

<latexit sha1_base64="ciutbWOr9fYTicjaVn6ztFOvu8Q="></latexit>

if hw,�i 6�!:

<latexit sha1_base64="97rNxFt6TAG0h2iS/MbvCXhOnik="></latexit>

will diverge, because by hypothesis hw,�i 6�!
<latexit sha1_base64="HPtYlwQZq9PSj/n8uqpsUUwvLRQ="></latexit>

hww,�i 6�!

<latexit sha1_base64="YXGHom6VRebOXgxRk1ETWQfYZcg="></latexit>

w
?⇠o ww
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A note on divergence
any two (always) divergent commands are equivalent

<latexit sha1_base64="fla6/dJKKvfV+lWw71JnrMdXA7I="></latexit>

w1
M
= while true do skip

<latexit sha1_base64="lhuog/giMgx3ojfKylVJbkLg2Bg="></latexit>

w2
M
= x := 0 ;while x � 0 do x := x+ 1

<latexit sha1_base64="IObmxFA5eciyg3jkj0xvdFFtyr8="></latexit>

w3
M
= y := 0 ;while y  0 do y := y � 100

<latexit sha1_base64="cbI37UhLiV4zGKqJD9lsYszlBSE="></latexit>

w4
M
= y := x+ 1 ;while x 6= y do (x := x� 1 ; y := y + 1)

<latexit sha1_base64="X4fsc5b02VueEFZVDI8c9+Z83jg="></latexit>

w1
?⇠o w2

<latexit sha1_base64="jG7wJ54MApFhZy8WQ6car30LGIA="></latexit>

w1
?⇠o w3

<latexit sha1_base64="kAcAKLhIPAfFGhe4F6yV3LEsLXk="></latexit>

w1
?⇠o w4
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A difficult problem
<latexit sha1_base64="fla6/dJKKvfV+lWw71JnrMdXA7I="></latexit>

w1
M
= while true do skip

<latexit sha1_base64="JVnd/uaQPy0vCVdJVmyKj82/3kM="></latexit>

p
M
= x := 3;

s := 1;
while x 6= s do (

x := x+ 2;
s := 1;
i := 2;
while 2⇥ i  x do (

if x%i = 0 then s := s+ i
else skip;

i := i+ 1
)

)

<latexit sha1_base64="FQvFZSxpqS7zLl+hxK36ebkfgc0="></latexit>

w1
?⇠o p
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<latexit sha1_base64="RPtfGYqqibxy2QseGWrQ5KJ+OWM="></latexit>

w
M
= x := 3;

s := 1;
while x 6= s do (

x := x+ 2;
s := 1;
i := 2;
while 2⇥ i  x do (

if x%i = 0 then s := s+ i
else skip;

i := i+ 1
)

)

A difficult problem
<latexit sha1_base64="fla6/dJKKvfV+lWw71JnrMdXA7I="></latexit>

w1
M
= while true do skip

<latexit sha1_base64="aTDHCZNomzE41FSmJ3rJ4rbMQ2U="></latexit>

always terminate
<latexit sha1_base64="sFLluLtWcnQDWh9ipmkg2R0Z0VA="></latexit>

when x � 2, at the end, s takes the sum of all proper divisors of x

<latexit sha1_base64="FQvFZSxpqS7zLl+hxK36ebkfgc0="></latexit>

w1
?⇠o p
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A difficult problem
<latexit sha1_base64="fla6/dJKKvfV+lWw71JnrMdXA7I="></latexit>

w1
M
= while true do skip

<latexit sha1_base64="ZvBIJlc5C0MweTAZps5ROjylnCA="></latexit>

s :=
X

i2div(x)

i

<latexit sha1_base64="uBdN9kySE+L3RkBvYkV2IXyD7Ng="></latexit>

i := 1 + (x/2)

<latexit sha1_base64="FQvFZSxpqS7zLl+hxK36ebkfgc0="></latexit>

w1
?⇠o p

<latexit sha1_base64="9BO3iKK+RWkwYwXN/6H2Ti6OJnk="></latexit>

where div(x)
M
= {1} [ {d | 1 < d < x, x%d = 0}



1818

A difficult problem
<latexit sha1_base64="JVnd/uaQPy0vCVdJVmyKj82/3kM="></latexit>

p
M
= x := 3;

s := 1;
while x 6= s do (

x := x+ 2;
s := 1;
i := 2;
while 2⇥ i  x do (

if x%i = 0 then s := s+ i
else skip;

i := i+ 1
)

)

<latexit sha1_base64="fla6/dJKKvfV+lWw71JnrMdXA7I="></latexit>

w1
M
= while true do skip

<latexit sha1_base64="7m4B9h/qb9qEvYCh7xLqVUYf1iI="></latexit>

an odd number

<latexit sha1_base64="7n+eoM7f0MyIB24djW36R2XLaM4="></latexit>

next odd number

<latexit sha1_base64="ZvBIJlc5C0MweTAZps5ROjylnCA="></latexit>

s :=
X

i2div(x)

i

<latexit sha1_base64="uBdN9kySE+L3RkBvYkV2IXyD7Ng="></latexit>

i := 1 + (x/2)

<latexit sha1_base64="P8St7NWKxKT0zv6yvP24RMiekGM="></latexit>

sum of proper divisors of x

<latexit sha1_base64="P8St7NWKxKT0zv6yvP24RMiekGM="></latexit>

sum of proper divisors of x

<latexit sha1_base64="d9aedI4Gm7lraLZJ0nwZXI5+rB4="></latexit>

exit when x is perfect

<latexit sha1_base64="FQvFZSxpqS7zLl+hxK36ebkfgc0="></latexit>

w1
?⇠o p

<latexit sha1_base64="9BO3iKK+RWkwYwXN/6H2Ti6OJnk="></latexit>

where div(x)
M
= {1} [ {d | 1 < d < x, x%d = 0}

<latexit sha1_base64="vtWAShOOwrNVOpFz4N69yuh3ZJk="></latexit>

a number is perfect
<latexit sha1_base64="a5w5pvsNpWgrbeJxJkG6y5Nz5+0="></latexit>

if it equals the sum of its proper divisors
<latexit sha1_base64="ysEEFgBtLzvG6u2HmeZg98Y6ymo="></latexit>

6 = 1 + 2 + 3
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A difficult problem
<latexit sha1_base64="fla6/dJKKvfV+lWw71JnrMdXA7I="></latexit>

w1
M
= while true do skip

<latexit sha1_base64="JVnd/uaQPy0vCVdJVmyKj82/3kM="></latexit>

p
M
= x := 3;

s := 1;
while x 6= s do (

x := x+ 2;
s := 1;
i := 2;
while 2⇥ i  x do (

if x%i = 0 then s := s+ i
else skip;

i := i+ 1
)

)

<latexit sha1_base64="B4jwsp9dWWXNwh42/sWD1e4a2Z4="></latexit>

terminate when the first odd perfect number is found

Ochem, Pascal; Rao, Michaël.  
Odd perfect numbers are greater than 101500.  
Mathematics of Computation n.81(279): 1869–1877.  
(2012) doi:10.1090/S0025-5718-2012-02563-4

<latexit sha1_base64="vtWAShOOwrNVOpFz4N69yuh3ZJk="></latexit>

a number is perfect
<latexit sha1_base64="a5w5pvsNpWgrbeJxJkG6y5Nz5+0="></latexit>

if it equals the sum of its proper divisors

?

<latexit sha1_base64="FQvFZSxpqS7zLl+hxK36ebkfgc0="></latexit>

w1
?⇠o p

<latexit sha1_base64="4ZITZpXGHphU3YUMV26jaYnt9Ms="></latexit>

as of 2022
it is not known if any odd perfect number exists
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For the curious minds
<latexit sha1_base64="Nj0S3FtBqwl4SuFO4tTg5ogfEjI="></latexit>

Euclid proved that 2p�1(2p � 1) is an even perfect number
whenever 2p � 1 is prime

<latexit sha1_base64="aRpInt3zugSW5GpPx2t9Vp5pMEQ="></latexit>

Prime numbers of the form 2p � 1 are now called Mersenne primes

<latexit sha1_base64="zi7k4Nzb5RbbCLA9aEeAdq4Am4A="></latexit>

For 2p � 1 to be prime it is necessary that p is prime
<latexit sha1_base64="9MePTHt/Pl80XuKBONuTTT3FqSo="></latexit>

(1st badge exercise)
<latexit sha1_base64="VmECv5erNusPPj781vsCqEHtdTY="></latexit>

If p is prime, 2p � 1 is not necessarily prime
<latexit sha1_base64="9MePTHt/Pl80XuKBONuTTT3FqSo="></latexit>

(1st badge exercise)

<latexit sha1_base64="Lk8BSX2poyQFwJwu2C5wNa0f3k0="></latexit>

Euler proved that any even perfect number has the form
2p�1(2p � 1) with 2p � 1 prime

<latexit sha1_base64="elei9RjK7ka4fOZYk7wgob47iIQ="></latexit>

Even perfect numbers and Mersenne primes are thus in 1-to-1 correspondence

<latexit sha1_base64="9wPWUTTohe68Sapy/9PPq/FlRIY="></latexit>

It is not known if there are infinitely many Mersenne primes

<latexit sha1_base64="FjY4xuVziKihHTZbB6DLEemA+Gg="></latexit>

As of 2022, there are only 51 Mersenne primes known
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For the curious minds
<latexit sha1_base64="SWcI0das4n1yyoW2Ploq+BRXan8="></latexit>

prime number p Mersenne prime 2p � 1 even perfect number 2p�1(2p � 1)
2 3 6
3 7 28
5 31 496
7 127 8.128
13 8.191 33.550.336
17 131.071 8.589.869.056
· · · · · · · · ·

82.589.933 24.862.048 digits! 49.724.095 digits!
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A tricky problem
<latexit sha1_base64="fla6/dJKKvfV+lWw71JnrMdXA7I="></latexit>

w1
M
= while true do skip

<latexit sha1_base64="x9qR/KhrAnCXJ3TKUkgZO7hnoJk="></latexit>

p1
M
= x := 2;

s := 1;
while x 6= s do (

x := x+ 2;
s := 1;
i := 2;
while 2⇥ i  x do (

if x%i = 0 then s := s+ i
else skip;

i := i+ 1
)

)

<latexit sha1_base64="6Zc0qd21F6oWmHP249Lmo7MaeUs="></latexit>

w1
?⇠o p1

<latexit sha1_base64="bQYhAswHt8rL4cASHvq39u0B45M="></latexit>

x := 6
?⇠o p1

<latexit sha1_base64="dQG6FI0q5K90Gw7vr92jaDdMW94="></latexit>

x := 6;
s := 6;
i := 4;

?⇠o p1
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A variant
<latexit sha1_base64="fla6/dJKKvfV+lWw71JnrMdXA7I="></latexit>

w1
M
= while true do skip

<latexit sha1_base64="q/GwxT9hXcBoX/y5sNbrLFtq7ko="></latexit>

p2
M
= s := 1;

while x 6= s do (
x := x+ 2;
s := 1;
i := 2;
while 2⇥ i  x do (

if x%i = 0 then s := s+ i
else skip;

i := i+ 1
)

)

<latexit sha1_base64="YGtSfjEBtK6GXRTLaMiWqqxZUYg="></latexit>

w1
?⇠o p2

<latexit sha1_base64="5bSY4cxk3ppL3mmF8Spb9Ch59Jo="></latexit>

x := 6;
s := 6;
i := 4;

?⇠o p2
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A last instance

<latexit sha1_base64="q/GwxT9hXcBoX/y5sNbrLFtq7ko="></latexit>

p2
M
= s := 1;

while x 6= s do (
x := x+ 2;
s := 1;
i := 2;
while 2⇥ i  x do (

if x%i = 0 then s := s+ i
else skip;

i := i+ 1
)

)

<latexit sha1_base64="d5OLav++LMaqGPTGkP1MtJxbMOk="></latexit>

p3
M
= s := 1;

while x 6= s do (
x := x+ 1;
s := 1;
i := 2;
while 2⇥ i  x do (

if x%i = 0 then s := s+ i
else skip;

i := i+ 1
)

)

<latexit sha1_base64="0tcP+OVsS+5VRj+0ZR4aOX+v74k="></latexit>

p2
?⇠o p3


