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<latexit sha1_base64="a8ZVG2jNKT0jUDkeAIQAu5y0XqQ="></latexit>

G
[
{t
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t}

<latexit sha1_base64="K6rV3fGKIbkNmEvmC81MNXqI2oI="></latexit>

G becom
es

<latexit sha1_base64="E9bYHf16sCp75nu+hKGRjDEfV6k="></latexit>

G
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<latexit sha1_base64="sDgg7JwyjM05fGThFKZcId4nikY="></latexit>

if
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g
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m
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<latexit sha1_base64="zSOPcYaPOW0X0p6krOcRq+gkvKA="></latexit>

G
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<latexit sha1_base64="325KgO6zYAxbeSOVwLcBa5MF8fE="></latexit>

G
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<latexit sha1_base64="+eqvxyaTFuLh/FSIrMom/+ghfOQ="></latexit>

G
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<latexit sha1_base64="umMzYYDJI/I7gtkG1BO5UwgvPqk="></latexit>

G
[x

=
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{x
?=
t} <latexit sha1_base64="oz86B9YwvhW4o6wbU4aCvp3h1G0="></latexit>

if
x
2
vars(G
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becom
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inate

<latexit sha1_base64="kXXN/DViZ4IUmmognv9iGsb7aGM="></latexit>

G
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<latexit sha1_base64="J7YsMAPhdjY+vPinFnp+YIB0HvQ="></latexit>
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<latexit sha1_base64="325KgO6zYAxbeSOVwLcBa5MF8fE="></latexit>

G
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<latexit sha1_base64="tcGQLNjb6OZVItVban99obIC9ns="></latexit>
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<latexit sha1_base64="5zJ2lziptJpqI6jsnfyfAsIAp/I="></latexit>



Sistem
a di tipi

x
:bx

<latexit sha1_base64="zyh46oCIz2aovat+EuUUe4GQLx8=">AAACDHicbVC7TsNAEDzzDOFloEGiOREhUUU2CgJRIWgog0QgUhJF68smOeX80N0agizzCXwFLVR0iJZ/oOBfsEMKSJhqNLOr3RkvUtKQ43xaM7Nz8wuLhaXi8srq2rq9sXltwlgLrIlQhbrugUElA6yRJIX1SCP4nsIbb3Ce+ze3qI0Mgyu6j7DlQy+QXSmAMqltbze7GkSSFpPhSfNOdrAPlAzTtNi2S07ZGYFPE3dMSmyMatv+anZCEfsYkFBgTMN1ImoloEkKhWmxGRuMQAygh42MBuCjaSWjBCnfiw1QyCPUXCo+EvH3RgK+Mfe+l036QH0z6eXif14jpu5xK5FBFBMGIj9EUuHokBFaZtUg70iNRJB/jlwGXIAGItSSgxCZGGdd5X24k+mnyfVB2a2UDy8rpdOzcTMFtsN22T5z2RE7ZResympMsAf2xJ7Zi/VovVpv1vvP6Iw13tlif2B9fAOlVJuI</latexit>

n
:
in
t

<latexit sha1_base64="iDZtLMBJ6B5p1rsjJV7fp3Lejq0=">AAACDXicbVC7TsNAEDzzDOZloEI0JyIkqshGQSAqBA1lkMhDSqJofWzgxPls3a2RkGXxCXwFLVR0iJZvoOBfsEMKIEw1mtnV7kyYKGnJ9z+cqemZ2bn5yoK7uLS8suqtrbdsnBqBTRGr2HRCsKikxiZJUthJDEIUKmyHN6el375FY2WsL+guwX4EV1oOpQAqpIG32RsaEFnuZvqoFwFdS8qkpjx3B17Vr/kj8EkSjEmVjdEYeJ+9y1ikEWoSCqztBn5C/QwMSaEwd3upxQTEDVxht6AaIrT9bBQh5zupBYp5goZLxUci/tzIILL2LgqLyfJL+9crxf+8bkrDw34RKUkJtSgPkVQ4OmSFkUU3yC+lQSIoP0cuNRdggAiN5CBEIaZFWWUfwd/0k6S1Vwvqtf3zevX4ZNxMhW2xbbbLAnbAjtkZa7AmE+yePbIn9uw8OC/Oq/P2PTrljHc22C847195F5v8</latexit>

t0
op

t1
:

<latexit sha1_base64="anL4IOnPtTbTT3250TfmtTUpA6I="></latexit>t0
:
in
t

t1
:
in
t

t0
op

t1
:
in
t

<latexit sha1_base64="oYo0dGk+kSYaUf0OCahqDb/f0MM=">AAACR3icbVC7TsNAEDyHd3gFKGlOREhUkY2CQFQRNJRBkBApjqz1ZQOnnB/crZGQ5Q/jE/gECkQLFR2ixDYpeGSr0cysdmf8WElDtv1kVWZm5+YXFpeqyyura+u1jc2uiRItsCMiFemeDwaVDLFDkhT2Yo0Q+Aqv/PFpoV/doTYyCi/pPsZBANehHEkBlFNe7cIdaRApefaxGwDdSEplSJl7m8CQk+f8YrNqYXR5yZlRGsWZO8Xk1ep2wy6H/wfOBNTZZNpe7dkdRiIJMCShwJi+Y8c0SEGTFAqzqpsYjEGM4Rr7OQwhQDNIy/AZ300MUMRj1FwqXpL4cyOFwJj7wM+d5dt/tYKcpvUTGh0N8khxQhiK4hBJheUhI7TMW0U+lBqJoPgcuQy5AA1EqCUHIXIyyWsu+nD+pv8PuvsNp9k4OG/WWyeTZhbZNtthe8xhh6zFzlibdZhgD+yFvbI369F6tz6sz29rxZrsbLFfU7G+AETws3Y=</latexit>

t
:
in
t

t0
:
⌧

t1
:
⌧

if
t
th

en
t0

else
t1

:
⌧

<latexit sha1_base64="+XP4iDjshR0NdC7i8ier+AZnChU="></latexit>if
t
th

en
t0

else
t1

:
⌧

<latexit sha1_base64="qdRckQDGbMJCIvsz7QP0oQVyiRc="></latexit>

(t0 ,t1 )
:

<latexit sha1_base64="9Sm7ZOc4Qqcl01pmRbqLcQGNxPA="></latexit>t0
:
⌧
0

t1
:
⌧
1

(t0 ,t1 )
:
⌧
0 ⇤

⌧
1

<latexit sha1_base64="uri2mwdv/lflQoPVQZOHe7ICcNA=">AAACMHicbVDLSgNBEJz1bXxFPXoZDIKKhF1RFPEgevGoYFTIhqV30tEhsw9negRZ8jN+gl/hVU96EPHqV7gbV/BVp5qqanq6wlRJQ6777AwMDg2PjI6NVyYmp6ZnqrNzpyaxWmBDJCrR5yEYVDLGBklSeJ5qhChUeBZ2Dwr/7Bq1kUl8QjcptiK4iGVHCqBcCqq7fkeDyChwd3wCG7j+lYU2p8D7fHu9Sracu2u5slJGVr+coFpz624f/C/xSlJjJY6C6ovfToSNMCahwJim56bUykCTFAp7Fd8aTEF04QKbOY0hQtPK+lf2+JI1QAlPUXOpeF/E7xMZRMbcRGGejIAuzW+vEP/zmpY6261MxqkljEWxiKTC/iIjtMzrQ96WGomg+DlyGXMBGohQSw5C5KLN+yz68H5f/5ecrte9jfrm8UZtb79sZowtsEW2zDy2xfbYITtiDSbYLbtnD+zRuXOenFfn7TM64JQz8+wHnPcPC1Sn7A==</latexit>

sn
d
(t)

:

<latexit sha1_base64="Uyeh8HjBZG60QHapp96WjWIU8gk="></latexit>t
:
⌧
0 ⇤

⌧
1
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d
(t)

:
⌧
1

<latexit sha1_base64="PzQ4usFpK4HCcnuDLHvwyv5hsc8=">AAACJHicbVBNS8NAEN34WetX1aOXxSJUDyWRiuJJ9OKxgtVCU8pkO9XFzSbsToQS+jf8Cf4Kr3ryJh486G8xiRX8epd5vDfDzLwgVtKS6746E5NT0zOzpbny/MLi0nJlZfXcRokR2BKRikw7AItKamyRJIXt2CCEgcKL4Po49y9u0FgZ6TMaxtgN4VLLgRRAmdSruP7AgEjpwCdIeu52UbxROfVDoKtgkFrdH9Vo6+DL6FWqbt0twP8Sb0yqbIxmr/Lm9yORhKhJKLC247kxdVMwJIXCUdlPLMYgruESOxnVEKLtpsVnI76ZWKCIx2i4VLwQ8ftECqG1wzDIOvN77W8vF//zOgkN9rup1HFCqEW+iKTCYpEVRmaRIe9Lg0SQX45cai7AABEayUGITEyyDPM8vN/f/yXnO3WvUd89bVQPj8bJlNg622A15rE9dshOWJO1mGC37J49sEfnznlynp2Xz9YJZzyzxn7Aef8ACCmklw==</latexit>

t
:
⌧
0 ⇤

⌧
1

fst(t)
:
⌧
0

<latexit sha1_base64="1PypAEtsKWGdAPaLO53bNLHayqk=">AAACJHicbVC7TsNAEDyHd3gFKGlOREiBIrIRCESFoKEMEkmQ4ihaH2s45fzQ3RoJWf4NPoGvoIWKDlFQwLdgGxe8ptnRzK52d7xYSUO2/WbVJianpmdm5+rzC4tLy42V1Z6JEi2wKyIV6QsPDCoZYpckKbyINULgKex745PC79+gNjIKz+k2xmEAV6H0pQDKpVHDdn0NIqVDlyAZ2dtlcbJ66gZA156f+oayFm1VflYfNZp22y7B/xKnIk1WoTNqvLuXkUgCDEkoMGbg2DENU9AkhcKs7iYGYxBjuMJBTkMI0AzT8rOMbyYGKOIxai4VL0X8PpFCYMxt4OWdxb3mt1eI/3mDhPyDYSrDOCEMRbGIpMJykRFa5pEhv5QaiaC4HLkMuQANRKglByFyMckzLPJwfn//l/R22s5ue+9st3l0XCUzy9bZBmsxh+2zI3bKOqzLBLtjD+yRPVn31rP1Yr1+tdasamaN/YD18QkTY6Se</latexit>fst(t)
:

<latexit sha1_base64="NFbJGfUJBRBB5QZJz7dwTWVHVjY="></latexit>

�
x
.
t
:

<latexit sha1_base64="WFXGH9YEbyETUxUK0s9D4ERTB1w="></latexit>x
:
⌧
0

t
:
⌧
1

�
x
.
t
:
⌧
0
!

⌧
1

<latexit sha1_base64="pEbFN+nopEW3ptk3HA57Z0D5Ch4=">AAACMnicbVDJSgNBFOxxjXGLevTSGARPYUYUxYOIXjxGMImQCeFN50Ubexa7X0tkyN/4CX6FV70oeBCvfoQzWcCtTtVVb+lXQaKkIdd9cSYmp6ZnZgtzxfmFxaXl0spq3cRWC6yJWMX6IgCDSkZYI0kKLxKNEAYKG8H1Se43blEbGUfndJdgK4TLSHalAMqkdunQ72oQae/AJ7Bt17+x0OE0fHn9YuqrbFYHeK/ij2XXp3jst0tlt+IOwP8Sb0TKbIRqu/Tmd2JhQ4xIKDCm6bkJtVLQJIXCftG3BhMQ13CJzYxGEKJppYM7+3zTGqCYJ6i5VHwg4veOFEJj7sIgqwyBrsxvLxf/85qWuvutVEaJJYxEvoikwsEiI7TMAkTekRqJIP85chlxARqIUEsOQmSizRLN8/B+X/+X1Lcr3k5l92ynfHQ8SqbA1tkG22Ie22NH7JRVWY0Jds8e2RN7dh6cV+fd+RiWTjijnjX2A87nF5fDqek=</latexit>

t1
:
⌧
0
!

⌧
1
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:
⌧
0
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:
⌧
1

<latexit sha1_base64="RJNRXc7/0+UlX3VGSx/YvwVMq9w=">AAACMHicbVDLSsRAEJz4dn2tevQyuAielkQURTyIXjwquCpsltCZ7dXBycOZHmEJ68f4CX6FVz3pQcSrX2ESg/iqU1FVTXdXmCppyHWfnaHhkdGx8YnJ2tT0zOxcfX7hxCRWC2yJRCX6LASDSsbYIkkKz1KNEIUKT8PL/cI/vUZtZBIfUz/FTgTnsexJAZRLQX3H72kQGQXetk9gA9enpCSef2WhyylwK2NQK1I3X4I3qAX1htt0S/C/xKtIg1U4DOovfjcRNsKYhAJj2p6bUicDTVIoHNR8azAFcQnn2M5pDBGaTlZ+OeAr1gAlPEXNpeKliN8nMoiM6UdhnoyALsxvrxD/89qWeludTMapJYxFsYikwnKREVrm9SHvSo1EUFyOXMZcgAYi1JKDELlo8z6LPrzf3/8lJ2tNb725cbTe2N2rmplgS2yZrTKPbbJddsAOWYsJdsvu2QN7dO6cJ+fVefuMDjnVzCL7Aef9A9gEqQI=</latexit>

t1
t0

:

<latexit sha1_base64="A8paqORD9c9Lz+1p6FW8EjUoJyg="></latexit>

x
:
⌧

t
:
⌧

rec
x
.
t
:
⌧

<latexit sha1_base64="DeMLO13dD4rPiSyru/zAWU0BBVo=">AAACKXicbVDLSgNBEJz1bXxFPXoZDIKnsCuK4kn04lHBPCAbQu+kEwdnH870iLLkS/wEv8Krnryp4MkfcXcNool1Kqq66eoKEiUNue6bMzE5NT0zOzdfWlhcWl4pr67VTWy1wJqIVaybARhUMsIaSVLYTDRCGChsBFcnud+4QW1kHF3QXYLtEPqR7EkBlEmd8p7f0yDS20OfwPrXFrqcCj4opX4IdBn0Uo1i4PPbqv9jdcoVt+oW4OPEG5IKG+KsU/7wu7GwIUYkFBjT8tyE2ilokkLhoORbgwmIK+hjK6MRhGjaafHegG9ZAxTzBDWXihci/t5IITTmLgyyyTyxGfVy8T+vZal30E5llFjCSOSHSCosDhmhZdYb8q7USAR5cuQy4gI0EKGWHITIRJsVmffhjX4/Tuo7VW+3une+Wzk6HjYzxzbYJttmHttnR+yUnbEaE+yePbIn9uw8OC/Oq/P+PTrhDHfW2R84n1+0BqcL</latexit>
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O
perationalSem

antics
ofH

O
FL

w
hich

w
e

w
illassum

e
to

be
the

results
ofcalculations

(i.e.,as
ordinary

values).For
each

type
w

e
fix

the
setofterm

sin
canonicalform

by
taking

a
subsetofterm

sw
hich

reasonably
representthe

notion
ofvalues

forthattype.
A

sshow
n

in
the

previoussection,H
O

FL
hasthree

type
constructors:the

constant
int,and

the
binary

operators⇤
forpairs

and
!

forfunctions.Term
s

w
hich

represent
the

integers
provide

the
obvious

canonicalform
s

forthe
integertype.Forpairtypes

w
e

take
any

pairofterm
s

as
canonicalform

:note
thatthis

choice
is

arbitrary;for
exam

ple
w

e
could

have
taken

instead
pairs

ofterm
s

thatare
them

selves
in

canonical
form

.W
ew

illexplain
latertherationaleofourchoice.Finally,sinceH

O
FL

isahigher-
orderlanguage,functions

are
values.So

itis
quite

naturalto
take

allabstractions
as

canonicalform
s

forthe
arrow

type.

D
efinition

7.6
(C

anonicalform
s).Letusdefine

a
setC

t
ofcanonicalform

sforeach
type

t
as

follow
s:

n
2

C
int

t0
:t0

t1
:t1

t0 ,t1
closed

(t0 ,t1 )2
C

t0 ⇤t1

l
x.t:t0 !

t1
l

x.tclosed

l
x.t2

C
t0 !

t1

W
e

now
define

the
rulesofthe

operationalsem
antics;these

rulesdefine
an

evaluation
relation:

t!
c

w
here

tis
a

w
ell-form

ed
closed

term
ofH

O
FL

and
c

is
its

canonicalform
.

Forterm
s

thatare
already

in
canonicalform

according
to

D
efinition

7.6
w

e
let

c!
c

Forclarity,the
above

rule
offers

a
concise

representation
ofthe

otherw
ise

verbose
rules

n
!

n

t0
:t0

t1
:t1

t0 ,t1
closed

(t0 ,t1 )!
(t0 ,t1 )

l
x.t:t0 !

t1
l

x.tclosed

l
x.t!

l
x.t

N
ext,w

e
give

the
rules

forarithm
etic

expressions:

t0 !
n

0
t1 !

n
1

t0
op

t1 !
n

0
op

n
1

t!
0

t0 !
c0

if
t

then
t0

else
t1 !

c0

t!
n

n
6=

0
t1 !

c1

if
t

then
t0

else
t1 !

c1

For
the

arithm
etic

operators
the

sem
antics

is
obviously

the
sim

ple
application

ofthe
corresponding

m
eta-operatoras

in
IM

P.O
nly,here

w
e

distinguish
betw

een
H

O
FL

syntactic
operators

and
m

eta-operators
by

underlying
the

latter.Forinstance,
w

e
have

1
+

2
!

3,since
1

!
1,2

!
2

and
1+

2
=

3.
W

e
recallthatforthe

conditionalstatem
ent,since

w
e

have
no

boolean
values,w

e
use

the
convention

thatif
t

then
t0

else
t1

standsforif
t
=

0
then

t0
else

t1 ,so
the

prem
ise

t!
n

6=
0

m
eans

the
testis

false
and

t!
0

m
eans

the
testis

true.
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each

type
w

e
fix

the
setofterm

sin
canonicalform

by
taking

a
subsetofterm

sw
hich

reasonably
representthe

notion
ofvalues

forthattype.
A

sshow
n

in
the

previoussection,H
O

FL
hasthree

type
constructors:the

constant
int,and

the
binary

operators⇤
forpairs

and
!

forfunctions.Term
s

w
hich

represent
the

integers
provide

the
obvious

canonicalform
s

forthe
integertype.Forpairtypes

w
e

take
any

pairofterm
s

as
canonicalform

:note
thatthis

choice
is

arbitrary;for
exam

ple
w

e
could

have
taken

instead
pairs

ofterm
s

thatare
them

selves
in

canonical
form

.W
ew

illexplain
latertherationaleofourchoice.Finally,sinceH

O
FL

isahigher-
orderlanguage,functions

are
values.So

itis
quite

naturalto
take

allabstractions
as

canonicalform
s

forthe
arrow

type.

D
efinition

7.6
(C

anonicalform
s).Letusdefine

a
setC

t
ofcanonicalform

sforeach
type

t
as

follow
s:

n
2

C
int

t0
:t0

t1
:t1

t0 ,t1
closed

(t0 ,t1 )2
C

t0 ⇤t1

l
x.t:t0 !

t1
l

x.tclosed

l
x.t2

C
t0 !

t1

W
e

now
define

the
rulesofthe

operationalsem
antics;these

rulesdefine
an

evaluation
relation:

t!
c

w
here

tis
a

w
ell-form

ed
closed

term
ofH

O
FL

and
c

is
its

canonicalform
.

Forterm
s

thatare
already

in
canonicalform

according
to

D
efinition

7.6
w

e
let

c!
c

Forclarity,the
above

rule
offers

a
concise

representation
ofthe

otherw
ise

verbose
rules

n
!

n

t0
:t0

t1
:t1

t0 ,t1
closed

(t0 ,t1 )!
(t0 ,t1 )

l
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t1
l

x.tclosed

l
x.t!

l
x.t

N
ext,w

e
give

the
rules

forarithm
etic
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n

0
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n
1

t0
op
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n

0
op

n
1

t!
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c0

if
t

then
t0

else
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c0

t!
n

n
6=

0
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if
t

then
t0

else
t1 !

c1

For
the

arithm
etic

operators
the

sem
antics

is
obviously

the
sim

ple
application

ofthe
corresponding

m
eta-operatoras

in
IM

P.O
nly,here

w
e

distinguish
betw

een
H

O
FL

syntactic
operators

and
m

eta-operators
by

underlying
the

latter.Forinstance,
w

e
have

1
+

2
!

3,since
1

!
1,2

!
2

and
1+

2
=

3.
W

e
recallthatforthe

conditionalstatem
ent,since

w
e

have
no

boolean
values,w
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use

the
convention

thatif
t

then
t0

else
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standsforif
t
=

0
then

t0
else

t1 ,so
the

prem
ise

t!
n

6=
0

m
eans

the
testis

false
and

t!
0

m
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the
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true.

166
7

O
perationalSem

antics
ofH

O
FL

w
hich

w
e

w
illassum

e
to

be
the

results
ofcalculations

(i.e.,as
ordinary

values).For
each

type
w

e
fix

the
setofterm

sin
canonicalform

by
taking

a
subsetofterm

sw
hich

reasonably
representthe

notion
ofvalues

forthattype.
A

sshow
n

in
the

previoussection,H
O

FL
hasthree

type
constructors:the

constant
int,and

the
binary

operators⇤
forpairs

and
!

forfunctions.Term
s

w
hich

represent
the

integers
provide

the
obvious

canonicalform
s

forthe
integertype.Forpairtypes

w
e

take
any

pairofterm
s

as
canonicalform

:note
thatthis

choice
is

arbitrary;for
exam

ple
w

e
could

have
taken

instead
pairs

ofterm
s

thatare
them

selves
in

canonical
form

.W
ew

illexplain
latertherationaleofourchoice.Finally,sinceH

O
FL

isahigher-
orderlanguage,functions

are
values.So

itis
quite

naturalto
take

allabstractions
as

canonicalform
s

forthe
arrow

type.

D
efinition

7.6
(C

anonicalform
s).Letusdefine

a
setC

t
ofcanonicalform

sforeach
type

t
as

follow
s:

n
2

C
int

t0
:t0

t1
:t1

t0 ,t1
closed

(t0 ,t1 )2
C

t0 ⇤t1

l
x.t:t0 !

t1
l

x.tclosed

l
x.t2

C
t0 !

t1

W
e

now
define

the
rulesofthe

operationalsem
antics;these

rulesdefine
an

evaluation
relation:

t!
c

w
here

tis
a

w
ell-form

ed
closed

term
ofH

O
FL

and
c

is
its

canonicalform
.

Forterm
s

thatare
already

in
canonicalform

according
to

D
efinition

7.6
w

e
let

c!
c

Forclarity,the
above

rule
offers

a
concise

representation
ofthe

otherw
ise

verbose
rules

n
!

n

t0
:t0

t1
:t1

t0 ,t1
closed

(t0 ,t1 )!
(t0 ,t1 )

l
x.t:t0 !

t1
l

x.tclosed

l
x.t!

l
x.t

N
ext,w

e
give

the
rules

forarithm
etic

expressions:

t0 !
n

0
t1 !

n
1

t0
op

t1 !
n

0
op

n
1

t!
0

t0 !
c0

if
t

then
t0

else
t1 !

c0

t!
n

n
6=

0
t1 !

c1

if
t

then
t0

else
t1 !

c1

For
the

arithm
etic

operators
the

sem
antics

is
obviously

the
sim

ple
application

ofthe
corresponding

m
eta-operatoras

in
IM

P.O
nly,here

w
e

distinguish
betw

een
H

O
FL

syntactic
operators

and
m

eta-operators
by

underlying
the

latter.Forinstance,
w

e
have

1
+

2
!

3,since
1

!
1,2

!
2

and
1+

2
=

3.
W

e
recallthatforthe

conditionalstatem
ent,since

w
e

have
no

boolean
values,w

e
use

the
convention

thatif
t

then
t0

else
t1

standsforif
t
=

0
then

t0
else

t1 ,so
the

prem
ise

t!
n

6=
0

m
eans

the
testis

false
and

t!
0

m
eans

the
testis

true.

7.2
O

perationalSem
antics

ofH
O

FL
167

Letus
now

consider
pairing.O

bviously,since
w

e
consider

pairs
as

canonical
values,w

e
do

nothave
to

add
furtherrules

forsim
ple

pairs.W
e

have
instead

tw
o

rules
forprojections:

t!
(t0 ,t1 )

t0 !
c0

fst(t)!
c0

t!
(t0 ,t1 )

t1 !
c1

snd
(t)!

c1

The
rules

are
obviously

sim
ilar:

the
canonical

form
of

t
is

com
puted,w

hich
m

ustbe
ofthe

form
(t0 ,t1 ),because

tm
usthave

pairtype
forthe

projection
to

be
applicable

and
fst(t)

(and
snd

(t))typable.N
ote

how
everthatt0

and
t1

need
notbe

in
canonicalform

.So
only

the
canonicalform

ofthe
com

ponentindicated
by

the
projection

operatoris
com

puted,w
ith

the
othercom

ponentdiscarded.
Function

abstraction
is

handled
by

the
axiom

forterm
s

already
in

canonicalform
,

as
in

the
case

of
pairing.For

function
application,w

e
show

tw
o

rules,according
to

tw
o

differentevaluation
strategies,called

lazy
and

eager.In
the

lazy
operational

sem
antics,w

e
do

notevaluate
the

canonicalform
s

ofthe
param

eters
w

hen
passing

them
to

the
function

body.The
lazy

sem
antics

w
illbe

ourprim
ary

focus
in

the
rest

ofthis
partofthe

book
concerned

w
ith

H
O

FL:

t1 !
l

x.t 01
t 01 [ t0/

x ]!
c

(t1
t0 )!

c
(lazy)

W
e

rem
ark

thatin
the

second
prem

ise
ofthe

rule,w
e

replace
each

occurrence
ofx

in
t 01

w
ith

t0 ,i.e.,w
e

replace
each

instance
ofx

w
ith

a
copy

ofthe
(non-evaluated)

param
etert0

and
notw

ith
its

canonicalform
.

Forthe
sake

ofdiscussion
letus

considerthe
eager

alternative
to

this
rule:

t1 !
l

x.t 01
t0 !

c0
t 01 [ c0/

x ]!
c

(t1
t0 )!

c
(eager)

U
nlike

the
lazy

sem
antics,the

eagersem
anticsevaluatesthe

param
etersonly

once
and

does
so

before
the

substitution.N
ote

thatthese
tw

o
types

ofevaluation
are

not
equivalent.Ifthe

evaluation
ofthe

argum
entdoesnotterm

inate,and
itisnotneeded,

the
lazy

rule
w

illguarantee
convergence,w

hile
the

eager
rule

w
illdiverge.V

ice
versa,according

to
the

lazy
sem

antics,ifthe
argum

entisactually
needed

itm
ay

later
be

evaluated
severaltim

es
(every

tim
e

itis
used).

Finally,w
e

have
a

lastrule
forrecursive

term
s:

t[ rec
x.t/

x ]!
c

rec
x.t!

c
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ith
its

canonicalform
.

Forthe
sake

ofdiscussion
letus

considerthe
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alternative
to

this
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l

x.t 01
t0 !

c0
t 01 [ c0/

x ]!
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(t1
t0 )!

c
(eager)

U
nlike

the
lazy

sem
antics,the

eagersem
anticsevaluatesthe

param
etersonly

once
and

does
so

before
the

substitution.N
ote

thatthese
tw

o
types

ofevaluation
are

not
equivalent.Ifthe

evaluation
ofthe

argum
entdoesnotterm

inate,and
itisnotneeded,

the
lazy

rule
w

illguarantee
convergence,w

hile
the

eager
rule

w
illdiverge.V

ice
versa,according

to
the

lazy
sem

antics,ifthe
argum

entisactually
needed

itm
ay

later
be

evaluated
severaltim

es
(every

tim
e

itis
used).

Finally,w
e

have
a

lastrule
forrecursive

term
s:

t[ rec
x.t/

x ]!
c

rec
x.t!

c
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now
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furtherrules
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the
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of
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is

com
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hich
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form
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pairtype
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projection
to

be
applicable

and
fst(t)

(and
snd

(t))typable.N
ote

how
everthatt0

and
t1

need
notbe

in
canonicalform

.So
only

the
canonicalform
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com

ponentindicated
by

the
projection
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com

puted,w
ith

the
othercom

ponentdiscarded.
Function
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is

handled
by

the
axiom

forterm
s

already
in

canonicalform
,

as
in

the
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O
perationalSem

antics
ofH

O
FL

w
hich

w
e

w
illassum

e
to

be
the

results
ofcalculations

(i.e.,as
ordinary

values).For
each

type
w

e
fix

the
setofterm

sin
canonicalform

by
taking

a
subsetofterm

sw
hich

reasonably
representthe

notion
ofvalues

forthattype.
A

sshow
n

in
the

previoussection,H
O

FL
hasthree

type
constructors:the

constant
int,and

the
binary

operators⇤
forpairs

and
!

forfunctions.Term
s

w
hich

represent
the

integers
provide

the
obvious

canonicalform
s

forthe
integertype.Forpairtypes

w
e

take
any

pairofterm
s

as
canonicalform

:note
thatthis

choice
is

arbitrary;for
exam

ple
w

e
could

have
taken

instead
pairs

ofterm
s

thatare
them

selves
in

canonical
form

.W
ew

illexplain
latertherationaleofourchoice.Finally,sinceH

O
FL

isahigher-
orderlanguage,functions

are
values.So

itis
quite

naturalto
take

allabstractions
as

canonicalform
s

forthe
arrow

type.

D
efinition

7.6
(C

anonicalform
s).Letusdefine

a
setC

t
ofcanonicalform

sforeach
type

t
as

follow
s:

n
2

C
int

t0
:t0

t1
:t1

t0 ,t1
closed

(t0 ,t1 )2
C

t0 ⇤t1

l
x.t:t0 !

t1
l

x.tclosed

l
x.t2

C
t0 !

t1

W
e

now
define

the
rulesofthe

operationalsem
antics;these

rulesdefine
an

evaluation
relation:

t!
c

w
here

tis
a

w
ell-form

ed
closed

term
ofH

O
FL

and
c

is
its

canonicalform
.

Forterm
s

thatare
already

in
canonicalform

according
to

D
efinition

7.6
w

e
let

c!
c

Forclarity,the
above

rule
offers

a
concise

representation
ofthe

otherw
ise

verbose
rules

n
!

n

t0
:t0

t1
:t1

t0 ,t1
closed

(t0 ,t1 )!
(t0 ,t1 )

l
x.t:t0 !

t1
l

x.tclosed

l
x.t!

l
x.t

N
ext,w

e
give

the
rules

forarithm
etic

expressions:

t0 !
n

0
t1 !

n
1

t0
op

t1 !
n

0
op

n
1

t!
0

t0 !
c0

if
t

then
t0

else
t1 !

c0

t!
n

n
6=

0
t1 !

c1

if
t

then
t0

else
t1 !

c1

For
the

arithm
etic

operators
the

sem
antics

is
obviously

the
sim

ple
application

ofthe
corresponding

m
eta-operatoras

in
IM

P.O
nly,here

w
e

distinguish
betw

een
H

O
FL

syntactic
operators

and
m

eta-operators
by

underlying
the

latter.Forinstance,
w

e
have

1
+

2
!

3,since
1

!
1,2

!
2

and
1+

2
=

3.
W

e
recallthatforthe

conditionalstatem
ent,since

w
e

have
no

boolean
values,w

e
use

the
convention

thatif
t

then
t0

else
t1

standsforif
t
=

0
then

t0
else

t1 ,so
the

prem
ise

t!
n

6=
0

m
eans

the
testis

false
and

t!
0

m
eans

the
testis

true.

166
7

O
perationalSem

antics
ofH

O
FL

w
hich

w
e

w
illassum

e
to

be
the

results
ofcalculations

(i.e.,as
ordinary

values).For
each

type
w

e
fix

the
setofterm

sin
canonicalform

by
taking

a
subsetofterm

sw
hich

reasonably
representthe

notion
ofvalues

forthattype.
A

sshow
n

in
the

previoussection,H
O

FL
hasthree

type
constructors:the

constant
int,and

the
binary

operators⇤
forpairs

and
!

forfunctions.Term
s

w
hich

represent
the

integers
provide

the
obvious

canonicalform
s

forthe
integertype.Forpairtypes

w
e

take
any

pairofterm
s

as
canonicalform

:note
thatthis

choice
is

arbitrary;for
exam

ple
w

e
could

have
taken

instead
pairs

ofterm
s

thatare
them

selves
in

canonical
form

.W
ew

illexplain
latertherationaleofourchoice.Finally,sinceH

O
FL

isahigher-
orderlanguage,functions

are
values.So

itis
quite

naturalto
take

allabstractions
as

canonicalform
s

forthe
arrow

type.

D
efinition

7.6
(C

anonicalform
s).Letusdefine

a
setC

t
ofcanonicalform

sforeach
type

t
as

follow
s:

n
2

C
int

t0
:t0

t1
:t1

t0 ,t1
closed

(t0 ,t1 )2
C

t0 ⇤t1

l
x.t:t0 !

t1
l

x.tclosed

l
x.t2

C
t0 !

t1

W
e

now
define

the
rulesofthe

operationalsem
antics;these

rulesdefine
an

evaluation
relation:

t!
c

w
here

tis
a

w
ell-form

ed
closed

term
ofH

O
FL

and
c

is
its

canonicalform
.

Forterm
s

thatare
already

in
canonicalform

according
to

D
efinition

7.6
w

e
let

c!
c

Forclarity,the
above

rule
offers

a
concise

representation
ofthe

otherw
ise

verbose
rules

n
!

n

t0
:t0

t1
:t1

t0 ,t1
closed

(t0 ,t1 )!
(t0 ,t1 )

l
x.t:t0 !

t1
l

x.tclosed

l
x.t!

l
x.t

N
ext,w

e
give

the
rules

forarithm
etic

expressions:

t0 !
n

0
t1 !

n
1

t0
op

t1 !
n

0
op

n
1

t!
0

t0 !
c0

if
t

then
t0

else
t1 !

c0

t!
n

n
6=

0
t1 !

c1

if
t

then
t0

else
t1 !

c1

For
the

arithm
etic

operators
the

sem
antics

is
obviously

the
sim

ple
application

ofthe
corresponding

m
eta-operatoras

in
IM

P.O
nly,here

w
e

distinguish
betw

een
H

O
FL

syntactic
operators

and
m

eta-operators
by

underlying
the

latter.Forinstance,
w

e
have

1
+

2
!

3,since
1

!
1,2

!
2

and
1+

2
=

3.
W

e
recallthatforthe

conditionalstatem
ent,since

w
e

have
no

boolean
values,w

e
use

the
convention

thatif
t

then
t0

else
t1

standsforif
t
=

0
then

t0
else

t1 ,so
the

prem
ise

t!
n

6=
0

m
eans

the
testis

false
and

t!
0

m
eans

the
testis

true.

Sem
antica op. Lazy


