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1 Exercise and input parameters

Consider a feedforward neural network with two input features, two sigmoid hidden neurons, and
one sigmoid output neuron. Perform one forward pass and one backpropagation update for the
given training example.

Input values: Z; = z1 = 0.9 and Zy = z9 = 0.6.

Constant bias inputs: Z3 = 1 for hidden neurons 4 and 5, and Zg = 1 for output neuron 7.

e Hidden neurons: 4 and 5. Output neuron: 7.

Target: T7 = 0.

e Learning rate: A = 1.

All nine connection weights are initially 0.5:

W14 = W24 = W34 = W15 = W5 = W35 = W4y = ws7 = w7y = 0.5.

The constant nodes 3 and 6 do not apply a sigmoid and do not have error signals to compute. Their
outgoing weights are trainable bias parameters. In this example bias contributions are added to the
weighted sums.
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2 Theoretical formulas

For a connection 7 — j, w;; denotes the weight from source neuron ¢ to destination neuron j. Let
P; be the set of inputs to neuron j, and let ®; be its downstream neurons.

Forward pass and activation derivative

1

netj = Z wij Zs, Zj = f(net;) = 11 o net;’

iE'Pj

f'(netj) = Z;(1 - Z;).
The formulas below correspond to the squared-error loss for one training example:
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Output-neuron error signal

0 = (Tj — Zj) f'(netj) = (Ty — Z;) Z;(1 — Z;).

Hidden-neuron error signal

5j = f’(netj) Z 5kwjk = Zj(l — ZJ) Z 5kwjk.

ked; ked;

Weight variation and new weight

— 7. new __ , old o
Aw;j = No6;7Z;, wp™ = wy® + Awgj.

The factor is Z;, the source output, not Z;. For a bias connection, Z; = 1, so Aw;; = Ad;. With
this definition of d;, the plus sign in the update implements gradient descent.

Order of computation: first compute all activations, then the output error signal, then both
hidden error signals, and finally update all weights. All error signals use the original weights from
the forward pass.

3 Step 1: Forward pass

Input and bias nodes 1, 2, 3, and 6

These outputs are supplied directly:

Z1 =09, Zy=06, Zy=1, Zg=1.
Hidden neuron 4

nety = wiaZ1 + woa Lo + w3423
= (0.5)(0.9) + (0.5)(0.6) + (0.5)(1) = 1.25,
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Hidden neuron 5

Output neuron 7

f(nety) = Z4(1 — Zy) =~ (0.77)(1 — 0.77) = 0.17.

nets = w1521 + was L2 + w35 L3

= (0.5)(0.9) + (0.5)(0.6) + (0.5)(1) = 1.25,
B 1 B 1
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f'(nets) = Zs(1 — Zs) =~ (0.77)(1 — 0.77) ~ 0.17.

Zs

~ 0.77,

nety = wyrZy + wyr 45 + wer L
~ (0.5)(0.77) + (0.5)(0.77) + (0.5)(1)
~ 1.27,
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F(netr) = Z+(1 — Z7) ~ (0.78)(1 — 0.78) ~ 0.17.

Zy ~ 0.78,

The output exceeds the target 17 = 0, so training should reduce it.

4 Step 2: Backpropagate the error signals

Output neuron 7

Hidden neuron 4

o7 = (T7 — Z7)f’(net7) = (T7 — Z7)Z7(1 — Z7)
~ (0 —0.78)(0.78)(1 — 0.78)

Neuron 4 feeds only output neuron 7: &4 = {7}.

Hidden neuron 5

(54 = Z4(1 — Z4) Z 5kw4k
kedy

= Z4(1 — Z4)(57w47
~ (0.77)(1 — 0.77)(—0.13)(0.5)

~[=o01)

Neuron 5 feeds only output neuron 7: ®5 = {7}.

(55 = Z5(1 — Z5) Z 5kw5k
keds



= Z5(1 — Z5)57w57
~ (0.77)(1 — 0.77)(—0.13)(0.5)

~[=o01)

The two hidden signals are equal because the neurons have identical initial incoming and outgoing
weights.

5 Step 3: Update every connection weight

Each calculation uses Aw;; = \d;Z; and w?jew = w?}d + Aw;.

Weights entering hidden neuron 4

Connection 1 — 4.

Awiy = M4 Z1 =~ (1)(—0.01)(0.9) = —0.01,
WiV = wd + Awyy ~ 0.5 - 0.01 =[0.49].

Connection 2 — 4.

Away = A647Z5 ~ (1)(—0.01)(0.6) = —0.006,

wiSY = wid + Away ~ 0.5 — 0.006 =[0.494 |

Bias connection 3 — 4.

Awgy = A4 Z3 =~ (1)(—0.01)(1) = —0.01,
whsY = wdd + Awsy ~ 0.5 — 0.01 =[0.49].

Weights entering hidden neuron 5

Connection 1 — 5.

Awis = M5Z; ~ (1)(=0.01)(0.9) = —0.01,

Connection 2 — 5.

Aw25 = )\(5522 ~ (1)(—0.01)(0.6) = —0.006,

wie" = w3 + Awsgs &~ 0.5 — 0.006 =[0.494

Bias connection 3 — 5.

Awss = M55 73 ~ (1)(—0.01)(1) = —0.01,
WY = w3 + Awss ~ 0.5 — 0.01 =[0.49].



Weights entering output neuron 7

Connection 4 — 7.

Awgr = N0724 = (1)(—0.13)(0.77) = —0.1,
wis™ = whd + Awgr ~ 0.5 — 0.1 =[0.4]

Connection 5 — 7.

Awsy = N7 Z5 ~ (1)(—0.13)(0.77) = —0.1
wgy = w§17d + Aws7r = 0.5—-0.1 = ,

Bias connection 6 — 7.

Awgr = M7 Zs ~ (1)(—0.13)(1) = —0.13,
Wi = wg + Awgr ~ 0.5 — 0.13 =[0.37].

This completes one training update for the supplied example. The activations above belong to the
initial forward pass; a subsequent pass would use the new weights.
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