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Lambda notation
Key ingredients

anonymous functions

application

�x. e

<latexit sha1_base64="Q7RmXqQIgU0oUJgm5vaCq7y5i+I=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJyrJREJQRNJRBIg8ptqL1ZRNOOT90t0ZEURBfQQsVHaLlVyj4F+yQAhKmGs3MancnSJQ05DifVmFpeWV1rbhe2tjc2t4p7+41TZxqgQ0Rq1i3AzCoZIQNkqSwnWiEMFDYCoaXud+6Q21kHN3QKEE/hEEk+1IAZZLnqSzaA35vP2C3XHFsZwq+SNwZqbAZ6t3yl9eLRRpiREKBMR3XScgfgyYpFE5KXmowATGEAXYyGkGIxh9Pb57wo9QAxTxBzaXiUxF/T4whNGYUBlkyBLo1814u/ud1Uuqf+2MZJSlhJPJFJBVOFxmhZVYG8p7USAT55chlxAVoIEItOQiRiWnWTinrw53/fpE0T2y3ap9eVyu1i1kzRXbADtkxc9kZq7ErVmcNJljCntgze7EerVfrzXr/iRas2cw++wPr4xtY6JXl</latexit>

denotes a function that waits for one value to be
substituted for    and then evaluates 

serves as a formal parameter inx

<latexit sha1_base64="NWVbpeiBMqV2moEafHd6Lo5ebdQ=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJREKkxIrOl0045Xy27vYQkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w+6JrKaQ4dHMtK9gBmQQkEHBUroxRpYGEi4C6bXmX/3ANqISN3iLAY/ZBMlxoIzTKX247Bac+tuDrpMvILUSIHWsPo1GEXchqCQS2ZM33Nj9BOmUXAJ88rAGogZn7IJ9FOqWAjGT/Kgc3piDcOIxqCpkDQX4fdGwkJjZmGQToYM782il4n/eX2L40s/ESq2CIpnh1BIyA8ZrkXaANCR0IDIsuRAhaKcaYYIWlDGeSratJJK2oe3+P0y6Z7VvUb9vN2oNa+KZsrkiByTU+KRC9IkN6RFOoQTIE/kmbw41nl13pz3n9GSU+wckj9wPr4BiSGRiQ==</latexit>

e

<latexit sha1_base64="B1htBkQUejbPtsItSS5hdebO2Js=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6kNo2rNrbs56CrxClIjBVqj6tdwHHEbgkIumTEDz43RT5hGwSUsKkNrIGZ8xqYwSKliIRg/yYMu6Jk1DCMag6ZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1EqNgiKJ4dQiEhP2S4FmkDQMdCAyLLkgMVinKmGSJoQRnnqWjTSippH97y96uke1H3GvXLdqPWvCmaKZMTckrOiUeuSJPckRbpEE6APJFn8uJY59V5c95/RktOsXNM/sD5+AZrhJF2</latexit>

x

<latexit sha1_base64="NWVbpeiBMqV2moEafHd6Lo5ebdQ=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJREKkxIrOl0045Xy27vYQkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w+6JrKaQ4dHMtK9gBmQQkEHBUroxRpYGEi4C6bXmX/3ANqISN3iLAY/ZBMlxoIzTKX247Bac+tuDrpMvILUSIHWsPo1GEXchqCQS2ZM33Nj9BOmUXAJ88rAGogZn7IJ9FOqWAjGT/Kgc3piDcOIxqCpkDQX4fdGwkJjZmGQToYM782il4n/eX2L40s/ESq2CIpnh1BIyA8ZrkXaANCR0IDIsuRAhaKcaYYIWlDGeSratJJK2oe3+P0y6Z7VvUb9vN2oNa+KZsrkiByTU+KRC9IkN6RFOoQTIE/kmbw41nl13pz3n9GSU+wckj9wPr4BiSGRiQ==</latexit>

e

<latexit sha1_base64="B1htBkQUejbPtsItSS5hdebO2Js=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6kNo2rNrbs56CrxClIjBVqj6tdwHHEbgkIumTEDz43RT5hGwSUsKkNrIGZ8xqYwSKliIRg/yYMu6Jk1DCMag6ZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1EqNgiKJ4dQiEhP2S4FmkDQMdCAyLLkgMVinKmGSJoQRnnqWjTSippH97y96uke1H3GvXLdqPWvCmaKZMTckrOiUeuSJPckRbpEE6APJFn8uJY59V5c95/RktOsXNM/sD5+AZrhJF2</latexit>

e1 e2

<latexit sha1_base64="7V660RFk9/md0IdpzHMm7INFz90=">AAAB+XicbVC7TsNAEFzzDOEVoKQ5ESFRRXYUBGUEDWWQyENKLOt82YRTzg/drZEiK/wDLVR0iJavoeBfcIwLSJhqNLOrnR0/VtKQbX9aK6tr6xubpa3y9s7u3n7l4LBjokQLbItIRbrnc4NKhtgmSQp7sUYe+Aq7/uR67ncfUBsZhXc0jdEN+DiUIyk4ZVIXPecRvbpXqdo1OwdbJk5BqlCg5VW+BsNIJAGGJBQ3pu/YMbkp1ySFwll5kBiMuZjwMfYzGvIAjZvmcWfsNDGcIhajZlKxXMTfGykPjJkGfjYZcLo3i95c/M/rJzS6dFMZxglhKOaHSCrMDxmhZdYDsqHUSMTnyZHJkAmuORFqybgQmZhkxZSzPpzF75dJp15zGrXz20a1eVU0U4JjOIEzcOACmnADLWiDgAk8wTO8WKn1ar1Z7z+jK1axcwR/YH18A3VUk7Y=</latexit>

e2

<latexit sha1_base64="3dFZt5g9ypIHJU3kgGuq/XRWu08=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrKjICgjaCiDIA8piaLzZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4bKmnItj+twsrq2vpGcbO0tb2zu1feP2ibINICWyJQge663KCSPrZIksJuqJF7rsKOO71K/c4DaiMD/45mIQ48PvHlWApOiXSLw9qwXLGrdga2TJycVCBHc1j+6o8CEXnok1DcmJ5jhzSIuSYpFM5L/chgyMWUT7CXUJ97aAZxFnXOTiLDKWAhaiYVy0T8vRFzz5iZ5yaTHqd7s+il4n9eL6LxxSCWfhgR+iI9RFJhdsgILZMOkI2kRiKeJkcmfSa45kSoJeNCJGKUlFJK+nAWv18m7VrVqVfPbuqVxmXeTBGO4BhOwYFzaMA1NKEFAibwBM/wYj1ar9ab9f4zWrDynUP4A+vjG5ibkhs=</latexit>

e1

<latexit sha1_base64="eiJzLAuZ+OI/dT+9Wx2UO1ZWoeo=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogyENKrOh82YRTzg/drUGRlU+ghYoO0fI9FPwLtnEBCVONZna1s+NFShqy7U+rtLS8srpWXq9sbG5t71R399omjLXAlghVqLseN6hkgC2SpLAbaeS+p7DjTa4yv/OA2sgwuKNphK7Px4EcScEplW5x4AyqNbtu52CLxClIDQo0B9Wv/jAUsY8BCcWN6Tl2RG7CNUmhcFbpxwYjLiZ8jL2UBtxH4yZ51Bk7ig2nkEWomVQsF/H3RsJ9Y6a+l076nO7NvJeJ/3m9mEYXbiKDKCYMRHaIpML8kBFaph0gG0qNRDxLjkwGTHDNiVBLxoVIxTgtpZL24cx/v0jaJ3XntH52c1prXBbNlOEADuEYHDiHBlxDE1ogYAxP8Awv1qP1ar1Z7z+jJavY2Yc/sD6+AZcMkho=</latexit>

is the argument passed to the function

denotes the application of the function      toe1

<latexit sha1_base64="eiJzLAuZ+OI/dT+9Wx2UO1ZWoeo=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogyENKrOh82YRTzg/drUGRlU+ghYoO0fI9FPwLtnEBCVONZna1s+NFShqy7U+rtLS8srpWXq9sbG5t71R399omjLXAlghVqLseN6hkgC2SpLAbaeS+p7DjTa4yv/OA2sgwuKNphK7Px4EcScEplW5x4AyqNbtu52CLxClIDQo0B9Wv/jAUsY8BCcWN6Tl2RG7CNUmhcFbpxwYjLiZ8jL2UBtxH4yZ51Bk7ig2nkEWomVQsF/H3RsJ9Y6a+l076nO7NvJeJ/3m9mEYXbiKDKCYMRHaIpML8kBFaph0gG0qNRDxLjkwGTHDNiVBLxoVIxTgtpZL24cx/v0jaJ3XntH52c1prXBbNlOEADuEYHDiHBlxDE1ogYAxP8Awv1qP1ar1Z7z+jJavY2Yc/sD6+AZcMkho=</latexit>

e2

<latexit sha1_base64="3dFZt5g9ypIHJU3kgGuq/XRWu08=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrKjICgjaCiDIA8piaLzZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4bKmnItj+twsrq2vpGcbO0tb2zu1feP2ibINICWyJQge663KCSPrZIksJuqJF7rsKOO71K/c4DaiMD/45mIQ48PvHlWApOiXSLw9qwXLGrdga2TJycVCBHc1j+6o8CEXnok1DcmJ5jhzSIuSYpFM5L/chgyMWUT7CXUJ97aAZxFnXOTiLDKWAhaiYVy0T8vRFzz5iZ5yaTHqd7s+il4n9eL6LxxSCWfhgR+iI9RFJhdsgILZMOkI2kRiKeJkcmfSa45kSoJeNCJGKUlFJK+nAWv18m7VrVqVfPbuqVxmXeTBGO4BhOwYFzaMA1NKEFAibwBM/wYj1ar9ab9f4zWrDynUP4A+vjG5ibkhs=</latexit>

reduces the need of parentheses e1(e2)

<latexit sha1_base64="lUbH5dsSbN0t6J4y4nLIZcPSk0E=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESGFJrKjICgjaCiDRB5SYlnnyyaccj5bd2ukyOQnaKGiQ7T8DAX/gm1cQMJUo5ld7ez4kRQGbfvTWlldW9/YLG2Vt3d29/YrB4ddE8aaQ4eHMtR9nxmQQkEHBUroRxpY4Evo+dPrzO89gDYiVHc4i8AN2ESJseAMU6kPnlMDr3HmVap23c5Bl4lTkCop0PYqX8NRyOMAFHLJjBk4doRuwjQKLmFeHsYGIsanbAKDlCoWgHGTPO+cnsaGYUgj0FRImovweyNhgTGzwE8nA4b3ZtHLxP+8QYzjSzcRKooRFM8OoZCQHzJci7QIoCOhAZFlyYEKRTnTDBG0oIzzVIzTZsppH87i98uk26g7zfr5bbPauiqaKZFjckJqxCEXpEVuSJt0CCeSPJFn8mI9Wq/Wm/X+M7piFTtH5A+sj29VPZOT</latexit>
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Function definition
f(x) , x2 � 2 · x+ 5

<latexit sha1_base64="KZWiC8B80ustPH4vGodnlVqtqDk=">AAACFnicbVA9TwJBEN3zE/Hr1NJmIzHRGMkdgWhJtLHERNAEkMwtA27c2zt35wyE0PsT/BW2WtkZW1sL/4sHUvj1qpf3ZjLzXhAracnz3p2p6ZnZufnMQnZxaXll1V1br9koMQKrIlKRuQjAopIaqyRJ4UVsEMJA4XlwfTzyz2/RWBnpM+rH2Ayhq2VHCqBUarlbnZ3eLm+QkaC7Cm9477LA93mhIdoR8R7f46WWm/Py3hj8L/EnJMcmqLTcj0Y7EkmImoQCa+u+F1NzAIakUDjMNhKLMYhr6GI9pRpCtM3BOMuQbycWKOIxGi4VH4v4fWMAobX9MEgnQ6Ar+9sbif959YQ6h82B1HFCqMXoEEmF40NWGJmWhLwtDRLB6HPkUnMBBojQSA5CpGKStpZN+/B/p/9LaoW8X8yXTou58tGkmQzbZFtsh/nsgJXZCauwKhPsjj2wR/bk3DvPzovz+jU65Ux2NtgPOG+fGVWdAw==</latexit>

f , �x. (x2 � 2 · x+ 5)

<latexit sha1_base64="b6A81UIeKu5wPtpJuWGB7/mrjx4="></latexit>

unnecessary parentheses
added for clarity
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Associative rules
e1 e2 e3

<latexit sha1_base64="jnLWkETG7o5LPFRCT+Tl69K4zaY=">AAAB/XicbVBNS8NAEN34WetX1aOXxSJ4Kkmt6LHoxWMF+wFtCJvttC7dbMLuRCih+iu86smbePW3ePC/mMQctPXBwOO9GWbm+ZEUBm3701paXlldWy9tlDe3tnd2K3v7HRPGmkObhzLUPZ8ZkEJBGwVK6EUaWOBL6PqTq8zv3oM2IlS3OI3ADdhYiZHgDFOpD57zAF49rVOvUrVrdg66SJyCVEmBllf5GgxDHgegkEtmTN+xI3QTplFwCbPyIDYQMT5hY+inVLEAjJvkJ8/ocWwYhjQCTYWkuQi/JxIWGDMN/LQzYHhn5r1M/M/rxzi6cBOhohhB8WwRCgn5IsO1SLMAOhQaEFl2OVChKGeaIYIWlHGeinEaTjnNw5n/fpF06jWnUTu7aVSbl0UyJXJIjsgJccg5aZJr0iJtwklInsgzebEerVfrzXr/aV2yipkD8gfWxzdbG5VT</latexit>

(e1 e2) e3

<latexit sha1_base64="wASKGlMKvXvI4zTGJIyAhUz9YAY=">AAAB/3icbVC7TsNAEDyHVwivACXNiQgpNJEdgqCMoKEMEnlIiWWdL5twyvnB3RopsoLEV9BCRYdo+RQK/gXbuICEKVajmV3t7rihFBpN89MoLC2vrK4V10sbm1vbO+XdvY4OIsWhzQMZqJ7LNEjhQxsFSuiFCpjnSui6k8vU796D0iLwb3Aagu2xsS9GgjNMJLsKjvUATv04KSdOuWLWzAx0kVg5qZAcLaf8NRgGPPLARy6Z1n3LDNGOmULBJcxKg0hDyPiEjaGfUJ95oO04O3pGjyLNMKAhKCokzUT4PREzT+up5yadHsNbPe+l4n9eP8LRuR0LP4wQfJ4uQiEhW6S5EkkaQIdCASJLLwcqfMqZYoigBGWcJ2KUxFNK8rDmv18knXrNatROrxuV5kWeTJEckENSJRY5I01yRVqkTTi5I0/kmbwYj8ar8Wa8/7QWjHxmn/yB8fENKF6VuA==</latexit>

is read application is
left-associative

�x. �y. �z. e

<latexit sha1_base64="Ed7mUk/uuAV8UPVIqixVlbg8CLM=">AAACGHicbVC7TsNAEDyHVwgvAyXNiYBEZdkoCMoIGsogEYiURNH6ssAp54fu1ogQwQfwCXwFLVR0iJaOgn/hEhyJ11SjmVnt7oSpkoZ8/90pTExOTc8UZ0tz8wuLS+7yyolJMi2wLhKV6EYIBpWMsU6SFDZSjRCFCk/D3sHQP71EbWQSH1M/xXYE57E8kwLISh13o6VsuAv8yrvlY973bsf02srYccu+54/A/5IgJ2WWo9ZxP1rdRGQRxiQUGNMM/JTaA9AkhcKbUiszmILowTk2LY0hQtMejL654ZuZAUp4ippLxUcifp8YQGRMPwptMgK6ML+9ofif18zobK89kHGaEcZiuIikwtEiI7S0NSHvSo1EMLwcuYy5AA1EqCUHIayY2d5Kto/g9/d/ycm2F1S8naNKubqfN1Nka2ydbbGA7bIqO2Q1VmeC3bEH9sienHvn2XlxXr+iBSefWWU/4Lx9AvxXn0s=</latexit>

�x. (�y. (�z. e))

<latexit sha1_base64="GQZ7KHW4FgZquL4Xobs8Q4I32Cg=">AAACHHicbVDLSgNBEJyN7/iKevQyGITksuxKRI9BLx4VjApJCL2TThwy+2CmV4xBP8FP8Cu86smbeBU8+C/OxiCaWKeaqmp6uoJESUOe9+HkpqZnZufmF/KLS8srq4W19TMTp1pgTcQq1hcBGFQywhpJUniRaIQwUHge9A4z//wKtZFxdEr9BJshdCPZkQLISq1CqaFsuA382r3jP4++e/fDb6yB5XKrUPRcbwg+SfwRKbIRjluFz0Y7FmmIEQkFxtR9L6HmADRJofA230gNJiB60MW6pRGEaJqD4UW3fDs1QDFPUHOp+FDE3xMDCI3ph4FNhkCXZtzLxP+8ekqd/eZARklKGIlsEUmFw0VGaGmrQt6WGokg+zlyGXEBGohQSw5CWDG13eVtH/749ZPkbMf1K+7uSaVYPRg1M8822RYrMZ/tsSo7YsesxgS7Z4/siT07D86L8+q8fUdzzmhmg/2B8/4FuqKgFQ==</latexit>

is read abstraction is
right-associative
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Scoping
�x. e

<latexit sha1_base64="K3rQhhxGVPFqw4ckujPp0hWG8aA=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8psaL1ZRNOOT+4WyMiKwVfQQsVHaLlUyj4FxzjAhKmGs3ManfHi5Q0ZNufVmFpeWV1rbhe2tjc2t4p7+61TBhrgU0RqlB3PDCoZIBNkqSwE2kE31PY9saXM799j9rIMLihSYSuD6NADqUASiW3p9LoAPhDtcexX67YVTsDXyROTiosR6Nf/uoNQhH7GJBQYEzXsSNyE9AkhcJpqRcbjECMYYTdlAbgo3GT7OgpP4oNUMgj1Fwqnon4eyIB35iJ76VJH+jWzHsz8T+vG9Pw3E1kEMWEgZgtIqkwW2SElmkbyAdSIxHMLkcuAy5AAxFqyUGIVIzTekppH87894ukdVJ1atXT61qlfpE3U2QH7JAdM4edsTq7Yg3WZILdsSf2zF6sR+vVerPef6IFK5/ZZ39gfXwDfqyV7Q==</latexit>

the scope of    isx

<latexit sha1_base64="NWVbpeiBMqV2moEafHd6Lo5ebdQ=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJREKkxIrOl0045Xy27vYQkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w+6JrKaQ4dHMtK9gBmQQkEHBUroxRpYGEi4C6bXmX/3ANqISN3iLAY/ZBMlxoIzTKX247Bac+tuDrpMvILUSIHWsPo1GEXchqCQS2ZM33Nj9BOmUXAJ88rAGogZn7IJ9FOqWAjGT/Kgc3piDcOIxqCpkDQX4fdGwkJjZmGQToYM782il4n/eX2L40s/ESq2CIpnh1BIyA8ZrkXaANCR0IDIsuRAhaKcaYYIWlDGeSratJJK2oe3+P0y6Z7VvUb9vN2oNa+KZsrkiByTU+KRC9IkN6RFOoQTIE/kmbw41nl13pz3n9GSU+wckj9wPr4BiSGRiQ==</latexit>

e

<latexit sha1_base64="B1htBkQUejbPtsItSS5hdebO2Js=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6kNo2rNrbs56CrxClIjBVqj6tdwHHEbgkIumTEDz43RT5hGwSUsKkNrIGZ8xqYwSKliIRg/yYMu6Jk1DCMag6ZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1EqNgiKJ4dQiEhP2S4FmkDQMdCAyLLkgMVinKmGSJoQRnnqWjTSippH97y96uke1H3GvXLdqPWvCmaKZMTckrOiUeuSJPckRbpEE6APJFn8uJY59V5c95/RktOsXNM/sD5+AZrhJF2</latexit>

not visible outsidex

<latexit sha1_base64="NWVbpeiBMqV2moEafHd6Lo5ebdQ=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJREKkxIrOl0045Xy27vYQkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w+6JrKaQ4dHMtK9gBmQQkEHBUroxRpYGEi4C6bXmX/3ANqISN3iLAY/ZBMlxoIzTKX247Bac+tuDrpMvILUSIHWsPo1GEXchqCQS2ZM33Nj9BOmUXAJ88rAGogZn7IJ9FOqWAjGT/Kgc3piDcOIxqCpkDQX4fdGwkJjZmGQToYM782il4n/eX2L40s/ESq2CIpnh1BIyA8ZrkXaANCR0IDIsuRAhaKcaYYIWlDGeSratJJK2oe3+P0y6Z7VvUb9vN2oNa+KZsrkiByTU+KRC9IkN6RFOoQTIE/kmbw41nl13pz3n9GSU+wckj9wPr4BiSGRiQ==</latexit>

e

<latexit sha1_base64="B1htBkQUejbPtsItSS5hdebO2Js=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6kNo2rNrbs56CrxClIjBVqj6tdwHHEbgkIumTEDz43RT5hGwSUsKkNrIGZ8xqYwSKliIRg/yYMu6Jk1DCMag6ZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1EqNgiKJ4dQiEhP2S4FmkDQMdCAyLLkgMVinKmGSJoQRnnqWjTSippH97y96uke1H3GvXLdqPWvCmaKZMTckrOiUeuSJPckRbpEE6APJFn8uJY59V5c95/RktOsXNM/sD5+AZrhJF2</latexit>

like a local variable
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Alpha-conversion
�x. (x2 � 2 · x+ 5)

<latexit sha1_base64="NGEAtJGUdQcszYljvvdleH4JM+0=">AAACD3icbVDLSgNBEJz1bXytesxlMAiKuOwGRY+iF48RjAayMfROOnFw9sFMrySECH6CX+FVT97Eq5/gwX9xs+ag0ToVVdV0dwWJkoZc98OamJyanpmdmy8sLC4tr9iraxcmTrXAqohVrGsBGFQywipJUlhLNEIYKLwMbk6G/uUtaiPj6Jx6CTZC6ESyLQVQJjXtoq+ycAt417nb6l6Vd8u+aMXEuzv720275DpuDv6XeCNSYiNUmvan34pFGmJEQoExdc9NqNEHTVIoHBT81GAC4gY6WM9oBCGaRj9/YsA3UwMU8wQ1l4rnIv6c6ENoTC8MsmQIdG3GvaH4n1dPqX3Y6MsoSQkjMVxEUmG+yAgts3aQt6RGIhhejlxGXIAGItSSgxCZmGZ1FbI+vPHv/5KLsuPtOftne6Wj41Ezc6zINtgW89gBO2KnrMKqTLB79sie2LP1YL1Yr9bbd3TCGs2ss1+w3r8AGrGa/Q==</latexit>

�y. (y2 � 2 · y + 5)

<latexit sha1_base64="R94EgfA+UbqZGM5QTCJAcMLEGhk=">AAACD3icbVDLSgNBEJyNrxhfqx69DAZBEcNuSNBj0ItHBZMISQy9k1aHzD6Y6RWWEMFP8Cu86smbePUTPPgvbtY9+KpTUVVNd5cXKWnIcd6twtT0zOxccb60sLi0vGKvrrVMGGuBTRGqUJ97YFDJAJskSeF5pBF8T2HbGx5N/PYNaiPD4IySCHs+XAXyUgqgVOrbG12VhgfAk8rtdnJR3at2xSAknuzWd/p22ak4Gfhf4uakzHKc9O2P7iAUsY8BCQXGdFwnot4INEmhcFzqxgYjEEO4wk5KA/DR9EbZE2O+FRugkEeouVQ8E/H7xAh8YxLfS5M+0LX57U3E/7xOTJcHvZEMopgwEJNFJBVmi4zQMm0H+UBqJILJ5chlwAVoIEItOQiRinFaVyntw/39/V/SqlbcWqV+Wis3DvNmimyDbbJt5rJ91mDH7IQ1mWB37IE9sifr3nq2XqzXr2jBymfW2Q9Yb58fgZsA</latexit>

names of formal parameters
are inessential:
the two expressions denote
the same function

�x. e ⌘ �y. (e[y/x])

<latexit sha1_base64="8NEjhAaXA4HSr4biyUrOCA6OEEg=">AAACHXicbVDLSgNBEJyN7/iKevQyGAS9rLsS0WPQi0cF84BkDb2TThwy+3CmNyQE/QU/wa/wqidv4lU8+C9uYgSN1qmoqqa7y4+VNOQ471Zmanpmdm5+Ibu4tLyymltbL5so0QJLIlKRrvpgUMkQSyRJYTXWCIGvsOJ3ToZ+pYvayCi8oH6MXgDtULakAEqlRm63rtJwE3jPvkVex+tEdrPfWt++3cHaZX+v0fN2G7m8Yzsj8L/EHZM8G+OskfuoNyORBBiSUGBMzXVi8gagSQqFN9l6YjAG0YE21lIaQoDGG4xeuuHbiQGKeIyaS8VHIv6cGEBgTD/w02QAdGUmvaH4n1dLqHXkDWQYJ4ShGC4iqXC0yAgt066QN6VGIhhejlyGXIAGItSSgxCpmKTlZdM+3Mnv/5Lyvu0W7IPzQr54PG5mnm2yLbbDXHbIiuyUnbESE+yOPbBH9mTdW8/Wi/X6Fc1Y45kN9gvW2yepUKE1</latexit>

(under suitable conditions on        )e, y

<latexit sha1_base64="jsywmOH3DDKBlJP9UhMlrKC2HXc=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJAkU2CoIygoYyCPKQkihaXzbhlPNDd2tQZOUTaKGiQ7R8DwX/gm1cQMJUo5ld7ey4oZKGbPvTKiwtr6yuFddLG5tb2zvl3b2WCSItsCkCFeiOCwaV9LFJkhR2Qo3guQrb7uQq9dsPqI0M/Duahtj3YOzLkRRAiXSLJ9NBuWJX7Qx8kTg5qbAcjUH5qzcMROShT0KBMV3HDqkfgyYpFM5KvchgCGICY+wm1AcPTT/Oos74UWSAAh6i5lLxTMTfGzF4xkw9N5n0gO7NvJeK/3ndiEYX/Vj6YUToi/QQSYXZISO0TDpAPpQaiSBNjlz6XIAGItSSgxCJGCWllJI+nPnvF0nrtOrUqmc3tUr9Mm+myA7YITtmDjtndXbNGqzJBBuzJ/bMXqxH69V6s95/RgtWvrPP/sD6+Aa3lJIv</latexit>

capture-avoiding 
substitution
(to be formalised later)
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Application (beta rule)

(�x. e) e0

<latexit sha1_base64="CNVxb58TMoZs5xwPImvl1jjND1M=">AAACB3icbVC7TgJBFJ3FF+JrldJmIjHBhuwajJZEG0tM5JEAIXeHC06YfWTmrpEQ6P0KW63sjK2fYeG/uOAWCp7q5Jxzc+89XqSkIcf5tDIrq2vrG9nN3Nb2zu6evX9QN2GsBdZEqELd9MCgkgHWSJLCZqQRfE9hwxtezfzGPWojw+CWRhF2fBgEsi8FUCJ17XyxrZJ0D/hDaYonU45dp2sXnJIzB18mbkoKLEW1a3+1e6GIfQxIKDCm5ToRdcagSQqFk1w7NhiBGMIAWwkNwEfTGc+Pn/Dj2ACFPELNpeJzEX9PjME3ZuR7SdIHujOL3kz8z2vF1L/ojGUQxYSBmC0iqXC+yAgtk1aQ96RGIphdjlwGXIAGItSSgxCJGCc15ZI+3MXvl0n9tOSWS2c35ULlMm0myw7ZESsyl52zCrtmVVZjgo3YE3tmL9aj9Wq9We8/0YyVzuTZH1gf3+hGmD8=</latexit>

application of a function

evaluation via substitutione[e0/x]

<latexit sha1_base64="L3Lb/maSW/yg+OOv2GNDs3Lzv2w=">AAAB/nicbVC7TsNAEDzzDOEVoKQ5ESFRBRsFQRlBQxkk8pAcY50vm3DK2T7drRGRFYmvoIWKDtHyKxT8C45xAQlTjWZ2tbMTKCkM2vantbC4tLyyWlorr29sbm1XdnbbJk40hxaPZay7ATMgRQQtFCihqzSwMJDQCUaXU79zD9qIOLrBsQIvZMNIDARnmEk9cG9T8O3Jsf/g+ZWqXbNz0HniFKRKCjT9ylevH/MkhAi5ZMa4jq3QS5lGwSVMyr3EgGJ8xIbgZjRiIRgvzTNP6GFiGMZUgaZC0lyE3xspC40Zh0E2GTK8M7PeVPzPcxMcnHupiFSCEPHpIRQS8kOGa5GVAbQvNCCyaXKgIqKcaYYIWlDGeSYmWTvlrA9n9vt50j6pOfXa6XW92rgomimRfXJAjohDzkiDXJEmaRFOFHkiz+TFerRerTfr/Wd0wSp29sgfWB/fY9aV7A==</latexit>

capture-avoiding 
substitution

⌘

<latexit sha1_base64="Ygll3yr7aqwHtytIhQZwDoOcdUo=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeURNH5sglHzmdztxcpWPkHWqjoEC1/Q8G/YBsXkDDVaGZXOzt+JIVB1/10CkvLK6trxfXSxubW9k55d69pQqs5NHgoQ932mQEpFDRQoIR2pIEFvoSWP75K/dYEtBGhusVpBL2AjZQYCs4wkZpdeLBi0i9X3KqbgS4SLycVkqPeL391ByG3ASjkkhnT8dwIezHTKLiEWalrDUSMj9kIOglVLADTi7O0M3pkDcOQRqCpkDQT4fdGzAJjpoGfTAYM78y8l4r/eR2Lw4teLFRkERRPD6GQkB0yXIukBqADoQGRpcmBCkU50wwRtKCM80S0SS+lpA9v/vtF0jypeqfVs5vTSu0yb6ZIDsghOSYeOSc1ck3qpEE4uSdP5Jm8OI/Oq/PmvP+MFpx8Z5/8gfPxDXv0k8k=</latexit>
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Example
�x. (x2 � 2 · x+ 5)

<latexit sha1_base64="NGEAtJGUdQcszYljvvdleH4JM+0=">AAACD3icbVDLSgNBEJz1bXytesxlMAiKuOwGRY+iF48RjAayMfROOnFw9sFMrySECH6CX+FVT97Eq5/gwX9xs+ag0ToVVdV0dwWJkoZc98OamJyanpmdmy8sLC4tr9iraxcmTrXAqohVrGsBGFQywipJUlhLNEIYKLwMbk6G/uUtaiPj6Jx6CTZC6ESyLQVQJjXtoq+ycAt417nb6l6Vd8u+aMXEuzv720275DpuDv6XeCNSYiNUmvan34pFGmJEQoExdc9NqNEHTVIoHBT81GAC4gY6WM9oBCGaRj9/YsA3UwMU8wQ1l4rnIv6c6ENoTC8MsmQIdG3GvaH4n1dPqX3Y6MsoSQkjMVxEUmG+yAgts3aQt6RGIhhejlxGXIAGItSSgxCZmGZ1FbI+vPHv/5KLsuPtOftne6Wj41Ezc6zINtgW89gBO2KnrMKqTLB79sie2LP1YL1Yr9bbd3TCGs2ss1+w3r8AGrGa/Q==</latexit>

(�x. (x2 � 2 · x+ 5)) 2

<latexit sha1_base64="Il86/VkGdLZ1Hvql/nbfLW3TcPA=">AAACE3icbVDLTgJBEJzFF+IL9ejBicQEYiS7RKJHohePmMgjASS9Q4MTZx+Z6TUQAjc/wa/wqidvxqsf4MF/cUEOvupUqapOd5cbKmnItt+txNz8wuJScjm1srq2vpHe3KqaINICKyJQga67YFBJHyskSWE91Aieq7Dm3pxN/NotaiMD/5IGIbY86PmyKwVQLLXTu9mmitMd4P38ONu/KhwWmqITEO8fFHO5caGdzth5ewr+lzgzkmEzlNvpj2YnEJGHPgkFxjQcO6TWEDRJoXCUakYGQxA30MNGTH3w0LSG00dGfD8yQAEPUXOp+FTE7xND8IwZeG6c9ICuzW9vIv7nNSLqnrSG0g8jQl9MFpFUOF1khJZxQ8g7UiMRTC5HLn0uQAMRaslBiFiM4spScR/O7+//kmoh7xzlixdHmdLprJkk22F7LMscdsxK7JyVWYUJdsce2CN7su6tZ+vFev2KJqzZzDb7AevtE2AXnCY=</latexit>

a function

its application

22 � 2 · 2 + 5

<latexit sha1_base64="u10wiBwhGYtftAbcUejMyZV4UmY=">AAACAHicbVC7TsNAEDyHVwivACXNiQgJCRHZViIoI2gog0QeUuJE58smnHJ+6G6NFFlp+ApaqOgQLX9Cwb9gGxeQMNVoZlc7O24ohUbT/DQKK6tr6xvFzdLW9s7uXnn/oK2DSHFo8UAGqusyDVL40EKBErqhAua5Ejru9Dr1Ow+gtAj8O5yF4Hhs4oux4AwTaWAP7HO7z0cBUvusPixXzKqZgS4TKycVkqM5LH/1RwGPPPCRS6Z1zzJDdGKmUHAJ81I/0hAyPmUT6CXUZx5oJ85Sz+lJpBkGNARFhaSZCL83YuZpPfPcZNJjeK8XvVT8z+tFOL50YuGHEYLP00MoJGSHNFciqQPoSChAZGlyoMKnnCmGCEpQxnkiRkk/paQPa/H7ZdK2q1atWr+tVRpXeTNFckSOySmxyAVpkBvSJC3CiSJP5Jm8GI/Gq/FmvP+MFox855D8gfHxDcfrlWw=</latexit>

its evaluation= 5

<latexit sha1_base64="ryTvqMt9wL3PP/9oVq1O0G4gCoU=">AAAB9HicbVC7TsNAEFyHVwivACXNiQiJKrJRImiQImgoAyIPKbGi82UTTjk/dLeOFEX5A1qo6BAt/0PBv2AbFxCYajSzq50dL1LSkG1/WIWV1bX1jeJmaWt7Z3evvH/QNmGsBbZEqELd9bhBJQNskSSF3Ugj9z2FHW9ynfqdKWojw+CeZhG6Ph8HciQFp0S6u6wPyhW7amdgf4mTkwrkaA7Kn/1hKGIfAxKKG9Nz7IjcOdckhcJFqR8bjLiY8DH2EhpwH407z5Iu2ElsOIUsQs2kYpmIPzfm3Ddm5nvJpM/pwSx7qfif14tpdOHOZRDFhIFID5FUmB0yQsukAmRDqZGIp8mRyYAJrjkRasm4EIkYJ52Ukj6c5e//kvZZ1alV67e1SuMqb6YIR3AMp+DAOTTgBprQAgEjeIQneLam1ov1ar19jxasfOcQfsF6/wKk85GN</latexit>

⌘

<latexit sha1_base64="Ygll3yr7aqwHtytIhQZwDoOcdUo=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeURNH5sglHzmdztxcpWPkHWqjoEC1/Q8G/YBsXkDDVaGZXOzt+JIVB1/10CkvLK6trxfXSxubW9k55d69pQqs5NHgoQ932mQEpFDRQoIR2pIEFvoSWP75K/dYEtBGhusVpBL2AjZQYCs4wkZpdeLBi0i9X3KqbgS4SLycVkqPeL391ByG3ASjkkhnT8dwIezHTKLiEWalrDUSMj9kIOglVLADTi7O0M3pkDcOQRqCpkDQT4fdGzAJjpoGfTAYM78y8l4r/eR2Lw4teLFRkERRPD6GQkB0yXIukBqADoQGRpcmBCkU50wwRtKCM80S0SS+lpA9v/vtF0jypeqfVs5vTSu0yb6ZIDsghOSYeOSc1ck3qpEE4uSdP5Jm8OI/Oq/PmvP+MFpx8Z5/8gfPxDXv0k8k=</latexit>
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Example
a function

its application

its evaluation

�x. �y. (x2 � 2 · y + 5)

<latexit sha1_base64="rtrwgGG2h87AbtjU6GUvPBTtxjw=">AAACGnicbVDLSgNBEJyN7/ha9ehlMCiKuOwGgx5FLx4jmERIYuiddOLg7IOZXkkI+gV+gl/hVU/exKsXD/6LmxhBE+tUVFXT3eXHShpy3Q8rMzE5NT0zO5edX1hcWrZXVssmSrTAkohUpC98MKhkiCWSpPAi1giBr7DiX5/0/coNaiOj8Jy6MdYDaIeyJQVQKjXsrZpKw03gHefuh3adu+3OZX4vXxPNiHh3t7DTsHOu4w7Ax4k3JDk2RLFhf9aakUgCDEkoMKbquTHVe6BJCoW32VpiMAZxDW2spjSEAE29N/jnlm8mBijiMWouFR+I+HuiB4Ex3cBPkwHQlRn1+uJ/XjWh1mG9J8M4IQxFfxFJhYNFRmiZFoW8KTUSQf9y5DLkAjQQoZYchEjFJG0um/bhjX4/Tsp5x9t3Cmf7uaPjYTOzbJ1tsG3msQN2xE5ZkZWYYPfskT2xZ+vBerFerbfvaMYazqyxP7DevwB2859u</latexit>

(�x. �y. (x2 � 2 · y + 5)) 2

<latexit sha1_base64="u0H7YUfFSOZPAcW+hbxe9GonyV0=">AAACHnicbVDLSgNBEJz1GeMr6tHLYBCi4rIbDHoMevEYwTwgiaF30tHB2QczvZIQkm/wE/wKr3ryJl714L+4iRF81amoqqa7y4uUNOQ4b9bU9Mzs3HxqIb24tLyymllbr5gw1gLLIlShrnlgUMkAyyRJYS3SCL6nsOpdn4z86g1qI8PgnHoRNn24DGRHCqBEamV2cw2VpNvAu/bwi/bsYa57kd/PN0Q7JN7bK+zsDPOtTNaxnTH4X+JOSJZNUGpl3hvtUMQ+BiQUGFN3nYiafdAkhcJBuhEbjEBcwyXWExqAj6bZH/804NuxAQp5hJpLxccifp/og29Mz/eSpA90ZX57I/E/rx5T56jZl0EUEwZitIikwvEiI7RMykLelhqJYHQ5chlwARqIUEsOQiRinLSXTvpwf3//l1TytntgF84OssXjSTMptsm2WI657JAV2SkrsTIT7Jbdswf2aN1ZT9az9fIZnbImMxvsB6zXD8pyoJc=</latexit>

�y. (22 � 2 · y + 5)

<latexit sha1_base64="F7u91orMV1AtLaBBMn/ZeKgnfw8=">AAACD3icbVDLTgJBEJzFF+IL9chlIjHBGMkugeiR6MUjJvJIAEnv0OCE2Udmek0IwcRP8Cu86smb8eonePBfXJCDgnWqVFWnu8sNlTRk259WYml5ZXUtuZ7a2Nza3knv7tVMEGmBVRGoQDdcMKikj1WSpLARagTPVVh3BxcTv36H2sjAv6ZhiG0P+r7sSQEUS510pqXicBf4MH+fK9wUTgot0Q2ID49LR5101s7bU/BF4sxIls1Q6aS/Wt1ARB76JBQY03TskNoj0CSFwnGqFRkMQQygj82Y+uChaY+mT4z5YWSAAh6i5lLxqYi/J0bgGTP03DjpAd2aeW8i/uc1I+qdtUfSDyNCX0wWkVQ4XWSElnE7yLtSIxFMLkcufS5AAxFqyUGIWIziulJxH87894ukVsg7xXzpqpgtn8+aSbIMO2A55rBTVmaXrMKqTLAH9sSe2Yv1aL1ab9b7TzRhzWb22R9YH9+s55q5</latexit>

⌘

<latexit sha1_base64="Ygll3yr7aqwHtytIhQZwDoOcdUo=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeURNH5sglHzmdztxcpWPkHWqjoEC1/Q8G/YBsXkDDVaGZXOzt+JIVB1/10CkvLK6trxfXSxubW9k55d69pQqs5NHgoQ932mQEpFDRQoIR2pIEFvoSWP75K/dYEtBGhusVpBL2AjZQYCs4wkZpdeLBi0i9X3KqbgS4SLycVkqPeL391ByG3ASjkkhnT8dwIezHTKLiEWalrDUSMj9kIOglVLADTi7O0M3pkDcOQRqCpkDQT4fdGzAJjpoGfTAYM78y8l4r/eR2Lw4teLFRkERRPD6GQkB0yXIukBqADoQGRpcmBCkU50wwRtKCM80S0SS+lpA9v/vtF0jypeqfVs5vTSu0yb6ZIDsghOSYeOSc1ck3qpEE4uSdP5Jm8OI/Oq/PmvP+MFpx8Z5/8gfPxDXv0k8k=</latexit>

it is still a function!
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Example
a function

its application

its evaluation

�f. �x. (x2 + f 1)

<latexit sha1_base64="eEnyTfcPmXxCR4AmCIhdZ3YUZh4=">AAACFXicbVA9SwNBEN2LXzF+RS1tVoOgCMddiGgZtLFUMCokMcxtJrpk74PdOYkcpvUn+CtstbITW2sL/4t3MYImvurx3htm5nmRkoYc58PKTUxOTc/kZwtz8wuLS8XllTMTxlpgTYQq1BceGFQywBpJUngRaQTfU3judQ8z//wGtZFhcEq3ETZ9uApkRwqgVGoV1xsqDbeBd+z+D+3Z/a3eZZnv8E7f3W4VS47tDMDHiTskJTbEcav42WiHIvYxIKHAmLrrRNRMQJMUCu8KjdhgBKILV1hPaQA+mmYyeOWOb8YGKOQRai4VH4j4eyIB35hb30uTPtC1GfUy8T+vHlNnv5nIIIoJA5EtIqlwsMgILdOOkLelRiLILkcuAy5AAxFqyUGIVIzT0gppH+7o9+PkrGy7FXv3pFKqHgybybM1tsG2mMv2WJUdsWNWY4Lds0f2xJ6tB+vFerXevqM5azizyv7Aev8CdfGdSw==</latexit>

(�f. �x. (x2 + f 1)) (�y. (2 · y))

<latexit sha1_base64="+lgC4O1TH/PlhqFI9ndkfqmCnDU="></latexit>

�x. (x2 + (�y. (2 · y)) 1)

<latexit sha1_base64="6SeWb62FgZueW/GGEOkkj0I6ysU=">AAACI3icbVDLTgJBEJz1ifhCPXqZSEwgJrhLMHokevGIiTwSQNI7tDpx9pGZXgMh8Bd+gl/hVU/ejBcP/Iu7iImKdapUVae7yw2VNGTbH9bc/MLi0nJqJb26tr6xmdnarpkg0gKrIlCBbrhgUEkfqyRJYSPUCJ6rsO7enSV+/R61kYF/Sf0Q2x7c+PJaCqBY6mQOWyoOd4H3CqNc76rID3juW+rHUrElugHxfj4/cvLpUbqTydoFewI+S5wpybIpKp3MuNUNROShT0KBMU3HDqk9AE1SKBymW5HBEMQd3GAzpj54aNqDyWNDvh8ZoICHqLlUfCLiz4kBeMb0PTdOekC35q+XiP95zYiuT9oD6YcRoS+SRSQVThYZoWXcGPKu1EgEyeXIpc8FaCBCLTkIEYtRXGHSh/P3+1lSKxacUuHoopQtn06bSbFdtsdyzGHHrMzOWYVVmWAP7Ik9sxfr0Xq13qz3r+icNZ3ZYb9gjT8B6IqhiQ==</latexit>

higher-order: functions as arguments/results

⌘

<latexit sha1_base64="Ygll3yr7aqwHtytIhQZwDoOcdUo=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeURNH5sglHzmdztxcpWPkHWqjoEC1/Q8G/YBsXkDDVaGZXOzt+JIVB1/10CkvLK6trxfXSxubW9k55d69pQqs5NHgoQ932mQEpFDRQoIR2pIEFvoSWP75K/dYEtBGhusVpBL2AjZQYCs4wkZpdeLBi0i9X3KqbgS4SLycVkqPeL391ByG3ASjkkhnT8dwIezHTKLiEWalrDUSMj9kIOglVLADTi7O0M3pkDcOQRqCpkDQT4fdGzAJjpoGfTAYM78y8l4r/eR2Lw4teLFRkERRPD6GQkB0yXIukBqADoQGRpcmBCkU50wwRtKCM80S0SS+lpA9v/vtF0jypeqfVs5vTSu0yb6ZIDsghOSYeOSc1ck3qpEE4uSdP5Jm8OI/Oq/PmvP+MFpx8Z5/8gfPxDXv0k8k=</latexit>

(the argument is a function!)
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Example
a function

its application

its evaluation

�f. �x. (x2 + f 1)

<latexit sha1_base64="eEnyTfcPmXxCR4AmCIhdZ3YUZh4=">AAACFXicbVA9SwNBEN2LXzF+RS1tVoOgCMddiGgZtLFUMCokMcxtJrpk74PdOYkcpvUn+CtstbITW2sL/4t3MYImvurx3htm5nmRkoYc58PKTUxOTc/kZwtz8wuLS8XllTMTxlpgTYQq1BceGFQywBpJUngRaQTfU3judQ8z//wGtZFhcEq3ETZ9uApkRwqgVGoV1xsqDbeBd+z+D+3Z/a3eZZnv8E7f3W4VS47tDMDHiTskJTbEcav42WiHIvYxIKHAmLrrRNRMQJMUCu8KjdhgBKILV1hPaQA+mmYyeOWOb8YGKOQRai4VH4j4eyIB35hb30uTPtC1GfUy8T+vHlNnv5nIIIoJA5EtIqlwsMgILdOOkLelRiLILkcuAy5AAxFqyUGIVIzT0gppH+7o9+PkrGy7FXv3pFKqHgybybM1tsG2mMv2WJUdsWNWY4Lds0f2xJ6tB+vFerXevqM5azizyv7Aev8CdfGdSw==</latexit>

(�f. �x. (x2 + f 1)) (�y. (2 · y))

<latexit sha1_base64="+lgC4O1TH/PlhqFI9ndkfqmCnDU="></latexit>

�x. (x2 + (�y. (2 · y)) 1)

<latexit sha1_base64="6SeWb62FgZueW/GGEOkkj0I6ysU=">AAACI3icbVDLTgJBEJz1ifhCPXqZSEwgJrhLMHokevGIiTwSQNI7tDpx9pGZXgMh8Bd+gl/hVU/ejBcP/Iu7iImKdapUVae7yw2VNGTbH9bc/MLi0nJqJb26tr6xmdnarpkg0gKrIlCBbrhgUEkfqyRJYSPUCJ6rsO7enSV+/R61kYF/Sf0Q2x7c+PJaCqBY6mQOWyoOd4H3CqNc76rID3juW+rHUrElugHxfj4/cvLpUbqTydoFewI+S5wpybIpKp3MuNUNROShT0KBMU3HDqk9AE1SKBymW5HBEMQd3GAzpj54aNqDyWNDvh8ZoICHqLlUfCLiz4kBeMb0PTdOekC35q+XiP95zYiuT9oD6YcRoS+SRSQVThYZoWXcGPKu1EgEyeXIpc8FaCBCLTkIEYtRXGHSh/P3+1lSKxacUuHoopQtn06bSbFdtsdyzGHHrMzOWYVVmWAP7Ik9sxfr0Xq13qz3r+icNZ3ZYb9gjT8B6IqhiQ==</latexit>

3

<latexit sha1_base64="EmpGcePd6828sx5iPG265+SCh/w=">AAAB83icbVC7TsNAEDzzDOEVoKQ5ESFRRTYEQRlBQ5lI5CElVnS+bMIp57N1t4cUWfkCWqjoEC0fRMG/YBsXkDDVaGZXOztBLIVB1/10VlbX1jc2S1vl7Z3dvf3KwWHHRFZzaPNIRroXMANSKGijQAm9WAMLAwndYHqb+d1H0EZE6h5nMfghmygxFpxhKrUuhpWqW3Nz0GXiFaRKCjSHla/BKOI2BIVcMmP6nhujnzCNgkuYlwfWQMz4lE2gn1LFQjB+kged01NrGEY0Bk2FpLkIvzcSFhozC4N0MmT4YBa9TPzP61scX/uJULFFUDw7hEJCfshwLdIGgI6EBkSWJQcqFOVMM0TQgjLOU9GmlZTTPrzF75dJ57zm1WuXrXq1cVM0UyLH5IScEY9ckQa5I03SJpwAeSLP5MWxzqvz5rz/jK44xc4R+QPn4xsdlpFE</latexit>

3

<latexit sha1_base64="EmpGcePd6828sx5iPG265+SCh/w=">AAAB83icbVC7TsNAEDzzDOEVoKQ5ESFRRTYEQRlBQ5lI5CElVnS+bMIp57N1t4cUWfkCWqjoEC0fRMG/YBsXkDDVaGZXOztBLIVB1/10VlbX1jc2S1vl7Z3dvf3KwWHHRFZzaPNIRroXMANSKGijQAm9WAMLAwndYHqb+d1H0EZE6h5nMfghmygxFpxhKrUuhpWqW3Nz0GXiFaRKCjSHla/BKOI2BIVcMmP6nhujnzCNgkuYlwfWQMz4lE2gn1LFQjB+kged01NrGEY0Bk2FpLkIvzcSFhozC4N0MmT4YBa9TPzP61scX/uJULFFUDw7hEJCfshwLdIGgI6EBkSWJQcqFOVMM0TQgjLOU9GmlZTTPrzF75dJ57zm1WuXrXq1cVM0UyLH5IScEY9ckQa5I03SJpwAeSLP5MWxzqvz5rz/jK44xc4R+QPn4xsdlpFE</latexit>

its application

32 + (�y. (2 · y)) 1

<latexit sha1_base64="+gcd9cqoUFxofOYGte89hDDBmR4=">AAACE3icbVDLTgJBEJzFF+IL9ejBicQEYkJ2EaNHohePmMgjASS9Q4MTZh+Z6TUhBG5+gl/hVU/ejFc/wIP/4oIcFK1Tpaor3V1uqKQh2/6wEguLS8srydXU2vrG5lZ6e6dqgkgLrIhABbrugkElfayQJIX1UCN4rsKa27+Y+LU71EYG/jUNQmx50PNlVwqgWGqn949vCvyIZ5sqznSAD/LjbKEpOgHxQS43dtrpjJ23p+B/iTMjGTZDuZ3+bHYCEXnok1BgTMOxQ2oNQZMUCkepZmQwBNGHHjZi6oOHpjWcPjLih5EBCniImkvFpyL+TAzBM2bgufGkB3Rr5r2J+J/XiKh71hpKP4wIfTFZRFLhdJERWsYNIe9IjUQwuRy59LkADUSoJQchYjGKK0vFfTjz3/8l1ULeKeZProqZ0vmsmSTbYwcsyxx2ykrskpVZhQl2zx7ZE3u2HqwX69V6+x5NWLPMLvsF6/0LraqbwA==</latexit>

its evaluation
its application

32 + 2 · 1 = 11

<latexit sha1_base64="wWN70W3yFXkQx5PUiTqAY1oAL48=">AAACB3icbVDLSsNAFJ3UV62vaJduBosgCCWpFd0IRTcuK9gHtLFMprd16OTBzI1QQj/Ar3CrK3fi1s9w4b+YxCy09awO59zLPfe4oRQaLevTKCwtr6yuFddLG5tb2zvm7l5bB5Hi0OKBDFTXZRqk8KGFAiV0QwXMcyV03MlV6nceQGkR+Lc4DcHx2NgXI8EZJtLALJ/c1egxrfX5MEBq0wtq2wOzYlWtDHSR2DmpkBzNgfnVHwY88sBHLpnWPdsK0YmZQsElzEr9SEPI+ISNoZdQn3mgnTgLP6OHkWYY0BAUFZJmIvzeiJmn9dRzk0mP4b2e91LxP68X4ejciYUfRgg+Tw+hkJAd0lyJpBWgQ6EAkaXJgQqfcqYYIihBGeeJGCU1lZI+7PnvF0m7VrXr1dObeqVxmTdTJPvkgBwRm5yRBrkmTdIinEzJE3kmL8aj8Wq8Ge8/owUj3ymTPzA+vgEyfJaM</latexit>

its evaluation
⌘

<latexit sha1_base64="Ygll3yr7aqwHtytIhQZwDoOcdUo=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeURNH5sglHzmdztxcpWPkHWqjoEC1/Q8G/YBsXkDDVaGZXOzt+JIVB1/10CkvLK6trxfXSxubW9k55d69pQqs5NHgoQ932mQEpFDRQoIR2pIEFvoSWP75K/dYEtBGhusVpBL2AjZQYCs4wkZpdeLBi0i9X3KqbgS4SLycVkqPeL391ByG3ASjkkhnT8dwIezHTKLiEWalrDUSMj9kIOglVLADTi7O0M3pkDcOQRqCpkDQT4fdGzAJjpoGfTAYM78y8l4r/eR2Lw4teLFRkERRPD6GQkB0yXIukBqADoQGRpcmBCkU50wwRtKCM80S0SS+lpA9v/vtF0jypeqfVs5vTSu0yb6ZIDsghOSYeOSc1ck3qpEE4uSdP5Jm8OI/Oq/PmvP+MFpx8Z5/8gfPxDXv0k8k=</latexit>

⌘

<latexit sha1_base64="Ygll3yr7aqwHtytIhQZwDoOcdUo=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeURNH5sglHzmdztxcpWPkHWqjoEC1/Q8G/YBsXkDDVaGZXOzt+JIVB1/10CkvLK6trxfXSxubW9k55d69pQqs5NHgoQ932mQEpFDRQoIR2pIEFvoSWP75K/dYEtBGhusVpBL2AjZQYCs4wkZpdeLBi0i9X3KqbgS4SLycVkqPeL391ByG3ASjkkhnT8dwIezHTKLiEWalrDUSMj9kIOglVLADTi7O0M3pkDcOQRqCpkDQT4fdGzAJjpoGfTAYM78y8l4r/eR2Lw4teLFRkERRPD6GQkB0yXIukBqADoQGRpcmBCkU50wwRtKCM80S0SS+lpA9v/vtF0jypeqfVs5vTSu0yb6ZIDsghOSYeOSc1ck3qpEE4uSdP5Jm8OI/Oq/PmvP+MFpx8Z5/8gfPxDXv0k8k=</latexit>

⌘

<latexit sha1_base64="Ygll3yr7aqwHtytIhQZwDoOcdUo=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeURNH5sglHzmdztxcpWPkHWqjoEC1/Q8G/YBsXkDDVaGZXOzt+JIVB1/10CkvLK6trxfXSxubW9k55d69pQqs5NHgoQ932mQEpFDRQoIR2pIEFvoSWP75K/dYEtBGhusVpBL2AjZQYCs4wkZpdeLBi0i9X3KqbgS4SLycVkqPeL391ByG3ASjkkhnT8dwIezHTKLiEWalrDUSMj9kIOglVLADTi7O0M3pkDcOQRqCpkDQT4fdGzAJjpoGfTAYM78y8l4r/eR2Lw4teLFRkERRPD6GQkB0yXIukBqADoQGRpcmBCkU50wwRtKCM80S0SS+lpA9v/vtF0jypeqfVs5vTSu0yb6ZIDsghOSYeOSc1ck3qpEE4uSdP5Jm8OI/Oq/PmvP+MFpx8Z5/8gfPxDXv0k8k=</latexit>
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Conditional

<latexit sha1_base64="roI2QWWQWAki5NKr+0FKXb+9Re0=">AAACCXicbVDLSgNBEJyNrxhfUfHkZTAIHiTsBlGPQS8eI5gHJGHpnXSSIbMPZnqVsOQL/AqvevImXv0KD/6LmzUHTaxTUdVNV5cXKWnItj+t3NLyyupafr2wsbm1vVPc3WuYMNYC6yJUoW55YFDJAOskSWEr0gi+p7Dpja6nfvMetZFhcEfjCLs+DALZlwIoldziAfKOloMhgdbhA0fXOUW34hZLdtnOwBeJMyMlNkPNLX51eqGIfQxIKDCm7dgRdRPQJIXCSaETG4xAjGCA7ZQG4KPpJln8CT+ODVDII9RcKp6J+HsjAd+Yse+lkz7Q0Mx7U/E/rx1T/7KbyCCKCQMxPURSYXbICC3TXpD3pEYimCZHLgMuQAMRaslBiFSM06IKaR/O/PeLpFEpO+dl5/asVL2aNZNnh+yInTCHXbAqu2E1VmeCJeyJPbMX69F6td6s95/RnDXb2Wd/YH18A/nwmWk=</latexit>e ! e1, e2
<latexit sha1_base64="Y6lrI7N4HEz9wU68BmfbbkJCpWY=">AAACFnicbZC7TsNAEEXX4RXCy0BJs0qCRBXZKYAygoYySOQhJVG03kySVdZra3eMFFnp+QS+ghYqOkRLS8G/YBsXkDDV0b0zmpnrhVIYdJxPq7C2vrG5Vdwu7ezu7R/Yh0dtE0SaQ4sHMtBdjxmQQkELBUrohhqY70noeLPr1O/cgzYiUHc4D2Hgs4kSY8EZJtLQLsd9M6ZiTKtQpTgFlcDQrVKQBlKsVxdDu+LUnKzoKrg5VEhezaH91R8FPPJBIZfMmJ7rhDiImUbBJSxK/chAyPiMTaCXoGI+mEGc/bKgp5FhGNAQNBWSZiL8noiZb8zc95JOn+HULHup+J/Xi3B8OYiFCiMExdNFKCRkiwzXIgkJ6EhoQGTp5UCFopxphghaUMZ5IkZJaqUkD3f5+1Vo12vuec29rVcaV3kyRXJCyuSMuOSCNMgNaZIW4eSBPJFn8mI9Wq/Wm/X+01qw8plj8qesj2+x35zE</latexit>

if e then e1 else e2

<latexit sha1_base64="aiiwdgvALP/AD8cqci2w877boO0="></latexit>

min
M
= �x. �y. x < y ! x, yexample
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From recursion to 
fixpoint

fact n = (n < 2) → 1 , n ⋅ fact(n − 1)

fact = λn . (n < 2) → 1 , n ⋅ fact(n − 1)

fact = (λf . λn . (n < 2) → 1 , n ⋅ f(n − 1)) fact

Γ = λf . λn . (n < 2) → 1 , n ⋅ f(n − 1)

fact = Γ( fact)

fact = 𝖿𝗂𝗑 Γ
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From recursion to 
fixpoint

Γ = λf . λn . (n < 2) → 1 , n ⋅ f(n − 1)

id = λx . x

Γ id = (λf . λn . (n < 2) → 1 , n ⋅ f(n − 1)) id

= λn . (n < 2) → 1 , n ⋅ id(n − 1)

= λn . (n < 2) → 1 , n ⋅ (n − 1)

≠ id
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From recursion to 
fixpoint

Γ = λf . λn . (n < 2) → 1 , n ⋅ f(n − 1)

succ = λx . x + 1

Γ succ = (λf . λn . (n < 2) → 1 , n ⋅ f(n − 1)) succ

= λn . (n < 2) → 1 , n ⋅ succ(n − 1)

= λn . (n < 2) → 1 , n ⋅ n

≠ succ
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From recursion to 
fixpoint

Γ = λf . λn . (n < 2) → 1 , n ⋅ f(n − 1)

square = λx . x2

Γ square = (λf . λn . (n < 2) → 1 , n ⋅ f(n − 1)) square

= λn . (n < 2) → 1 , n ⋅ square(n − 1)

= λn . (n < 2) → 1 , n ⋅ (n − 1)2

≠ square



1919

From recursion to 
fixpoint

Γ = λf . λn . (n < 2) → 1 , n ⋅ f(n − 1)

fact = λx . x!

Γ fact = (λf . λn . (n < 2) → 1 , n ⋅ f(n − 1)) fact

= λn . (n < 2) → 1 , n ⋅ fact(n − 1)

= λn . (n < 2) → 1 , n ⋅ (n − 1)!

= fact
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Denotational semantics

134 6 Denotational Semantics of IMP

6.2 Denotational Semantics of IMP

As we said, we will use lambda notation as a meta-language; this means that we will
express the semantics of IMP by translating IMP syntax into lambda terms.

The denotational semantics of IMP consists of three separate interpretation func-
tions, one for each syntax category (Aexp,Bexp,Com):

Aexp: each arithmetic expression is mapped to a function from states to integers:

A : Aexp ! (S ! Z)

Bexp: each boolean expression is mapped to a function from states to booleans:

B : Bexp ! (S ! B)

Com: each command is mapped to a (partial) function from states to states:

C : Com ! (S * S)

6.2.1 Denotational Semantics of Arithmetic Expressions: The
Function A

We shall define A by structural recursion over the syntax of arithmetic expressions.
Let us fix some notation. We will rely on definitions of the form

A JnK def
= ls . n

with the following meaning:

• A : Aexp ! S ! Z is the interpretation function,
• n is an arithmetic expression (i.e., a term in Aexp). The surrounding brackets J

and K emphasise that it is a piece of syntax rather then part of the meta-language.
• the expression A JnK is a function whose type is S ! Z. Notice that also the right

part of the equation must be of the same type S ! Z.

We shall often define the interpretation function A by writing equalities such as

A JnKs def
= n

instead of

A JnK def
= ls . n

In this way, we simplify the notation in the right-hand side. Notice that both sides of
the equation (A JnKs and n) have type Z.

136 6 Denotational Semantics of IMP

6.2.3 Denotational Semantics of Commands: The Function C

We are now ready to present the denotational semantics of commands. As one might
expect, the interpretation function of commands is the most complex. It has the
following type:

C : Com ! (S * S)

Since commands can diverge, the codomain of C is the set of partial functions from
memories to memories. As we have discussed in Example 5.14, for each partial
function we can define an equivalent total function. So we define

C : Com ! (S ! S?)

This will simplify the notation.
Instead of presenting the whole, structurally recursive, definition of C and then

discussing its defining equations, we give each rule separately accompanied by the
necessary explanations.

We start from the simplest commands: skip and assignments.

C JskipKs def
= s (6.1)

We see that C JskipK is the identity function: skip does not modify the memory.

C Jx := aKs def
= s [A JaKs /x] (6.2)

The denotational semantics of the assignment evaluates the arithmetic expression
a via A and then modifies the memory by assigning the corresponding value to the
location x.

Let us now consider the sequential composition of two commands. In interpreting
c0;c1 we first interpret c0 in the starting memory and then c1 in the state produced
by c0. The problem is that from the first application of C Jc0K we obtain a value in
S?, not necessarily in S , so we cannot apply C Jc1K. To work this problem out we
introduce a lifting operator (·)⇤: it takes a function in S ! S? and returns a function
in S? ! S?, i.e., its type is (S ! S?) ! (S? ! S?).

Definition 6.9 (Lifting). Let f : S ! S?. We define a function f ⇤ : S? ! S? as
follows:

f ⇤(x) =

⇢
? if x = ?
f (x) otherwise

So the definition of the interpretation function for c0;c1 is

C Jc0;c1Ks def
= C Jc1K⇤ (C Jc0Ks) (6.3)

Note that we apply the lifted version C Jc1K⇤ of C Jc1K to the argument C Jc0Ks .
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Let us now consider the conditional command. Recall that the l -calculus provides
a conditional operator; then we have immediately

C Jif b then c0 else c1Ks def
= B JbKs ! C Jc0Ks ,C Jc1Ks (6.4)

The definition of the denotational semantics of the while command is more
intricate. We could think to define the interpretation simply as

C Jwhile b do cKs def
= B JbKs ! C Jwhile b do cK⇤ (C JcKs) ,s

Obviously this definition is not a structural recursion, because the same expression
C Jwhile b do cK whose meaning we want to define appears in the right-hand side
of the defining equation. Indeed structural recursion allows only for the presence
of subterms in the right-hand side, like B JbK and C JcK. To solve this issue we will
reduce the problem of defining the semantics of iteration to a fixpoint calculation.
Let us define a function Gb,c : (S ! S?) ! S ! S?:

Gb,c
def
= lj. ls . B JbKs ! j⇤(C JcKs),s

S?

S!S?

(S!S?)!S!S?

The function Gb,c takes a function j : S ! S?, and returns the function

ls . B JbKs ! j⇤(C JcKs),s

of type S ! S?, which given a memory s evaluates B JbKs and depending on the
outcome returns either j⇤(C JcKs) or s . Note that the definition of Gb,c refers only
to subterms of the command while b do c. Clearly we require that C Jwhile b do cK
is a fixpoint of Gb,c, i.e., that

C Jwhile b do cK = Gb,c C Jwhile b do cK

As there can be several fixpoints for Gb,c, we define C Jwhile b do cK to be the
least one. Next we show that Gb,c is a monotone and continuous function, so that we
can prove that Gb,c has a least fixpoint and that by the fixpoint Theorem 5.6

C Jwhile b do cK def
= fix Gb,c =

G

n2N
G n

b,c(?S!S?) (6.5)

To prove continuity we will consider Gb,c as operating on partial functions:

Gb,c : (S * S) �! (S * S).
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of subterms in the right-hand side, like B JbK and C JcK. To solve this issue we will
reduce the problem of defining the semantics of iteration to a fixpoint calculation.
Let us define a function Gb,c : (S ! S?) ! S ! S?:

Gb,c
def
= lj. ls . B JbKs ! j⇤(C JcKs),s
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The function Gb,c takes a function j : S ! S?, and returns the function

ls . B JbKs ! j⇤(C JcKs),s

of type S ! S?, which given a memory s evaluates B JbKs and depending on the
outcome returns either j⇤(C JcKs) or s . Note that the definition of Gb,c refers only
to subterms of the command while b do c. Clearly we require that C Jwhile b do cK
is a fixpoint of Gb,c, i.e., that

C Jwhile b do cK = Gb,c C Jwhile b do cK

As there can be several fixpoints for Gb,c, we define C Jwhile b do cK to be the
least one. Next we show that Gb,c is a monotone and continuous function, so that we
can prove that Gb,c has a least fixpoint and that by the fixpoint Theorem 5.6

C Jwhile b do cK def
= fix Gb,c =
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b,c(?S!S?) (6.5)

To prove continuity we will consider Gb,c as operating on partial functions:

Gb,c : (S * S) �! (S * S).
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Let us now consider the conditional command. Recall that the l -calculus provides
a conditional operator; then we have immediately

C Jif b then c0 else c1Ks def
= B JbKs ! C Jc0Ks ,C Jc1Ks (6.4)

The definition of the denotational semantics of the while command is more
intricate. We could think to define the interpretation simply as

C Jwhile b do cKs def
= B JbKs ! C Jwhile b do cK⇤ (C JcKs) ,s

Obviously this definition is not a structural recursion, because the same expression
C Jwhile b do cK whose meaning we want to define appears in the right-hand side
of the defining equation. Indeed structural recursion allows only for the presence
of subterms in the right-hand side, like B JbK and C JcK. To solve this issue we will
reduce the problem of defining the semantics of iteration to a fixpoint calculation.
Let us define a function Gb,c : (S ! S?) ! S ! S?:
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= lj. ls . B JbKs ! j⇤(C JcKs),s
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The function Gb,c takes a function j : S ! S?, and returns the function

ls . B JbKs ! j⇤(C JcKs),s

of type S ! S?, which given a memory s evaluates B JbKs and depending on the
outcome returns either j⇤(C JcKs) or s . Note that the definition of Gb,c refers only
to subterms of the command while b do c. Clearly we require that C Jwhile b do cK
is a fixpoint of Gb,c, i.e., that

C Jwhile b do cK = Gb,c C Jwhile b do cK

As there can be several fixpoints for Gb,c, we define C Jwhile b do cK to be the
least one. Next we show that Gb,c is a monotone and continuous function, so that we
can prove that Gb,c has a least fixpoint and that by the fixpoint Theorem 5.6

C Jwhile b do cK def
= fix Gb,c =
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b,c(?S!S?) (6.5)

To prove continuity we will consider Gb,c as operating on partial functions:

Gb,c : (S * S) �! (S * S).
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6.2 Denotational Semantics of IMP 137

Let us now consider the conditional command. Recall that the l -calculus provides
a conditional operator; then we have immediately

C Jif b then c0 else c1Ks def
= B JbKs ! C Jc0Ks ,C Jc1Ks (6.4)

The definition of the denotational semantics of the while command is more
intricate. We could think to define the interpretation simply as

C Jwhile b do cKs def
= B JbKs ! C Jwhile b do cK⇤ (C JcKs) ,s

Obviously this definition is not a structural recursion, because the same expression
C Jwhile b do cK whose meaning we want to define appears in the right-hand side
of the defining equation. Indeed structural recursion allows only for the presence
of subterms in the right-hand side, like B JbK and C JcK. To solve this issue we will
reduce the problem of defining the semantics of iteration to a fixpoint calculation.
Let us define a function Gb,c : (S ! S?) ! S ! S?:

Gb,c
def
= lj. ls . B JbKs ! j⇤(C JcKs),s

S?

S!S?

(S!S?)!S!S?

The function Gb,c takes a function j : S ! S?, and returns the function

ls . B JbKs ! j⇤(C JcKs),s

of type S ! S?, which given a memory s evaluates B JbKs and depending on the
outcome returns either j⇤(C JcKs) or s . Note that the definition of Gb,c refers only
to subterms of the command while b do c. Clearly we require that C Jwhile b do cK
is a fixpoint of Gb,c, i.e., that

C Jwhile b do cK = Gb,c C Jwhile b do cK

As there can be several fixpoints for Gb,c, we define C Jwhile b do cK to be the
least one. Next we show that Gb,c is a monotone and continuous function, so that we
can prove that Gb,c has a least fixpoint and that by the fixpoint Theorem 5.6

C Jwhile b do cK def
= fix Gb,c =

G

n2N
G n

b,c(?S!S?) (6.5)

To prove continuity we will consider Gb,c as operating on partial functions:

Gb,c : (S * S) �! (S * S).
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The definition of the denotational semantics of the while command is more
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= B JbKs ! C Jwhile b do cK⇤ (C JcKs) ,s

Obviously this definition is not a structural recursion, because the same expression
C Jwhile b do cK whose meaning we want to define appears in the right-hand side
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of subterms in the right-hand side, like B JbK and C JcK. To solve this issue we will
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Let us now consider the conditional command. Recall that the l -calculus provides
a conditional operator; then we have immediately

C Jif b then c0 else c1Ks def
= B JbKs ! C Jc0Ks ,C Jc1Ks (6.4)

The definition of the denotational semantics of the while command is more
intricate. We could think to define the interpretation simply as

C Jwhile b do cKs def
= B JbKs ! C Jwhile b do cK⇤ (C JcKs) ,s

Obviously this definition is not a structural recursion, because the same expression
C Jwhile b do cK whose meaning we want to define appears in the right-hand side
of the defining equation. Indeed structural recursion allows only for the presence
of subterms in the right-hand side, like B JbK and C JcK. To solve this issue we will
reduce the problem of defining the semantics of iteration to a fixpoint calculation.
Let us define a function Gb,c : (S ! S?) ! S ! S?:
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def
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The function Gb,c takes a function j : S ! S?, and returns the function

ls . B JbKs ! j⇤(C JcKs),s

of type S ! S?, which given a memory s evaluates B JbKs and depending on the
outcome returns either j⇤(C JcKs) or s . Note that the definition of Gb,c refers only
to subterms of the command while b do c. Clearly we require that C Jwhile b do cK
is a fixpoint of Gb,c, i.e., that

C Jwhile b do cK = Gb,c C Jwhile b do cK

As there can be several fixpoints for Gb,c, we define C Jwhile b do cK to be the
least one. Next we show that Gb,c is a monotone and continuous function, so that we
can prove that Gb,c has a least fixpoint and that by the fixpoint Theorem 5.6

C Jwhile b do cK def
= fix Gb,c =
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To prove continuity we will consider Gb,c as operating on partial functions:
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As there can be several fixpoints for Gb,c, we define C Jwhile b do cK to be the
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can prove that Gb,c has a least fixpoint and that by the fixpoint Theorem 5.6
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The definition of the denotational semantics of the while command is more
intricate. We could think to define the interpretation simply as
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C Jwhile b do cK whose meaning we want to define appears in the right-hand side
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of type S ! S?, which given a memory s evaluates B JbKs and depending on the
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to subterms of the command while b do c. Clearly we require that C Jwhile b do cK
is a fixpoint of Gb,c, i.e., that
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As there can be several fixpoints for Gb,c, we define C Jwhile b do cK to be the
least one. Next we show that Gb,c is a monotone and continuous function, so that we
can prove that Gb,c has a least fixpoint and that by the fixpoint Theorem 5.6

C Jwhile b do cK def
= fix Gb,c =

G

n2N
G n

b,c(?S!S?) (6.5)

To prove continuity we will consider Gb,c as operating on partial functions:

Gb,c : (S * S) �! (S * S).

6.2 Denotational Semantics of IMP 137

Let us now consider the conditional command. Recall that the l -calculus provides
a conditional operator; then we have immediately

C Jif b then c0 else c1Ks def
= B JbKs ! C Jc0Ks ,C Jc1Ks (6.4)

The definition of the denotational semantics of the while command is more
intricate. We could think to define the interpretation simply as

C Jwhile b do cKs def
= B JbKs ! C Jwhile b do cK⇤ (C JcKs) ,s

Obviously this definition is not a structural recursion, because the same expression
C Jwhile b do cK whose meaning we want to define appears in the right-hand side
of the defining equation. Indeed structural recursion allows only for the presence
of subterms in the right-hand side, like B JbK and C JcK. To solve this issue we will
reduce the problem of defining the semantics of iteration to a fixpoint calculation.
Let us define a function Gb,c : (S ! S?) ! S ! S?:

Gb,c
def
= lj. ls . B JbKs ! j⇤(C JcKs),s

S?

S!S?

(S!S?)!S!S?

The function Gb,c takes a function j : S ! S?, and returns the function

ls . B JbKs ! j⇤(C JcKs),s

of type S ! S?, which given a memory s evaluates B JbKs and depending on the
outcome returns either j⇤(C JcKs) or s . Note that the definition of Gb,c refers only
to subterms of the command while b do c. Clearly we require that C Jwhile b do cK
is a fixpoint of Gb,c, i.e., that

C Jwhile b do cK = Gb,c C Jwhile b do cK

As there can be several fixpoints for Gb,c, we define C Jwhile b do cK to be the
least one. Next we show that Gb,c is a monotone and continuous function, so that we
can prove that Gb,c has a least fixpoint and that by the fixpoint Theorem 5.6

C Jwhile b do cK def
= fix Gb,c =

G

n2N
G n

b,c(?S!S?) (6.5)

To prove continuity we will consider Gb,c as operating on partial functions:

Gb,c : (S * S) �! (S * S).

6.2 Denotational Semantics of IMP 137

Let us now consider the conditional command. Recall that the l -calculus provides
a conditional operator; then we have immediately

C Jif b then c0 else c1Ks def
= B JbKs ! C Jc0Ks ,C Jc1Ks (6.4)

The definition of the denotational semantics of the while command is more
intricate. We could think to define the interpretation simply as

C Jwhile b do cKs def
= B JbKs ! C Jwhile b do cK⇤ (C JcKs) ,s

Obviously this definition is not a structural recursion, because the same expression
C Jwhile b do cK whose meaning we want to define appears in the right-hand side
of the defining equation. Indeed structural recursion allows only for the presence
of subterms in the right-hand side, like B JbK and C JcK. To solve this issue we will
reduce the problem of defining the semantics of iteration to a fixpoint calculation.
Let us define a function Gb,c : (S ! S?) ! S ! S?:

Gb,c
def
= lj. ls . B JbKs ! j⇤(C JcKs),s

S?

S!S?

(S!S?)!S!S?

The function Gb,c takes a function j : S ! S?, and returns the function

ls . B JbKs ! j⇤(C JcKs),s

of type S ! S?, which given a memory s evaluates B JbKs and depending on the
outcome returns either j⇤(C JcKs) or s . Note that the definition of Gb,c refers only
to subterms of the command while b do c. Clearly we require that C Jwhile b do cK
is a fixpoint of Gb,c, i.e., that

C Jwhile b do cK = Gb,c C Jwhile b do cK

As there can be several fixpoints for Gb,c, we define C Jwhile b do cK to be the
least one. Next we show that Gb,c is a monotone and continuous function, so that we
can prove that Gb,c has a least fixpoint and that by the fixpoint Theorem 5.6

C Jwhile b do cK def
= fix Gb,c =

G

n2N
G n

b,c(?S!S?) (6.5)

To prove continuity we will consider Gb,c as operating on partial functions:

Gb,c : (S * S) �! (S * S).

6.2 Denotational Semantics of IMP 137

Let us now consider the conditional command. Recall that the l -calculus provides
a conditional operator; then we have immediately

C Jif b then c0 else c1Ks def
= B JbKs ! C Jc0Ks ,C Jc1Ks (6.4)

The definition of the denotational semantics of the while command is more
intricate. We could think to define the interpretation simply as

C Jwhile b do cKs def
= B JbKs ! C Jwhile b do cK⇤ (C JcKs) ,s

Obviously this definition is not a structural recursion, because the same expression
C Jwhile b do cK whose meaning we want to define appears in the right-hand side
of the defining equation. Indeed structural recursion allows only for the presence
of subterms in the right-hand side, like B JbK and C JcK. To solve this issue we will
reduce the problem of defining the semantics of iteration to a fixpoint calculation.
Let us define a function Gb,c : (S ! S?) ! S ! S?:

Gb,c
def
= lj. ls . B JbKs ! j⇤(C JcKs),s

S?

S!S?

(S!S?)!S!S?

The function Gb,c takes a function j : S ! S?, and returns the function

ls . B JbKs ! j⇤(C JcKs),s

of type S ! S?, which given a memory s evaluates B JbKs and depending on the
outcome returns either j⇤(C JcKs) or s . Note that the definition of Gb,c refers only
to subterms of the command while b do c. Clearly we require that C Jwhile b do cK
is a fixpoint of Gb,c, i.e., that

C Jwhile b do cK = Gb,c C Jwhile b do cK

As there can be several fixpoints for Gb,c, we define C Jwhile b do cK to be the
least one. Next we show that Gb,c is a monotone and continuous function, so that we
can prove that Gb,c has a least fixpoint and that by the fixpoint Theorem 5.6

C Jwhile b do cK def
= fix Gb,c =

G

n2N
G n

b,c(?S!S?) (6.5)

To prove continuity we will consider Gb,c as operating on partial functions:

Gb,c : (S * S) �! (S * S).

136 6 Denotational Semantics of IMP

6.2.3 Denotational Semantics of Commands: The Function C

We are now ready to present the denotational semantics of commands. As one might
expect, the interpretation function of commands is the most complex. It has the
following type:

C : Com ! (S * S)

Since commands can diverge, the codomain of C is the set of partial functions from
memories to memories. As we have discussed in Example 5.14, for each partial
function we can define an equivalent total function. So we define

C : Com ! (S ! S?)

This will simplify the notation.
Instead of presenting the whole, structurally recursive, definition of C and then

discussing its defining equations, we give each rule separately accompanied by the
necessary explanations.

We start from the simplest commands: skip and assignments.

C JskipKs def
= s (6.1)

We see that C JskipK is the identity function: skip does not modify the memory.

C Jx := aKs def
= s [A JaKs /x] (6.2)

The denotational semantics of the assignment evaluates the arithmetic expression
a via A and then modifies the memory by assigning the corresponding value to the
location x.

Let us now consider the sequential composition of two commands. In interpreting
c0;c1 we first interpret c0 in the starting memory and then c1 in the state produced
by c0. The problem is that from the first application of C Jc0K we obtain a value in
S?, not necessarily in S , so we cannot apply C Jc1K. To work this problem out we
introduce a lifting operator (·)⇤: it takes a function in S ! S? and returns a function
in S? ! S?, i.e., its type is (S ! S?) ! (S? ! S?).

Definition 6.9 (Lifting). Let f : S ! S?. We define a function f ⇤ : S? ! S? as
follows:

f ⇤(x) =

⇢
? if x = ?
f (x) otherwise

So the definition of the interpretation function for c0;c1 is

C Jc0;c1Ks def
= C Jc1K⇤ (C Jc0Ks) (6.3)

Note that we apply the lifted version C Jc1K⇤ of C Jc1K to the argument C Jc0Ks .

CPO?
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Let us now consider the conditional command. Recall that the l -calculus provides
a conditional operator; then we have immediately

C Jif b then c0 else c1Ks def
= B JbKs ! C Jc0Ks ,C Jc1Ks (6.4)

The definition of the denotational semantics of the while command is more
intricate. We could think to define the interpretation simply as

C Jwhile b do cKs def
= B JbKs ! C Jwhile b do cK⇤ (C JcKs) ,s

Obviously this definition is not a structural recursion, because the same expression
C Jwhile b do cK whose meaning we want to define appears in the right-hand side
of the defining equation. Indeed structural recursion allows only for the presence
of subterms in the right-hand side, like B JbK and C JcK. To solve this issue we will
reduce the problem of defining the semantics of iteration to a fixpoint calculation.
Let us define a function Gb,c : (S ! S?) ! S ! S?:

Gb,c
def
= lj. ls . B JbKs ! j⇤(C JcKs),s

S?

S!S?

(S!S?)!S!S?

The function Gb,c takes a function j : S ! S?, and returns the function

ls . B JbKs ! j⇤(C JcKs),s

of type S ! S?, which given a memory s evaluates B JbKs and depending on the
outcome returns either j⇤(C JcKs) or s . Note that the definition of Gb,c refers only
to subterms of the command while b do c. Clearly we require that C Jwhile b do cK
is a fixpoint of Gb,c, i.e., that

C Jwhile b do cK = Gb,c C Jwhile b do cK

As there can be several fixpoints for Gb,c, we define C Jwhile b do cK to be the
least one. Next we show that Gb,c is a monotone and continuous function, so that we
can prove that Gb,c has a least fixpoint and that by the fixpoint Theorem 5.6

C Jwhile b do cK def
= fix Gb,c =

G

n2N
G n

b,c(?S!S?) (6.5)

To prove continuity we will consider Gb,c as operating on partial functions:

Gb,c : (S * S) �! (S * S).
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intricate. We could think to define the interpretation simply as

C Jwhile b do cKs def
= B JbKs ! C Jwhile b do cK⇤ (C JcKs) ,s

Obviously this definition is not a structural recursion, because the same expression
C Jwhile b do cK whose meaning we want to define appears in the right-hand side
of the defining equation. Indeed structural recursion allows only for the presence
of subterms in the right-hand side, like B JbK and C JcK. To solve this issue we will
reduce the problem of defining the semantics of iteration to a fixpoint calculation.
Let us define a function Gb,c : (S ! S?) ! S ! S?:

Gb,c
def
= lj. ls . B JbKs ! j⇤(C JcKs),s

S?

S!S?

(S!S?)!S!S?

The function Gb,c takes a function j : S ! S?, and returns the function

ls . B JbKs ! j⇤(C JcKs),s

of type S ! S?, which given a memory s evaluates B JbKs and depending on the
outcome returns either j⇤(C JcKs) or s . Note that the definition of Gb,c refers only
to subterms of the command while b do c. Clearly we require that C Jwhile b do cK
is a fixpoint of Gb,c, i.e., that

C Jwhile b do cK = Gb,c C Jwhile b do cK

As there can be several fixpoints for Gb,c, we define C Jwhile b do cK to be the
least one. Next we show that Gb,c is a monotone and continuous function, so that we
can prove that Gb,c has a least fixpoint and that by the fixpoint Theorem 5.6

C Jwhile b do cK def
= fix Gb,c =

G

n2N
G n

b,c(?S!S?) (6.5)

To prove continuity we will consider Gb,c as operating on partial functions:

Gb,c : (S * S) �! (S * S).
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Monotone and continuous

Take Rb,c =

⇢
(�00,�0)

(�,�0)
BJbK� ^ CJcK� = �00 ,

(�,�)
BJ¬bK�

�

<latexit sha1_base64="GOfPTVB1iLPQw0VZMgE0l8zValM="></latexit>

clearly bRb,c = �b,c
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when we see       as operating over
partial functions

�b,c

<latexit sha1_base64="bw8BSunO9x83oIoVVoCg4Mb5LII=">AAACG3icbVA9SwNBFNyLXzF+RS1tFoNgIeFOIloGLbSMYD4gCeHd5iUu2b07dt8J4cjfsBP9L3Zia+FfsfIuptCYqYaZeTBv/EhJS6776eSWlldW1/LrhY3Nre2d4u5ew4axEVgXoQpNyweLSgZYJ0kKW5FB0L7Cpj+6yvzmAxorw+COxhF2NQwDOZACKJU6nWvQGnqJfyImvWLJLbtT8P/Em5ESm6HWK351+qGINQYkFFjb9tyIugkYkkLhpNCJLUYgRjDEdkoD0Gi7ybTzhB/FFijkERouFZ+K+PsiAW3tWPtpUgPd23kvExd6ljSYsekvMtsxDS66iQyimDAQWQuSCqctrDAyXQp5Xxokguwt5DLgAgwQoZEchEjFOJ2ukI7lzU/znzROy16lfHZbKVUvZ7Pl2QE7ZMfMY+esym5YjdWZYBF7ZM/sxXlyXp035/0nmnNmN/vsD5yPbxmjogM=</latexit>

bRb,c

<latexit sha1_base64="CtUkNUfEfCxUNCmQIASvbvFLiPo=">AAACInicbVDLTgJBEJz1ifha9OhlIjHxYMiuweiR6MUjGnkkQEjv0MCE2UdmeiVkw6d4M/ov3ownE7/EkwtyUKBOlarqpLq8SElDjvNprayurW9sZray2zu7e/t27qBqwlgLrIhQhbrugUElA6yQJIX1SCP4nsKaN7iZ+LVH1EaGwQONImz50AtkVwqgVGrbueZQdrAPlNyP24l3JsZtO+8UnCn4InFnJM9mKLft72YnFLGPAQkFxjRcJ6JWApqkUDjONmODEYgB9LCR0gB8NK1kWn3MT2IDFPIINZeKT0X8e5GAb8zI99KkD9Q3895EXOoZ8kGPdGeZ2Yipe9VKZBDFhIGYtCCpcNrCCC3TwZB3pEYimLyFXAZcgAYi1JKDEKkYpwtm07Hc+WkWSfW84BYLF3fFfOl6NluGHbFjdspcdslK7JaVWYUJNmRP7IW9Ws/Wm/VuffxGV6zZzSH7B+vrB0gIpLM=</latexit>

is (monotone and) continuous, and so is �b,c
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6.2 Denotational Semantics of IMP 137

Let us now consider the conditional command. Recall that the l -calculus provides
a conditional operator; then we have immediately

C Jif b then c0 else c1Ks def
= B JbKs ! C Jc0Ks ,C Jc1Ks (6.4)

The definition of the denotational semantics of the while command is more
intricate. We could think to define the interpretation simply as

C Jwhile b do cKs def
= B JbKs ! C Jwhile b do cK⇤ (C JcKs) ,s

Obviously this definition is not a structural recursion, because the same expression
C Jwhile b do cK whose meaning we want to define appears in the right-hand side
of the defining equation. Indeed structural recursion allows only for the presence
of subterms in the right-hand side, like B JbK and C JcK. To solve this issue we will
reduce the problem of defining the semantics of iteration to a fixpoint calculation.
Let us define a function Gb,c : (S ! S?) ! S ! S?:

Gb,c
def
= lj. ls . B JbKs ! j⇤(C JcKs),s

S?

S!S?

(S!S?)!S!S?

The function Gb,c takes a function j : S ! S?, and returns the function

ls . B JbKs ! j⇤(C JcKs),s

of type S ! S?, which given a memory s evaluates B JbKs and depending on the
outcome returns either j⇤(C JcKs) or s . Note that the definition of Gb,c refers only
to subterms of the command while b do c. Clearly we require that C Jwhile b do cK
is a fixpoint of Gb,c, i.e., that

C Jwhile b do cK = Gb,c C Jwhile b do cK

As there can be several fixpoints for Gb,c, we define C Jwhile b do cK to be the
least one. Next we show that Gb,c is a monotone and continuous function, so that we
can prove that Gb,c has a least fixpoint and that by the fixpoint Theorem 5.6

C Jwhile b do cK def
= fix Gb,c =

G

n2N
G n

b,c(?S!S?) (6.5)

To prove continuity we will consider Gb,c as operating on partial functions:

Gb,c : (S * S) �! (S * S).

��. ?
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Let us now consider the conditional command. Recall that the l -calculus provides
a conditional operator; then we have immediately

C Jif b then c0 else c1Ks def
= B JbKs ! C Jc0Ks ,C Jc1Ks (6.4)

The definition of the denotational semantics of the while command is more
intricate. We could think to define the interpretation simply as

C Jwhile b do cKs def
= B JbKs ! C Jwhile b do cK⇤ (C JcKs) ,s

Obviously this definition is not a structural recursion, because the same expression
C Jwhile b do cK whose meaning we want to define appears in the right-hand side
of the defining equation. Indeed structural recursion allows only for the presence
of subterms in the right-hand side, like B JbK and C JcK. To solve this issue we will
reduce the problem of defining the semantics of iteration to a fixpoint calculation.
Let us define a function Gb,c : (S ! S?) ! S ! S?:

Gb,c
def
= lj. ls . B JbKs ! j⇤(C JcKs),s

S?

S!S?

(S!S?)!S!S?

The function Gb,c takes a function j : S ! S?, and returns the function

ls . B JbKs ! j⇤(C JcKs),s

of type S ! S?, which given a memory s evaluates B JbKs and depending on the
outcome returns either j⇤(C JcKs) or s . Note that the definition of Gb,c refers only
to subterms of the command while b do c. Clearly we require that C Jwhile b do cK
is a fixpoint of Gb,c, i.e., that

C Jwhile b do cK = Gb,c C Jwhile b do cK

As there can be several fixpoints for Gb,c, we define C Jwhile b do cK to be the
least one. Next we show that Gb,c is a monotone and continuous function, so that we
can prove that Gb,c has a least fixpoint and that by the fixpoint Theorem 5.6

C Jwhile b do cK def
= fix Gb,c =

G

n2N
G n

b,c(?S!S?) (6.5)

To prove continuity we will consider Gb,c as operating on partial functions:

Gb,c : (S * S) �! (S * S).
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Bottom
⌃?
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has a bottom element: ?
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⌃ ! ⌃?

<latexit sha1_base64="7ihqAM+UCPN9a+9eD+gcE14dHOM=">AAACL3icbZA/SwNBEMX3/Bvjv1NLQRaDYBXuJKJl0MYyolEhF8LcZhIXd++O3TklhHR+GjvR7yI2YutXsPJyptAkr3r83gzMvDBR0pLnvTszs3PzC4uFpeLyyurauruxeWXj1Aisi1jF5iYEi0pGWCdJCm8Sg6BDhdfh3ekwv75HY2UcXVIvwaaGbiQ7UgBlqOXuBBeyq4EHRnZvCYyJH/gvagVhTC235JW9XHzS+CNTYiPVWu530I5FqjEiocDahu8l1OyDISkUDopBajEBcQddbGQ2Ao222c//GPC91ALFPEHDpeI5xL8bfdDW9nSYTWqgWzueDeHUzJIG0zPtaWEjpc5xsy+jJCWMxPAKkgrzK6wwMmsPeVsaJILhW8hlxAUYIEIjOQiRwTSrs5iV5Y9XM2muDsp+pXx4XilVT0a1Fdg222X7zGdHrMrOWI3VmWCP7Im9sFfn2XlzPpzP39EZZ7Szxf7J+foBaMyp4A==</latexit>

has a bottom element: ��. ?

<latexit sha1_base64="PIfS03tohZSaCEgXtunT9OcE1zY=">AAACJHicbVA9TwJBFNzDL8QvlNJmIzGxIndGoyXRxhIT+Ug4Qt4tD9ywe3fZfWdCCP4VO6P/xc5Y2PhDrDxOCgWmmszMS+ZNECtpyXU/ndzK6tr6Rn6zsLW9s7tX3D9o2CgxAusiUpFpBWBRyRDrJElhKzYIOlDYDIbXU7/5gMbKKLyjUYwdDYNQ9qUASqVuseSrNNwD38qBhsqjH0TULZbdipuBLxJvRspshlq3+O33IpFoDEkosLbtuTF1xmBICoWTgp9YjEEMYYDtlIag0XbGWfkJP04sUMRjNFwqnon492IM2tqRDtKkBrq3895UXOpZ0mBGprfMbCfUv+yMZRgnhKGYtiCpMGthhZHpZMh70iARTN9CLkMuwAARGslBiFRM0g0L6Vje/DSLpHFa8c4q57dn5erVbLY8O2RH7IR57IJV2Q2rsToTbMSe2At7dZ6dN+fd+fiN5pzZTYn9g/P1A66+pWo=</latexit>

to avoid ambiguities
we denote the bottom element of a domain     byD
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?D
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Example

138 6 Denotational Semantics of IMP

Partial functions in S * S can be represented as sets of pairs (s ,s 0) that we write
as formulas s 7! s 0. Then the effect of Gb,c can be represented by the immediate
consequence operators for the following set of rules:

RGb,c
def
=

⇢
B JbKs C JcKs = s 00 s 00 7! s 0

s 7! s 0
,

¬B JbKs

s 7! s

�

Note that there are infinitely many instances of the rules, but each rule has only a
finite number of premises, and that

bRGb,c = Gb,c.

The only formulas appearing in the rules are s 00 7! s 0 (as a premise of the first rule),
s 7! s 0 and s 7! s (as conclusions); the other formulas express side conditions:
B JbKs ^ C JcKs = s 00 for the first rule and ¬B JbKs for the second rule. An
instance of the first rule schema is obtained by picking two memories s and s 00

such that B JbKs is true and C JcKs = s 00. Then for every s 0 such that s 00 7! s 0

we can derive s 7! s 0. The second rule schema is an axiom expressing that s 7! s
whenever ¬B JbKs .

Since all the rules obtained in this way have a finite number of premises (actually
one or none), we can apply Theorem 5.8, which ensures the continuity of bRGb,c . Now
by using Theorem 5.10 we have

fix Gb,c = fix bRGb,c = IRGb,c

Let us conclude this section with three examples which explain how to use the
definitions we have given.

Example 6.6. Let us consider the command

w = while true do skip

Now we will see how to calculate its semantics. We have C JwK def
= fix Gtrue,skip where

Gtrue,skipjs = B JtrueKs ! j⇤ (C JskipKs) ,s
= true ! j⇤ (C JskipKs) ,s
= j⇤ (C JskipKs)

= j⇤s
= js

So we have Gtrue,skipj = j , that is Gtrue,skip is the identity function. Then each
function j is a fixpoint of Gtrue,skip, but we are looking for the least fixpoint. This
means that the sought solution is the least function in the CPO? of functions S ! S?.
Then we have

fix Gtrue,skip = ls . ?S?

138 6 Denotational Semantics of IMP

Partial functions in S * S can be represented as sets of pairs (s ,s 0) that we write
as formulas s 7! s 0. Then the effect of Gb,c can be represented by the immediate
consequence operators for the following set of rules:

RGb,c
def
=

⇢
B JbKs C JcKs = s 00 s 00 7! s 0

s 7! s 0
,

¬B JbKs

s 7! s

�

Note that there are infinitely many instances of the rules, but each rule has only a
finite number of premises, and that

bRGb,c = Gb,c.

The only formulas appearing in the rules are s 00 7! s 0 (as a premise of the first rule),
s 7! s 0 and s 7! s (as conclusions); the other formulas express side conditions:
B JbKs ^ C JcKs = s 00 for the first rule and ¬B JbKs for the second rule. An
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every element is a
fixpoint



2828

Example
<latexit sha1_base64="Gs47zDpHcFyzgby3j0cyMK3WMIo="></latexit>

w
M
= while x > 1 do x := x� 1

<latexit sha1_base64="6ZworQdspaTVGtqDCAmPZQL4iRE="></latexit>

�b,c ' � = BJx > 1K� ! '⇤(CJx := x� 1K�),�
<latexit sha1_base64="CWNGl5at1/lcyL35ubjunBOZqgY="></latexit>

= (�(x) > 1) ! '⇤(�[�(x)�1/x]),�

<latexit sha1_base64="4Lnz/PEzNWlp75AB7SD6w6qNIOI=">AAACq3icjVHJjhMxEHWabQhbBi5IXCwiJA4QdY8QcEEawYXjsGRmRBxF1e5Kxhrb3djljCKr+Rqu8D/8De4kB2Y5UKenV8urelU2WnnK8z+97Nr1Gzdv7dzu37l77/6Dwe7DQ18HJ3Esa1274xI8amVxTIo0HjcOwZQaj8rTD13+aInOq9p+pVWDUwMLq+ZKAiVqNngszlSFJ0DxczuL5QvZigrn+L0/GwzzUb4OfhkUWzBk2z iY7faiqGoZDFqSGryfFHlD0wiOlNTY9kXw2IA8hQVOErRg0E/j+oSWPwseqOYNOq40X5P4b0cE4/3KlKnSAJ34i7mOvCo3CTR/O43KNoHQyk6IlMa1kJdOJW+QV8ohEXSbI1eWS3BAhE5xkDKRIZl1TtCTAbdyVTrK4pmsjQFbxY1zbRTdFg51FGVQukqIi2WywSmwi6Qt6qTK47u2vao/qOV/jxCb8jQnvau4+JzL4HBvVLweFZ9eDfffbx+3w56wp+w5K9gbts8+sgM2ZpL9YD/ZL/Y7e5l9yb5lYlOa9bY9j9i5yPAvlMfYnw==</latexit>

bRb,c
M
=

<latexit sha1_base64="bewEr+WxPnh+rOgJjxzijJLJOO8="></latexit>

(�,�)
�(x)  1

<latexit sha1_base64="7OYsuvxuWT8ymJ7MIxvjo78qDrU="></latexit>

(�00,�0)

(�,�0)
�(x) > 1 ^ �00 = �[�(x)�1/x]

<latexit sha1_base64="p+ta1xV6ua9Cx2gdmpuc5ziWtAc="></latexit>,

<latexit sha1_base64="4Lnz/PEzNWlp75AB7SD6w6qNIOI=">AAACq3icjVHJjhMxEHWabQhbBi5IXCwiJA4QdY8QcEEawYXjsGRmRBxF1e5Kxhrb3djljCKr+Rqu8D/8De4kB2Y5UKenV8urelU2WnnK8z+97Nr1Gzdv7dzu37l77/6Dwe7DQ18HJ3Esa1274xI8amVxTIo0HjcOwZQaj8rTD13+aInOq9p+pVWDUwMLq+ZKAiVqNngszlSFJ0DxczuL5QvZigrn+L0/GwzzUb4OfhkUWzBk2z iY7faiqGoZDFqSGryfFHlD0wiOlNTY9kXw2IA8hQVOErRg0E/j+oSWPwseqOYNOq40X5P4b0cE4/3KlKnSAJ34i7mOvCo3CTR/O43KNoHQyk6IlMa1kJdOJW+QV8ohEXSbI1eWS3BAhE5xkDKRIZl1TtCTAbdyVTrK4pmsjQFbxY1zbRTdFg51FGVQukqIi2WywSmwi6Qt6qTK47u2vao/qOV/jxCb8jQnvau4+JzL4HBvVLweFZ9eDfffbx+3w56wp+w5K9gbts8+sgM2ZpL9YD/ZL/Y7e5l9yb5lYlOa9bY9j9i5yPAvlMfYnw==</latexit>

bRb,c
M
=

<latexit sha1_base64="bewEr+WxPnh+rOgJjxzijJLJOO8="></latexit>

(�,�)
�(x)  1 <latexit sha1_base64="p+ta1xV6ua9Cx2gdmpuc5ziWtAc="></latexit>,

<latexit sha1_base64="tv+NZpMxF/ILlMjZL7KKl93/uB0="></latexit>

(�[�(x)�1/x],�0)

(�,�0)
�(x) > 1

<latexit sha1_base64="gtmZw8KwENVgKc0XjoOY+tpAjCw="></latexit>

b
<latexit sha1_base64="9XpwHpxyxtGGsOYM7plyVqvTPtU="></latexit>c
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Example
<latexit sha1_base64="Gs47zDpHcFyzgby3j0cyMK3WMIo="></latexit>

w
M
= while x > 1 do x := x� 1

<latexit sha1_base64="4Lnz/PEzNWlp75AB7SD6w6qNIOI="></latexit>

bRb,c
M
=

<latexit sha1_base64="bewEr+WxPnh+rOgJjxzijJLJOO8="></latexit>

(�,�)
�(x)  1 <latexit sha1_base64="p+ta1xV6ua9Cx2gdmpuc5ziWtAc="></latexit>,

<latexit sha1_base64="tv+NZpMxF/ILlMjZL7KKl93/uB0="></latexit>

(�[�(x)�1/x],�0)

(�,�0)
�(x) > 1

<latexit sha1_base64="ZCtIW1slrqSfWsL7db4onHtbVnw="></latexit>

bR1
b,c(?) = {(�,�) | �(x)  1}

<latexit sha1_base64="GR4Dk6/zgXNfROsJ1E9m+0gGXkg="></latexit>

bR0
b,c(?) = ?

<latexit sha1_base64="UBUVgNNbsa4DYeb1uc0sUKf/BHg="></latexit>

bRn
b,c(?) = {(�,�) | �(x)  1} [ {(�,�[1/x]) | 1 < �(x)  n}

<latexit sha1_base64="O+b4gFwP+1woOdanC5AwKjbMpU4="></latexit>

bR2
b,c(?) = bR1

b,c(?) [ {(�,�[1/x]) | �(x) = 2}
<latexit sha1_base64="yyN1hoN28ST4uuemGy+Sr3jOyTU="></latexit>

bR3
b,c(?) = bR2

b,c(?) [ {(�,�[1/x]) | �(x) = 3}

<latexit sha1_base64="Fnu5+VYofTSJ8+iYnuXfr46v1is="></latexit>· · ·

<latexit sha1_base64="Fnu5+VYofTSJ8+iYnuXfr46v1is="></latexit>· · ·

<latexit sha1_base64="h3WpXNmvJJPYiJ/YQGKOhOEr1ew="></latexit>

CJwK = fix ( bRb,c) = {(�,�) | �(x)  1} [ {(�,�[1/x]) | 1 < �(x)}
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Principles for software composition 2019/20
03 - Well founded recursion, posets and denotational semantics

[Ex. 1] Define by well-founded recursion the function vars that, given an

arithmetic expression a, returns the set of identifiers that appear in a. Then,
prove by rule induction that 8a 2 Aexp, 8� 2 ⌃, 8n 2 Z

ha, �i ! n implies 8�0. ( (8y 2 vars(a). �(y) = �0
(y)) ) ha, �0i ! n ).

[Ex. 2] Define by well-founded recursion the function vars that, given a

command, returns the set of identifiers that appear on the left-hand side of

some assignment. Then, prove by rule induction that 8c 2 Com, 8�, �0 2 ⌃

hc, �i ! �0
implies 8x 62 vars(c). �(x) = �0

(x).

[Ex. 3] Consider the CPO? (}(N),✓). Prove that for any set S ✓ N:

1. the function fS : }(N) ! }(N) such that fS(X) = X \S is continuous.

2. the function gS : }(N) ! }(N) such that gS(X) = X [S is continuous.

[Ex. 4] Prove that any limit-preserving function is monotone.

[Ex. 5] Let D = {n 2 N | n > 0} [ {1} and v ✓ (D ⇥D) such that

• for any n,m 2 D \ N, we let n v m i↵ n divides m;

• for any x 2 D, we let x v 1.

Is (D,v) a CPO?? Explain.

[Ex. 6] Define two functions fi : Di ! Di over two suitable CPOs Di for

i 2 [1, 2] (not necessarily with bottom) such that

1. f1 is continuous, has fixpoints but not a least fixpoint;

2. f2 is continuous and has no fixpoint;

[Ex. 7] Let D,E be two CPO?s and f : D ! E, g : E ! D be two

continuous functions between them. Their compositions h = g � f : D ! D
and k = f � g : E ! E are known to be continuous and thus have least

fixpoints.

D
f

++
h=g�f 77 E

g
kk k=f�g

ww

Let e0 = fix(k) 2 E. Prove that g(e0) = fix(h) 2 D by showing that

1. g(e0) is a fixpoint for h, and

2. g(e0) is the least pre-fixpoint for h.

if two memories coincide on all variables
that appear in one expression, then
evaluating the expression in the two memories
give the same result

[Exercise]
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Vars #1

vars : Aexp ! }(Ide)

<latexit sha1_base64="yhTSxKLhmAvXEF62S7PcE8dRk9w=">AAACJnicbVDJSgNBEO1xjXGLevTSGAS9hBlRFE8uF71FMCpkQqjpVGJjz0zTXePCMP/hJ/gVXvXkTcSD4Kc4EyO41enVe1XUqxdoJS257qszNDwyOjZemihPTk3PzFbm5k9snBiBDRGr2JwFYFHJCBskSeGZNghhoPA0uNgv9NNLNFbG0THdaGyF0ItkVwqgnGpX1vwQ6FxSegnGZtv8q93Fa51xn2LuX+mVL/awg9lqu1J1a26/+F/gDUCVDarerrz5nVgkIUYkFFjb9FxNrRQMSaEwK/uJRQ3iAnrYzGEEIdpW2v8t48uJhdyFRsOl4n0Sv2+kEFp7Ewb5ZGHS/tYK8j+tmVB3q5XKSCeEkSgOkVTYP2SFkXloyDvSIBEUzpHLiAswQIRGchAiJ5M8xXKeh/f7+7/gZK3mrdc2jtarO3uDZEpskS2xFeaxTbbDDlidNZhgt+yePbBH5855cp6dl8/RIWews8B+lPP+AXVHpoY=</latexit>

vars(n) , ;
vars(x) , {x}

vars(a1 op a2) , vars(a1) [ vars(a2)

<latexit sha1_base64="rmkjJ8ol4of09zTfpcHOpqkq7c8="></latexit>

(well founded recursion by
immediate subterm relation)

vars(n) , ;
vars(x) , {x}

vars(a1 op a2) , vars(a1) [ vars(a2)

<latexit sha1_base64="rmkjJ8ol4of09zTfpcHOpqkq7c8="></latexit>
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P (ha,�i ! n) , 8�0. (8y 2 vars(a). �0(y) = �(y)) ) ha,�0i ! n

<latexit sha1_base64="8k9rEVEsLfte7n7k+VfD4Ko5urY="></latexit>

hn,�i ! n

<latexit sha1_base64="uDDkqqcZp9KKdvuk4DMMqmZoDws=">AAACGnicbVC7TgMxEPTxJrwClDQWEYgCRXcIBCWChhIk8pByUbTnbIIVn+9k7yGhU/6AT+AraKGiQ7Q0FPwLvpACAluNZ3Y1nolSJS35/oc3NT0zOze/sFhaWl5ZXSuvb9RtkhmBNZGoxDQjsKikxhpJUthMDUIcKWxEg/NCb9yisTLR13SXYjuGvpY9KYAc1Snvhj0DIh/moQLdV8j1fmhlP4bQfL9DSrgedsoVv+qPhv8FwRhU2HguO+XPsJuILEZNQoG1rcBPqZ2DISkUDkthZjEFMYA+thzUEKNt56M8Q76TWXC2KRouFR+R+PMih9jauzhymzHQjZ3UCvI/rZVR76SdS51mhFoURiRdxsLICiNdUci70iARFD9HLjUXYIAIjeQghCMz11zJ9RFMpv8L6gfV4LB6dHVYOT0bN7PAttg222MBO2an7IJdshoT7J49sif27D14L96r9/a9OuWNbzbZr/HevwCHPaFU</latexit>

P (hn,�i ! n) , 8�0. (8y 2 vars(n). �0(y) = �(y)) ) hn,�0i ! n

<latexit sha1_base64="6b+xoUY0iIA+0uUaAeWKyUFwywY="></latexit>

= ;

<latexit sha1_base64="Qz0CBaABwmGtIpAn73ZDr+Xx+fs=">AAAB/HicbVC7TsNAEDyHVwivACXNiQiJKrJREDRIETSUQSIPkVjR+bIJp5zPp7s1UmSFr6CFig7R8i8U/AuOcQEJU41mdrWzE2gpLLrup1NYWl5ZXSuulzY2t7Z3yrt7LRvFhkOTRzIynYBZkEJBEwVK6GgDLAwktIPx1cxvP4CxIlK3ONHgh2ykxFBwhql0d9GDUOPEAvbLFbfqZqCLxMtJheRo9MtfvUHE4xAUcsms7XquRj9hBgWXMC31Ygua8TEbQTelioVg/SRLPKVHsWUYUQ2GCkkzEX5vJCy0dhIG6WTI8N7OezPxP68b4/DcT4TSMYLis0MoJGSHLDcirQLoQBhAZLPkQIWinBmGCEZQxnkqxmk3pbQPb/77RdI6qXq16ulNrVK/zJspkgNySI6JR85InVyTBmkSThR5Is/kxXl0Xp035/1ntODkO/vkD5yPb4dplX8=</latexit>

= tt

<latexit sha1_base64="gpHEUBXAUK0Hw0iT+B3bXMqYW9A=">AAAB/nicbVC7SgNBFJ2NrxhfUUubwSBYhV1RtBGCNpYRzAOyIcxObuKQ2dlh5q4QloBfYauVndj6Kxb+i7vrFpp4qsM593LPPYGWwqLrfjqlpeWV1bXyemVjc2t7p7q717ZRbDi0eCQj0w2YBSkUtFCghK42wMJAQieYXGd+5wGMFZG6w6mGfsjGSowEZ5hK/qUfMrwPRgnibFCtuXU3B10kXkFqpEBzUP3yhxGPQ1DIJbO257ka+wkzKLiEWcWPLWjGJ2wMvZQqFoLtJ3nmGT2KLcOIajBUSJqL8HsjYaG10zBIJ7OIdt7LxP+8Xoyji34ilI4RFM8OoZCQH7LciLQMoENhAJFlyYEKRTkzDBGMoIzzVIzTdippH97894ukfVL3Tutnt6e1xlXRTJkckENyTDxyThrkhjRJi3CiyRN5Ji/Oo/PqvDnvP6Mlp9jZJ3/gfHwDKJeWag==</latexit>

by (num) hn,�0i ! n

<latexit sha1_base64="DFOahn2k8iG3OZyg5Cv+mp3EkYM=">AAACEnicbVDLSgNBEJz1GeMr6lGQwSB6kLArET0GvXiMYKKQXaR3bOPg7Owy0yuEkJuf4Fd41ZM38eoPePBfnE1y8FWnoqqb6q44U9KS7394E5NT0zOzpbny/MLi0nJlZbVt09wIbIlUpeYiBotKamyRJIUXmUFIYoXn8e1x4Z/fobEy1WfUyzBKoKvltRRATrqsbIQKdFch17uhld0EtkMzEkJKuRuo+jV/CP6XBGNSZWM0Lyuf4VUq8gQ1CQXWdgI/o6gPhqRQOCiHucUMxC10seOohgRt1B/+MeBbuQWXmqHhUvGhiN83+pBY20tiN5kA3djfXiH+53Vyuj6M+lJnOaEWRRBJ92IRZIWRriDkV9IgERSXI5eaCzBAhEZyEMKJuWus7PoIfn//l7T3akG9tn9arzaOxs2U2DrbZDssYAeswU5Yk7WYYPfskT2xZ+/Be/FevbfR6IQ33lljP+C9fwEN+p1D</latexit>

(num)

Vars #1
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P (ha,�i ! n) , 8�0. (8y 2 vars(a). �0(y) = �(y)) ) ha,�0i ! n

<latexit sha1_base64="8k9rEVEsLfte7n7k+VfD4Ko5urY="></latexit>

by (ide)

(ide)
hx,�i ! �(x)

<latexit sha1_base64="/QYqhtnJNRGXdB4vCh9DSxajdDc=">AAACInicbVDLSgNBEJz1bXxFPXoZDEIECbui6FH04lHBaCAbQu+kE4fMzi4zvaIs+Qs/wa/wqidv4knQf3E2ycFXn2qquqmpilIlLfn+uzcxOTU9Mzs3X1pYXFpeKa+uXdokMwLrIlGJaURgUUmNdZKksJEahDhSeBX1Twr96gaNlYm+oLsUWzH0tOxKAeSodrkWdg2IfJCHCnRPIb/dCa3sxRCa0TukhI+Y6u32oF2u+DV/OPwvCMagwsZz1i5/hp1EZDFqEgqsbQZ+Sq0cDEmhcFAKM4spiD70sOmghhhtKx/mGvCtzIKzT9FwqfiQxO8XOcTW3sWR24yBru1vrSD/05oZdQ9budRpRqhFYUTSZS2MrDDSFYa8Iw0SQfFz5FJzAQaI0EgOQjgycw2WXB/B7/R/weVuLdir7Z/vVY6Ox83MsQ22yaosYAfsiJ2yM1Zngt2zR/bEnr0H78V79d5GqxPe+Gad/Rjv4wuXjKR2</latexit>

P (hx,�i ! �(x)) , 8�0. (8y 2 vars(x). �0(y) = �(y)) ) hx,�0i ! �(x)

<latexit sha1_base64="5tqzuJUi7fx+9/RXGruRtdlEDXI="></latexit>

= {x}

<latexit sha1_base64="SUp4+gDTAHfciuBnn0OXc9gII0o=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRCBqkCBrKIJGHFFvR+bIJR85n626NCFb+gRYqOkTL31DwL9jGBSRMNZrZ1c6OH0lh0LY/rdLC4tLySnm1sra+sblV3d5pmzDWHFo8lKHu+syAFApaKFBCN9LAAl9Cxx9fZn7nHrQRobrBSQRewEZKDAVnmErtczd5cKf9as2u2znoPHEKUiMFmv3qlzsIeRyAQi6ZMT3HjtBLmEbBJUwrbmwgYnzMRtBLqWIBGC/J007pQWwYhjQCTYWkuQi/NxIWGDMJ/HQyYHhrZr1M/M/rxTg88xKhohhB8ewQCgn5IcO1SGsAOhAaEFmWHKhQlDPNEEELyjhPxTjtpZL24cx+P0/aR3XnuH5yfVxrXBTNlMke2SeHxCGnpEGuSJO0CCd35Ik8kxfr0Xq13qz3n9GSVezskj+wPr4BR92TqA==</latexit>

= �0(x) = �(x)

<latexit sha1_base64="nDqYRS83At/0FlpQvPLt6liM1h4=">AAACCXicbZC7TgJREIbP4g3xhhormxOJERuyazDamBBtLDGRSwKEzB4GPOHsJefMGsmGJ/ApbLWyM7Y+hYXv4oJbKDjVl/+fycz8bqikIdv+tDILi0vLK9nV3Nr6xuZWfnunboJIC6yJQAW66YJBJX2skSSFzVAjeK7Chju8mviNe9RGBv4tjULseDDwZV8KoETq5vcu2kYOPDgqPhynmFA3X7BL9rT4PDgpFFha1W7+q90LROShT0KBMS3HDqkTgyYpFI5z7chgCGIIA2wl6IOHphNPzx/zw8gABTxEzaXiUxF/T8TgGTPy3KTTA7ozs95E/M9rRdQ/78TSDyNCX0wWkVQ4XWSElkkuyHtSIxFMLkcufS5AAxFqyUGIRIySoHJJHs7s9/NQPyk55dLpTblQuUyTybJ9dsCKzGFnrMKuWZXVmGAxe2LP7MV6tF6tN+v9pzVjpTO77E9ZH99xwZkX</latexit>

hx,�0i ! �0(x) = �(x)

<latexit sha1_base64="x900WGSOFOk//Q/jcu7+NMJaZDQ=">AAACJ3icbVDLSgNBEJz1bXxFPXoZDKKChF0f6EUQvXhUMEbIhtA7tnFwdnaZ6ZWE4If4CX6FVz15Ez148E+cTfbgq0/VVd10V0WpkpZ8/90bGh4ZHRufmCxNTc/MzpXnF85tkhmBNZGoxFxEYFFJjTWSpPAiNQhxpLAe3Rzlev0WjZWJPqNuis0Y2lpeSQHkqFZ5K1Sg2wp5ZyO0sh3DamgGREgJL6i1zjrfLxqHW+WKX/X7xf+CoAAVVtRJq/wRXiYii1GTUGBtI/BTavbAkBQK70phZjEFcQNtbDioIUbb7PXN3fGVzIJ7JUXDpeJ9Er9v9CC2thtHbjIGura/tZz8T2tkdLXX7EmdZoRa5IdIOt/5ISuMdKkhv5QGiSD/HLnUXIABIjSSgxCOzFyMJZdH8Nv9X3C+WQ22qzun25WDwyKZCbbEltkaC9guO2DH7ITVmGD37JE9sWfvwXvxXr23weiQV+wssh/lfX4Brq+kwQ==</latexit>

Assume= �0(x) = �(x)

<latexit sha1_base64="nDqYRS83At/0FlpQvPLt6liM1h4=">AAACCXicbZC7TgJREIbP4g3xhhormxOJERuyazDamBBtLDGRSwKEzB4GPOHsJefMGsmGJ/ApbLWyM7Y+hYXv4oJbKDjVl/+fycz8bqikIdv+tDILi0vLK9nV3Nr6xuZWfnunboJIC6yJQAW66YJBJX2skSSFzVAjeK7Chju8mviNe9RGBv4tjULseDDwZV8KoETq5vcu2kYOPDgqPhynmFA3X7BL9rT4PDgpFFha1W7+q90LROShT0KBMS3HDqkTgyYpFI5z7chgCGIIA2wl6IOHphNPzx/zw8gABTxEzaXiUxF/T8TgGTPy3KTTA7ozs95E/M9rRdQ/78TSDyNCX0wWkVQ4XWSElkkuyHtSIxFMLkcufS5AAxFqyUGIRIySoHJJHs7s9/NQPyk55dLpTblQuUyTybJ9dsCKzGFnrMKuWZXVmGAxe2LP7MV6tF6tN+v9pzVjpTO77E9ZH99xwZkX</latexit>

Vars #1
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P (hai,�i ! ni) , 8�0. (8y 2 vars(ai). �
0(y) = �(y)) ) hai,�0i ! ni

<latexit sha1_base64="w8LzwufeLKCqYHXWg9+0FunMN9U="></latexit>

Assume

We want to prove

= vars(a1) [ vars(a2)

<latexit sha1_base64="/iRZ2V6TGhnGcbaVWDCY3jwFC/8=">AAACIXicbVDLSgNBEJyNrxhfUY9eBoNgDobdENGLEPTiMYKJgSSE3kmrQ2YfzPQGwpKv8BP8Cq968ibeRPwXd9ccNLFORVU3XV1uqKQh2/6wcguLS8sr+dXC2vrG5lZxe6dlgkgLbIpABbrtgkElfWySJIXtUCN4rsIbd3iR+jcj1EYG/jWNQ+x5cOfLWymAEqlfPDrjXQ/oXlI8Am0mh9B3yrwronBOr5YL/WLJrtgZ+DxxpqTEpmj0i1/dQSAiD30SCozpOHZIvRg0SaFwUuhGBkMQQ7jDTkJ98ND04uytCT+IDFDAQ9RcKp6J+HsjBs+Ysecmk2lUM+ul4n9eJ6Lb014s/TAi9EV6iKTC7JARWiZ9IR9IjUSQJkcufS5AAxFqyUGIRIySAtM+nNnv50mrWnFqleOrWql+Pm0mz/bYPjtkDjthdXbJGqzJBHtgT+yZvViP1qv1Zr3/jOas6c4u+wPr8xsCmaL4</latexit>

P (ha1 op a2,�i ! n1 op n2) , 8�0. (8y 2 vars(a1 op a2). �
0(y) = �(y)) ) ha1 op a2,�

0i ! n1 op n2

<latexit sha1_base64="h7VrIPRMQ/BX1Va5gfWb2G4x7T0="></latexit>

Assume

= (8y 2 vars(a1).�
0(y) = �(y)) ^ (8y 2 vars(a2).�

0(y) = �(y))

<latexit sha1_base64="5E6cI4MQdffUasxwlwuDhSqWKAQ="></latexit>

ha1,�0i ! n1

<latexit sha1_base64="Dum3zU8m9C1zgwnoxj5cabJ5rns=">AAACFnicbVA9SwNBEN3zM8avqKXNkiBaSLgTRUvRxjKCMYFcOObWSVyyt3fszgkS7P0J/gpbrezE1tbC/+JeTKHGVz3em2HmvThT0pLvf3hT0zOzc/OlhfLi0vLKamVt/dKmuRHYFKlKTTsGi0pqbJIkhe3MICSxwlY8OC381g0aK1N9QbcZdhPoa9mTAshJUaUaKtB9hRyiYDe0sp/Admi+pZBSrqMgqtT8uj8CnyTBmNTYGI2o8hlepSJPUJNQYG0n8DPqDsGQFArvymFuMQMxgD52HNWQoO0OR1nu+FZuwd3N0HCp+EjEnxtDSKy9TWI3mQBd279eIf7ndXLqHXWHUmc5oRbFIZIuZHHICiNdScivpEEiKD5HLjUXYIAIjeQghBNz11rZ9RH8TT9JLvfqwX794Hy/dnwybqbENlmV7bCAHbJjdsYarMkEu2eP7Ik9ew/ei/fqvX2PTnnjnQ32C977F3jCnn4=</latexit>

ha2,�0i ! n2

<latexit sha1_base64="Il80MiJBkvDOMtoXsKPWjnxPLRg=">AAACFnicbVC7TsNAEDzzDOEVoKQ5ESEoUGRHQVBG0FCCRB5SHFnrYwknzmfrbo2EIno+ga+ghYoO0dJS8C+cQwogTDWa2dXuTJwpacn3P7yp6ZnZufnSQnlxaXlltbK23rZpbgS2RKpS043BopIaWyRJYTczCEmssBNfHxd+5waNlak+p9sM+wkMtLyUAshJUWUrVKAHCjlE9b3QykECO6H5lkJKuY7qUaXq1/wR+CQJxqTKxjiNKp/hRSryBDUJBdb2Aj+j/hAMSaHwrhzmFjMQ1zDAnqMaErT94SjLHd/OLbi7GRouFR+J+HNjCIm1t0nsJhOgK/vXK8T/vF5Ol4f9odRZTqhFcYikC1kcssJIVxLyC2mQCIrPkUvNBRggQiM5COHE3LVWdn0Ef9NPkna9FjRq+2eNavNo3EyJbbIttssCdsCa7ISdshYT7J49sif27D14L96r9/Y9OuWNdzbYL3jvX3v3noA=</latexit>

by inductive hypotheses

by (op)

<latexit sha1_base64="L/XYY/4h3+HANkwh+iTwlbq1gjU="></latexit>

ha1,�i ! n1 ha2,�i ! n2

ha1 op a2,�i ! n1 op n2

<latexit sha1_base64="xwP1zAABNBIGMbxw1Vd9LfiR5d8="></latexit>

P (ha1 op a2,�i ! n1 op n2) , 8�0. (8y 2 vars(a1 op a2). �
0(y) = �(y)) ) ha1 op a2,�

0i ! n1 op n2
<latexit sha1_base64="xwP1zAABNBIGMbxw1Vd9LfiR5d8="></latexit>

P (ha1 op a2,�i ! n1 op n2) , 8�0. (8y 2 vars(a1 op a2). �
0(y) = �(y)) ) ha1 op a2,�

0i ! n1 op n2

<latexit sha1_base64="x5/TLo93CdLfUq3hGc6DK824ycg="></latexit>

ha1 op a2,�
0i ! n1 op n2

Vars #1
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Principles for software composition 2019/20
03 - Well founded recursion, posets and denotational semantics

[Ex. 1] Define by well-founded recursion the function vars that, given an

arithmetic expression a, returns the set of identifiers that appear in a. Then,
prove by rule induction that 8a 2 Aexp, 8� 2 ⌃, 8n 2 Z

ha, �i ! n implies 8�0. ( (8y 2 vars(a). �(y) = �0
(y)) ) ha, �0i ! n ).

[Ex. 2] Define by well-founded recursion the function vars that, given a

command, returns the set of identifiers that appear on the left-hand side of

some assignment. Then, prove by rule induction that 8c 2 Com, 8�, �0 2 ⌃

hc, �i ! �0
implies 8x 62 vars(c). �(x) = �0

(x).

[Ex. 3] Consider the CPO? (}(N),✓). Prove that for any set S ✓ N:

1. the function fS : }(N) ! }(N) such that fS(X) = X \S is continuous.

2. the function gS : }(N) ! }(N) such that gS(X) = X [S is continuous.

[Ex. 4] Prove that any limit-preserving function is monotone.

[Ex. 5] Let D = {n 2 N | n > 0} [ {1} and v ✓ (D ⇥D) such that

• for any n,m 2 D \ N, we let n v m i↵ n divides m;

• for any x 2 D, we let x v 1.

Is (D,v) a CPO?? Explain.

[Ex. 6] Define two functions fi : Di ! Di over two suitable CPOs Di for

i 2 [1, 2] (not necessarily with bottom) such that

1. f1 is continuous, has fixpoints but not a least fixpoint;

2. f2 is continuous and has no fixpoint;

[Ex. 7] Let D,E be two CPO?s and f : D ! E, g : E ! D be two

continuous functions between them. Their compositions h = g � f : D ! D
and k = f � g : E ! E are known to be continuous and thus have least

fixpoints.

D
f

++
h=g�f 77 E

g
kk k=f�g

ww

Let e0 = fix(k) 2 E. Prove that g(e0) = fix(h) 2 D by showing that

1. g(e0) is a fixpoint for h, and

2. g(e0) is the least pre-fixpoint for h.

if a variable does not appear in an assignment
then its initial value is preserved in the final store

[Exercise]
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vars : Com ! }(Ide)

<latexit sha1_base64="LuFGi1eHpprh/K7M8gNfB6woOYI=">AAACJXicbVDLSgNBEJz1GeMr6tHLYBDiJeyKongK5qK3CCYK2RB6J20cMvtgplcJy36Hn+BXeNWTNxE8iL/iboygxj5VV3XT1eVFShqy7Tdranpmdm6+sFBcXFpeWS2trbdMGGuBTRGqUF96YFDJAJskSeFlpBF8T+GFN6jn+sUNaiPD4JyGEXZ86AfySgqgjOqWHNcHupaU3IA26RH/buuhn3KXQu7eRpVv8rSH6U63VLar9qj4JHDGoMzG1eiW3t1eKGIfAxIKjGk7dkSdBDRJoTAturHBCMQA+tjOYAA+mk4yei3l27GBzEWEmkvFRyT+3EjAN2boe9lkbtL81XLyP60d09VhJ5FBFBMGIj9EUuHokBFaZpkh70mNRJA7Ry4DLkADEWrJQYiMjLMQi1kezt/vJ0Frt+rsVffP9sq143EyBbbJtliFOeyA1dgJa7AmE+yOPbBH9mTdW8/Wi/X6NTpljXc22K+yPj4BjnGmDQ==</latexit>

vars(skip) , ;
vars(x := a) , {x}
vars(c1; c2) , vars(c1) [ vars(c2)

vars(if b then c1 else c2) , vars(c1) [ vars(c2)
vars(while b do c) , vars(c)

<latexit sha1_base64="dZaKgG46TUR7nhS19NeIOrxzcEI=">AAADo3ictVJLb9NAEN7YPIp5NAVx4rIiatVcojgqomqFVPGQkLgU1LSVslG03kySVdZrszsujSz/Jf4PB/4La+MK6kTixJxmvvlm5tvZiVIlLfb7P1qef+fuvftbD4KHjx4/2W7vPD23SWYEDEWiEnMZcQtKahiiRAWXqQEeRwououW7Mn9xBcbKRJ/hKoVxzOdazqTg6KDJTus7i2Audc6N4asiN0IVAYs5LiTmV9zYYr+Kol lulzItujTYowyN5Hqu4CvdCxjEKa4sIGONwuujN3wDP79mxRpXTMJjMRlsoDdpXcpEltImPuiu9bwRLmcFoxGjNzEuQDvE9fqDgbJQYf9HwreFVHBbxTQp5/1zWtUT9LT+oEm70+/1K6PrTlg7HVLb6aT9k00TkcWgUShu7Sjspzh23VAKJylgmYWUiyWfw8i5msdgx3l1WAXdzSzHhKZgqFS0AuHvipzH1q7iyDFL1baZK8FNuVGGs8NxLnWaIWhRDkK3oGqQFUa6iwU6lQYQeakcqNRUcMMRwUjKhXBg5k44cPsIm69fd84HvfCg9+rzQefkbb2ZLfKCvCT7JCSvyQn5SE7JkAjvuXfsvfc++Lv+J/+Lf/ab6rXqmmfklvnjX5r2KqQ=</latexit>

(well founded recursion by
immediate subterm relation)

vars(skip) , ;
vars(x := a) , {x}
vars(c1; c2) , vars(c1) [ vars(c2)

vars(if b then c1 else c2) , vars(c1) [ vars(c2)
vars(while b do c) , vars(c)

<latexit sha1_base64="dZaKgG46TUR7nhS19NeIOrxzcEI=">AAADo3ictVJLb9NAEN7YPIp5NAVx4rIiatVcojgqomqFVPGQkLgU1LSVslG03kySVdZrszsujSz/Jf4PB/4La+MK6kTixJxmvvlm5tvZiVIlLfb7P1qef+fuvftbD4KHjx4/2W7vPD23SWYEDEWiEnMZcQtKahiiRAWXqQEeRwououW7Mn9xBcbKRJ/hKoVxzOdazqTg6KDJTus7i2Audc6N4asiN0IVAYs5LiTmV9zYYr+Kol lulzItujTYowyN5Hqu4CvdCxjEKa4sIGONwuujN3wDP79mxRpXTMJjMRlsoDdpXcpEltImPuiu9bwRLmcFoxGjNzEuQDvE9fqDgbJQYf9HwreFVHBbxTQp5/1zWtUT9LT+oEm70+/1K6PrTlg7HVLb6aT9k00TkcWgUShu7Sjspzh23VAKJylgmYWUiyWfw8i5msdgx3l1WAXdzSzHhKZgqFS0AuHvipzH1q7iyDFL1baZK8FNuVGGs8NxLnWaIWhRDkK3oGqQFUa6iwU6lQYQeakcqNRUcMMRwUjKhXBg5k44cPsIm69fd84HvfCg9+rzQefkbb2ZLfKCvCT7JCSvyQn5SE7JkAjvuXfsvfc++Lv+J/+Lf/ab6rXqmmfklvnjX5r2KqQ=</latexit>

Vars #2
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P (hc,�i ! �0) , 8y 62 vars(c). �0(y) = �(y)

<latexit sha1_base64="gsC/xm8kT8/g32YDe38CbG2aAgI="></latexit>

= ;

<latexit sha1_base64="Qz0CBaABwmGtIpAn73ZDr+Xx+fs=">AAAB/HicbVC7TsNAEDyHVwivACXNiQiJKrJREDRIETSUQSIPkVjR+bIJp5zPp7s1UmSFr6CFig7R8i8U/AuOcQEJU41mdrWzE2gpLLrup1NYWl5ZXSuulzY2t7Z3yrt7LRvFhkOTRzIynYBZkEJBEwVK6GgDLAwktIPx1cxvP4CxIlK3ONHgh2ykxFBwhql0d9GDUOPEAvbLFbfqZqCLxMtJheRo9MtfvUHE4xAUcsms7XquRj9hBgWXMC31Ygua8TEbQTelioVg/SRLPKVHsWUYUQ2GCkkzEX5vJCy0dhIG6WTI8N7OezPxP68b4/DcT4TSMYLis0MoJGSHLDcirQLoQBhAZLPkQIWinBmGCEZQxnkqxmk3pbQPb/77RdI6qXq16ulNrVK/zJspkgNySI6JR85InVyTBmkSThR5Is/kxXl0Xp035/1ntODkO/vkD5yPb4dplX8=</latexit>

P (hskip,�i ! �) , 8y 62 vars(skip). �(y) = �(y)

<latexit sha1_base64="1emJ5KeFwiV7wLcFkwTpuLUaXhg="></latexit>

= 8y. �(y) = �(y)

<latexit sha1_base64="wG6Wk3rhlFFq2ZxFCvX80g0Hgvg=">AAACFXicbVC7SgNBFJ2NrxhfUUub0SDEJuxKRJtA0MYygnlANoS7k5s4ZPbBzF0hhNR+gl9hq5Wd2Fpb+C9u1iAaPdXhnHu59xwvUtKQbb9bmYXFpeWV7GpubX1jcyu/vdMwYawF1kWoQt3ywKCSAdZJksJWpBF8T2HTG15M/eYtaiPD4JpGEXZ8GASyLwVQInXz+xW3H2pQio9KLs+5Rg58KI6OKt+smy/YJTsF/0ucGSmwGWrd/IfbC0XsY0BCgTFtx46oMwZNUiic5NzYYARiCANsJzQAH01nnEaZ8MPYAIU8Qs2l4qmIPzfG4Bsz8r1k0ge6MfPeVPzPa8fUP+uMZRDFhIGYHiKpMD1khJZJR8h7UiMRTD9HLgMuQAMRaslBiESMk9JySR/OfPq/pHFccsqlk6tyoXo+aybL9tgBKzKHnbIqu2Q1VmeC3bEH9sierHvr2XqxXr9GM9ZsZ5f9gvX2Cd6AnZM=</latexit>

obvious

We want to prove

6.3 Equivalence Between Operational and Denotational Semantics 143

very different formalisms: on the one hand we have an inference rule system which
allows us to calculate the execution of each command; on the other hand we have a
function which associates with each command its functional meaning. So to show
the equivalence between the two semantics we will prove the following property.

Theorem 6.3. 8c 2 Com. 8s ,s 0 2 S . hc,si ! s 0 , C JcKs = s 0.

As usual we divide the proof into two parts:

Correctness: 8c 2 Com, 8s ,s 0 2 S we prove

P(hc,si ! s 0)
def
= C JcKs = s 0

Completeness: 8c 2 Com we prove

P(c) def
= 8s ,s 0 2 S . C JcKs = s 0 ) hc,si ! s 0

Notice that in this way the undefined cases are also handled for the equivalence: for
instance we have as a corollary that

hc,si 6! ) C JcKs = ?S?

since otherwise, assuming C JcKs = s 0 for some s 0 2 S , it would follow that
hc,si ! s 0. Similarly in the opposite direction:

C JcKs = ?S? ) hc,si 6!

6.3.2.1 Correctness

Let us prove the first part of Theorem 6.3. We let

P
�
hc,si ! s 0� def

= C JcKs = s 0

and prove that P(hc,si ! s 0) holds for any c 2 Com and s ,s 0 2 S .
We proceed by rule induction. So for each rule we will assume the property holds

for the premises and we will prove that the property holds for the conclusion.

skip: Let us consider the operational rule for the skip:

hskip,si ! s

We want to prove

P(hskip,si ! s)
def
= C JskipKs = s

Obviously the proposition is true by the definition of the denotational
semantics.

Vars #2
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P (hc,�i ! �0) , 8y 62 vars(c). �0(y) = �(y)

<latexit sha1_base64="gsC/xm8kT8/g32YDe38CbG2aAgI="></latexit>

by def of

P (hx := a,�i ! �[n/x]) , 8y 62 vars(x := a). �[n/x](y) = �(y)

<latexit sha1_base64="Wgk0uLvO2Qj084LXhCzc/KUjevY=">AAACcHicbVHLbtNAFB2bVzCvtGyQWDAQISUIBRsVgZAqVbBhGSTSVsqY6GZ6E646HpuZ66qRyYeyYMMn8AWMkyxoy10dnXMfc87MKkOe0/RnFF+7fuPmrc7t5M7de/cfdHd2D31ZO41jXZrSHc/AoyGLYyY2eFw5hGJm8Gh2+rHVj87QeSrtF15WmBewsDQnDRyoaffHqK8M2IVBef5+H14qT4sClNtQiku5YSZf7avpeT5IFD tai98TNS8dGCOXypasyKoC+BtxcwbOr/rtusFQyeTCgv5ysL8hApp2e+kwXZe8CrIt6IltjabdX+qk1HWBlrUB7ydZWnHegGPSBleJqj1WoE9hgZMALRTo82ad0ko+rz0EPxU6SUauSfx3ooHC+2UxC52tEX9Za8n/aZOa5+/yhmxVM1rdHmIK4bWHvHYU4kd5Qg6ZoX05SrJSgwNmdCRB60DW4T+SkEd22f1VcPh6mO0N33ze6x182CbTEY/FM9EXmXgrDsQnMRJjocXvqBPtRLvRn/hR/CR+ummNo+3MQ3Gh4hd/AW+6u4g=</latexit>

= {x}

<latexit sha1_base64="SUp4+gDTAHfciuBnn0OXc9gII0o=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRCBqkCBrKIJGHFFvR+bIJR85n626NCFb+gRYqOkTL31DwL9jGBSRMNZrZ1c6OH0lh0LY/rdLC4tLySnm1sra+sblV3d5pmzDWHFo8lKHu+syAFApaKFBCN9LAAl9Cxx9fZn7nHrQRobrBSQRewEZKDAVnmErtczd5cKf9as2u2znoPHEKUiMFmv3qlzsIeRyAQi6ZMT3HjtBLmEbBJUwrbmwgYnzMRtBLqWIBGC/J007pQWwYhjQCTYWkuQi/NxIWGDMJ/HQyYHhrZr1M/M/rxTg88xKhohhB8ewQCgn5IcO1SGsAOhAaEFmWHKhQlDPNEEELyjhPxTjtpZL24cx+P0/aR3XnuH5yfVxrXBTNlMke2SeHxCGnpEGuSJO0CCd35Ik8kxfr0Xq13qz3n9GSVezskj+wPr4BR92TqA==</latexit>

= 8y 6= x. �[n/x](y) = �(y)

<latexit sha1_base64="O6YYM6Dx1neuiPL6B01Efhxyvkw=">AAACInicbVC7TsNAEDzzJrwClDQnIiRojI1A0CAhaCiDRB5SbKL1sQknzmdzt0ZEEX/BJ/AVtFDRISok+BecRwGEqUYzu9qdiVIlLXnehzM2PjE5NT0zW5ibX1hcKi6vVG2SGYEVkajE1COwqKTGCklSWE8NQhwprEXXJz2/dovGykSfUyfFMIa2li0pgHKpWXQPg1ZiQCneCTTe8Ds34IXAynYMjQu93bwLNztbhwMhZ81iyXO9Pvgo8YekxIYoN4tfwWUishg1CQXWNnwvpbALhqRQeF8IMospiGtoYyOnGmK0Ybef655vZBYo4SkaLhXvi/hzowuxtZ04yidjoCv71+uJ/3mNjFoHYVfqNCPUoneIpML+ISuMzAtDfikNEkHvc+RScwEGiNBIDkLkYpY3WMj78P+mHyXVHdffdffOdktHx8NmZtgaW2ebzGf77IidsjKrMMEe2BN7Zi/Oo/PqvDnvg9ExZ7izyn7B+fwG5bGi1w==</latexit>

We want to prove

�[n/x]

<latexit sha1_base64="hAsmBzK3b5NANXtCBawtNPTKKHY=">AAAB/3icbVA9TwJBEN3DL8Qv1NJmIzGxwjuD0ZJoY4mJfCRwkrllwA17e+funJEQCn+FrVZ2xtafYuF/8UAKBV/18t5M5s0LYiUtue6nk1lYXFpeya7m1tY3Nrfy2zs1GyVGYFVEKjKNACwqqbFKkhQ2YoMQBgrrQf9i7Nfv0VgZ6WsaxOiH0NOyKwVQKvktK3shNG/0UfvBb+cLbtGdgM8Tb0oKbIpKO//V6kQiCVGTUGBt03Nj8odgSAqFo1wrsRiD6EMPmynVEKL1h5PQI36QWKCIx2i4VHwi4u+NIYTWDsIgnQyBbu2sNxb/85oJdc/8odRxQqjF+BBJhZNDVhiZtoG8Iw0SwTg5cqm5AANEaCQHIVIxSevJpX14s9/Pk9px0SsVT65KhfL5tJks22P77JB57JSV2SWrsCoT7I49sWf24jw6r86b8/4zmnGmO7vsD5yPb2XNloA=</latexit>

ha,�i ! n

hx := a,�i ! �[n/x]

<latexit sha1_base64="0mCoiiD7TvXT/WennqBKwBYZt3A="></latexit>

Vars #2
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Assume

We want to prove

P (hc2,�00i ! �0) , 8y 62 vars(c2). �
0(y) = �00(y)

<latexit sha1_base64="fHXPTAa7x+mZJ8904ceVJwoAcE8="></latexit>

P (hc1,�i ! �00) , 8y 62 vars(c1). �
00(y) = �(y)

<latexit sha1_base64="JYeMDTqvDvty8jlGMyt9ogyFlyM="></latexit>

P (hc1; c2,�i ! �0) , 8y 62 vars(c1; c2). �
0(y) = �(y)

<latexit sha1_base64="A2oiAHCx4VswwkatuAJfI6tdaq4="></latexit>

= vars(c1) [ vars(c2)

<latexit sha1_base64="qAQ5vm0UqxwD0fweL/w9Yle7l40=">AAACH3icbVDLSgNBEJyN7/iKevQyGISIEHZDRC9C0ItHBWMC2SX0jq0OmX0w0xsISz7CT/ArvOrJm3j14L+4u+agiXUqqrrp6vJjJQ3Z9qdVmptfWFxaXimvrq1vbFa2tm9MlGiBbRGpSHd9MKhkiG2SpLAba4TAV9jxB+e53xmiNjIKr2kUoxfAfSjvpADKpH7l8JS7AdCDpHQI2oxrou8cuCKJZ+TGQb9Stet2AT5LnAmpsgku+5Uv9zYSSYAhCQXG9Bw7Ji8FTVIoHJfdxGAMYgD32MtoCAEaLy2eGvP9xABFPEbNpeKFiL83UgiMGQV+NpknNdNeLv7n9RK6O/FSGcYJYSjyQyQVFoeM0DJrC/mt1EgEeXLkMuQCNBChlhyEyMQkq6+c9eFMfz9Lbhp1p1k/umpWW2eTZpbZLttjNeawY9ZiF+yStZlgj+yZvbBX68l6s96tj5/RkjXZ2WF/YH1+A2K6or4=</latexit>

= 8y 62 vars(c1) [ vars(c2). �
0(y) = �(y)

<latexit sha1_base64="Hcck12H9KAVFaqDNFNzRpIXA3rg="></latexit>

Take y 62 vars(c1) [ vars(c2)

<latexit sha1_base64="rJwS9yh7xMy5aIe2vCWFnQ1RxEc=">AAACJXicbVBNS8NAEN3Ur1q/qh69LBbBXkpSKnoUvXisYFVoSpms07p0swm7E6GE/g5/gr/Cq568ieBB/CsmNQetvtPjvRnmzQtiJS257rtTmptfWFwqL1dWVtfWN6qbW5c2SozAjohUZK4DsKikxg5JUngdG4QwUHgVjE5z/+oOjZWRvqBxjL0QhloOpADKpH7VG/s6Il9qPwS6lZTegbGTfdH36r5IYj4rN+v9as1tuFPwv8QrSI0VaPerH/5NJJIQNQkF1nY9N6ZeCoakUDip+InFGMQIhtjNqIYQbS+dvjbhe4kFiniMhkvFpyL+3EghtHYcBtlkntTOern4n9dNaHDUS6WOE0It8kMkFU4PWWFk1hnyG2mQCPLkyKXmAgwQoZEchMjEJCuxkvXhzX7/l1w2G16rcXDeqh2fFM2U2Q7bZfvMY4fsmJ2xNuswwe7ZI3tiz86D8+K8Om/foyWn2Nlmv+B8fgFwN6X2</latexit>

Since y 62 vars(c2)

<latexit sha1_base64="ACh1+hm1A2nenYjNAug0O1AIf2o=">AAACDnicbVC7TsNAEDyHVwivAB00JyIkaCI7AkEZQUMZJJIgxVG0PhY45Xy27tZIkRWJT+AraKGiQ7T8AgX/gm1SAGGq0cyudnaCWElLrvvhlGZm5+YXyouVpeWV1bXq+kbHRokR2BaRisxlABaV1NgmSQovY4MQBgq7wfA097t3aKyM9AWNYuyHcKPltRRAmTSobo18HZEvtR8C3UpK78DY8Z4YNPYH1ZpbdwvwaeJNSI1N0BpUP/2rSCQhahIKrO15bkz9FAxJoXBc8ROLMYgh3GAvoxpCtP20+GHMdxMLFPEYDZeKFyL+3EghtHYUBtlkntT+9XLxP6+X0PVxP5U6Tgi1yA+RVFgcssLIrBzkV9IgEeTJkUvNBRggQiM5CJGJSdZWJevD+/v9NOk06t5B/fD8oNY8mTRTZttsh+0xjx2xJjtjLdZmgt2zR/bEnp0H58V5dd6+R0vOZGeT/YLz/gVXH5xx</latexit>

then by ind. hyp. �0(y) = �00(y)

<latexit sha1_base64="zTdD4ALG77A4bbirpSx3wsNsXDs=">AAACCnicbZC7SgNREIbPxluMt6hgY3MwiLEJuxLRRgjaWEYwF0hCmD2ZxEPOXjhnVggxb+BT2GplJ7a+hIXv4m7cQhOn+vj/GWbmd0MlDdn2p5VZWFxaXsmu5tbWNza38ts7dRNEWmBNBCrQTRcMKuljjSQpbIYawXMVNtzhVeI37lEbGfi3NAqx48HAl30pgGKpm99rGznw4Kg4Or5IMeFuvmCX7GnxeXBSKLC0qt38V7sXiMhDn4QCY1qOHVJnDJqkUDjJtSODIYghDLAVow8ems54ev+EH0YGKOAhai4Vn4r4e2IMnjEjz407PaA7M+sl4n9eK6L+eWcs/TAi9EWyiKTC6SIjtIyDQd6TGokguRy59LkADUSoJQchYjGKk8rFeTiz389D/aTklEunN+VC5TJNJsv22QErMoedsQq7ZlVWY4I9sCf2zF6sR+vVerPef1ozVjqzy/6U9fENvP2ZNA==</latexit>

Since y 62 vars(c1)

<latexit sha1_base64="vg32YvcetWFBMBU+W2Hd266tCZ8=">AAACDnicbVC7TsNAEDzzDOEVoIPmRIQUmshGQVBG0FAGiQBSbEXrywInzmfrbh0psiLxCXwFLVR0iJZfoOBfsIMLXlONZna1sxMmSlpy3Xdnanpmdm6+slBdXFpeWa2trZ/bODUCuyJWsbkMwaKSGrskSeFlYhCiUOFFeHtc+BdDNFbG+oxGCQYRXGt5JQVQLvVrmyNfx+RL7UdAN5KyIRg7boi+t9uv1d2mOwH/S7yS1FmJTr/24Q9ikUaoSSiwtue5CQUZGJJC4bjqpxYTELdwjb2caojQBtnkhzHfSS1QzBM0XCo+EfH7RgaRtaMozCeLpPa3V4j/eb2Urg6DTOokJdSiOERS4eSQFUbm5SAfSINEUCRHLjUXYIAIjeQgRC6meVvVvA/v9/d/yfle02s1909b9fZR2UyFbbFt1mAeO2BtdsI6rMsEu2MP7JE9OffOs/PivH6NTjnlzgb7AeftE1WPnHA=</latexit>

then by ind. hyp. �00(y) = �(y)

<latexit sha1_base64="8VBk6/avqWbDdMTVV0Sv5YaZEdY=">AAACCXicbZC7SgNREIbPxluMt1WxsjkYJLEJuxLRRgjaWEYwF0hCmD2ZxEPOXjhnVghLnsCnsNXKTmx9Cgvfxc2l0OhUH/8/w8z8XqSkIcf5tDJLyyura9n13Mbm1vaOvbtXN2GsBdZEqELd9MCgkgHWSJLCZqQRfE9hwxteT/zGA2ojw+CORhF2fBgEsi8FUCp17YO2kQMfCoXi6ORyxil17bxTcqbF/4I7hzybV7Vrf7V7oYh9DEgoMKblOhF1EtAkhcJxrh0bjEAMYYCtFAPw0XSS6fljfhwboJBHqLlUfCriz4kEfGNGvpd2+kD3ZtGbiP95rZj6F51EBlFMGIjJIpIKp4uM0DLNBXlPaiSCyeXIZcAFaCBCLTkIkYpxGlQuzcNd/P4v1E9Lbrl0dlvOV67myWTZITtiReayc1ZhN6zKakywhD2xZ/ZiPVqv1pv1PmvNWPOZffarrI9vUmyZAw==</latexit>

Thus �0(y) = �(y)

<latexit sha1_base64="1T079X2Zb1fPWXinRRm9TfIZzog=">AAACCHicbZC7TgJREIbP4g3xhpfO5kRixIbsGow2JkQbS0zkkgAhs4cBTzh7yTmzJkh4AZ/CVis7Y+tbWPgu7i4Uik715f9nMjO/GyppyLY/rczC4tLySnY1t7a+sbmV396pmyDSAmsiUIFuumBQSR9rJElhM9QInquw4Q6vEr9xj9rIwL+lUYgdDwa+7EsBFEvd/F7byIEHR8XR8cUUY+rmC3bJTov/BWcGBTarajf/1e4FIvLQJ6HAmJZjh9QZgyYpFE5y7chgCGIIA2zF6IOHpjNOr5/ww8gABTxEzaXiqYg/J8bgGTPy3LjTA7oz814i/ue1Iuqfd8bSDyNCXySLSCpMFxmhZRwL8p7USATJ5cilzwVoIEItOQgRi1GcUy7Ow5n//i/UT0pOuXR6Uy5ULmfJZNk+O2BF5rAzVmHXrMpqTLAH9sSe2Yv1aL1ab9b7tDVjzWZ22a+yPr4B69GY0g==</latexit>

hc1,�i ! �00 hc2,�00i ! �0

hc1; c2,�i ! �0

<latexit sha1_base64="J5doz98aQRToc5aF0XIoyLJyz9k="></latexit>



Vars #2

4141

Assume

We want to prove

= 8y 62 vars(c1) [ vars(c2). �
0(y) = �(y)

<latexit sha1_base64="Hcck12H9KAVFaqDNFNzRpIXA3rg="></latexit>

Take y 62 vars(c1) [ vars(c2)

<latexit sha1_base64="rJwS9yh7xMy5aIe2vCWFnQ1RxEc=">AAACJXicbVBNS8NAEN3Ur1q/qh69LBbBXkpSKnoUvXisYFVoSpms07p0swm7E6GE/g5/gr/Cq568ieBB/CsmNQetvtPjvRnmzQtiJS257rtTmptfWFwqL1dWVtfWN6qbW5c2SozAjohUZK4DsKikxg5JUngdG4QwUHgVjE5z/+oOjZWRvqBxjL0QhloOpADKpH7VG/s6Il9qPwS6lZTegbGTfdH36r5IYj4rN+v9as1tuFPwv8QrSI0VaPerH/5NJJIQNQkF1nY9N6ZeCoakUDip+InFGMQIhtjNqIYQbS+dvjbhe4kFiniMhkvFpyL+3EghtHYcBtlkntTOern4n9dNaHDUS6WOE0It8kMkFU4PWWFk1hnyG2mQCPLkyKXmAgwQoZEchMjEJCuxkvXhzX7/l1w2G16rcXDeqh2fFM2U2Q7bZfvMY4fsmJ2xNuswwe7ZI3tiz86D8+K8Om/foyWn2Nlmv+B8fgFwN6X2</latexit>

Since y 62 vars(c1)

<latexit sha1_base64="vg32YvcetWFBMBU+W2Hd266tCZ8=">AAACDnicbVC7TsNAEDzzDOEVoIPmRIQUmshGQVBG0FAGiQBSbEXrywInzmfrbh0psiLxCXwFLVR0iJZfoOBfsIMLXlONZna1sxMmSlpy3Xdnanpmdm6+slBdXFpeWa2trZ/bODUCuyJWsbkMwaKSGrskSeFlYhCiUOFFeHtc+BdDNFbG+oxGCQYRXGt5JQVQLvVrmyNfx+RL7UdAN5KyIRg7boi+t9uv1d2mOwH/S7yS1FmJTr/24Q9ikUaoSSiwtue5CQUZGJJC4bjqpxYTELdwjb2caojQBtnkhzHfSS1QzBM0XCo+EfH7RgaRtaMozCeLpPa3V4j/eb2Urg6DTOokJdSiOERS4eSQFUbm5SAfSINEUCRHLjUXYIAIjeQgRC6meVvVvA/v9/d/yfle02s1909b9fZR2UyFbbFt1mAeO2BtdsI6rMsEu2MP7JE9OffOs/PivH6NTjnlzgb7AeftE1WPnHA=</latexit>

then by ind. hyp. �0(y) = �(y)

<latexit sha1_base64="1T079X2Zb1fPWXinRRm9TfIZzog=">AAACCHicbZC7TgJREIbP4g3xhpfO5kRixIbsGow2JkQbS0zkkgAhs4cBTzh7yTmzJkh4AZ/CVis7Y+tbWPgu7i4Uik715f9nMjO/GyppyLY/rczC4tLySnY1t7a+sbmV396pmyDSAmsiUIFuumBQSR9rJElhM9QInquw4Q6vEr9xj9rIwL+lUYgdDwa+7EsBFEvd/F7byIEHR8XR8cUUY+rmC3bJTov/BWcGBTarajf/1e4FIvLQJ6HAmJZjh9QZgyYpFE5y7chgCGIIA2zF6IOHpjNOr5/ww8gABTxEzaXiqYg/J8bgGTPy3LjTA7oz814i/ue1Iuqfd8bSDyNCXySLSCpMFxmhZRwL8p7USATJ5cilzwVoIEItOQgRi1GcUy7Ow5n//i/UT0pOuXR6Uy5ULmfJZNk+O2BF5rAzVmHXrMpqTLAH9sSe2Yv1aL1ab9b7tDVjzWZ22a+yPr4B69GY0g==</latexit>

P (hc1,�i ! �0) , 8y 62 vars(c1). �
0(y) = �(y)

<latexit sha1_base64="3dVjNkOElvmUu3SP+b6Ikud1TS8="></latexit>

P (hif b then c1 else c2,�i ! �0) , 8y 62 vars(if b then c1 else c2). �
0(y) = �(y)

<latexit sha1_base64="6EjpArSUD1XaG4CXKs7Pn+StL4g="></latexit>

= vars(c1) [ vars(c2)

<latexit sha1_base64="qAQ5vm0UqxwD0fweL/w9Yle7l40=">AAACH3icbVDLSgNBEJyN7/iKevQyGISIEHZDRC9C0ItHBWMC2SX0jq0OmX0w0xsISz7CT/ArvOrJm3j14L+4u+agiXUqqrrp6vJjJQ3Z9qdVmptfWFxaXimvrq1vbFa2tm9MlGiBbRGpSHd9MKhkiG2SpLAba4TAV9jxB+e53xmiNjIKr2kUoxfAfSjvpADKpH7l8JS7AdCDpHQI2oxrou8cuCKJZ+TGQb9Stet2AT5LnAmpsgku+5Uv9zYSSYAhCQXG9Bw7Ji8FTVIoHJfdxGAMYgD32MtoCAEaLy2eGvP9xABFPEbNpeKFiL83UgiMGQV+NpknNdNeLv7n9RK6O/FSGcYJYSjyQyQVFoeM0DJrC/mt1EgEeXLkMuQCNBChlhyEyMQkq6+c9eFMfz9Lbhp1p1k/umpWW2eTZpbZLttjNeawY9ZiF+yStZlgj+yZvbBX68l6s96tj5/RkjXZ2WF/YH1+A2K6or4=</latexit>

hb,�i ! tt hc1,�i ! �0

hif b then c1 else c2,�i ! �0

<latexit sha1_base64="MXXTWhsWhS+zxlyiLVkvnJWFILU="></latexit>
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We want to prove

P(hif b then c0 else c1,si ! s 0)
def
= C Jif b then c0 else c1Ks = s 0

In fact, we have

C Jif b then c0 else c1Ks = B JbKs ! C Jc0Ks ,C Jc1Ks
= true ! s 0,C Jc1Ks
= s 0

ifff: The proof for the second rule of the conditional command is completely
analogous to the previous one and thus omitted.

whff: Let us consider the rule

hb,si ! false

hwhile b do c,si ! s

We assume hb,si ! false and therefore B JbKs = false.
We want to prove

P(hwhile b do c,si ! s)
def
= C Jwhile b do cKs = s

By the fixpoint property of the denotational semantics

C Jwhile b do cKs = B JbKs ! C Jwhile b do cK⇤ (C JcKs),s
= false ! C Jwhile b do cK⇤ (C JcKs),s
= s

whtt: At last we consider the second rule of the while command:

hb,si ! true hc,si ! s 00 ⌦
while b do c,s 00↵ ! s 0

hwhile b do c,si ! s 0

We assume

• hb,si ! true and therefore B JbKs = true
• P(hc,si ! s 00)

def
= C JcKs = s 00

• P(hwhile b do c,s 00i ! s 0)
def
= C Jwhile b do cKs 00 = s 0

We want to prove

P(hwhile b do c,si ! s 0)
def
= C Jwhile b do cKs = s 0

By the definition of the denotational semantics and the inductive hypotheses

4242

We want to prove

obvious

P (hwhile b do c,�i ! �) , 8y 62 vars(while b do c). �(y) = �(y)

<latexit sha1_base64="+xDMmDOPKCzNdFJAB94Go5wG1M8="></latexit>

= vars(c)

<latexit sha1_base64="KYD51tGiZ1Fm3rCAB3+9n18ImVs=">AAACBXicbVC7TgJBFJ3FF+ILtLSZSEywIbsGo40J0cYSE3kkQMjd4YITZh+ZuYshG2q/wlYrO2Prd1j4L+4ihYKnOjnn3txzjxsqaci2P63Myura+kZ2M7e1vbO7ly/sN0wQaYF1EahAt1wwqKSPdZKksBVqBM9V2HRH16nfHKM2MvDvaBJi14OhLwdSACVSL1+47HhA95LiMWgzLYmTXr5ol+0Z+DJx5qTI5qj18l+dfiAiD30SCoxpO3ZI3Rg0SaFwmutEBkMQIxhiO6E+eGi68Sz6lB9HBijgIWouFZ+J+HsjBs+Yiecmk2lOs+il4n9eO6LBRTeWfhgR+iI9RFLh7JARWiadIO9LjUSQJkcufS5AAxFqyUGIRIySknJJH87i98ukcVp2KuWz20qxejVvJssO2RErMYedsyq7YTVWZ4I9sCf2zF6sR+vVerPef0Yz1nzngP2B9fEN+6KYag==</latexit>

= 8y 62 vars(c). �(y) = �(y)

<latexit sha1_base64="XS0Q6hTjbpwl10O8JfmBVmt4NNo="></latexit>



Vars #2

4343

Assume

We want to prove

Take

P (hc,�i ! �00) , 8y 62 vars(c). �00(y) = �(y)

<latexit sha1_base64="dIwbOBvfdw8Voq/pGn9Y8UPj5HY="></latexit>

P (hwhile b do c,�00i ! �0) , 8y 62 vars(while b do c). �0(y) = �00(y)

<latexit sha1_base64="yRWuZvdyBfTyNm3oX/f85KTHDOo="></latexit>

P (hwhile b do c,�i ! �0) , 8y 62 vars(while b do c). �0(y) = �(y)

<latexit sha1_base64="HnOH/H9zPeCqdJZY9nmp+q3cmMM="></latexit>

= vars(c)

<latexit sha1_base64="KYD51tGiZ1Fm3rCAB3+9n18ImVs=">AAACBXicbVC7TgJBFJ3FF+ILtLSZSEywIbsGo40J0cYSE3kkQMjd4YITZh+ZuYshG2q/wlYrO2Prd1j4L+4ihYKnOjnn3txzjxsqaci2P63Myura+kZ2M7e1vbO7ly/sN0wQaYF1EahAt1wwqKSPdZKksBVqBM9V2HRH16nfHKM2MvDvaBJi14OhLwdSACVSL1+47HhA95LiMWgzLYmTXr5ol+0Z+DJx5qTI5qj18l+dfiAiD30SCoxpO3ZI3Rg0SaFwmutEBkMQIxhiO6E+eGi68Sz6lB9HBijgIWouFZ+J+HsjBs+Yiecmk2lOs+il4n9eO6LBRTeWfhgR+iI9RFLh7JARWiadIO9LjUSQJkcufS5AAxFqyUGIRIySknJJH87i98ukcVp2KuWz20qxejVvJssO2RErMYedsyq7YTVWZ4I9sCf2zF6sR+vVerPef0Yz1nzngP2B9fEN+6KYag==</latexit>

= 8y 62 vars(c). �0(y) = �(y)

<latexit sha1_base64="+zd0Qo6nCgaDggiyOnQr9BxBZRQ="></latexit>

y 62 vars(c)

<latexit sha1_base64="cI/CaMmji/jy1A25I5ksvtOGdmU=">AAACDHicbVC7TsNAEDzzDOEVoEGiOREhhSayURCUETSUQSKAFFvR+rLAifPZultHiqzwCXwFLVR0iJZ/oOBfsIMLXlONZna1sxMmSlpy3Xdnanpmdm6+slBdXFpeWa2trZ/bODUCuyJWsbkMwaKSGrskSeFlYhCiUOFFeHtc+BdDNFbG+oxGCQYRXGt5JQVQLvVrmyNfx+RL7UdAN5KyIRg7bojdfq3uNt0J+F/ilaTOSnT6tQ9/EIs0Qk1CgbU9z00oyMCQFArHVT+1mIC4hWvs5VRDhDbIJh+M+U5qgWKeoOFS8YmI3zcyiKwdRWE+WeS0v71C/M/rpXR1GGRSJymhFsUhkgonh6wwMq8G+UAaJIIiOXKpuQADRGgkByFyMc27quZ9eL+//0vO95peq7l/2qq3j8pmKmyLbbMG89gBa7MT1mFdJtgde2CP7Mm5d56dF+f1a3TKKXc22A84b58WsZvM</latexit>

Since then by ind. hyp. �0(y) = �00(y)

<latexit sha1_base64="zTdD4ALG77A4bbirpSx3wsNsXDs=">AAACCnicbZC7SgNREIbPxluMt6hgY3MwiLEJuxLRRgjaWEYwF0hCmD2ZxEPOXjhnVggxb+BT2GplJ7a+hIXv4m7cQhOn+vj/GWbmd0MlDdn2p5VZWFxaXsmu5tbWNza38ts7dRNEWmBNBCrQTRcMKuljjSQpbIYawXMVNtzhVeI37lEbGfi3NAqx48HAl30pgGKpm99rGznw4Kg4Or5IMeFuvmCX7GnxeXBSKLC0qt38V7sXiMhDn4QCY1qOHVJnDJqkUDjJtSODIYghDLAVow8ems54ev+EH0YGKOAhai4Vn4r4e2IMnjEjz407PaA7M+sl4n9eK6L+eWcs/TAi9EWyiKTC6SIjtIyDQd6TGokguRy59LkADUSoJQchYjGKk8rFeTiz389D/aTklEunN+VC5TJNJsv22QErMoedsQq7ZlVWY4I9sCf2zF6sR+vVerPef1ozVjqzy/6U9fENvP2ZNA==</latexit>

Since then by ind. hyp. �00(y) = �(y)

<latexit sha1_base64="8VBk6/avqWbDdMTVV0Sv5YaZEdY=">AAACCXicbZC7SgNREIbPxluMt1WxsjkYJLEJuxLRRgjaWEYwF0hCmD2ZxEPOXjhnVghLnsCnsNXKTmx9Cgvfxc2l0OhUH/8/w8z8XqSkIcf5tDJLyyura9n13Mbm1vaOvbtXN2GsBdZEqELd9MCgkgHWSJLCZqQRfE9hwxteT/zGA2ojw+CORhF2fBgEsi8FUCp17YO2kQMfCoXi6ORyxil17bxTcqbF/4I7hzybV7Vrf7V7oYh9DEgoMKblOhF1EtAkhcJxrh0bjEAMYYCtFAPw0XSS6fljfhwboJBHqLlUfCriz4kEfGNGvpd2+kD3ZtGbiP95rZj6F51EBlFMGIjJIpIKp4uM0DLNBXlPaiSCyeXIZcAFaCBCLTkIkYpxGlQuzcNd/P4v1E9Lbrl0dlvOV67myWTZITtiReayc1ZhN6zKakywhD2xZ/ZiPVqv1pv1PmvNWPOZffarrI9vUmyZAw==</latexit>

Thus �0(y) = �(y)

<latexit sha1_base64="1T079X2Zb1fPWXinRRm9TfIZzog=">AAACCHicbZC7TgJREIbP4g3xhpfO5kRixIbsGow2JkQbS0zkkgAhs4cBTzh7yTmzJkh4AZ/CVis7Y+tbWPgu7i4Uik715f9nMjO/GyppyLY/rczC4tLySnY1t7a+sbmV396pmyDSAmsiUIFuumBQSR9rJElhM9QInquw4Q6vEr9xj9rIwL+lUYgdDwa+7EsBFEvd/F7byIEHR8XR8cUUY+rmC3bJTov/BWcGBTarajf/1e4FIvLQJ6HAmJZjh9QZgyYpFE5y7chgCGIIA2zF6IOHpjNOr5/ww8gABTxEzaXiqYg/J8bgGTPy3LjTA7oz814i/ue1Iuqfd8bSDyNCXySLSCpMFxmhZRwL8p7USATJ5cilzwVoIEItOQgRi1GcUy7Ow5n//i/UT0pOuXR6Uy5ULmfJZNk+O2BF5rAzVmHXrMpqTLAH9sSe2Yv1aL1ab9b7tDVjzWZ22a+yPr4B69GY0g==</latexit>

y 62 vars(c)

<latexit sha1_base64="cI/CaMmji/jy1A25I5ksvtOGdmU=">AAACDHicbVC7TsNAEDzzDOEVoEGiOREhhSayURCUETSUQSKAFFvR+rLAifPZultHiqzwCXwFLVR0iJZ/oOBfsIMLXlONZna1sxMmSlpy3Xdnanpmdm6+slBdXFpeWa2trZ/bODUCuyJWsbkMwaKSGrskSeFlYhCiUOFFeHtc+BdDNFbG+oxGCQYRXGt5JQVQLvVrmyNfx+RL7UdAN5KyIRg7bojdfq3uNt0J+F/ilaTOSnT6tQ9/EIs0Qk1CgbU9z00oyMCQFArHVT+1mIC4hWvs5VRDhDbIJh+M+U5qgWKeoOFS8YmI3zcyiKwdRWE+WeS0v71C/M/rpXR1GGRSJymhFsUhkgonh6wwMq8G+UAaJIIiOXKpuQADRGgkByFyMc27quZ9eL+//0vO95peq7l/2qq3j8pmKmyLbbMG89gBa7MT1mFdJtgde2CP7Mm5d56dF+f1a3TKKXc22A84b58WsZvM</latexit>

y 62 vars(c)

<latexit sha1_base64="cI/CaMmji/jy1A25I5ksvtOGdmU=">AAACDHicbVC7TsNAEDzzDOEVoEGiOREhhSayURCUETSUQSKAFFvR+rLAifPZultHiqzwCXwFLVR0iJZ/oOBfsIMLXlONZna1sxMmSlpy3Xdnanpmdm6+slBdXFpeWa2trZ/bODUCuyJWsbkMwaKSGrskSeFlYhCiUOFFeHtc+BdDNFbG+oxGCQYRXGt5JQVQLvVrmyNfx+RL7UdAN5KyIRg7bojdfq3uNt0J+F/ilaTOSnT6tQ9/EIs0Qk1CgbU9z00oyMCQFArHVT+1mIC4hWvs5VRDhDbIJh+M+U5qgWKeoOFS8YmI3zcyiKwdRWE+WeS0v71C/M/rpXR1GGRSJymhFsUhkgonh6wwMq8G+UAaJIIiOXKpuQADRGgkByFyMc27quZ9eL+//0vO95peq7l/2qq3j8pmKmyLbbMG89gBa7MT1mFdJtgde2CP7Mm5d56dF+f1a3TKKXc22A84b58WsZvM</latexit>

= vars(c)

<latexit sha1_base64="KYD51tGiZ1Fm3rCAB3+9n18ImVs=">AAACBXicbVC7TgJBFJ3FF+ILtLSZSEywIbsGo40J0cYSE3kkQMjd4YITZh+ZuYshG2q/wlYrO2Prd1j4L+4ihYKnOjnn3txzjxsqaci2P63Myura+kZ2M7e1vbO7ly/sN0wQaYF1EahAt1wwqKSPdZKksBVqBM9V2HRH16nfHKM2MvDvaBJi14OhLwdSACVSL1+47HhA95LiMWgzLYmTXr5ol+0Z+DJx5qTI5qj18l+dfiAiD30SCoxpO3ZI3Rg0SaFwmutEBkMQIxhiO6E+eGi68Sz6lB9HBijgIWouFZ+J+HsjBs+Yiecmk2lOs+il4n9eO6LBRTeWfhgR+iI9RFLh7JARWiadIO9LjUSQJkcufS5AAxFqyUGIRIySknJJH87i98ukcVp2KuWz20qxejVvJssO2RErMYedsyq7YTVWZ4I9sCf2zF6sR+vVerPef0Yz1nzngP2B9fEN+6KYag==</latexit>
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We want to prove

P(hif b then c0 else c1,si ! s 0)
def
= C Jif b then c0 else c1Ks = s 0

In fact, we have

C Jif b then c0 else c1Ks = B JbKs ! C Jc0Ks ,C Jc1Ks
= true ! s 0,C Jc1Ks
= s 0

ifff: The proof for the second rule of the conditional command is completely
analogous to the previous one and thus omitted.

whff: Let us consider the rule

hb,si ! false

hwhile b do c,si ! s

We assume hb,si ! false and therefore B JbKs = false.
We want to prove

P(hwhile b do c,si ! s)
def
= C Jwhile b do cKs = s

By the fixpoint property of the denotational semantics

C Jwhile b do cKs = B JbKs ! C Jwhile b do cK⇤ (C JcKs),s
= false ! C Jwhile b do cK⇤ (C JcKs),s
= s

whtt: At last we consider the second rule of the while command:

hb,si ! true hc,si ! s 00 ⌦
while b do c,s 00↵ ! s 0

hwhile b do c,si ! s 0

We assume

• hb,si ! true and therefore B JbKs = true
• P(hc,si ! s 00)

def
= C JcKs = s 00

• P(hwhile b do c,s 00i ! s 0)
def
= C Jwhile b do cKs 00 = s 0

We want to prove

P(hwhile b do c,si ! s 0)
def
= C Jwhile b do cKs = s 0

By the definition of the denotational semantics and the inductive hypotheses


