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Gradient Boosting for Regression



Gradient Boost Main Idea
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1.5 Green Male 77

1.4 Blue Female 57



Gradient Boost Main Idea

Height Favorite Weight
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1.6 Blue Male 88
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1.8 Red Male 73
1.5 Green Male it

1.4 Blue Female 57
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Gradient Boost Main Idea

Height Favorite

(m) Eolor Gender

1.6 Blue Male 88
1.6 Green Female 76
1) Blue Female 56

1.8 Red Male 73
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1.4 Blue Female 57



Gradient Boost Main Idea

Height Favorite Weight
i) | Color | 2™ )

1.6 Blue Male 88
1.6 Green  Female 76
1.5 Blue Female 56
1.8 Red Male 73

ik Green Male 77

14 Blue Female 57



Gradient Boost Example

verage

The first thing we do is
calculate the average
Weight.

(kg)
88
76
56

73

7

57



Example

Average Weight

N

This is the first attempt at
(ko) predicting everyone’s weight.
88
76
56

73

7

57




Example

Average Weight

@
> P e

The next thing we do is build
a tree based on the errors
from the first tree.



Example

Average Weight

‘\ The errors that the previous tree

made



Example

Average Weight
The errors that the previous tree
made are the differences between
(ko) the Observed Weights

88
76
56
73

(Observed Weight -
77

57



Example

Average Weight

The errors that the previous tree
made are the differences between
the Observed Weights and the
Predicted Weight, 71.2.

(kg)
88
76
56
73
(Observed Weight - Predicted Weight)
77

57




Example

Average Weight

Weight

(ko) Hesidual ...and save the difference,

16.8 which is called a Pseudo
Residual, in a new
column.

(88 - 71.2)=16.8



Example

Average Weight NOTE: The term Pseudo Residual is based s
on Linear Regression, where the difference
between the Observed values and the
Predicted values results in Residuals.

Weight

Residual

(kg)
16.8

Residuals




Example — g

Now we will build a Tree ” *

HElgHE | Favorie | o e Residual
(m) Color

1.6 Blue Male 16.8
1.6 Green  Female 4.8
1.5 Blue  Female -16.2
1.8 Red Male 1.8
1.5 Green Male 5.8

14 Blue Female -14.2



Example

N

Remember, in this example we
are only allowing up to four
leaves...

...but when using a larger dataset,
it is common to allow anywhere
from 8 to 32.



Example oot

. Height<1.6

HIOIQUE | VTR | 7 o idior Residual
(m) Color

So we replace these
residuals with their
average.

(-14.2 + -15.2)

=-14.7



Example ey

Color not Blue

Heignt' | Favorita | & ier Residual
(m) Color

So we replace these
residuals with their
average.

(1.8 +5.8)
2




Example

Average Weight

+ S
W

147 Jasf| a8 Q168

Now we can now combine
the original leaf...



Example

Average Weight

+ S
W Color not Blue

...with the new tree...



Example

Average Weight

+ S
W Color not Blue

147 Jasfl o8 Ji6s

...to make a new
Height Favorite . .~ Weight Prediction of an
(m) Color poliod (kg) T ’ .
individual’'s Weight from

the Training Data.

1.6 Blue Male 88



Example Weight Gender=F

Color not Blue

...50 the Predicted Weight = 71.2 + 16.8 = 88



Example

Predicted Weight = 71.2 + 16.8|= 88

Height Favorite
(m) Color

Weight
(kg)

Gender

Is this awesome???
1.6 Blue Male



Example

Predicted Weight = 71.2 + 16.8 = 88

Height Favorite . .~ Weight No. The model fits the

ender
c I k - -

(m) __ Color ko) Training Data too well.

1.6 Blue Male 88



Example

Predicted Weight = 71.2 + 16.8 = 88

Height Favorite Gander Weight In othe.r WOI’dS, we have
(m)  Color (kg) low Bias, but probably
16  Bue  Male 88 very high Variance.



Example

erage Weight

== Learning Rate X

Color not Blue

Gradient Boost deals with this
problem by using a Learning Rate
to scale the contribution from the
new tree.



Example

erage Weight

== Learning Rate X

F

Color not Blue

Gradient Boost deals with this
problem by using a Learning Rate
to scale the contribution from the
new tree.

The Learning Rate is a value
between 0 and 1.



Example

Predicted Weight = 71.2 + (0.1 x 16.8){= 72.9

With the Learning Rate set
to 0.1, the new Prediction
isn’t as good as as it was
before...




Example

Average Weight 2

4+ 01 X

Predicted Weight = 71.2 + (0.1 x 16.8)|= 72.9

...but it’s a little bit better
than the Prediction made

with just the original leaf,

which predicted that all
samples would weigh 71.2.



Example

W Color not Blue

B € I )

In other words, scaling the tree
by the Learning Rate results in
a small step in the right
direction.

0.1 X




Example

g

0.1 X

W Color not Blue

EIR O &8

So let’s build another tree so we can take
another small step in the right direction.



Example

Just like before, we calculate the
Pseudo Residuals, the difference
Weight o .. between the Observed Weights and our
(ko) latest Predictions.
88

76 4« Residual = (Observed - Predicted)
56
73
77

57




Example Average Weight GontrsF_

4+ o1 X

Color not Blue -

Height Favorite Qender

(m) Color

1.6 Blue Male -

v@: (88 - (71.2 + 0.1 x 16.8))
~15.1

...and we save that in the
column for Pseudo Residuals.



Example

Average Weight Gl

i

4+ o1 X

- Height<1.6

Height Favorite Qorclar Weight

(m) Color (kg) Residual

Residual = (Observed - Predicted)

14 Blue Female 57 -12.7



Examplgmie et )
o)

16.8 15.1

W Color not Blue

EIN EB 0O

The new Residuals are all
4.8 4.3 smaller than before, so
. e we’ve taken a small step in
the right direction.
1.8 1.4
5.8 54

-14.2 -12.7



Exam pl@v let’s build a new

tree to predict the
new Residuals.

Height Favorite

(m) Color

1.6 Blue Male 161
1.6 Green  Female 4.3
1.5 Blue  Female -13.7
1.8 Red Male 1.4
1.5 Green Male 5.4
1.4 Blue Female -12.7




Example

Average Weight

Just like before, we start
with the initial Prediction...

Height Favorite
(m) Color

1.6

Gender

Blue Male




Example

- Gender=F

Average Weight

-+ X

Color not Blue -

...and the scaled amount
from the second Tree.

Gender=F

Height Favorite

im | Golpr | Coder

Color not Blue

1.6 Blue Male




Example

That gives us...

71.2 + (0.1 x16.8) + (0.1 x 15.1)

=74.4




Example

13.6

16.8 151

4.8 4.3 3.9

-15.2 -13.7 -12.4

5 Iy » Each time we add a tree to
the Prediction, the

5.8 5.4 5.1 Residuals get smaller.

-14.2 457 11.4



GB Algorithm

Input: Data {(x;,y,)}_,, and a differentiable Loss Function L(y,, F(x))

i=1"

Step 1: Initialize model with a constant value: Fy(x) = argmin Z L(y;7)
7=l

Step 2: form =1to M:

oL(y;, F(x;))

101 1 = |t
0F(x;)

(A) Compute r;,, = - [ ]
F(x)=F,,_,(x)

(B) Fit a regression tree to the rim values and create terminal
regions Rjm, forj=1...dm

(C) Forj=1...dm compute y;, = argmin Z s B 1(8) +9)

j /

(D) Update F,(x) =F,_ () +v Y. y,l(x €R,,)

J=1

Step 3: Output F,(x)



GB Algorithm

Input: Data {(x;,y;)}:_, | and a differentiable Loss Function L(y, F(x))

The Loss Function that is most
commonly used when doing
Regression with Gradient Boost is...

% (Observed - Predicted)?

(kg)
88

76

56




GB Algorithm

The reason why people choose this Loss
Function for Gradient Boost is that when we
differentiate it with respect to “Predicted”...

/

d
d Predicted

% (Observed - Predicted)?



GB Algorithm

...then the 2/2 cancels out...

K

% (Observed - Predicted,) x -1

1l




GB Algorithm

...and that leaves you with the
Observed minus the Predicted
multiplied by -1.

=-(Observed - Predicted)




GB Algorithm

In other words, we are left with the
negative Residual, and this makes the
math easier since Gradient Boost uses

the derivative a lot.

=-(Observed - Predicted)




GB Algorithm

Input: Data {(x;,y;)}_,, and a differentiable Loss Function|L(y, F(x))

i=1"

The yi’s are the Observed values...

%kObserved - Predicted)?

Weight
(kg)
88

76

56




GB Algorithm

Input: Data {(x;,,)}'_,, and a differentiable Loss Function L(y}, F(x)

i=1"

...and F(x) is a function that gives us
the Predicted values.

v

% (Observed Predicted*2




GB Algorithm

Step 1:

Initialize model with a constant value:

We start by initializing
the model with a
constant value...

Fy(x) = argmin Z L(y;,7)

=l



GB Algorithm
PN 187

%(88 - Predicted)? +
1 _ The summation means
> (76 - Predicted)? + that we add up one Loss
’ . Function for each
- (66 - Predicted)’ Observed value...

(kg)

56




GB Algorithm

1

argmin P L(y; )
' il

(88 - Predicted)? +

%(76 - Predicted) +

o=

...and the “argmin over gamma”
means we need to find a
Predicted value that minimizes

this sum.

% (56 - Predicted)?




GB Algorithm

argmin Z L(y,7)

I =l

= (56 - Predicted)

In other words, if we plot the
Weight Observed We'ights ona
number line...




GB Algorithm

n
argmin Z L(y;,7)

’ i=1

X ...then we want to find the

Weight L,._ ¢ point on the line that

minimizes the sum of the
squared residuals...




GB Algorithm

NOTE: We could use
Gradient Descent to
find the optimal value

for Predicted...
A
A 1/2 x Sum
Weight #==  of Squared
: Residuals
v

55 70 85



GB Algorithm

Weight
(kg)
88

76

56

Predicted =88 + 76 + 56

3
...and we end up with

the Average of the
Observed Weights.




GB Algorithm

Fy(x) = argmin Y. L(y,,7)

F
We have now createc\k

the initial predicted Fo(x) = 88 + 76 + 56
value, Fo(x)... 3




GB Algorithm

F(x) = argmin Z L(y;7)
Y =l

...and it equals 73.3. Fo(x) = 88 + 76 + 56
3

=73.3




GB Algorithm

Fy(x) = argmin )’ L(y; 7)
4 i=1

Fo(x) = 88 + 76 + 56
3

That means that the
initial predicted value,
Fo(x), is just a leaf, =73.3

|



GB Algorithm

Now we can work on Step 2...

Step 2: form =1 to M:

oL(y;, F(x;
(A) Compute r;,, = - [ U215 fori=1,..n
aF(XI) F (X)=F m—l(x)

(B) Fit a regression tree to the rim values and create terminal
regions Rjm, forj=1...dm

(C) Forj = 1...Jm compute 7, = argmin ¥, L(y; F,_1() +7)

X€ER.
J Y

m

(D) Update F, () = F, ,(x)+v ) 1,l(x € R,,)

\im
J=1




GB Algorithm

Step 2: form =1 to M:

oL(y;, F(x;))
A [ -
f 0 ] o=,
This part is just the d 1 _ _ :
derivative of the J Predicted (Observed - Predicted)

Loss Function...



GB Algorithm

Step 2: form =1 to M.

(A)

This part is just the
derivative of the
Loss Function...

...with respect to the
Predicted value...

IOL(Y,-, F(x,))
o0F(x;)

F(x)=F,,_,(x)

d

1

d Predicted 2

(Observed - Predicted)?



GB Algorithm

Step 2: form =1 to M:

(A) [ OL(y,, i (xi) )

dF‘('X"l) ] F(X)sz—l(x)

d__ 1
d Predicted 2

...and we’ve already 4 - -(Observed - Predicted)

calculated this.

(Observed - Predicted)?




GB Algorithm

Step 2: form =1 to M.

(A1 Compute r;,

Height Favorite Gender Weight ris
(m)  Color (kg) d We've finished Part A of
16  Bue Male 88 147 Step 2 by calculating a Residual for

h .
1.6 Green  Female 76 2.7 (_/ BHO Sample

1.5 Blue Female 56 -17.3



GB Algorithm

Step 2: form =1 to M.

(A) [ oL(y;, F(x;))

oF (x,-)

T

NOTE: Before we move on, | just want
to point out that this derivative is the
Gradient that Gradient Boost is named
after.




GB Algorithm

Step 2: form =1 to M:

oL(y;, F(x))

0F(x;)

F(.\')=F,,,_ 1(%)

(A} Compute r;,, = — [ for i = 1,...

| also want to point that the rim values
are technically called Pseudo
Residuals.




GB Algorithm

(B) Fit a regression tree to the rim values and create terminal

regions Rjm, forj=1...dm

All this is saying is that we will build a regression tree...



GB Algorithm

Now let’s do Part C.

(C) Forj=1...dm compute 7;, = argmin E L(y, F,_,(x) +7)

7 XER;




GB Algorithm

o

R1,1 Rz,1 In this part, we the

'\\/ determine the Output
Values for each leaf.

(C) Forj = 1...Jn compute 7, = argmin Y. L(y, F,,_,(x) +7)

I xeERy



GB Algorithm

Step 1: Initialize model with a constant value:| F(x) = argmin Z L(y;, )
! =l

NOTE: This minimization is
like what we did in Step 1.

}/j’" = argmin 2 L(yi’ Fm—](xi) g3 }/)

YER;;




GB Algorithm

Given our choice of Loss Function,
the Output Values are always the
average of the Residuals that end

up in the same leaf.

%(Observed - Predicted)?



GB Algorithm

Now let’s do Part D!!!

‘]IN
(D) Update F,() = F,_,(x)+v ) 7,/(x € R,,)

J=1




GB Algorithm

Fo(x)

Fi(x) = J+ 0.1 x

: R2,1

In this example, we’ll set nu to 0.1.

Jl"
(D) Update F,(x) = F, () +v Y. y,l(x €R,)
==

j:



GB Algorithm

Height Favorite Gandor

(m) Color

1.6 Blue Male 88
1.6 Green  Female 76

1.5 Blue Female 56

Now we will use Fi(x) to
make new Predictions for
each sample.

J

(D) Update F,,(x) = F,_(x) +v ) 7,l(x € R,,)
j=1



Gradient Boosting for Classification



Example

Likes
Popcorn

Yes

Yes

No

Yes

No

No

12

87

19

32

14

Favorite
Color

Blue

Green

Blue

Red

Green

Blue

Loves
Troll 2

Yes

Yes

No

No

Yes

Yes

...and walk through, step-by-step, the most
common way that Gradient Boost fits a
model to this Training Data.




Example

N

When we use Gradient
Boost for Classification, the
Loves initial Prediction for every
UCLES  individual is the log(odds).

Yes
Yes
No
No
Yes

Yes




Example

<«— S0 this is the Initial Prediction.



EXa.m ple Just like with Logistic Regression,

0.693«—— the easiest way to use the log(odds)
for Classification is to convert it to a
Probability...



Example

Just like with Logistic Regression,
0.69 3¢ the easiest way to use the log(odds)
for Classification is to convert it to a
Probability...

...and we do that with a
Logistic Function.



Example

0.693

So we plug the log(odds) into the
Logistic Function...

Probability
of Loving =
Troll 2

glog(odds)

1 + elog(odds)



Example

0.693

...and we get 0.7 as the
Probability of Loving Troll 2.

Probability P

of Loving = =10.710.666
Troll2g 1 piomdum




Example

NOTE this are rounded values
0.693

...and we get 0.7 as the
Probability of Loving Troll 2.

Probability P

of Loving = =10.710.666
TroII29 1 piomdum




Example
SN
‘/Since the Probability of Loving Troll 2 is greater

Probability of _07 |0.666 than 0.5, we can Classify everyone in the
Loving Troll2 Training Dataset as someone who Loves Troll 2.




Example

0.693
Probability of
LcZSinZ |1-Irg|:)2= 0.7 6666 \We can measure how bad the initial
Prediction is by calculating Pseudo
Residuals, the difference between
'T-;’;f; the Observed and the Predicted

values.
Yes

Yes
Residual = (Observed - Predicted)
No
No

Yes

Yes




Then we calculate the

Example

rest of the Residuals...

Residual = (Observed - Predicted)

Likes Favorite Loves

Popcorn g€ Color  Troll 2 nesibudl

14+ ¢

Probability of
Loving Troll 2

' Troll2 !

Doesn’t Loves
Love

No 14 Blue Yes 0.3




Exa

Likes
Popcorn

Yes

Yes

No

Yes

No

No

12

87

44

19

32

14

Favorite
Color

Blue

Green

Blue

Red

Green

Blue

Loves
Troll 2

—

'\RV we will build a Tree

Residual

0.3

0.3




Example

Likes
Popcorn

Yes

Yes

No

Yes

No

No

12

87

44

19

32

14

Favorite Loves

Color

Blue

Green

Blue

Red

Green

Blue

Troll 2

Residual

0.3

0.3

Color = Red

03,07 ] 03,0303

And here’s the tree!



Example

Likes
Popcorn

Yes

Yes

No

Yes

No

No

12

87

44

19

32

14

Favorite
Color

Blue

Green

Blue

Red

Green

Blue

Residual

0.3

0.3

Color = Red

-0.7

0307 J03.03,08

In this simple example, we are
limiting the number of leaves to 3.

In practice people often set the
maximum number of leaves to be
between 8 and 32



Example

When we used Gradient Boost for
Regression, a leaf with single
Residual had an Output Value equal
to that Residual.



Example

In contrast, when we use Gradient Boost
for Classification, the situation is a little
more complex.



Example

\

This is because the
Predictions are in terms of
the log(odds)...



Example

\

This is because the
Predictions are in terms of
the log(odds)...
...and this leaf is derived
1= from a Probability...

Probability of
Loving Troll 2

I
Troll 2 °

Doesn’t Love Loves

ot &
1



Example

X

/

...S0 we can’t just add them
together to get a new
log(odds) Prediction without
some sort of transformation.



Example

When we use Gradient Boost for
Classification, the most common
transformation is the following formula.

'

Y Residual,

Y [Previous Probability, x (I — Previous Probabilityl.)]



Example

Probability of [
Loving Troll 2 7]

\

..S0 we plug that in..

| / :

)
-



Example

...and we end up with -3.3
as the new Output Value
for this leaf.

0.7

0.7x(1-0.7)

-3.3




Example
i

-0.7
-3.3

0307 J03,03,09
-1 1.4

We've calculated
Output Values for all three
leaves in the tree!



Example
+ 05 X

0307 J03,03,09
-1 1.4

-3.3

Now we are ready to
update our Predictions by
combining the initial leaf
with the new tree.



Exa.m ple : Cglor = Réd ;

Likes o, [Favorite Loves 03,03, 0_3
Popcorn 9 Color  Troll 2 : '

Yes 12 Blue Yes

...plus the Output Value from the
tree scaled by the Learning Rate...

N\

log(odds) Prediction = 0.7 + (0.8 x 1.4)



Exa.m ple . Cglor = Réd '-
e+ 08 X

Likes Favorite Loves

0.3,03,03

Popcorn ge Color  Troll 2

Yes 12 Blue Yes

...and the new log(odds)
Prediction = 1.8.

log(odds) Prediction = 0.7 + (0.8 x 1.4) =

ks
oo




Example

Likes Favorite Loves
Color Troll 2

Popcorn

Yes 12 Blue  Yes Now we convert the new log(odds)
Prediction into a Probability...

Probability = Lo2ea

1 + elog(odds)

log(odds) Prediction = 0.7 + (0.8 x1.4) = 1.8



Example

Likes Favorite Loves
Color Troll 2

Popcorn

Yes 12 Blue  Yes Now we convert the new log(odds)
Prediction into a Probability...

. log(odd
Probabilty = £ \
1 + elog(odds)

log(odds) Prediction =0.7 + (0.8 x1.4) = 1.8




Example

Likes Favorite Loves

Popcorn ge Color Troll 2

Yes 12 Blue  Yes Now we convert the new log(odds)
Prediction into a Probability...

Probability = —Eo— =0.9
1+el8




Example _

Initial Probablluty
of Loving Troll 2

"""'L
/'f o) “\

=0.7

...S0 we are taking a small step in
the right direction since this
person Loves Troll 2.

Likes Favorite Loves

Popcorn ge Color  Troll 2

Yes 12 Blue Yes

Probability = —S— 0.9
1+




Example

Likes Aoe Favorite Loves Predicted
Popcorn 9 Color Troll 2 Prob.

We save the new Predicted
Probability here.

Yes 12 Blue Yes

Probability = —So— 0.9
1+el8 L




Example
o

Likes oo Favorite Loves Predicted 0-3s '07 m
-1 1.4

IR + o X grin

-3.3

Popcorn g Color Troll 2 Prob.

Then we calculate the
Predicted Probabilities
for the remaining people.

No 14 Blue Yes



Example



