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Classes

Every 

Tuesday: 
11:00-13:00  

 PS4 

Wednesday:  
11:00-13:00 

H 

Friday:  
14:00-16:00 

C1
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Course Material shared on Microsoft Teams  and DidaWiki  

No streaming, no recording

https://teams.microsoft.com/l/team/19:Bpe_eByANoLx1vYSZWTBzJSV46kmdHBedFrr45rCZDQ1@thread.tacv2/conversations?groupId=3c5b59fa-89df-4591-8f00-257c0527606b&tenantId=c7456b31-a220-47f5-be52-473828670aa1
https://didawiki.di.unipi.it/doku.php/magistraleinformatica/mpp/start


Who am I?
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Office hours: by appointment 
preferably  

Thursday 14:00-16:00

bruni@di.unipi.it @

http://www.di.unipi.it/~bruni 

mailto:bruni@di.unipi.it
http://www.di.unipi.it/~bruni
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Research topics (theses?)

Algebraic approaches to structured graphs

Modelling and analysis of biological systems

Rewrite rules for reversible languages 

Formal approaches to code obfuscation

Program logics and Abstract Interpretation

Graphical specification languages

Quantum Computation and concurrency models



Who are you?
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Hi, I’m … from … 

I have studied … at the University of … 

I am now a student of the MSc degree in …

Hi, I’m Paolo Rossi from Italy 
I have studied Computer Science at the University of Pisa (Italy) 
I am now a student of the MSc degree in Computer science: 
Foundations



Who are you?
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Please fill the form!

First Name: 
Last Name: 

Enrollment number: 
email: 

Bachelor degree: 
MSc course of enrollment:

https://forms.cloud.microsoft/e/QAYWB1UJ99


Who are you?
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John 
Smith 
123456  
john.smith@email.com 
Comp. Sci., Pisa, IT 
Comp. Sci. - SW 

Please fill the form!

First Name: 
Last Name: 

Enrollment number: 
email: 

Bachelor degree: 
MSc course of enrollment:

https://forms.cloud.microsoft/e/QAYWB1UJ99


Some quotes
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The Course
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Programming paradigms 
(imperative, declarative, 
higher order, concurrent, 

mobile, stochastic) 

Understand 
(recursion, semantics, 

compositionality)

Objectives
Mathematical frameworks 

(concrete & abstract) 
(domains, inference rules, transition 

systems, λ-calculus, process algebras) 

Explain 
(correctness, 
compliance,  

performance)

Reason 
(induction, modal and 

temporal logics, 
behavioural and 

logical equivalences)
17
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The approach

programming 
paradigms

(in their simplest form, 
still Turing equivalent)

mathematical 
frameworks

programs

models

specifications

meta-properties 
+ 

proof techniques
(for all programs  

or just 
some classes of programs)



1919

Key question
Given two programs p and q: 

Do they behave the same? 

Is it safe to replace one with the other in any context?

are they "equivalent"?

are they "congruent"?
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Roberto Bruni and Ugo Montanari 
Models of Computation 
Texts in Theoretical Computer Science (an EATCS series) 
https://www.springer.com/book/9783319428987

Textbooks

https://www.springer.com/book/9783319428987


2121

attend classrooms:  
ask questions! 
(sleep quietly)

do some thinking: 
solve ALL your 

homeworks 
(at least try to)

learn theorems: 
(drink many coffees)

give the exam: 
time for a party!

Course activities
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Exam
In past years, the evaluation was based on written and oral exams.  

Since the covid-19 emergency, and for the current period,  
the evaluation will be solely based on a final oral exam.  

Registration to exams is mandatory:  
https://esami.unipi.it/esami  

The exam will typically consist of: 
1. three to four preliminary questions  
2. one exercise (analogous to past written exams) 
3. redoing one of the proofs seen in the course 
4. some additional questions 

The list of preliminary questions is available on  
Microsoft Teams, in the File tab  
(MPP-questions.txt)

https://esami.unipi.it/esami
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A sample exam
What is a complete partial order? 

What are the rules of the type system of HOFL? 

How is iteration achieved in CCS? 

Why only positive normal forms are considered in the mu-calculus? 

Prove the Switch Lemma 

Given the initial state distribution and a DTMC, 
how do we compute the state distribution at time 3?

Models of computation (MOD)

Appello straordinario – Nov 14, 2019

[Ex. 1] Suppose we add to Aexp the expression a0 div a1, whose operational
semantics is defined by:

ha0, �i ! n ha1, �i ! m 6= 0

ha0 div a1, �i ! n/m

where ·/· denotes integer division.

1. Prove that termination is no longer guaranteed for arithmetic expres-
sions.

2. Prove that determinacy still holds for arithmetic expressions.

3. How should be changed the denotational semantics of arithmetic ex-
pressions to make it consistent with the operational one?

[Ex. 2] Consider the CPO? D def
= (}(N),✓) and the function f : }(N) !

}(N) such that f(S)
def
= {x | 9a, b 2 S. a  x  b}, where  is the usual

total order on N.

1. Is f monotone?

2. Is f continuous?

3. What is the least fixpoint of f? Does f have other fixpoints?

[Ex. 3]

Consider the HOFL term

t
def
= rec f. �x. if x then (x, fst(f x)) else (snd(f x), x)

1. Find the principal type of t.

2. Find the denotational semantics of t.

[Ex. 4] Let us consider the CCS processes

p
def
= rec x.(↵.x+ �.�.nil) q

def
= rec y.↵.(�.y + �.nil)

r
def
= rec z.(�.z + ⌧.�.nil)

1. Draw the LTSs of the processes r and s
def
= (p|q)\↵\�.

2. Show that r and s are not strong bisimilar.

3. Prove that r and s are weak bisimilar.



How to survive this course

24
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What's your method?
📖 Reading textbooks

📄 Reading lecture notes/handouts

📈 Reviewing slides

🎥 Watching/listening to recorded lectures

✍ Doing exercises in class

🏠 Doing exercises at home

🤝 Studying with peers / group work

❓ Asking questions during office hours
💻 Bring laptop in class / annotate pdf
📝 Take notes on paper



Lectures are not like  
TV series episodes!
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Watching isn't learning.  

There's no season finale 
that explains everything.



Take notes, not photos
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Your camera won't take 
the exam: you will!



Read some books
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There's more to learn 
than fits on a slide. 

Slides are just the 
roadmap



Don't sit in the back 
rows 
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Come closer, 
join the conversation 

Wherever you sit, 
stay involved.

90% of low grades come from the back row. 
Source: a statistically significant sample of my thinking.



Even if it looks easy, 
try it!
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Try solving all exercises. 

Watching other's 
solutions isn't the same 

as working out your own.

You don’t build muscles by watching others lift.



Before trying divination, 
ask the teacher
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Feel free to ask!
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Be proactive!
Let’s spell out definitions together

% find the least (non-unitary) divisor d of n>1 
% example: for n=21 the result is d=3 
d := 0; 
x := 2; 
while (…………………………………………………………) do { 
   if ( n%x == 0 ) then { 
      d := x; 
   } else { 
      x := x + 1; 
   } 
}
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Be proactive!
Correct me if I’m wrong

% find the index i of the last occurrence of n in a 
% example: for n=5, a=[3,5,7,5,9] the result is i=3 
i := length(a)-1; 
while ( i>0 && n!=a[i] ) do { 
   i := i-1; 
}
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Be proactive!
Sometimes tricky questions!

Can you find the 
the mistake? 

 1 2 3 4 5 6 7 8 9
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Interaction protocol
when I will ask questions such as:


“does the program  satisfy the property ?”


there are at least 5 possible answers


 yes

 no

 cannot tell

 don’t know

 don't care


you are welcome to take your time... but then

please pick one option whenever I ask questions in these classes

c p



Notation

36
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Prerequisites
Basic set theory

<latexit sha1_base64="xC5qpgZZ649bthpuO9R72Inn1ck=">AAAB/HicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCQBlBQ4WCRB4iiaLzZRNOOZ+tuzVSZIWvoIWKDtHyLxT8C3ZwAQlTjWZ2tbPjR0pact1PZ2FxaXlltbBWXN/Y3Nou7ew2bBgbgXURqtC0fG5RSY11kqSwFRnkga+w6Y8uM7/5gMbKUN/SOMJuwIdaDqTglEp3nYDTve8n15NeqexW3CnYPPFyUoYctV7pq9MPRRygJqG4tW3PjaibcENSKJwUO7HFiIsRH2I7pZoHaLvJNPGEHcaWU8giNEwqNhXx90bCA2vHgZ9OZgntrJeJ/3ntmAbn3UTqKCbUIjtEUuH0kBVGplUg60uDRDxLjkxqJrjhRGgk40KkYpx2U0z78Ga/nyeN44p3WnFvTsrVi7yZAuzDARyBB2dQhSuoQR0EaHiCZ3hxHp1X5815/xldcPKdPfgD5+MbgSyVeA==</latexit>N <latexit sha1_base64="/kbpt1LVo8E2KQbc/VuiwoAGs34=">AAAB/HicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBlBQxkk8lAeitaXTTjlfLbu1kiRFb6CFio6RMu/UPAv2CYFJEw1mtnVzo4fKWnJdT+dpeWV1bX1wkZxc2t7Z7e0t9+wYWwE1kWoQtPywaKSGuskSWErMgiBr7Dpj68zv/mAxspQ39Ekwl4AIy2HUgClUrsbAN37ftKe9ktlt+Lm4IvEm5Eym6HWL311B6GIA9QkFFjb8dyIegkYkkLhtNiNLUYgxjDCTko1BGh7SZ54yo9jCxTyCA2Xiuci/t5IILB2EvjpZJbQznuZ+J/XiWl42UukjmJCLbJDJBXmh6wwMq0C+UAaJIIsOXKpuQADRGgkByFSMU67KaZ9ePPfL5LGacU7r7i3Z+Xq1ayZAjtkR+yEeeyCVdkNq7E6E0yzJ/bMXpxH59V5c95/Rpec2c4B+wPn4xuT7JWE</latexit>Z
<latexit sha1_base64="cmKJuTNtl0jJ2tsWJgV8UM77gzw=">AAAB/HicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBlBQ5lI5CGSKFpfNuGU89m6WyNFVvgKWqjoEC3/QsG/YAcXkDDVaGZXOzt+pKQl1/10lpZXVtfWCxvFza3tnd3S3n7ThrER2BChCk3bB4tKamyQJIXtyCAEvsKWP77O/NYDGitDfUuTCHsBjLQcSgGUSnfdAOje95P6tF8quxV3Br5IvJyUWY5av/TVHYQiDlCTUGBtx3Mj6iVgSAqF02I3thiBGMMIOynVEKDtJbPEU34cW6CQR2i4VHwm4u+NBAJrJ4GfTmYJ7byXif95nZiGl71E6igm1CI7RFLh7JAVRqZVIB9Ig0SQJUcuNRdggAiN5CBEKsZpN8W0D2/++0XSPK145xW3flauXuXNFNghO2InzGMXrMpuWI01mGCaPbFn9uI8Oq/Om/P+M7rk5DsH7A+cj2+F3JV7</latexit>

Q <latexit sha1_base64="xPCwtnOIqjcNkeZ2kKjoVOyjPhU=">AAAB/HicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCQBlBQxkQeYgkis6XTTjlfLbu1kiRFb6CFio6RMu/UPAv2MEFJEw1mtnVzo4fKWnJdT+dhcWl5ZXVwlpxfWNza7u0s9uwYWwE1kWoQtPyuUUlNdZJksJWZJAHvsKmP7rM/OYDGitDfUvjCLsBH2o5kIJTKt11Ak73vp/cTHqlsltxp2DzxMtJGXLUeqWvTj8UcYCahOLWtj03om7CDUmhcFLsxBYjLkZ8iO2Uah6g7SbTxBN2GFtOIYvQMKnYVMTfGwkPrB0HfjqZJbSzXib+57VjGpx3E6mjmFCL7BBJhdNDVhiZVoGsLw0S8Sw5MqmZ4IYToZGMC5GKcdpNMe3Dm/1+njSOK95pxb0+KVcv8mYKsA8HcAQenEEVrqAGdRCg4Qme4cV5dF6dN+f9Z3TByXf24A+cj2+HbJV8</latexit>R

<latexit sha1_base64="F2HGZRsiNRrVhFVMN2Es5aCYqdk=">AAACCHicbVC7TsNAEDyHVwgv8+hoTkRIoYlshIAygoYqChJ5SHEUnS+bcMr5obs1KFj5Ab6CFio6RMtfUPAv2MYFJEw1mtnVzo4bSqHRsj6NwsLi0vJKcbW0tr6xuWVu77R0ECkOTR7IQHVcpkEKH5ooUEInVMA8V0LbHV+mfvsOlBaBf4OTEHoeG/liKDjDROqbe3VH+NS5DyuOx/DWdeP69Khvlq2qlYHOEzsnZZKj0Te/nEHAIw985JJp3bWtEHsxUyi4hGnJiTSEjI/ZCLoJ9ZkHuhdn6af0MNIMAxqCokLSTITfGzHztJ54bjKZRtSzXir+53UjHJ73YuGHEYLP00MoJGSHNFciqQXoQChAZGlyoEkTnCmGCEpQxnkiRklPpaQPe/b7edI6rtqnVev6pFy7yJspkn1yQCrEJmekRq5IgzQJJw/kiTyTF+PReDXejPef0YKR7+ySPzA+vgGfT5lC</latexit>

N 2 }(N)
<latexit sha1_base64="rTcGdwPooECdiqYCxpJvMtJAdb0=">AAACDnicbVC7TsNAEDyHVwgvAx00JyKk0EQ2QkAZQUOFgiAPKbai82UTTjk/uFuDIisSn8BX0EJFh2j5BQr+BdukgMBUo5ld7ex4kRQaLevDKMzMzs0vFBdLS8srq2vm+kZTh7Hi0OChDFXbYxqkCKCBAiW0IwXM9yS0vOFp5rduQWkRBlc4isD12SAQfcEZplLX3Lp0dOxpQLihzl1UcXyG156XnI/3umbZqlo56F9iT0iZTFDvmp9OL+SxDwFyybTu2FaEbsIUCi5hXHJiDRHjQzaATkoD5oN2k/yHMd2NNcOQRqCokDQX4edGwnytR76XTmYR9bSXif95nRj7x24igihGCHh2CIWE/JDmSqTlAO0JBYgsSw5UBJQzxRBBCco4T8U4bauU9mFPf/+XNPer9mHVujgo104mzRTJNtkhFWKTI1IjZ6ROGoSTe/JInsiz8WC8GK/G2/dowZjsbJJfMN6/AMZrnBg=</latexit>

S ✓ }(N)<latexit sha1_base64="F6m/KQzNLLOTAhM0qiaQQra5DKo=">AAACCHicbVC7TsNAEDyHVwgv8+hoTkRIVJGNEFBG0FBFQSIPKbai82UTTjk/uFsjBSs/wFfQQkWHaPkLCv4F27iAhKlGM7va2fEiKTRa1qdRWlhcWl4pr1bW1jc2t8ztnbYOY8WhxUMZqq7HNEgRQAsFSuhGCpjvSeh448vM79yD0iIMbnASgeuzUSCGgjNMpb6513B07GlAuHN8hreelzSmfbNq1awcdJ7YBamSAs2++eUMQh77ECCXTOuebUXoJkyh4BKmFSfWEDE+ZiPopTRgPmg3ydNP6WGsGYY0AkWFpLkIvzcS5ms98b10MkuoZ71M/M/rxTg8dxMRRDFCwLNDKCTkhzRXIq0F6EAoQGRZcqAioJwphghKUMZ5KsZpT5W0D3v2+3nSPq7ZpzXr+qRavyiaKZN9ckCOiE3OSJ1ckSZpEU4eyBN5Ji/Go/FqvBnvP6Mlo9jZJX9gfHwDBpWaIw==</latexit>

N ✓ N

<latexit sha1_base64="YkwQYxMTdNVyZpleSZuXKRsKxq0=">AAAB/HicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBmFhjJI5CGSKFpfNuGU89m6WyNFVvgKWqjoEC3/QsG/YAcXkDDVaGZXOzt+pKQl1/10lpZXVtfWCxvFza3tnd3S3n7ThrER2BChCk3bB4tKamyQJIXtyCAEvsKWP77K/NYDGitDfUuTCHsBjLQcSgGUSnfdAOje95PatF8quxV3Br5IvJyUWY56v/TVHYQiDlCTUGBtx3Mj6iVgSAqF02I3thiBGMMIOynVEKDtJbPEU34cW6CQR2i4VHwm4u+NBAJrJ4GfTmYJ7byXif95nZiGl71E6igm1CI7RFLh7JAVRqZVIB9Ig0SQJUcuNRdggAiN5CBEKsZpN8W0D2/++0XSPK145xX35qxcreXNFNghO2InzGMXrMquWZ01mGCaPbFn9uI8Oq/Om/P+M7rk5DsH7A+cj29ubJVs</latexit>B

<latexit sha1_base64="dGJ1hWgSCcQtQzh6pqPZ2FynCIc=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBlCQxkk8pASK1pfNuGU80N3a6TI5CdooaJDtPwMBf+CbVxAwlSjmV3t7HiRkoZs+9NaWl5ZXVsvbZQ3t7Z3dit7+20TxlpgS4Qq1F0PDCoZYIskKexGGsH3FHa8yXXmdx5QGxkGdzSN0PVhHMiRFECp1L3ifQERbwwqVbtm5+CLxClIlRVoDipf/WEoYh8DEgqM6Tl2RG4CmqRQOCv3Y4MRiAmMsZfSAHw0bpLnnfHj2ACFPELNpeK5iL83EvCNmfpeOukD3Zt5LxP/83oxjS7dRAZRTBiI7BBJhfkhI7RMi0A+lBqJIEuOXAZcgAYi1JKDEKkYp82U0z6c+e8XSfu05pzX7Nuzar1RNFNih+yInTCHXbA6u2FN1mKCKfbEntmL9Wi9Wm/W+8/oklXsHLA/sD6+AXd1k6c=</latexit>

A \B
<latexit sha1_base64="dDO7DBrlnJcBn7zsW4jkfXwPbJY=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBlCQxkk8pASKzpfNuGU8/l0t0aKTH6CFio6RMvPUPAv2MYFJEw1mtnVzk6gpbDoup/O0vLK6tp6aaO8ubW9s1vZ22/bKDYcWjySkekGzIIUClooUEJXG2BhIKETTK4zv/MAxopI3eFUgx+ysRIjwRmmUveK9nmsaWNQqbo1NwddJF5BqqRAc1D56g8jHoegkEtmbc9zNfoJMyi4hFm5H1vQjE/YGHopVSwE6yd53hk9ji3DiGowVEiai/B7I2GhtdMwSCdDhvd23svE/7xejKNLPxFKxwiKZ4dQSMgPWW5EWgTQoTCAyLLkQIWinBmGCEZQxnkqxmkz5bQPb/77RdI+rXnnNff2rFpvFM2UyCE5IifEIxekTm5Ik7QIJ5I8kWfy4jw6r86b8/4zuuQUOwfkD5yPb5bdk7s=</latexit>

A [B
<latexit sha1_base64="MezoBAJ7tPot1ZVWeZ9Xon/vy3I=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrIRAsoQGsogkYeUWNH5sgmn3J3N3RopslLwFbRQ0SFaPoWCf8E2KSBhqtHMrnZ2gkgKi6776RSWlldW14rrpY3Nre2d8u5ey4ax4dDkoQxNJ2AWpNDQRIESOpEBpgIJ7WB8lfntBzBWhPoWJxH4io20GArOMJX8S9qzgEro2NJ6v1xxq24Ouki8GamQGRr98ldvEPJYgUYumbVdz43QT5hBwSVMS73YQsT4mI2gm1LNFFg/yUNP6VFsGYY0AkOFpLkIvzcSpqydqCCdVAzv7LyXif953RiHF34idBQjaJ4dQiEhP2S5EWkbQAfCACLLkgMVmnJmGCIYQRnnqRin9ZTSPrz57xdJ66TqnVXdm9NKrT5rpkgOyCE5Jh45JzVyTRqkSTi5J0/kmbw4j86r8+a8/4wWnNnOPvkD5+Mby8uWHQ==</latexit>

A \B<latexit sha1_base64="FstEmUOArzxcggJ56kbwHq3SqjA=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxInfGqCXRxhITQRIgZG4ZYMPe3mV3joQQ4q+w1crO2PpbLPwv3p1XKPiql/dmMm+eHylpyXU/ncLK6tr6RnGztLW9s7tX3j9o2jA2AhsiVKFp+WBRSY0NkqSwFRmEwFf44I9vUv9hgsbKUN/TNMJuAEMtB1IAJVK7MwGjQxpJPeyVK27VzcCXiZeTCstR75W/Ov1QxAFqEgqsbXtuRN0ZGJJC4bzUiS1GIMYwxHZCNQRou7Ms8pyfxBYo5BEaLhXPRPy9MYPA2mngJ5MB0Mgueqn4n9eOaXDVnUkdxYRapIdIKswOWWFk0gXyvjRIBGly5FJzAQaI0EgOQiRinJRTSvrwFr9fJs2zqndRde/OK7XrvJkiO2LH7JR57JLV2C2rswYTLGRP7Jm9OI/Oq/PmvP+MFpx855D9gfPxDYVelg4=</latexit>?
<latexit sha1_base64="2wCNSqixaJdflnI6Ex3Z0aIsaUM=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrIRAsoADWWQyEOKo+h82YRTzvbpbo0UWZH4Clqo6BAtv0LBv3A2LiBhqtHMjnZ3AiWFQdf9dEpLyyura+X1ysbm1vZOdXevbeJEc2jxWMa6GzADUkTQQoESukoDCwMJnWBynfmdB9BGxNEdThX0QzaOxEhwhlby/diaWTa9nA2qNbfu5qCLxCtIjRRoDqpf/jDmSQgRcsmM6Xmuwn7KNAouYVbxEwOK8QkbQ8/SiIVg+ml+84weJYZhTBVoKiTNRfidSFlozDQM7GTI8N7Me5n4n9dLcHTRT0WkEoSIZ4tQSMgXGa6F/RfoUGhAZNnlQEVEOdMMEbSgjHMrJradiu3Dm/9+kbRP6t5Z3b09rTWuimbK5IAckmPikXPSIDekSVqEE0WeyDN5cR6dV+fNef8ZLTlFZp/8gfPxDT/hlnU=</latexit>

A

<latexit sha1_base64="yqazeauoz5jqIUaYdiKaleTonkU="></latexit>

a 2 A

<latexit sha1_base64="vYI2TXr9siT72DVoVbTZ5B3g4MI="></latexit>

a 62 A

<latexit sha1_base64="GVT07UcUKaa1Chfddey4xnd/fxI="></latexit>

A ⇢ B
<latexit sha1_base64="W/jKVdL8dG5exHsMGFzCJOwKOMA="></latexit>

A ✓ B

<latexit sha1_base64="BDHGF6G+cRr3Kwi9zk6Gdvmp0PM="></latexit>

A 6✓ B
<latexit sha1_base64="JzbiuEQ4zbdzQB8wPevDlAZKleU="></latexit>

A \B = ;

<latexit sha1_base64="kZmPF6OKllsCQn+614m3PAitYos="></latexit>

A⇥B
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Prerequisites
Basic set theory: functions, relations

<latexit sha1_base64="Esh+8xpxLk/JGEb9rKB9dYDnu6A=">AAAB+nicbVC7TsNAEDyHVwivACXNiQiJKrIRAkQVQkMZJPKQEis6XzbhlPPZulsjRSY/QQsVHaLlZyj4Fy7GBSRMNZrZ1exOEEth0HU/ncLS8srqWnG9tLG5tb1T3t1rmSjRHJo8kpHuBMyAFAqaKFBCJ9bAwkBCOxhfz/z2A2gjInWHkxj8kI2UGArO0Eqd4eVVDyNa75crbtXNQBeJl5MKydHol796g4gnISjkkhnT9dwY/ZRpFFzCtNRLDMSMj9kIupYqFoLx0+zeKT1KDLOpMWgqJM1E+L2RstCYSRjYyZDhvZn3ZuJ/XjfB4YWfChUnCIrPglBIyIIM18IWAXQgNCCy2eVAhaKcaYYIWlDGuRUT20zJ9uHNf79IWidV76zq3p5WavW8mSI5IIfkmHjknNTIDWmQJuFEkifyTF6cR+fVeXPef0YLTr6zT/7A+fgGwemT1g==</latexit>

f : A ! B

<latexit sha1_base64="izuW2FKxUeeck1rHGvTC+TV2KUA="></latexit>

R ✓ A⇥B

<latexit sha1_base64="yidVtIdAw5n2NIoKU3YmgCIu89E="></latexit>

Rf
M
= {(a, f(a)) | a 2 A}

functions as relations

<latexit sha1_base64="18qQMR77VG9sjGHtiKQz7cw6pDQ="></latexit>

fN (n)
M
=

⇢
1 n 2 N
0 otherwise

<latexit sha1_base64="9IGFN1wcV8NIKxrNCwofJeDKQ2Y="></latexit>

N = {n | fN (n) = 1}

sets as functions 
(characteristic function)

<latexit sha1_base64="hJ/WzP9Ue7DZrA4M0ebq/9EcilM="></latexit>

fN : N ! B
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Prerequisites
First order logic

<latexit sha1_base64="RP882L5FD6VWmhDRj8ciu4FLIz8="></latexit>

true<latexit sha1_base64="RKLkK4DbTkOoQBJeALxRN3auWAs="></latexit>

tt
<latexit sha1_base64="ZFDIuiJYNdQmsimcJYAXn2zqch0="></latexit>

T
<latexit sha1_base64="xDmJDgV5TDZFF9qO5omPEzGRrHA="></latexit>

F

<latexit sha1_base64="+HmY5SpNtH1tFw9hOu4YdmykVvY="></latexit>

↵
<latexit sha1_base64="DaMmFYvBPaITd/ArB4olm2nPaGI="></latexit>

false
<latexit sha1_base64="xYrQT2XrqE9RMpyNfnv6UQVYS+4="></latexit>

0
<latexit sha1_base64="/ELTcA9G/2qfycDBH2IYdDMXbeU="></latexit>

1

<latexit sha1_base64="+ApvY0IlIcwhNIa7ImCfvAptEUo="></latexit>

P , Q

<latexit sha1_base64="+t2s81o5FlAmRrNjEF+BZ69WcPs="></latexit>

P _Q
<latexit sha1_base64="YKzD47Jw6VeTdrQAs0SfOWTB+/c="></latexit>¬P<latexit sha1_base64="/MmKkQf6ouQze/w7xPasKKxfC4s="></latexit>

P ^Q

<latexit sha1_base64="OQ8gMX/6C9DUY6CRd5F9SoeKDrg="></latexit>

P ) Q

<latexit sha1_base64="sBmjF/uOUIbrEvZmWFGS36zHL34="></latexit>

8n 2 N. 9m 2 N. n < m

<latexit sha1_base64="Z2RzScf7CknWh4vlnr7lpMGKuB8="></latexit>

9m 2 N. 8n 2 N. n < m

order of quantifiers matters!
<latexit sha1_base64="OQ8gMX/6C9DUY6CRd5F9SoeKDrg="></latexit>

P ) Q
<latexit sha1_base64="GV1VIbRsrgwZp5zyHYOXYYGwxQU="></latexit>

Q _ ¬P
<latexit sha1_base64="ZA0XIxBZ0BnDHsBLQ9GOu6vxhVY="></latexit>

¬Q ) ¬P

meaning of implication!

<latexit sha1_base64="LGgPtLxMocMPweAecY2lXyxKBIo="></latexit>

8x. P (x)
<latexit sha1_base64="Be3s7h8AvoOVYnRbZ55X8+62dGM="></latexit>

9x. P (x)
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Implication is a 
tricky concept

under which circumstances is the following promise broken?


“If Rob Bery wins the election, I promise to leave the country”



Which cards must be turned over to 
make sure the following statement is true? 
“If the front face of a card bears an even 

number, then its back face is red.”

(Peter Cathart) Wason Selection Task 
(4 cards game)

1 2 3 4



A policeman enters a local in Florida where a large sign reminds customers that: 

“to drink beer you must be over 16 years old” 

There are four customers in the local: 

1. a boy who is drinking water, 

2. a girl who is drinking beer, 

3. an elderly lady who is drinking at a table, and  

4. a 14-year-old teenager who is drinking at the counter. 

Which customers should the policeman check to verify that the rule is respected?

(Peter Cathart) Wason Selection Task 
(with beers)
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Prerequisites
Strings and context-free grammars

<latexit sha1_base64="xV+sNVIDKhyZkA9g5kQPWLSpM2k="></latexit>

An M
= A⇥ · · ·⇥A| {z }

n

<latexit sha1_base64="0BBomVmGSgb5kHpqpp8dyehFM5k="></latexit>

A
<latexit sha1_base64="eCAiQ/AGZhs7Q/JwjP28gMMz2aA="></latexit>

A⇤ M
=

[

n2N
AnAlphabet

<latexit sha1_base64="MvUMGZKXSgz3zZwl7lEf4pIt7/o="></latexit>

B⇤ = {✏, 0, 1, 00, 01, 10, 11, 000, . . .}

<latexit sha1_base64="OrLLsn9J3qvS231tyy9x3mN5T3c="></latexit>

B0 = {✏}
<latexit sha1_base64="Pc4Nl5xO5wpkUuKt33PQg+pPV64="></latexit>

B1 = {0, 1}
<latexit sha1_base64="Hx8sE3tQJWzltXVNXJulClaeO2k="></latexit>

B2 = {00, 01, 10, 11}
<latexit sha1_base64="TJWrZjv4RuUHUpogtvdZH0n3dNk="></latexit>

B3 = {000, 001, 010, 011, 100, 101, 110, 111}

<latexit sha1_base64="MlP8ulAXJAXWfME0pkGQ2r0y4UQ="></latexit>

B = {0, 1}

<latexit sha1_base64="n9LzM9LKMjUKqzWaawVQID1LANo="></latexit>· · ·
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Prerequisites
Strings and context-free grammars

<latexit sha1_base64="xV+sNVIDKhyZkA9g5kQPWLSpM2k="></latexit>

An M
= A⇥ · · ·⇥A| {z }

n

<latexit sha1_base64="0BBomVmGSgb5kHpqpp8dyehFM5k="></latexit>

A
<latexit sha1_base64="eCAiQ/AGZhs7Q/JwjP28gMMz2aA="></latexit>

A⇤ M
=

[

n2N
AnAlphabet

<latexit sha1_base64="JCkYfEZBGfRPuJr/zrUKm31EgC0="></latexit>

A ::= ✏ | 0 A | 1 B
<latexit sha1_base64="U95CJXDMJfZtt1P9uQYlkZmiLBY="></latexit>

B ::= 0 B | 1 A

<latexit sha1_base64="MvUMGZKXSgz3zZwl7lEf4pIt7/o="></latexit>

B⇤ = {✏, 0, 1, 00, 01, 10, 11, 000, . . .}

<latexit sha1_base64="POsgZrK+UTj1vZmd0oToORwWGm0="></latexit>

A ! 0 A ! 0 1 B ! 0 1 1 A ! 0 1 1 ✏ = 0 1 1

<latexit sha1_base64="4t00jrZmkr4KkIM+pFO86tyStl8="></latexit>

L(A) =?
<latexit sha1_base64="ZqaQdddnGQAhVnZhUvDNtNkIlss="></latexit>

L(B) =?
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Prerequisites
Inductive and recursive definitions

<latexit sha1_base64="Ga3J4zsbNqzq6SxB6Kv01qQdgzM="></latexit>

0!
M
= 1

(n+ 1)!
M
= n! · (n+ 1)

<latexit sha1_base64="JUQ9E3KOYUoXZ7zq8KSE7n7LBtc="></latexit>

A0 M
= {✏}

A(n+1) M
= A⇥An

<latexit sha1_base64="dEsUQ9ihNuEDcalbFCnHYsECoMk="></latexit>

f(12) = f(6) = f(3) = f(10) = f(5) = f(16) = f(8) = f(4) = f(2) = f(1) = 1

<latexit sha1_base64="auk+DVnwrSti7bSQi8DdRKU7o7w="></latexit>

f(n)
M
=

8
<

:

1 if n  1
f(n/2) if n > 1 ^ n%2 = 0
f(3n+ 1) otherwise

Inductive or recursive? Inductive or recursive?

Inductive or recursive?
Do you know this function?
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Prerequisites
Conjectures vs theorems

a natural number p is prime 
if it cannot be written as the product of two smaller numbers
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Prerequisites
Conjectures vs theorems

<latexit sha1_base64="nHlUFaWvkmefEPbJVjkBZWOqHCc="></latexit>

if p is prime
then 2p � 1 is prime

Use any mean to prove or disprove the above conjectures: 
NOW

<latexit sha1_base64="d1dEffeATAo+kckVP0pOmMkTFeg="></latexit>

if n > 1 is not prime
then 2n � 1 is not prime



4848

Your background?
Please fill the form about “Familiar subjects”



An Appetiser

49
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The problem

Two concurrent processes share a single-use resource

They can communicate using shared memory

We want to guarantee that there are no conflicts 
when the processes access the resource

No strict alternation of naive turn taking is imposed



Peterson’s mutual exclusion algorithm (1981)

% Two processes P1, P2
% Two boolean variables b1, b2 (both initially false)
% when Pi wants to enter the critical section, then it sets bi to true
% An integer variable k, taking values in {1,2}
% (initial value is arbitrary)
% the process Pk has priority over the other process
%
% Process P1 in pseudocode
while (true) {
    ...                       % non critical section
    b1 := true ;              % P1 wants to enter the critical section
    k := 2 ;                  % P1 gives priority to the other process
    while (b2 && k==2) skip ; % P1 waits its turn
    ...                       % P1 enters the critical section
    b1 := false               % P1 leaves the critical section
}

% Process P2 is analogous to P1

51
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Which question?
Does Peterson’s algorithm work?

What does it mean that “it works”? What do we expect?

(Bounded Waiting) 
No process will wait forever for the resource 

(otherwise the easiest solution is no one gets in)

(Progress) 
If the resource is available, no process is forced to wait

(Mutual Exclusion) 
P1 and P2 are never in the critical section at the same time 



Hyman’s mutual exclusion algorithm (1966)

% Two processes H1, H2
% Two boolean variables b1, b2 (both initially false)
% when Hi wants to enter the critical section, then it sets bi to true
% An integer variable k, taking values in {1,2}
% (initial value is arbitrary)
% the process Hk has priority over the other process
%
% Process H1 in pseudocode
while (true) {
    ...                       % non critical section
    b1 := true ;              % H1 wants to enter the critical section
    while (k==2) {            % while H2 has priority
        while (b2) skip ;     % H1 waits 
        k := 1;               % H1 sets priority to itself
    }
    ...                       % H1 enters the critical section
    b1 := false               % H1 leaves the critical section
}

% Process H2 is analogous to H1

53
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The question

Does Peterson’s algorithm satisfy mutual exclusion?

Does Hyman’s algorithm satisfy mutual exclusion?

For the answers be patient and wait for November lectures


