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Notation
<latexit sha1_base64="aMoSWAFTqSheIjrJk9AMFED0H6M="></latexit>

f : X ! (Y ! Z)

<latexit sha1_base64="kzoXVzW7ChF6egZcNyC2vTKca1A="></latexit>

8x 2 X. f(x) : Y ! Z

<latexit sha1_base64="AOqBMvY5SdoBP5ASFXnxtcihhl0="></latexit>

8x 2 X. 8y 2 Y. (f(x))(y) 2 Z
<latexit sha1_base64="1sqcaPzfHgEhDoC5Z4e6qDxiS8I="></latexit>

8x 2 X. 8y 2 Y. f x y 2 Z

<latexit sha1_base64="4OXspvf0pZTKrxQ2biUw284VxhQ="></latexit>

8x 2 X. f x : Y ! Z

<latexit sha1_base64="ZF1etrtD+wfOS8j/c3/xgzPJvAQ="></latexit>

f : X ! Y ! Z

<latexit sha1_base64="hX8L+cBP24u9q1hTeJVIRptAJGs="></latexit>

g : (X ! Y ) ! Z

<latexit sha1_base64="TG/onteGADAO+PFZvnduCa0YYzY="></latexit>

8h 2 (X ! Y ). g(h) 2 Z

<latexit sha1_base64="WHOyTLUeQO99XqNAybWo6smjZis="></latexit>g x

<latexit sha1_base64="87U0Z0xzK8KBcTTajvhtPmtF1fU="></latexit>

f h
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Notation
<latexit sha1_base64="vI4+BxI756iTj+pcSx0wu2zgK4Q="></latexit>

f : X1 ! X2 ! · · · ! Xn

<latexit sha1_base64="RYAVPLWfwl303q8Q48CuLUdLijs="></latexit>

f : X1 ! (X2 ! (· · · ! Xn))

<latexit sha1_base64="dTV/XxdHzNM1PTyepMvMsIl+lcw="></latexit>

f x1 x2 · · · xn

<latexit sha1_base64="BW5XGYlUoeutZaOGQvUrLXOxRxg="></latexit>

(((f x1) x2) · · · ) xn
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Notation
<latexit sha1_base64="KvM/4IwdlbQVWantnCflNLLz2ZE="></latexit>

f : X1 ⇥X2 ! Y
<latexit sha1_base64="nU3NINEgqtp0YIumRHIx9tEopOM="></latexit>

f : (X1 ⇥X2) ! Y

<latexit sha1_base64="n4sEb4KuoW1yy8RntmGVghXxbds="></latexit>

8x1 2 X1. 8x2 2 X2. f(x1, x2) 2 Y

<latexit sha1_base64="hftkkOTKXBK8zqGfA4rbQo3GqHU="></latexit>

f x1
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Notation

<latexit sha1_base64="LJlWBEjZhuHEBODBo9Q9pszDPlY="></latexit>

f : X ! Y
<latexit sha1_base64="ahkxo2o/eLUgj0NckROsYpFyX3Y="></latexit>

A ✓ X
<latexit sha1_base64="B65Xas0UsmIAMfpH/Ry2ModDrwY="></latexit>

f|A : A ! Y
<latexit sha1_base64="Q4sQ7cpLg6ztHiQSEd/dH2TOQDY="></latexit>

8a 2 A. f|A(a)
M
= f(a)
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Predecessors

<latexit sha1_base64="0gRJDz1QklAHEPdsefH7Ne8rPMw="></latexit>

A,� w.f.
<latexit sha1_base64="zv2CZg7AK4KwB55wG0vD67YeGjQ="></latexit>

a 2 A
<latexit sha1_base64="CKcWhmCCfspp2mRnLFhhlLRfGyA="></latexit>

bac M
= {x 2 A | x � a}



Well-founded recursion

7
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Recursive definitions
<latexit sha1_base64="jCwqqPx9GnJ7yEZbInwfH/DgJ1Q="></latexit>

AJ·K : Aexp ! M ! Z
<latexit sha1_base64="iIWkpEX3oaW9jXAOWTVEQ+af7Iw="></latexit>

AJaK� denotes the value associated to a in �

<latexit sha1_base64="MCQLooyDIE8qebTsnZKFkskc7j0="></latexit>

AJnK� M
= n

AJxK� M
= �(x)

AJa0 op a1K�
M
= AJa0K� opAJa1K�

The function is defined recursively: 
how do we know one and exactly one value is associated 
to each expression? (true)
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Recursive definitions

The function is defined recursively: 
how do we know one and exactly one value is associated 
to each expression? (false)

<latexit sha1_base64="hC9LrsawcwGnYljw70UuynTbYbY="></latexit>

N ::= 0 | s(N)
<latexit sha1_base64="ZkGspWE8RtIvSFsdOhPEffFaAkk="></latexit>

N J·K : Nexp ! N

<latexit sha1_base64="+4pidziDb3agDAN1Jhm5JIuraEs="></latexit>

N J0K M
= 0

N Js(N)K M
= 1 +N Js(s(N))K
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Well founded recursion
<latexit sha1_base64="0gRJDz1QklAHEPdsefH7Ne8rPMw="></latexit>

A,� w.f.

<latexit sha1_base64="KNFtfsdmNxKFKefcJV2l9TaGpT0="></latexit>

F
M
= {Fa : (bac ! B) ! B}a2A

<latexit sha1_base64="C+FioJ8I1BaorHZbhP9nJB+2bQk="></latexit>

8a 2 A. 8h 2 bac ! B. Fa(h) 2 B

<latexit sha1_base64="Q/97o42waKiAof4nIWnEt4RiB5s="></latexit>

TH. There exists a unique function f : A ! B such that

<latexit sha1_base64="0WWoWNRUvmWYVTWRY4dnJonGC7E="></latexit>

8a 2 A. f(a) = Fa(f|bac)
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Example
<latexit sha1_base64="lN+PZI1byKh7ypxZRDVnNwvdxYA="></latexit>N, <

<latexit sha1_base64="b+Bxt4WRYGRuoSgUJn1YK/mmUQs="></latexit>

F0 : (; ! N) ! N
<latexit sha1_base64="FHQyPdmVRZrr+SNWS6OVAyX1Kb4="></latexit>

F0 h
M
= 1

<latexit sha1_base64="24cZNBiGBmR7tNvuSWMAWGrBXSQ="></latexit>

Fn+1 : ({n} ! N) ! N
<latexit sha1_base64="wRD7bdrPSVl+IxoS6pYSzcjNGaI="></latexit>

Fn+1 h
M
= (n+ 1) · h(n)

<latexit sha1_base64="6ihdHRNIc4iswbZTbd0YzggZjw0="></latexit>

F
M
= {Fn : (bnc ! N) ! N}n2N

<latexit sha1_base64="TWi28+kvdhHxsoyRHbeseAidx/8="></latexit>

f(0) = F0f|; = 1
<latexit sha1_base64="pcerQtCF9hyl0wiMQ07ceyEHFKI="></latexit>

f(n+ 1) = Fn+1 f|{n} = (n+ 1) · f(n)
<latexit sha1_base64="Q/zNyyMSQb1thsWuw/ZfrGtVIcE="></latexit>

f(n) = n!
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Example
<latexit sha1_base64="lN+PZI1byKh7ypxZRDVnNwvdxYA="></latexit>N, <

<latexit sha1_base64="9/3TrwkuUejdkP7M27B2mATyqJ8="></latexit>

Fm M
= {Fm

n : (bnc ! N) ! N}n2N

<latexit sha1_base64="L0gP9T0TOOL2PQ8BM0kTm36bTn0="></latexit>

Fm
0 : (; ! N) ! N

<latexit sha1_base64="K0MZrZgxU7ZHdA5sxmA/KHRQ6DU="></latexit>

Fm
0 h

M
= 0

<latexit sha1_base64="l3K7EXUl9KvchYiwg8v+tE8GVmk="></latexit>

Fm
n+1 : ({n} ! N) ! N

<latexit sha1_base64="yusV/fNLP9qsz2BKsr7SYRKTbUg="></latexit>

Fm
n+1 h

M
= m+ h(n)

<latexit sha1_base64="tw86uimJHyADGCIMZBQwSyBYCiQ="></latexit>

m 2 N

<latexit sha1_base64="L0VIi8uMgiXBBIGJ1Kw4ZBr4Snc="></latexit>

fm(0) = 0
<latexit sha1_base64="mFu8klKlGYhFosD4QlAQKIgq7iY="></latexit>

fm(n+ 1) = m+ fm(n)
<latexit sha1_base64="eWx9cFSHZU1yGV8DF9Hfojs0FLI="></latexit>

fm(n) = m · n
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Ackermann function
<latexit sha1_base64="byakSzRQzX+COVPVoFO3GJfzgJA="></latexit>

ackm(0, 0)
M
= m

ackm(0, n+ 1)
M
= ackm(0, n) + 1

ackm(1, 0)
M
= 0

ackm(k + 1, n+ 1)
M
= ackm(k, ackm(k + 1, n))

ackm(k + 2, 0)
M
= 1

<latexit sha1_base64="tw86uimJHyADGCIMZBQwSyBYCiQ="></latexit>

m 2 N
<latexit sha1_base64="rgDGOamMO+yQbwj64TOX+RJ01JQ="></latexit>

ackm : N⇥ N ! N

<latexit sha1_base64="agy4nHJSn/No2fEU4LIvWoxwmaU="></latexit>

(k, n) � (k + 1, n0)
<latexit sha1_base64="yQKoDAh9T6NeDrrwubsoQeljhOE="></latexit>

(k, n) � (k, n+ 1)

<latexit sha1_base64="UFif7YES/8UBQQ2iA1Bn+AQBhgw="></latexit>N⇥ N,� lexicographic precedence relation

a computable function that is total but not primitive recursive
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Ackermann function
<latexit sha1_base64="agy4nHJSn/No2fEU4LIvWoxwmaU="></latexit>

(k, n) � (k + 1, n0)
<latexit sha1_base64="yQKoDAh9T6NeDrrwubsoQeljhOE="></latexit>

(k, n) � (k, n+ 1)

any element (k+1,n) has infinitely many predecessors

it can be the first element of infinitely many 
descending chains (of unbounded length, but finite)
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Ackermann function
<latexit sha1_base64="agy4nHJSn/No2fEU4LIvWoxwmaU="></latexit>

(k, n) � (k + 1, n0)
<latexit sha1_base64="yQKoDAh9T6NeDrrwubsoQeljhOE="></latexit>

(k, n) � (k, n+ 1)
<latexit sha1_base64="D1sFsatNAfkXC2yDpug+qhnME7M="></latexit>

�+ is w.f.

<latexit sha1_base64="QYSq/cP8nU5eAFWr656VpeBPLOQ="></latexit>

Take a non-empty set Q ✓ N⇥ N
<latexit sha1_base64="CS4lWuPkPLp4bj7ruo2kVBb7PbY="></latexit>

can we find m minimal in Q?

<latexit sha1_base64="R47NoII48RF2NUjk8FlmdQVZWU4="></latexit>

bn M
= min {n | (bk, n) 2 Q} (non-empty by def of bk)

<latexit sha1_base64="kb6cN2WQEyu9Qf8lyqGf+VRAhyg="></latexit>

bk M
= min {k | (k, n) 2 Q} (non-empty because Q 6= ?)

<latexit sha1_base64="jqeKxxbO3JWzHsswGzRC/0L4GKk="></latexit>

clearly (bk, bn) 2 Q is minimal
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Ackermann function
<latexit sha1_base64="byakSzRQzX+COVPVoFO3GJfzgJA="></latexit>

ackm(0, 0)
M
= m

ackm(0, n+ 1)
M
= ackm(0, n) + 1

ackm(1, 0)
M
= 0

ackm(k + 1, n+ 1)
M
= ackm(k, ackm(k + 1, n))

ackm(k + 2, 0)
M
= 1

<latexit sha1_base64="WdNqlo/I3DBG0miTVXQqYt9gsfc="></latexit>

ackm(0, n)
M
= m+ n

<latexit sha1_base64="96FG0YTaFPs51S5LXH0J3w5rmkE="></latexit>

n increments of base case m
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Ackermann function

<latexit sha1_base64="WdNqlo/I3DBG0miTVXQqYt9gsfc="></latexit>

ackm(0, n)
M
= m+ n

<latexit sha1_base64="byakSzRQzX+COVPVoFO3GJfzgJA="></latexit>

ackm(0, 0)
M
= m

ackm(0, n+ 1)
M
= ackm(0, n) + 1

ackm(1, 0)
M
= 0

ackm(k + 1, n+ 1)
M
= ackm(k, ackm(k + 1, n))

ackm(k + 2, 0)
M
= 1

<latexit sha1_base64="Masua+C4tcRxXoZRRLhV1CG3BIw="></latexit>

ackm(1, n+ 1)
M
= ackm(0, ackm(1, n))

<latexit sha1_base64="lgAzLPkyAfOf6X1VvgNR7Y+7mpo="></latexit>

ackm(1, n+ 1)
M
= m+ ackm(1, n)

<latexit sha1_base64="Ye2Tz6btDGHcEv4IT5DG168tw94="></latexit>

add m for n times to the base case 0
<latexit sha1_base64="T2ICl8CtYrsRmrpjJvHnpybY7hg="></latexit>

ackm(1, n)
M
= m · n
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Ackermann function
<latexit sha1_base64="byakSzRQzX+COVPVoFO3GJfzgJA="></latexit>

ackm(0, 0)
M
= m

ackm(0, n+ 1)
M
= ackm(0, n) + 1

ackm(1, 0)
M
= 0

ackm(k + 1, n+ 1)
M
= ackm(k, ackm(k + 1, n))

ackm(k + 2, 0)
M
= 1

<latexit sha1_base64="potTJ2YnGjwa4418/3tHRAg4JVo="></latexit>

ackm(2, 0)
M
= 1

ackm(2, n+ 1)
M
= ackm(1, ackm(2, n))

<latexit sha1_base64="T2ICl8CtYrsRmrpjJvHnpybY7hg="></latexit>

ackm(1, n)
M
= m · n

<latexit sha1_base64="OqXMj7zpL+At2e+hocqiuagLAGw="></latexit>

ackm(2, n+ 1)
M
= m · ackm(2, n)

<latexit sha1_base64="5Hma0NF9B+pAAMOIIozleXNDSik="></latexit>

multiplies by m for n times the base case 1
<latexit sha1_base64="UE3fhyhjNt+SJ8ttEqwhEOwuBNQ="></latexit>

ackm(2, n)
M
= mn
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Ackermann function
<latexit sha1_base64="byakSzRQzX+COVPVoFO3GJfzgJA="></latexit>

ackm(0, 0)
M
= m

ackm(0, n+ 1)
M
= ackm(0, n) + 1

ackm(1, 0)
M
= 0

ackm(k + 1, n+ 1)
M
= ackm(k, ackm(k + 1, n))

ackm(k + 2, 0)
M
= 1

<latexit sha1_base64="U93yD/OgPwdh8I4/qgNczAeSjYY="></latexit>

ackm(3, 0)
M
= 1

ackm(3, n+ 1)
M
= ackm(2, ackm(3, n))

<latexit sha1_base64="UE3fhyhjNt+SJ8ttEqwhEOwuBNQ="></latexit>

ackm(2, n)
M
= mn

<latexit sha1_base64="WZGoIvOT+4xAdFPumGincc6ldJY="></latexit>

ackm(3, n+ 1)
M
= mackm(3,n)

<latexit sha1_base64="VCSxbM3cILQlpsVvrSN2xR7rQ4U="></latexit>

n times exponentiation
<latexit sha1_base64="/3NotvDqV32HurAdfqcHIevx2eI="></latexit>

ackm(3, n)
M
= mmm···m
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Ackermann function

<latexit sha1_base64="lubj8V63OleVib+o/eb0xYxtj+8="></latexit>

ack3(0, 3)
M
= 3 + 3 = 6

ack3(1, 3)
M
= 3 · 3 = 9

ack3(2, 3)
M
= 33 = 27

ack3(3, 3)
M
= 33

3

= 327 ' 7.6 · 1012

it grows faster than any primitive recursive function
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Arithmetic expressions

<latexit sha1_base64="MCQLooyDIE8qebTsnZKFkskc7j0="></latexit>

AJnK� M
= n

AJxK� M
= �(x)

AJa0 op a1K�
M
= AJa0K� opAJa1K�

<latexit sha1_base64="lcMX1szABWCg9U1yagoBeqZccrM="></latexit>

Aexp,� <latexit sha1_base64="8P1XEXhl0qHsvxPm7AjukCLrGN0="></latexit>

ai � a0 op a1

<latexit sha1_base64="jCwqqPx9GnJ7yEZbInwfH/DgJ1Q="></latexit>

AJ·K : Aexp ! M ! Z
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Boolean expressions
<latexit sha1_base64="+DsBMHZDoudxO4jGgApMO0wz5vQ="></latexit>

Bexp,� <latexit sha1_base64="TKjkMdJZ4NtfDDshrt9o2/jb024="></latexit>

bi � b0 bop b1
<latexit sha1_base64="ukfEvtozSSlR4UON5CD0+B+4ehw="></latexit>

b � ¬b

<latexit sha1_base64="+TIQlCzW++tFilQLUbJSkMIraBw="></latexit>

BJvK� M
= v

BJa0 cmp a1K�
M
= AJa0K� cmpAJa1K�

BJ¬bK� M
= ¬BJbK�

BJb0 bop b1K�
M
= BJb0K� bop BJb1K�

<latexit sha1_base64="eGGanln3YtVFseBhdnVBC2i0kPE="></latexit>

BJ·K : Bexp ! M ! Z
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Recursive definitions
for divergence

<latexit sha1_base64="gigcBOA4e4130TW0gWX6zVIBEso="></latexit>

CJ·K : Com ! M ! M [ {?}

<latexit sha1_base64="fI7YMgO6hAYZoWKU/lYFVwv4+bk="></latexit>�
<latexit sha1_base64="grsBCl/3FXeeFUkRU1/eBVQ0pGY="></latexit>

�[AJaK�/x]
<latexit sha1_base64="MeKJpanCsiYB+lL2qmjF4W4Bi8M="></latexit>

CJc1K(CJc0K�) almost…

<latexit sha1_base64="Zh9WdJqiE2Yuv7s1by6O5RTp5UY=">AAAD8HicrVJNb9QwEPUmfJSUjxaOXCxWVJxWCSBArSpV9MKxSGxbab1aTZzJrrW2E2ynZRXlf3BDSJz4R/wbnHQpbEtVCTGn8RvPe+PnSUsprIvjH70gvHHz1u21O9H63Xv3H2xsPjy0RWU4DnkhC3OcgkUpNA6dcBKPS4OgUolH6Xy/rR+doLGi0B/cosSxgqkWueDgPDTZ7H1jKU6FrsEYWDS14bKJmAI34yDr/YZJmRrgc3 S0Q9O8tnNRNsyYc9yKqQIabbEMc/xIt2jE2BUcn7Z34R9b+STe4ZPk+u6rCH7NL/KG0ZSdn90MtUc8/28MpcUO+w96pzMhcVUyK1pyeg036mz5LZONfjyIu6CXk2SZ9MkyDvy/vmBZwSuF2nEJ1o6SuHRjT+cE99NErLJYemmY4sinGhTacd3tU0OfVhZcQUs0VEjagfhnRw3K2oVK/c32QfZirQX/VhtVLn8zroUuK4eat0LOe9MJWW6EX1SkmTDoHLSTIxWacjDgHBpBgXMPVn5zVwStU2AWJvOP0njKC6XAG3fmY1N3lhuUNUsrITOfUXbibTAC9NRrs8Kr0nq3aZrI25xcNPVycvh8kLwaxO9f9vfeLg1fI4/JE/KMJOQ12SPvyAEZEh6sB0mwHeyEJvwcfgm/nl0NesueR2Qlwu8/AeN5SSs=</latexit>

CJskipK� M
=

CJx := aK� M
=

CJc0; c1K�
M
=

CJif b then c0 else c1K�
M
=

CJwhile b do cK� M
=

<latexit sha1_base64="UxfuYkv/tadd/wFF0/Z3dYK26zE="></latexit>⇢
CJc0K� if BJbK�
CJc1K� otherwise

<latexit sha1_base64="Z9PKtNtvXyw6YC6+gty4DoCD5tk="></latexit>⇢
� if ¬BJbK�
CJwhile b do cK(CJcK�) otherwise

almost…
not well-founded recursion!

how do we know one solution exists? how do we know it is unique?

<latexit sha1_base64="gigcBOA4e4130TW0gWX6zVIBEso="></latexit>

CJ·K : Com ! M ! M [ {?}


