DATAMINING2
Support Vector Machine

RiccarddGuidotti

a.a.2025/2026

UNIVERSITA

Slides edited from Tan, Steinbach, Kumar, Introduction to Data Mining
DI P1SA

Contains slides integrated witbtatQuest




Mass (g): —=O-OOCD-O-O— o eHeo—

Let’s start by imagining we measured
the mass of a bunch of mice...
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The red dots represent mice are not obese...
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...and the green dots represent mice are obese.
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Based on these observations, we can pick a threshold...
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...and when we get a new observation that
has less mass than the threshold...
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...we can classify it as not obese.
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And when we get a new observation with more mass
than the threshold...
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...we can classify it as obese.
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However, what if get a new observation here?
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Because this observation has more mass than the
threshold, we classify it as obese.



But that doesn’t make sense, because it is much closer
to the observations that are not obese.
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So this threshold is pretty lame.
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Can we do better?
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Going back to the original training dataset...
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...we can focus on the observations on
the edges of each cluster...



...and use the midpoint between
them as the threshold.
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Now, when a new observation falls
on the left side of the threshold...
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|
...it will be closer to the
observations that are not obese...



...than it is to the obese
observations.
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So it makes sense to classify this
new observation as not obese.



The shortest distance between
the observations and the
threshold is called the margin.



Since we put the threshold
halfway between these two
observations...
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...the distances between the
observations and the threshold
are the same and both reflect the
margin.
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When the threshold is halfway
between the two observations, the
margin is as large as it can be.
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For example, if we moved the
threshold to the left a little bit...



...then the distance between the
threshold and the observation
that is not obese would be
smaller...
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...and thus, the margin
would be smaller than it
was before.
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And if we moved the threshold to
the right a little bit...



...then the distance between the
obese observation and the
threshold would get smaller...



...and again, the margin
would be smaller.



When we use the threshold that
gives us the largest margin to
make classifications...



...We are using a
Maximal Margin Classifier.



Maximal Margin Classifiers
seem pretty cool...
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...but what if our training data
looked like this....
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...and we had an outlier
observation that was classified as
not obese, but was much closer

to the obese observations.
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...and we had an outlier
observation that was classified as
not obese, but was much closer

to the obese observations.
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In this case, the Maximum
Margin Classifier would be
super close to the obese
observations...



...and really far from the majority
of the observations that are not
obese.



Now, if we got this new
observation...
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...we would classify it as not
obese, even though most of the
not obese observations are much
further away than the obese
observations.



...we would classify it as not
obese, even though most of the
not obese observations are much
further away than the obese
observations.
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...we would classify it as not
obese, even though most of the
not obese observations are much
further away than the obese
observations.
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So Maximal Margin Classifiers
are super sensitive to outliers in the
training data and that makes them

pretty lame.



Mass (g):

Can we do better?
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To make a threshold that is not so
sensitive to outliers we must allow
misclassifications.



For example, if we put the threshold
halfway between these two
observations...
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...then we will misclassify this
observation.
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However, now when we get a
new observation here...
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...we will classify it as obese...



...and that makes sense
because it is closer to most of
the obese observations.
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Choosing a threshold that allows
misclassifications is an example of
the Bias/Variance Tradeoff that
plagues all of machine learning.
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In other words, before we allowed
misclassifications, we picked a
threshold that was very sensitive
to the training data (low bias)...
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...and it performed poorly when
we got new data (high variance).
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In contrast, when we picked a
threshold that was less sensitive
to the training data and allowed
misclassifications (higher bias)...
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In contrast, when we picked a
threshold that was less sensitive
to the training data and allowed
misclassifications (higher bias)...
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...it performed better when we got
new data (low variance).
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When we allow misclassifications, the
distance between the observations and the
threshold is called a Soft Margin.



So the question is “How do we know
that this soft margin...



So the question is “How do we know
that this soft margin...

...is better than this Soft Margin?”
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We can determine how many
misclassifications and observations to
allow inside of the Soft Margin to get the
best classification.



Mass (Q):

We can determine how many
misclassifications and observations to
allow inside of the Soft Margin to get the
best classification.
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We can determine how many
misclassifications and observations to
allow inside of the Soft Margin to get the
best classification.
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We can determine how many
misclassifications and observations to
allow inside of the Soft Margin to get the
best classification.
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We can determine how many
misclassifications and observations to
allow inside of the Soft Margin to get the
best classification.



We can determine how many
misclassifications and observations to
allow inside of the Soft Margin to get the
best classification.



We can determine how many
misclassifications and observations to
allow inside of the Soft Margin to get the
best classification.



We can determine how many
misclassifications and observations to
allow inside of the Soft Margin to get the
best classification.



We can determine how many
misclassifications and observations to
allow inside of the Soft Margin to get the
best classification.

|deallywe shouldminimizethe numberof
misclassificatiomnd thenumberof observationwithin
the marginto avoidoverfitting



When we use a Soft Margin to determine the
location of a threshold...
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...then we are using a Soft Margin Classifier aka
a Support Vector Classifier to classify
observations.
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The name Support Vector Classifier comes from
the fact that the observations on the edge and within
the Soft Margin are called Support Vectors.



GREEN ifwx+b>=1
RED fwx+b<=1



Mass (Q):

GREENIf10x +2>=1
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From One to TwBimensions



Maximum Margin ngerglanes

AFind a linear hyperplane (decision
boundary) that separates the data. O o




Maximum Margin ngerglanes

B,

AOne possible solution.




Maximum Margin ngerglanes

AAnother possible solution.
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Maximum Margin ngerglanes

AOther possible solutions. -
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Maximum Margin ngerglanes

B

Al SGQa Fan0Bza 2y .’
AWhich one is better? - O
AHow do you define better?




Maximum Margin ngerglanes

- .. B,
AThe best solution is the hyperplane 5
that maximizesthe margin. . O o
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b=+1

Linear SVM: Separable Case v+

AA linear SVM is a classifier that searches
for a hyperplane with the largest margin
(a.k.a. maximal margin classifier).

decisionbou ndary/

Aw andb have tobe learned W1X+b=0

wm%wpnl//

A Givenw andb the classifiers work as

f(G-gl ifgv’ﬂg(’+b2 1
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Examplecalculusdot product
w=[3 .2] x=[12] b-2
wex + b=.3*1+.2*2 +7) =-1.3
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Linear SVM: Separable Case  #ix+b=+

AWhat is the distance expression for a
point xto a linewx+b= 0(the decision
boundary)?

d(x) =

‘X@V b| ‘x WOb| decisionboundary 1
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Linear SVM: Separable Case  #ix+b=+

AThe distance between o e
B, and by, isp7|0 | v O O
AThe distance between / -
b1 al’_]d _blZ’ .e., the decisionboundary/ -
margin Is _ 2 WIX+b=0 / ~Q
Margin=—¢- L]
”W ” (SR _ pd oy O
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Aln order tomaximize = »__ margin
the marginwe need to m .
minimize||0 || |
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Learning a Linear SVM

ALearning the SVM model is equivalent to

determiningw andb. Margin = —2%

AHow to findw andb? [[w]

AObjective is tanaximize the margin C

AWhich is equivalent to minimize L(v%) = w1

ASubiject to to the following constraints 2 C oL

AThis is a constrained optimization el  if wixi+b21
problem that can be solved using the ¥ ~ : 1 if V(\;'ﬂ% +b¢-1

Lagrangemultiplier method. _
Alntroduce Lagrange multiplier (or J) y.(wx, +b)21 i=12,...N



Constrained Optimization Problem

Minimize||w | (w Qv) subject toy; ((x; Qv) +b) 2 1for alli
Lagrangiammethod maximizenf , L(w,b,&), where

Lw,b,a) =2 Wl & & y(x, ) +b)- 1

At theextremumthepartialderivativeof L with respect
bothw andb mustbeO. Takingthederivatives,settingthem
to 0, substitutng backinto L, andsimplifying yields:

MaX|m|zea a, - Ea Y, yjaviarj<xi O(j>
I ]

subjecttqq ya =0 anda, 20
i Lagrangamultiplier methodisa technique

for findinga maximum or minimum of a
function Fsubjectto aconstraint



A Geometrical InterEretation

Implies that only support vectors matter;
other training examples are ignorable.
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Example of Linear SVM

1

09} O .
-6.6431 X, = 9.3232){2 + 7.9327=0
08| O

0.7

06

~ 05 Support vectors
.~ 05]
04t
03
0.2
01} x1 X2 y \ |
0 . , , 0.3858| 0.4687 1|/65.526
° 0z o408 08 1 0.4871 0.611 -1 65.5261)
L 0.9218|  0.4103 -1 0
0.7382| 0.8936 -1 0
0.1763| 0.0579 1 0
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0.2146|  0.0099 1 0




Linear SVM: Neseparable Case

AWhat if the problem is not

linearly separable? o
AWe must allow for errors in our O, m O O
solution. ; 5
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Slack Variables

AThe inequality constraints must be
relaxed to accommodate the
nonlinearly separable data.

AThis is done introducing slack
variables (xi) into the constrains of
the optimization problem.

A, provides an estimate of the error of
the decision boundary on the
misclassified training examples.
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Learning a Noseparable Linear SVM

. . . . . . b
AObijective is to minimize Nl
ASubject to to the constraints

Awhere Candk are userspecified
parameters representing the

penalty of misclassifying the
training instances

ALagrangiamultipliers are
constrainedtom _ 0.

https://scikit-learn.org/stable/auto _examples/svm/plot_linearsvc_support_vectors.html#sghauto-examplessvmplot-linearsvesupportvectorspy
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NOTE: If each observation
" had a mass measurement...
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Height (cm):

...and a height O
measurement...
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Height (cm):

...then the data would
' be 2-Dimensional.
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When the data are 2-
Dimensional, a Support
Vector Classifier is a line...
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...and, in this case, the Soft
Margin is measured form
these two points.




The blue parallel lines give us
a sense of where all of the
other points are in relation to
the Soft Margin.




These observations are
outside of the Soft Margin...




These observations are
outside of the Soft Margin... W . g
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These observations are
. -
outside of the Soft Margin...
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...and this observation is -
inside the Soft Margin and

misclassified. R




Height (cm):

Now, If each each
observation had a mass...
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1

...a height...




Height (cm):

k ...and an age...
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...then the data would
T be 3-Dimensional.
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NOTE: The axis that age is
on is supposed to represent
depth... @)

o
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Height (cm):

...and these circles are larger

in order to to appear closer,
and thus younger...
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...and these circles are
smaller in order to look
= " further away, and thus, older. ©
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When the data are 3-Dimensional, —
the Support Vector Classmer forms |

......
.....




...and we classify new
observations by determining o
" which side of the plane they ..o
areon, . A

.....
.....
.....
.......
.....

Y.




For example, if this ——
1 Were a neW ......................................
observation... . 0
i | | |




...we would classify it as
not obese sinceitis e
above the Support oo
Vector Classifier. . O

",




But we know that when the data
are 1-Dimensional, the Support
Vector Classifier is a single point
on a 1-Dimensional number line.
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And when the data are in 2
Dimensions, the Support Vector
Classifier is a 1-Dimensional /ine

in a 2-Dimensional space.




And when the data are 3-
Dimensional, the Support Vector
Classifier is a 2-Dimensional plane
in a 3-Dimensional space.




And when the data are in 4 or
more Dimensions, the Support
Vector Classifier is a hyperplane.



NOTE: Technically speaking, all flat affine
subspaces are called hyperplanes.

So, technically speaking, this 1-Dimensional
line is a hyperplane...




Nonlinear SVM



Support Vector Classifiers seem pretty cool
because they can handle...
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...outliers...
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...and, because they allow misclassifications,
they can handle overlapping classifications...




...but what if this was our training
data and we had tons of overlap?

Dosage (mg):



In this new example, with tons of
overlap, we are now looking at
Drug Dosages...
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...and the red dots represent
patients that were not cured...

Dosage (mg):




...and the green dots represent
patients that were cured.

A
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In other words, the drug
doesn’t work if the dosage is
too small...
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...or too large.
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It only works when the
dosage is just right.
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Now, no matter where we put
the classifier, we will make a
lot of misclassifications.
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Now, no matter where we put
the classifier, we will make a
lot of misclassifications.

Dosage (mg):




Dosage (mg):

Now, no matter where we put
the classifier, we will make a
lot of misclassifications.
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So Support Vector Classifiers are are
only semi-cool, since they don’t perform
well with this type of data.
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Can we do better than Maximal Margin
Classifiers and Support Vector
Classifiers?
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We start by adding a y-axis
so we can draw a graph.

y-axis /
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The x-axis coordinates

in this graph will be the

dosages that we have
already observed...

y-axis A
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...and the y-axis
coordinates will be the
square of the dosages

y-axis (Dosage?).
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So, for this observation, with
Dosage = 0.5 on the x-axis...
y-axis
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...the y-axis value = Dosage?
y-axis
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...the y-axis value = Dosage?
= 0.52
=0.25.

y-axis
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Now we use Dosage? for
this y-axis coordinate...

y-axis
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y-axis

Now we use Dosage? for
this y-axis coordinate...

88 0—a—conm-o-0

Dosage (mg):



...and then we use Dosage? for
the y-axis coordinates for the
remaining observations.

y-axis
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...and then we use Dosage? for
the y-axis coordinates for the
remaining observations.

y-axis
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...and then we use Dosage? for
the y-axis coordinates for the
remaining observations.
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...and then we use Dosage? for
the y-axis coordinates for the 0
remaining observations.
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Since each observation has x
and y-axis coordinates, the data 0O
are now 2-Dimensional.

y-axis O

<
©
o

0 &

Dosage (mg):



y-axis

And now that the data are
2-Dimensional, we can draw a
Support Vector Classifier that
separates the people who were

cured from the people who were

not cured... \




y-axis

...and the Support Vector
Classifier can be used to
classify new observations. ® .




y-axis

For example, if a new
observation had this Dosage...




y-axis

...then we could calculate a / A

y-axis coordinate by squaring 0 fo
the Dosage... z




y-axis

...and classify the observation =—> @

as not cured because it ended A
up on this side of the Support ® o
Vector Classifier.




y-axis

On the other hand, if we got a
new observation with this
Dosage...




...then we would square the
Dosage to get a y-axis
coordinate...

y-axis




y-axis

...and classify this observation
as cured because it falls on the
other side of the Support

Vector Classifier.




y-axis

The main ideas behind
Support Vector Machines
are...




y-axis

1) Start with datain a
relatively low dimension...

N
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y-axis

2) Move the data into a
higher dimension...
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3) Find a Support Vector
Classifier that separates the
higher dimensional data into

two groups.
y-axis .




That’s all there is to it.
y-axis
] |
| |




Going back to the original
1-Dimensional data...
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y-axis

...you may be wondering why
we decided to create y-axis 0
coordinates with Dosage?2.
O

o
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Why not Dosage3? O
y-axis

O
O
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y-axis
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In other words, how do
we decide how to

y-axis | transform the data? O
oD © .
o~
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y-axis

In order to make the
mathematics possible, Support
Vector Machines use
something called Kernel
Functions to systematically find O
Support Vector Classifiers in
higher dimensions. O
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So let me show you how a Kernel
Function systematically finds
Support Vector Classifiers in 0
higher dimensions.
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For this example, | used the
Polynomial Kernel, which has a
parameter, d, which stands for
the degree of the polynomial.
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When d = 1, the Polynomial
Kernel computes the
relationships between each pair
of observations in 1-Dimension...
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When d = 1, the Polynomial
Kernel computes the
relationships between each pair
of observations in 1-Dimension...
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When d = 1, the Polynomial
Kernel computes the
relationships between each pair
of observations in 1-Dimension...
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When d = 1, the Polynomial
Kernel computes the
relationships between each pair
of observations in 1-Dimension...
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When d = 1, the Polynomial
Kernel computes the
relationships between each pair
of observations in 1-Dimension...
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...and these relationships are
used to find a Support Vector
Classifier.
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When d = 2, we get a 2nd
dimension based on 0
Dosages?...
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...and the Polynomial Kernel
computes the 2-Dimensional
relationships between each pair 0O
of observations...
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...and the Polynomial Kernel
computes the 2-Dimensional
relationships between each pair

of observations... "
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...and those relationships are
used to find a Support Vector ® .

Classifier. \
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And if we set d = 3, then we
would get a 3rd dimension
based Dosagess...

Dosage (mg):




y-axis

...and the Polynomial Kernel
computes the 3-Dimensional
relationships between each pair
of observations...
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...and those relationshipsare -
used to find a Support Vector
Classifier. ..o
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And when d = 4 or more, then we get even more
dimensions to find a Support Vector Classifier.



In summary, the Polynomial Kernel
systematically increases dimensions
by setting d, the degree of the
polynomial...
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T In summary, the Polynomial Kernel
systematically increases dimensions
by setting d, the degree of the
polynomial...
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= In summary, the Polynomial Kernel
systematically increases dimensions
by setting d, the degree of the
polynomial...
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...and the relationships between each
pair of observations are used to find a
Support Vector Classifier. LY
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Last but not least, we can find a
good value for d with Cross
Validation.

d=1
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Last but not least, we can find a
good value for d with Cross
Validation.
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Last but not least, we can find a
good value for d with Cross
Validation.
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Last but not least, we can find a
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Another very commonly used Kernel is the
Radial Kernel, also known as the Radial Basis
Function (RBF) Kernel.



However, when using it on a new
observation like this...

/
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...the Radial Kernel behaves like a
Weighted Nearest Neighbor model.
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In other words, the closest
observations (aka the nearest
neighbors) have a lot of influence on
how we classify the new
observation...




...and observations that are further
away have relatively little influence
on the classification.




So, since these observations are the
closest to the new observation...
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...the Radial Kernel uses their
classification for the new
observation.
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Although the examples | have
given show the data being
transformed from a relatively
low dimension...
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...to a relatively high 0
dimension...
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...Kernel functions only
calculate the relationships
between every pair of points as
if they are in the higher
dimensions; they don’t actually ®
do the transformation.
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...Kernel functions only
calculate the relationships
between every pair of points as
if they are in the higher
dimensions; they don’t actually ®
do the transformation.
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...Kernel functions only
calculate the relationships
between every pair of points as
if they are in the higher
dimensions; they don’t actually ®
do the transformation.
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...Kernel functions only
calculate the relationships
between every pair of points as
if they are in the higher
dimensions; they don’t actually ®
do the transformation.
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...Kernel functions only
calculate the relationships
between every pair of points as
if they are in the higher
dimensions; they don’t actually ®
do the transformation.
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...Kernel functions only
calculate the relationships
between every pair of points as
if they are in the higher
dimensions; they don’t actually ®

do the transformation.
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...Kernel functions only
calculate the relationships
between every pair of points as

if they are in the higher -
dimensions; they don’t actually ™ ®
do the transformation. .,
y-axis O

' . o’v
- COMCIOD —Ho—

Dosage (mg):




y-axis

...Kernel functions only
calculate the relationships
between every pair of points as

if they are in the higher
dimensions; they don’t actually ®
do the transformation. .,
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This trick, calculating the high-
dimensional relationships
without actually transforming the
data to the higher dimension, is ®

called The Kernel Trick.
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" The Kernel Trick reduces the
amount of computation
required for Support Vector
Machines by avoiding the
math that transforms the data 0
from low to high dimensions... ...,
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...and it makes calculéting
relationships in the infinite

dimensions used by the Radial ™ 0
Kernel possible. .
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However, regardless of how the
relationships are calculated, the
concepts are the same.

—@—( O 8 —@—i

Dosage (mg):



When we have 2 categories, but
no obvious linear classifier that
separates them in a nice way...

Dosage (mg):



...Support Vector Machines
work by moving the data into a
relatively high dimensional ®
space...
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