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<latexit sha1_base64="FNJqXZRcG3Rfa6zUpxI914aXEvQ="></latexit>

Ex.1 Sia ⌃0 = {0} e ⌃1 = {s}. Estendete il programma logico che definisce il
predicato sum 2 ⇧3 (visto a lezione) per definire:

1. un predicato prod 2 ⇧3 per calcolare il prodotto di 2 numeri;

2. un predicato pow 2 ⇧3 per calcolare la potenze;

3. un predicato div 2 ⇧3 per verificare che il primo argomento divida il
secondo.
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 Ex. 1 (1,2,3)
sum(0,y,y) . 
sum(s(x),y,s(z)) :- sum(x,y,z) .

prod(0,y,0) . 
prod(s(x),y,z) :- prod(x,y,w) , sum(w,y,z) .

pow(s(x),0,s(0)) . 
pow(x,s(y),z) :- pow(x,y,w) , prod(w,x,z) .

div(s(y),z) :- prod(x,s(y),z) .

1
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Principles for software composition 2020/21
01 - Unification, goal-oriented derivations, mathematical induction

[Ex. 1] Let ⌃0 = {0} and ⌃1 = {s}. Extend the logic program that defines
the predicate sum 2 ⇧3 (seen in classroom) to define:

1. a predicate prod 2 ⇧3 for computing the product of two numbers;

2. a predicate pow 2 ⇧3 for computing the power;

3. a predicate div 2 ⇧2 for telling if the first argument divides the second.

[Ex. 2] Given the syntax in Ex. 1, solve the unification problems below

1. G1
def
= {prod(s(x), y, s(z)) ?

= prod(y, z, x)}

2. G2
def
= {pow(x, s(y), x) ?

= pow(s(y), z, z)}

3. G3
def
= {div(x, s(y)) ?

= div(z, x) , div(y, s(z))
?
= div(u, s(u))}

[Ex. 3] Given the logic programs in Ex. 1, write some possible goal-oriented
derivations for the queries:

1. sum(x, s(0), s(s(0)))

2. prod(s(s(0)), y, s(s(0)))

3. div(z, s(s(0)))

[Ex. 4] Prove by mathematical induction that:

8n > 0. nn � n!

[Ex. 5] Let

a0
def
= 0 an+1

def
= 2an + n

Prove by mathematical induction that:

8n 2 N. an = 2n � n� 1

[Ex. 6] Let Fi denote the ith Fibonacci number.

F1
def
= 1 F2

def
= 1 Fn+2

def
= Fn + Fn+1

Prove by mathematical induction that:

8n > 0.
nX

i=1

Fi = Fn+2 � 1

Data la sintassi in Ex.1, risolvere il  seguente problema di 
unificazione
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Unificazione

<latexit sha1_base64="kXXN/DViZ4IUmmognv9iGsb7aGM="></latexit>

G [ {f(t1, ..., tm)
?
= f(u1, ..., um)}

<latexit sha1_base64="J7YsMAPhdjY+vPinFnp+YIB0HvQ="></latexit>

G [ {t1
?
= u1, ..., tm

?
= um}

becomes

decompose

<latexit sha1_base64="+eqvxyaTFuLh/FSIrMom/+ghfOQ="></latexit>

G [ {x ?
= t}

<latexit sha1_base64="umMzYYDJI/I7gtkG1BO5UwgvPqk="></latexit>

G[x = t] [ {x ?
= t}

<latexit sha1_base64="oz86B9YwvhW4o6wbU4aCvp3h1G0="></latexit>

if x 2 vars(G) \ vars(t)becomes

eliminate

<latexit sha1_base64="zSOPcYaPOW0X0p6krOcRq+gkvKA="></latexit>

G [ {f(t1, ..., tm)
?
= x}

<latexit sha1_base64="325KgO6zYAxbeSOVwLcBa5MF8fE="></latexit>

G [ {x ?
= f(t1, ..., tm)}

becomes

swap

<latexit sha1_base64="E9bYHf16sCp75nu+hKGRjDEfV6k="></latexit>

G [ {f(t1, ..., tm)
?
= g(u1, ..., uh)}

<latexit sha1_base64="sDgg7JwyjM05fGThFKZcId4nikY="></latexit>

if f 6= g or m 6= h

conflict

fails

<latexit sha1_base64="325KgO6zYAxbeSOVwLcBa5MF8fE="></latexit>

G [ {x ?
= f(t1, ..., tm)}

<latexit sha1_base64="tcGQLNjb6OZVItVban99obIC9ns="></latexit>

if x 2 vars(f(t1, ..., tm))fails

occur-check

<latexit sha1_base64="a8ZVG2jNKT0jUDkeAIQAu5y0XqQ="></latexit>

G [ {t ?
= t}

<latexit sha1_base64="K6rV3fGKIbkNmEvmC81MNXqI2oI="></latexit>

G
becomes

delete
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Ex. 2 (1)
<latexit sha1_base64="tYXULYcXXQmSzL0ONDRuFfS1++Y="></latexit>

{prod(s(x ), y , s(z )) ?
= prod(y , z , x )}

<latexit sha1_base64="7xZaeffTF4mxnrwspPUe2qLBXH0="></latexit>

{s(x ) ?
= y , y

?
= z , s(z )

?
= x}

decompose

swap
<latexit sha1_base64="sGRHyvDanyHUq3jMmySlwoCFGZc="></latexit>

{y ?
= s(x ) , y

?
= z , s(z )

?
= x}

eliminate
<latexit sha1_base64="LQ+QNKIBriGvkgHJqUw4xlfnRgg="></latexit>

{y ?
= s(x ) , s(x )

?
= z , s(z )

?
= x}

swap
<latexit sha1_base64="hcq+HWBlu8rfpJAoQ+56l9WhaYY="></latexit>

{y ?
= s(x ) , z

?
= s(x ) , s(z )

?
= x}

eliminate
<latexit sha1_base64="qLerOFAdNBpwjnbVXXlWPAbSGQ4="></latexit>

{y ?
= s(x ) , z

?
= s(x ) , s(s(x ))

?
= x}
swap

<latexit sha1_base64="F6tcpQhQCeVeTH/TMdF8c126YOw="></latexit>

{y ?
= s(x ) , z

?
= s(x ) , x

?
= s(s(x ))}

occur-check
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Ex. 2 (2)
<latexit sha1_base64="Oj69jF8rGrWC0GXm5XZOwiP2o/k="></latexit>

{pow(x , s(y), x ) ?
= pow(s(y), z , z )}

eliminate

decompose
<latexit sha1_base64="SNZSmg+0QDVmDal4FQUZiUiQEIU="></latexit>

{x ?
= s(y) , s(y)

?
= z , x

?
= z}

<latexit sha1_base64="uonxJq33YAM9WC11VRRD133HAIg="></latexit>

{x ?
= s(y) , s(y)

?
= z , s(y)

?
= z}

<latexit sha1_base64="n3Ph9meA6fKIrq+pgUiF4aM//b4="></latexit>

{x ?
= s(y) , z

?
= s(y) , s(y)

?
= z}

swap

eliminate
<latexit sha1_base64="6zQrg/CwsJVp2GdNWmTZVWbJqXI="></latexit>

{x ?
= s(y) , z

?
= s(y) , s(y)

?
= s(y)}
delete

<latexit sha1_base64="lQRbtPlZXBWG+QYeOE9SHTZ7ZhU="></latexit>

{x ?
= s(y) , z

?
= s(y)}

<latexit sha1_base64="69NhOX345iFIpHmFEukRcoLrDVw="></latexit>

[x = s(y) , z = s(y)]
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Ex. 2 (3)
decompose decompose

eliminate

swap

eliminate

eliminate

occur-check

<latexit sha1_base64="t53cYuxS+9q87vxBJcR/TbmjZ9s="></latexit>

{div(x , s(y)) ?
= div(z , x ) , div(y , s(z ))

?
= div(u, s(u))}

<latexit sha1_base64="cKmAh9youERt0U6qsQxmAf32NDs="></latexit>

{x ?
= z , s(y)

?
= x , y

?
= u , s(z )

?
= s(u)}

<latexit sha1_base64="abB3RX0BHc+PH+taDyep0Kt7hF0="></latexit>

{x ?
= z , s(y)

?
= z , y

?
= u , s(z )

?
= s(u)}

<latexit sha1_base64="NXR/LSaOGL4V5NYser+ZyxAPXWY="></latexit>

{x ?
= z , z

?
= s(y) , y

?
= u , s(z )

?
= s(u)}

decompose

swap

<latexit sha1_base64="TS80izyFq5B4IrXxQY5fGDj98O4="></latexit>

{x ?
= s(y) , z

?
= s(y) , y

?
= u , s(s(y))

?
= s(u)}

<latexit sha1_base64="lEGQamzQy1kTuzJs2uuykiYMAd0="></latexit>

{x ?
= s(u) , z

?
= s(u) , y

?
= u , s(s(u))

?
= s(u)}

<latexit sha1_base64="guxGCPhkHW64sR6TDGyrV8UNxns="></latexit>

{x ?
= s(u) , z

?
= s(u) , y

?
= u , s(u)

?
= u}

<latexit sha1_base64="b1SSz0oKOXbR8VTpZjcnXBPn9i0="></latexit>

{x ?
= s(u) , z

?
= s(u) , y

?
= u , u

?
= s(u)}



Principles for software composition 2020/21
01 - Unification, goal-oriented derivations, mathematical induction

[Ex. 1] Let ⌃0 = {0} and ⌃1 = {s}. Extend the logic program that defines
the predicate sum 2 ⇧3 (seen in classroom) to define:

1. a predicate prod 2 ⇧3 for computing the product of two numbers;

2. a predicate pow 2 ⇧3 for computing the power;

3. a predicate div 2 ⇧2 for telling if the first argument divides the second.

[Ex. 2] Given the syntax in Ex. 1, solve the unification problems below

1. G1
def
= {prod(s(x), y, s(z)) ?

= prod(y, z, x)}

2. G2
def
= {pow(x, s(y), x) ?

= pow(s(y), z, z)}

3. G3
def
= {div(x, s(y)) ?

= div(z, x) , div(y, s(z))
?
= div(u, s(u))}

[Ex. 3] Given the logic programs in Ex. 1, write some possible goal-oriented
derivations for the queries:

1. sum(x, s(0), s(s(0)))

2. prod(s(s(0)), y, s(s(0)))

3. div(z, s(s(0)))

[Ex. 4] Prove by mathematical induction that:

8n > 0. nn � n!

[Ex. 5] Let

a0
def
= 0 an+1

def
= 2an + n

Prove by mathematical induction that:

8n 2 N. an = 2n � n� 1

[Ex. 6] Let Fi denote the ith Fibonacci number.

F1
def
= 1 F2

def
= 1 Fn+2

def
= Fn + Fn+1

Prove by mathematical induction that:

8n > 0.
nX

i=1

Fi = Fn+2 � 1

Data il programma logico in Ex.1, scrivere delle derivazioni per i goals 
 seguenti:



Ex. 3 (1)
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<latexit sha1_base64="s7L4U+gk24Vfr1DrW3Uhd1eu+tg=">AAAC6HicbVHLbhMxFHWGVymvFJZsLCKkRELRDKqADVIFG5ZFIm2lOIo8nptgansG+zo0suYf2CEQK76ELfwBf4NnOosm7V0d3+vj43tOXinpME3/9ZJr12/cvLVze/fO3Xv3H/T3Hh650lsBE1Gq0p7k3IGSBiYoUcFJZYHrXMFxfvq2mR+vwDpZmg+4rmCm+dLIhRQcY2ve32ea40e3CM7rIVshWB3O6mcsb5EbpqMLh+Y4qk f1vD9Ix2lb9DLIOjAgXR3O93o/WVEKr8GgUNy5aZZWOAvcohQK6l3mHVRcnPIlTCM0XIObhXa9mj71jmNJK7BUKto24SIjcO3cWufxZrvM9qxpXjWbely8mgVpKo9gRCOEUkEr5ISV0TeghbSAyJufA5WGCm45Rj8k5ULEpo9Gbgg61NyubRGXMvBFlFpzUwRWwAI+16G124IKLPdSFRFRtoo2WMnNMmqzMqrS8Lqut/htBvU0mwWGcIatCyFXHro3Y4SDLLI2SKurSBaKjiPxnBPzzLbTuwyOno+zF+P0/f7g4E2X7A55TJ6QIcnIS3JA3pFDMiGC/CC/yR/yN/mUfE2+Jd/Prya9jvOIbFTy6z/h9/LY</latexit>

sum(x , s(0), s(s(0)))

sum(0,y,y) . 
sum(s(x),y,s(z)) :- sum(x,y,z) .

<latexit sha1_base64="mxryrERcUxYfOoNDvrgXwYcfEQs=">AAADBXicbVFNbxMxEHWWj5bylcKRy4oIKZVQtFshygWpggvHViJtpTiKZr2T1KrtXezZpJG1Z/4Ef4EbgiO/gwNX+Bs42z2QtHN6fuPn53mTlUo6SpJfnejW7Tt3t7bv7dx/8PDR4+7ukxNXVFbgUBSqsGcZOFTS4JAkKTwrLYLOFJ5mF+9X/dM5WicL85GWJY41zIycSgEUqEn3mJsFWFssJp4vZI7nQJ47OdNQT9J6h2ugcz f1rtJ9Pie02l8G/iXPGuz6yd76Ya+edHvJIGkqvg7SFvRYW0eT3c4Xnhei0mhIKHBulCYljT1YkkJh+ETlsARxATMcBWhAoxv7ZvY6flE5oCIu0cZSxQ2J/ys8aOeWOgs3m1k2eyvypt6ooumbsZemrAiNWBmRVNgYOWFlCBXjXFokgtXPMZYmFmCBQhgyBiECWYWU1wwdabBLm4ehDC5EoTWY3PMcp/ip9k3aFpXnWSVVHlDM5yEGK8HMgjcvgmvs39b1hr5ZQD1Kx54TXlKTgs9Uhe2bYYO9NKjWRPObRBbzViPpShP2mW5u7zo42R+krwfJ8ave4bt2s9vsGXvO+ixlB+yQfWBHbMgE+8F+sz/sb/Q5+hp9i75fXY06reYpW6vo5z+ES//K</latexit>

-b�1 sum(x1 , s(0), s(0))

<latexit sha1_base64="hLgUaSP9C94t4xyfP9f4PdWHCm0="></latexit>

�1 = [x = s(x1 ), y1 = s(0), z1 = s(0)]

<latexit sha1_base64="xnLp20Tpi5zaPcxDLEjG1n01ObI=">AAAC1nicbVFNbxMxEHWWj5bylcKRi9UIiVO0WyHgglSVC8cikTZSHEWz3klq1fYu9mzSyNreEBz5AfwGrvBX+Dc46R5I2jk9zcybN/Mmr7TylKZ/O8mdu/fu7+w+2Hv46PGTp939Z6e+rJ3EgSx16YY5eNTK4oAUaRxWDsHkGs/yiw+r+tkcnVel/UzLCscGZlZNlQSKqUn3QNgFOFcuJkEsVIHnQEF4NTPQTA6bPXFcXk66vb SfroPfBFkLeqyNk8l+56coSlkbtCQ1eD/K0orGARwpqTFOrT1WIC9ghqMILRj047A+puEvaw9U8godV5qvk/g/I4Dxfmny2GmAzv12bZW8rTaqafpuHJStakIrV0KkNK6FvHQquoS8UA6JYLU5cmW5BAdE6BQHKWOyjrZtCHoy4JauiEdZXMjSGLBFEAVO8UsTxGoLhzqIvFa6iIiLebTBKbCzqC3KqMrD+6bZ4udR0zSjbBwE4SWtXQi5rrGd6aehl0XWBml+G8lh0XIUXXPiP7Pt790Ep4f97E0//fS6d3TcfnaXvWAH7BXL2Ft2xD6yEzZgkn1nv9hv9icZJlfJ1+TbdWvSaTnP2UYkP/4Bq8/sVw==</latexit>

-b�2 ⇤

<latexit sha1_base64="X1HAcGEkm+Ns+Cdo1sQar2FzJS4="></latexit>

�2 = [x1 = 0, y2 = s(0)]

<latexit sha1_base64="02xIaWUs0PM7X8JKpJ7Qu/8rkEc=">AAADAnicbVFNbxMxEHWWr1K+UjhyWREhpRKKdqsKuCBVcOGEikTaSnEUzXonqVXbu9izSSNrb/wMfgE3BEf+CFzhh+BsV4ikndPzGz8/z5usVNJRkvzsRNeu37h5a+v29p279+4/6O48PHJFZQUORaEKe5KBQyUNDkmSwpPSIuhM4XF29mbVP56jdbIwH2hZ4ljDzMipFECBmnTfcbMAa4vFxPOFzPEUyHMnZxrqyV69zTXQqZ t6V+k+nxNa7c8D/4xnDXb9ZPffIal360m3lwySpuLLIG1Bj7V1ONnpfOZ5ISqNhoQC50ZpUtLYgyUpFIYfVA5LEGcww1GABjS6sW8Gr+OnlQMq4hJtLFXckPi/woN2bqmzcLMZZLO3Iq/qjSqavhx7acqK0IiVEUmFjZETVoZEMc6lRSJY/RxjaWIBFigkIWMQIpBViHjN0JEGu7R5GMrgQhRag8k9z3GKH2vfRG1ReZ5VUuUBxXweYrASzCx48yK4xv5VXW/om/TrUTr2nPCcmhR8pips3wzr66VBtSaaXyWymLcaSReasM90c3uXwdHeIH0+SN7v9w5et5vdYo/ZE9ZnKXvBDthbdsiGTLDv7Bf7zf5En6Iv0dfo28XVqNNqHrG1in78BfX5/uo=</latexit>

-b�2 sum(x2 , s(0), 0)

<latexit sha1_base64="83IlyZ8Pv5TkJYJKVEQCPD9qHng="></latexit>

�2 = [x1 = s(x2 ), y2 = s(0), z2 = 0]

Fallimento!

<latexit sha1_base64="DoEu0Ez5bn1k9wF9GyjXKoz+6us="></latexit>

x = s(0)

Alternativamente:
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Ex. 3 (2)
<latexit sha1_base64="TRhmgWMECvzcvV/59sDBeob/Vvw="></latexit>

prod(s(s(0)), y , s(s(0)))
<latexit sha1_base64="qTkTUEKLySrO1t8EmVLQc2R8S7w="></latexit>

-b�1 prod(s(0), y ,w1 ) , sum(w1 , y , s(s(0)))

sum(0,y,y) . 
sum(s(x),y,s(z)) :- sum(x,y,z) . 

prod(0,y,0) . 
prod(s(x),y,z) :- prod(x,y,w) , sum(w,y,z) .

<latexit sha1_base64="d8EYAnYP1XlFTaBTVL/Ze4D80RM="></latexit>

-b�2 prod(0, y ,w2 ) , sum(w2 , y ,w1 ) , sum(w1 , y , s(s(0)))

<latexit sha1_base64="0XzKQpvrNT8l1BuPLaGcr+G6qg8="></latexit>

�2 = [x2 = 0, y2 = y , z2 = w1 ]

<latexit sha1_base64="qHTxV5+30DwlS4xRvIbYrvOAjoQ="></latexit>

�1 = [x1 = s(0), y1 = y , z1 = s(s(0))]

<latexit sha1_base64="HIwBYfWpA68c2A8sp+MvkcP8u6o=">AAADOXicbZHNjtMwFIWd8DeUvxZ2zCaiQmqlapQAAjZII9iwHCQ6M1JdRY5z27HGdoJ901JZWfIWvAlPwpIdgiUvgJtGMO3MXR3d68/HvicrpbAYx9+D8Nr1Gzdv7d3u3Ll77/6Dbu/hsS0qw2HMC1mY04xZkELDGAVKOC0NMJVJOMnO363nJwswVhT6I65KmCo212ImOEPfSrtfqF4yY4pl6uhS5HDG0FEr5orV6fO6QxXDMz tztlIDmiEY5eJ6RBeNWv1TyzSphzUdjehoG/k/vghtLrIDO4iHQw920m4/Poibii6LpBV90tZR2gu+0rzglQKNXDJrJ0lc4tQxg4JL8A+vLJSMn7M5TLzUTIGdumZfdfS0sgyLqAQTCRk1TbhIOKasXanMn2w+sztbN6+aTSqcvZ46ocsKQfO1EQoJjZHlRvggIMqFAUS2fjlEQkecGYZ+ISJinPtm5ZPZMrSomFmZ3H9Kw5IXSjGdO5rDDD7Vrlm3AeloVgmZexXRhV+DEUzPvTctvGvk3tT1Dt+EUE+SqaMIn7HZgstkBe2dPsJ+4qktaHEVZCBvGYEbxueZ7KZ3WRw/O0heHsQfXvQP37bJ7pF98oQMSEJekUPynhyRMeHkd9ALHgf74bfwR/gz/LU5GgYt84hsVfjnL7BtEok=</latexit>

-b�3 sum(0, y ,w1 ) , sum(w1 , y , s(s(0)))

<latexit sha1_base64="D5AdjXuuBZ3S6kPh6GE9crNPaKc="></latexit>

�3 = [y3 = y ,w2 = 0]

<latexit sha1_base64="1zz5mEsIXHs8qHMHCKPO39qeIiU=">AAADBHicbVFNbxMxEHWWrxK+UjhysYiQEglFu1UFXJAquHAMEmkrxavI652kVm3vYs8mRNZe+RX8BG4IjvwPJK7wO3C2e2jSzulpxs9v5r2sVNJhHP/uRDdu3rp9Z+9u9979Bw8f9fYfH7uisgImolCFPc24AyUNTFCigtPSAteZgpPs/N1mfrIE62RhPuK6hFTzhZFzKTiG1qw3ZmbFrS1WM89WMoczjp45udC8nh3WXaY5nr m5d5UesCWC1X5dv7iEsga5gRvEw2E9rLuzXj8exU3RqyBpQZ+0NZ7td76yvBCVBoNCceemSVxi6rlFKRSEHSoHJRfnfAHTAA3X4FLfnF7T55XjWNASLJWKNk24zPBcO7fWWXjZnLI72zSvm00rnL9OvTRlhWDERgilgkbICSuDp0BzaQGRbzYHKg0V3HIMhkjKhQjNKpi8JehQc7u2eTjKwEoUWnOTe5bDHD7VvjHbgvIsq6TKA6JsGWywkptF0GZFUKX+TV3v8JsQ6mmSeobwGRsXfKYqaP8MAfaTwNoiLa8jWchbjsQLTsgz2U3vKjg+GCUvR/GHw/7R2zbZPfKUPCMDkpBX5Ii8J2MyIYL8JH/IX/Iv+hJ9i75HPy6eRp2W84RsVfTrP/oS/5s=</latexit>

-b�4 sum(y , y , s(s(0)))

<latexit sha1_base64="Ceqgv7dcNjwndBiAol938QCOtQU="></latexit>

�4 = [w1 = y , y4 = y ]

<latexit sha1_base64="b98gbCtNLw1xUQtwvmWZGhU47bE=">AAAC1nicbVFNbxMxEHWWj5bylcKRi9UIiVO0i1DhUqkqF45FIm2kOIpmvZPUqu1d7NmkkbXcEBz5AfwGrvBX+Dc46R5I2jk9zcybN/Mmr7TylKZ/O8mdu/fu7+w+2Hv46PGTp939Z2e+rJ3EgSx16YY5eNTK4oAUaRxWDsHkGs/zy/er+vkcnVel/UTLCscGZlZNlQSKqUn3QNgFOFcuJkEsVIEXQEF4NTPQTA6bPXFSXk26vb SfroPfBFkLeqyN08l+56coSlkbtCQ1eD/K0orGARwpqTFOrT1WIC9hhqMILRj047A+puEvaw9U8godV5qvk/g/I4Dxfmny2GmALvx2bZW8rTaqafpuHJStakIrV0KkNK6FvHQquoS8UA6JYLU5cmW5BAdE6BQHKWOyjrZtCHoy4JauiEdZXMjSGLBFEAVO8XMTxGoLhzqIvFa6iIiLebTBKbCzqC3KqMrDUdNs8fOoaZpRNg6C8IrWLoRc19jO9NPQyyJrgzS/jeSwaDmKrjnxn9n2926Cs9f97LCffnzTOz5pP7vLXrAD9opl7C07Zh/YKRswyb6zX+w3+5MMky/J1+TbdWvSaTnP2UYkP/4BtSPsWw==</latexit>

-b�6 ⇤ <latexit sha1_base64="ymBo32ZSuZOZrfcU18S2LwcdffQ="></latexit>

y = s(0)

<latexit sha1_base64="mVh9A1E3OK0kikvBuz4Q1GxW9KM="></latexit>

�5 = [y = s(x5 ), y5 = s(x5 ), z5 = s(0)]
<latexit sha1_base64="7u3DB9o/Ij4ZDB8XSXuOMV4JDiQ=">AAADEHicbVHLbhMxFHWGVwmvFJZsRkRIrYSiGcRrg1TBhmWRSFspjqI7npvUqu0Z7DtJI2t+gjUfwg7Bkj/gD9jCF+BMZ5Gkvasz5/rMsc/JSiUdJcnvTnTt+o2bt3Zud+/cvXf/QW/34ZErKitwKApV2JMMHCppcEiSFJ6UFkFnCo+zs/er/fEcrZOF+UTLEscaZkZOpQAK1KTHuVmAtcVi4vlC5ngK5LmTMw315GXd5Rro1E 29q/QenxNa7c8D/4xnDXbr5P4aneyHz+6k108GSTPxZZC2oM/aOZzsdr7yvBCVRkNCgXOjNClp7MGSFArDfSqHJYgzmOEoQAMa3dg3MdTx08oBFXGJNpYqbkhcV3jQzi11Fk42z9rercirdqOKpm/GXpqyIjRiZURSYWPkhJUhX4xzaZEIVjfHWJpYgAUKacgYhAhkFQLfMHSkwS5tHh5lcCEKrcHknuc4xc+1b4K3qDzPKqnygGI+DzFYCWYWvHkRXGP/tq639E0D9Sgde054Tk0KPlMVtv8MZfbToNoQza8SWcxbjaQLTegz3W7vMjh6PkhfDZKPL/oH79pmd9hj9oTtsZS9ZgfsAztkQybYT/aH/WX/oi/Rt+h79OPiaNRpNY/YxkS//gPsgAS3</latexit>

-b�5 sum(x5 , s(x5 ), s(0))
<latexit sha1_base64="Y1MG78EctbBzlLj/uPhq++yCYvo="></latexit>

�6 = [x5 = 0, y6 = s(0)]

Alternativamente:
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Ex. 3 (2)
<latexit sha1_base64="TRhmgWMECvzcvV/59sDBeob/Vvw="></latexit>

prod(s(s(0)), y , s(s(0)))
<latexit sha1_base64="qTkTUEKLySrO1t8EmVLQc2R8S7w="></latexit>

-b�1 prod(s(0), y ,w1 ) , sum(w1 , y , s(s(0)))

sum(0,y,y) . 
sum(s(x),y,s(z)) :- sum(x,y,z) . 

prod(0,y,0) . 
prod(s(x),y,z) :- prod(x,y,w) , sum(w,y,z) .

<latexit sha1_base64="d8EYAnYP1XlFTaBTVL/Ze4D80RM="></latexit>

-b�2 prod(0, y ,w2 ) , sum(w2 , y ,w1 ) , sum(w1 , y , s(s(0)))

<latexit sha1_base64="0XzKQpvrNT8l1BuPLaGcr+G6qg8="></latexit>

�2 = [x2 = 0, y2 = y , z2 = w1 ]

<latexit sha1_base64="qHTxV5+30DwlS4xRvIbYrvOAjoQ="></latexit>

�1 = [x1 = s(0), y1 = y , z1 = s(s(0))]

<latexit sha1_base64="HIwBYfWpA68c2A8sp+MvkcP8u6o=">AAADOXicbZHNjtMwFIWd8DeUvxZ2zCaiQmqlapQAAjZII9iwHCQ6M1JdRY5z27HGdoJ901JZWfIWvAlPwpIdgiUvgJtGMO3MXR3d68/HvicrpbAYx9+D8Nr1Gzdv7d3u3Ll77/6Dbu/hsS0qw2HMC1mY04xZkELDGAVKOC0NMJVJOMnO363nJwswVhT6I65KmCo212ImOEPfSrtfqF4yY4pl6uhS5HDG0FEr5orV6fO6QxXDMz tztlIDmiEY5eJ6RBeNWv1TyzSphzUdjehoG/k/vghtLrIDO4iHQw920m4/Poibii6LpBV90tZR2gu+0rzglQKNXDJrJ0lc4tQxg4JL8A+vLJSMn7M5TLzUTIGdumZfdfS0sgyLqAQTCRk1TbhIOKasXanMn2w+sztbN6+aTSqcvZ46ocsKQfO1EQoJjZHlRvggIMqFAUS2fjlEQkecGYZ+ISJinPtm5ZPZMrSomFmZ3H9Kw5IXSjGdO5rDDD7Vrlm3AeloVgmZexXRhV+DEUzPvTctvGvk3tT1Dt+EUE+SqaMIn7HZgstkBe2dPsJ+4qktaHEVZCBvGYEbxueZ7KZ3WRw/O0heHsQfXvQP37bJ7pF98oQMSEJekUPynhyRMeHkd9ALHgf74bfwR/gz/LU5GgYt84hsVfjnL7BtEok=</latexit>

-b�3 sum(0, y ,w1 ) , sum(w1 , y , s(s(0)))

<latexit sha1_base64="D5AdjXuuBZ3S6kPh6GE9crNPaKc="></latexit>

�3 = [y3 = y ,w2 = 0]

<latexit sha1_base64="1zz5mEsIXHs8qHMHCKPO39qeIiU=">AAADBHicbVFNbxMxEHWWrxK+UjhysYiQEglFu1UFXJAquHAMEmkrxavI652kVm3vYs8mRNZe+RX8BG4IjvwPJK7wO3C2e2jSzulpxs9v5r2sVNJhHP/uRDdu3rp9Z+9u9979Bw8f9fYfH7uisgImolCFPc24AyUNTFCigtPSAteZgpPs/N1mfrIE62RhPuK6hFTzhZFzKTiG1qw3ZmbFrS1WM89WMoczjp45udC8nh3WXaY5nr m5d5UesCWC1X5dv7iEsga5gRvEw2E9rLuzXj8exU3RqyBpQZ+0NZ7td76yvBCVBoNCceemSVxi6rlFKRSEHSoHJRfnfAHTAA3X4FLfnF7T55XjWNASLJWKNk24zPBcO7fWWXjZnLI72zSvm00rnL9OvTRlhWDERgilgkbICSuDp0BzaQGRbzYHKg0V3HIMhkjKhQjNKpi8JehQc7u2eTjKwEoUWnOTe5bDHD7VvjHbgvIsq6TKA6JsGWywkptF0GZFUKX+TV3v8JsQ6mmSeobwGRsXfKYqaP8MAfaTwNoiLa8jWchbjsQLTsgz2U3vKjg+GCUvR/GHw/7R2zbZPfKUPCMDkpBX5Ii8J2MyIYL8JH/IX/Iv+hJ9i75HPy6eRp2W84RsVfTrP/oS/5s=</latexit>

-b�4 sum(y , y , s(s(0)))

<latexit sha1_base64="Ceqgv7dcNjwndBiAol938QCOtQU="></latexit>

�4 = [w1 = y , y4 = y ]
<latexit sha1_base64="mVh9A1E3OK0kikvBuz4Q1GxW9KM="></latexit>

�5 = [y = s(x5 ), y5 = s(x5 ), z5 = s(0)]
<latexit sha1_base64="7u3DB9o/Ij4ZDB8XSXuOMV4JDiQ=">AAADEHicbVHLbhMxFHWGVwmvFJZsRkRIrYSiGcRrg1TBhmWRSFspjqI7npvUqu0Z7DtJI2t+gjUfwg7Bkj/gD9jCF+BMZ5Gkvasz5/rMsc/JSiUdJcnvTnTt+o2bt3Zud+/cvXf/QW/34ZErKitwKApV2JMMHCppcEiSFJ6UFkFnCo+zs/er/fEcrZOF+UTLEscaZkZOpQAK1KTHuVmAtcVi4vlC5ngK5LmTMw315GXd5Rro1E 29q/QenxNa7c8D/4xnDXbr5P4aneyHz+6k108GSTPxZZC2oM/aOZzsdr7yvBCVRkNCgXOjNClp7MGSFArDfSqHJYgzmOEoQAMa3dg3MdTx08oBFXGJNpYqbkhcV3jQzi11Fk42z9rercirdqOKpm/GXpqyIjRiZURSYWPkhJUhX4xzaZEIVjfHWJpYgAUKacgYhAhkFQLfMHSkwS5tHh5lcCEKrcHknuc4xc+1b4K3qDzPKqnygGI+DzFYCWYWvHkRXGP/tq639E0D9Sgde054Tk0KPlMVtv8MZfbToNoQza8SWcxbjaQLTegz3W7vMjh6PkhfDZKPL/oH79pmd9hj9oTtsZS9ZgfsAztkQybYT/aH/WX/oi/Rt+h79OPiaNRpNY/YxkS//gPsgAS3</latexit>

-b�5 sum(x5 , s(x5 ), s(0))
<latexit sha1_base64="LwFnVNG/OsKj6LjM5zEC3HN/Ylg="></latexit>

�6 = [x5 = s(x6 ), y6 = s(s(x6 )), z6 = 0]
<latexit sha1_base64="4dw0niy2AOyDUQG8eaEx8rVWX5k=">AAADEHicbVHLbhMxFHWGVwmvFJZsLCKkRELRTIUKG6QKNiyLRNpK8SjyeG5Sq7ZnsO8kjaz5CdZ8CDsES/6AP2ALX4AzHaEm7V0dnevjc++5Wamkwzj+1Ylu3Lx1+87O3e69+w8ePurtPj5yRWUFjEWhCnuScQdKGhijRAUnpQWuMwXH2dm7df94AdbJwnzEVQmp5nMjZ1JwDNS0x5hZcmuL5dSzpczhlKNnTs41r6f7dZdpjq du5l2lB2yBYLU/D/wLljXYDdxlejj834nrYd2d9vrxKG6KXgVJC/qkrcPpbucLywtRaTAoFHduksQlpp5blEJBmKdyUHJxxucwCdBwDS71TQw1fV45jgUtwVKpaEPCZYXn2rmVzsLLZq3t3pq8rjepcPY69dKUFYIRayOUChojJ6wM+QLNpQVEvp4cqDRUcMsxRCEpFyKQVQh8w9Ch5nZl87CUgaUotOYm9yyHGXyqfRO8BeVZVkmVB0TZIsRgJTfz4M2K4Er9m7re0jfx15Mk9QzhHJsUfKYqaP8Mx+wnQbUhWlwnspC3GokXmnDPZPt6V8HR3ijZH8UfXvYP3raX3SFPyTMyIAl5RQ7Ie3JIxkSQH+Q3+UP+Rp+jr9G36PvF06jTap6QjYp+/gPtywS6</latexit>

-b�6 sum(x6 , s(s(x6 )), 0)
Fallimento!



 14

Ex. 3 (3) sum(0,y,y) . 
sum(s(x),y,s(z)) :- sum(x,y,z) . 

prod(0,y,0) . 
prod(s(x),y,z) :- prod(x,y,w) , sum(w,y,z) . 

div(s(y),z) :- prod(x,s(y),z) .
<latexit sha1_base64="gPeP8iEy2ucvEWZWFH/2QpeU0iI=">AAAC23icbVFNbxMxEHWWr1K+UjhysYgQiYSiXVQBF6SqXDgWibSV4lXk9U6CVdu7tWcXgrWn3hA99sa/4Ao/hH+Ds90DSTunpxk/v5n3slJJh3H8txfduHnr9p2tu9v37j94+Ki/8/jQFZUVMBGFKuxxxh0oaWCCEhUclxa4zhQcZSfvV/OjGqyThfmEyxJSzRdGzqXgGFqz/gumOX52c5/LeshqBKv9t+Yly1rkhm4Yj0bNqJ n1B/E4boteBUkHBqSrg9lO7yfLC1FpMCgUd26axCWmnluUQkGzzSoHJRcnfAHTAA3X4FLfXtTQ55XjWNASLJWKtk34n+G5dm6ps/Cy3X9ztmpeN5tWOH+bemnKCsGIlRBKBa2QE1YGq4Dm0gIiX20OVBoquOUY/JCUCxGaVfBuTdCh5nZp83CUgS+i0Jqb3LMc5nDa+NZhC8qzrJIqD4iyOthgJTeLoM2KoEr9u6bZ4LcZNNMk9QzhK7Yu+ExV0P0ZUhskgbVGqq8jWcg7jsRLTsgz2UzvKjh8NU5ej+OPu4O9/S7ZLfKUPCNDkpA3ZI98IAdkQgQ5J7/Ib/InSqOz6Hv04/Jp1Os4T8haRRf/AGX77bg=</latexit>

div(z , s(s(0)))
<latexit sha1_base64="dNK+efkZlnNe8yblGUZEJI/fvTc="></latexit>

�1 = [z = s(y1 ), z1 = s(s(0))]
<latexit sha1_base64="7RIIExwZAVIT12Gs4+x38EEbdhI="></latexit>

-b�1 prod(x1 , s(y1 ), s(s(0)))

<latexit sha1_base64="oLnGkberewhIJtH/Hdww8yyFeRw="></latexit>

-b�2 prod(x2 , s(y1 ),w2 ) , sum(w2 , s(y1 ), s(s(0)))

<latexit sha1_base64="ROd8a0SIp2KjcPYSE1cQPjGdwDo="></latexit>

�2 = [x1 = s(x2 ), y2 = s(y1 ), z2 = s(s(0))]

<latexit sha1_base64="030fC6PUomrnSR7XcdrOzp35hEs="></latexit>

�3 = [x2 = 0, y3 = s(y1 ),w2 = 0]
<latexit sha1_base64="6uW/aJAP7dAUTn0kGf4kCVOOCvo=">AAADEHicbVHLbhMxFHWGVymvFJZsLCKkRELRTEHABqmCDcsikbZSPBp5PDepVdsz2HcSImt+gjUfwg7Bkj/gD9jCF+BMZ9Gkvaujc3187HPySkmHcfy7F127fuPmrZ3bu3fu3rv/oL/38MiVtRUwEaUq7UnOHShpYIISFZxUFrjOFRznZ+/W++MFWCdL8xFXFaSaz42cScExUFmfMbPk1pbLzLOlLOCUo2dOzjVvsufNLtMcT9 3Mu1oPWY5gtY+bZx1yQ7ZowSpLmtEF2g3j0SgwWX8Qj+N26GWQdGBAujnM9npfWVGKWoNBobhz0ySuMPXcohQKwntqBxUXZ3wO0wAN1+BS38bQ0Ke141jSCiyVirYkXFR4rp1b6TycbL+1vVuTV+2mNc5ep16aqkYwYm2EUkFr5ISVIV+ghbSAyNcvByoNFdxyDHlIyoUIZB0C3zB0qLld2SJ8ysBSlFpzU3hWwAw+Nb4N3oLyLK+lKgKibBFisJKbefBmZXCl/k3TbOnbDpppknqG8BnbFHyuaujuDGUOkqDaEC2uElkoOo3Ec03oM9lu7zI42h8nL8fxhxeDg7ddszvkMXlChiQhr8gBeU8OyYQI8pP8IX/Jv+hL9C36Hv04Pxr1Os0jsjHRr/9aLgR8</latexit>

-b�3 sum(0, s(y1 ), s(s(0)))
<latexit sha1_base64="EtFTxnvU9lXw5N2DIur8QnxZVUM="></latexit>

�4 = [y4 = s(s(0)), y1 = s(0)]
<latexit sha1_base64="V2OBQ/PXpfk3DI12xyPhdPowV8E="></latexit>

-b�4 ⇤
Alternatively:

<latexit sha1_base64="Hmqd0k659zWO8jva59EV6ss7tGU="></latexit>

z = s(s(0))
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Ex. 3 (3) sum(0,y,y) . 
sum(s(x),y,s(z)) :- sum(x,y,z) . 

prod(0,y,0) . 
prod(s(x),y,z) :- prod(x,y,w) , sum(w,y,z) . 

div(s(y),z) :- prod(x,s(y),z) .
<latexit sha1_base64="gPeP8iEy2ucvEWZWFH/2QpeU0iI=">AAAC23icbVFNbxMxEHWWr1K+UjhysYgQiYSiXVQBF6SqXDgWibSV4lXk9U6CVdu7tWcXgrWn3hA99sa/4Ao/hH+Ds90DSTunpxk/v5n3slJJh3H8txfduHnr9p2tu9v37j94+Ki/8/jQFZUVMBGFKuxxxh0oaWCCEhUclxa4zhQcZSfvV/OjGqyThfmEyxJSzRdGzqXgGFqz/gumOX52c5/LeshqBKv9t+Yly1rkhm4Yj0bNqJ n1B/E4boteBUkHBqSrg9lO7yfLC1FpMCgUd26axCWmnluUQkGzzSoHJRcnfAHTAA3X4FLfXtTQ55XjWNASLJWKtk34n+G5dm6ps/Cy3X9ztmpeN5tWOH+bemnKCsGIlRBKBa2QE1YGq4Dm0gIiX20OVBoquOUY/JCUCxGaVfBuTdCh5nZp83CUgS+i0Jqb3LMc5nDa+NZhC8qzrJIqD4iyOthgJTeLoM2KoEr9u6bZ4LcZNNMk9QzhK7Yu+ExV0P0ZUhskgbVGqq8jWcg7jsRLTsgz2UzvKjh8NU5ej+OPu4O9/S7ZLfKUPCNDkpA3ZI98IAdkQgQ5J7/Ib/InSqOz6Hv04/Jp1Os4T8haRRf/AGX77bg=</latexit>

div(z , s(s(0)))
<latexit sha1_base64="dNK+efkZlnNe8yblGUZEJI/fvTc="></latexit>

�1 = [z = s(y1 ), z1 = s(s(0))]
<latexit sha1_base64="7RIIExwZAVIT12Gs4+x38EEbdhI="></latexit>

-b�1 prod(x1 , s(y1 ), s(s(0)))

<latexit sha1_base64="oLnGkberewhIJtH/Hdww8yyFeRw="></latexit>

-b�2 prod(x2 , s(y1 ),w2 ) , sum(w2 , s(y1 ), s(s(0)))

<latexit sha1_base64="ROd8a0SIp2KjcPYSE1cQPjGdwDo="></latexit>

�2 = [x1 = s(x2 ), y2 = s(y1 ), z2 = s(s(0))]

<latexit sha1_base64="lTRgirpVskmIdi8RfTAPLrEwxt4="></latexit>

�4 = [x3 = 0, y4 = s(y1 ),w3 = 0]
<latexit sha1_base64="vkcfWul2gZoe6bQ3xKt0Mz7Iiag="></latexit>

-b�4 sum(0, s(y1 ),w2 ) , sum(w2 , s(y1 ), s(s(0)))
<latexit sha1_base64="7pntEvJN6cwgUgWGg08GWHp+2y4="></latexit>

�5 = [y5 = s(y1 ),w2 = s(y1 )]
<latexit sha1_base64="8wh9DV10+3m3ljgLHRVK01n7IF0="></latexit>

-b�5 sum(s(y1 ), s(y1 ), s(s(0)))

<latexit sha1_base64="AF7Un6RLRzwi+VakF4NdtXaWNx4="></latexit>

�3 = [x2 = s(x3 ), y3 = s(y1 ), z3 = w2 ]
<latexit sha1_base64="Sye7zF9ogWxZBoiggyOB8K3WtT4="></latexit>

-b�3 prod(x3 , s(y1 ),w3 ), sum(w3 , s(y1 ),w2 ), sum(w2 , s(y1 ), s(s(0)))

<latexit sha1_base64="xJfI0dV/xSCGVIU5BujfAcPXbgk="></latexit>

�6 = [x6 = y1 , y6 = s(y1 ), z6 = s(0)]
<latexit sha1_base64="RkN0M+vCmw0qn4K8Fz478ZOGOPQ="></latexit>

-b�6 sum(y1 , s(y1 ), s(0))
<latexit sha1_base64="WfwduXoILlcNbGmIXfTYMMzkWPE="></latexit>

�7 = [y1 = 0, y7 = s(0)]
<latexit sha1_base64="qt/kut/Oa0rar7huI0SFMggVqpY="></latexit>

-b�7 ⇤
<latexit sha1_base64="qgJl4Sx/ts7O4wSrrTBpyQsveQ4="></latexit>

z = s(0) Alternativamente:
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Ex. 3 (3) sum(0,y,y) . 
sum(s(x),y,s(z)) :- sum(x,y,z) . 

prod(0,y,0) . 
prod(s(x),y,z) :- prod(x,y,w) , sum(w,y,z) . 

div(s(y),z) :- prod(x,s(y),z) .
<latexit sha1_base64="gPeP8iEy2ucvEWZWFH/2QpeU0iI=">AAAC23icbVFNbxMxEHWWr1K+UjhysYgQiYSiXVQBF6SqXDgWibSV4lXk9U6CVdu7tWcXgrWn3hA99sa/4Ao/hH+Ds90DSTunpxk/v5n3slJJh3H8txfduHnr9p2tu9v37j94+Ki/8/jQFZUVMBGFKuxxxh0oaWCCEhUclxa4zhQcZSfvV/OjGqyThfmEyxJSzRdGzqXgGFqz/gumOX52c5/LeshqBKv9t+Yly1rkhm4Yj0bNqJ n1B/E4boteBUkHBqSrg9lO7yfLC1FpMCgUd26axCWmnluUQkGzzSoHJRcnfAHTAA3X4FLfXtTQ55XjWNASLJWKtk34n+G5dm6ps/Cy3X9ztmpeN5tWOH+bemnKCsGIlRBKBa2QE1YGq4Dm0gIiX20OVBoquOUY/JCUCxGaVfBuTdCh5nZp83CUgS+i0Jqb3LMc5nDa+NZhC8qzrJIqD4iyOthgJTeLoM2KoEr9u6bZ4LcZNNMk9QzhK7Yu+ExV0P0ZUhskgbVGqq8jWcg7jsRLTsgz2UzvKjh8NU5ej+OPu4O9/S7ZLfKUPCNDkpA3ZI98IAdkQgQ5J7/Ib/InSqOz6Hv04/Jp1Os4T8haRRf/AGX77bg=</latexit>

div(z , s(s(0)))
<latexit sha1_base64="dNK+efkZlnNe8yblGUZEJI/fvTc="></latexit>

�1 = [z = s(y1 ), z1 = s(s(0))]
<latexit sha1_base64="7RIIExwZAVIT12Gs4+x38EEbdhI="></latexit>

-b�1 prod(x1 , s(y1 ), s(s(0)))

<latexit sha1_base64="oLnGkberewhIJtH/Hdww8yyFeRw="></latexit>

-b�2 prod(x2 , s(y1 ),w2 ) , sum(w2 , s(y1 ), s(s(0)))

<latexit sha1_base64="ROd8a0SIp2KjcPYSE1cQPjGdwDo="></latexit>

�2 = [x1 = s(x2 ), y2 = s(y1 ), z2 = s(s(0))]

<latexit sha1_base64="lTRgirpVskmIdi8RfTAPLrEwxt4="></latexit>

�4 = [x3 = 0, y4 = s(y1 ),w3 = 0]
<latexit sha1_base64="vkcfWul2gZoe6bQ3xKt0Mz7Iiag="></latexit>

-b�4 sum(0, s(y1 ),w2 ) , sum(w2 , s(y1 ), s(s(0)))
<latexit sha1_base64="7pntEvJN6cwgUgWGg08GWHp+2y4="></latexit>

�5 = [y5 = s(y1 ),w2 = s(y1 )]
<latexit sha1_base64="8wh9DV10+3m3ljgLHRVK01n7IF0="></latexit>

-b�5 sum(s(y1 ), s(y1 ), s(s(0)))

<latexit sha1_base64="AF7Un6RLRzwi+VakF4NdtXaWNx4="></latexit>

�3 = [x2 = s(x3 ), y3 = s(y1 ), z3 = w2 ]
<latexit sha1_base64="Sye7zF9ogWxZBoiggyOB8K3WtT4="></latexit>

-b�3 prod(x3 , s(y1 ),w3 ), sum(w3 , s(y1 ),w2 ), sum(w2 , s(y1 ), s(s(0)))

<latexit sha1_base64="xJfI0dV/xSCGVIU5BujfAcPXbgk="></latexit>

�6 = [x6 = y1 , y6 = s(y1 ), z6 = s(0)]
<latexit sha1_base64="RkN0M+vCmw0qn4K8Fz478ZOGOPQ="></latexit>

-b�6 sum(y1 , s(y1 ), s(0))
<latexit sha1_base64="5sDllmvwErXPwkkoOCMQfkHq6HQ="></latexit>

�7 = [y1 = s(x7 ), y7 = s(s(x7 )), z7 = 0]
<latexit sha1_base64="oQ9PYZnhbHYqdEMSIfp4q+PDXKc="></latexit>

-b�7 sum(x7 , s(s(x7 )), 0) Fallimento!
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Principles for software composition 2020/21
01 - Unification, goal-oriented derivations, mathematical induction

[Ex. 1] Let ⌃0 = {0} and ⌃1 = {s}. Extend the logic program that defines
the predicate sum 2 ⇧3 (seen in classroom) to define:

1. a predicate prod 2 ⇧3 for computing the product of two numbers;

2. a predicate pow 2 ⇧3 for computing the power;

3. a predicate div 2 ⇧2 for telling if the first argument divides the second.

[Ex. 2] Given the syntax in Ex. 1, solve the unification problems below

1. G1
def
= {prod(s(x), y, s(z)) ?

= prod(y, z, x)}

2. G2
def
= {pow(x, s(y), x) ?

= pow(s(y), z, z)}

3. G3
def
= {div(x, s(y)) ?

= div(z, x) , div(y, s(z))
?
= div(u, s(u))}

[Ex. 3] Given the logic programs in Ex. 1, write some possible goal-oriented
derivations for the queries:

1. sum(x, s(0), s(s(0)))

2. prod(s(s(0)), y, s(s(0)))

3. div(z, s(s(0)))

[Ex. 4] Prove by mathematical induction that:

8n > 0. nn � n!

[Ex. 5] Let

a0
def
= 0 an+1

def
= 2an + n

Prove by mathematical induction that:

8n 2 N. an = 2n � n� 1

[Ex. 6] Let Fi denote the ith Fibonacci number.

F1
def
= 1 F2

def
= 1 Fn+2

def
= Fn + Fn+1

Prove by mathematical induction that:

8n > 0.
nX

i=1

Fi = Fn+2 � 1

Provare per induzione matematica che  
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Ex. 4
<latexit sha1_base64="0jMLPwuyRHGyDcAU3wqFQtpgN/E="></latexit>

P (n)
M
= nn � n!

<latexit sha1_base64="IrsCzG9WOl2nv88XseMcrk4xpHQ="></latexit>

8n > 0. P (n)

<latexit sha1_base64="F+csvpuTzjMaiMGRVLDgZ+wJoPg=">AAAC1nicbVHLbhMxFHWGR0t5pbBkYzVCaoUUzVSIskGqYMMyINJGykTRHc+d1KrtGew7KZE13SFY8gF8A1v4Ff4GJ50FSXtXx+fe43MfWaWkozj+24lu3b5zd2v73s79Bw8fPe7uPjlxZW0FDkWpSjvKwKGSBockSeGosgg6U3ianb9b5k/naJ0szSdaVDjRMDOykAIoUNPuHk+L0oJS3PQvB/vmIP0oZ2cE1pYXPLxfJAfTbi /ux6vg10HSgh5rYzDd7fxM81LUGg0JBc6Nk7iiiQdLUihsdtLaYQXiHGY4DtCARjfxq2Ea/rx2QCWv0HKp+IrE/xUetHMLnYVKDXTmNnNL8qbcuKbi9cRLU9WERiyNSCpcGTlhZdgS8lxaJIJl58il4QIsEKGVHIQIZB3WtmboSINd2DwMZfBClFqDyX2aY4GfG58uu7CofJrVUuUB8XQe1mAlmFnwTsvgyv2bptnQZ8FTN+Nk4lPCL7Tags9Uje2frvC9JKjWRPObRBbzViPpShPumWxe7zo4Oewnr/rxh5e947ftZbfZM7bH9lnCjtgxe88GbMgE+85+sd/sTzSKLqOv0ber0qjTap6ytYh+/ANs0uoi</latexit>

8n. P (n) ) P (n+ 1)

<latexit sha1_base64="vk3dtkDiPkwe7BYxjJKcoZtHEQM=">AAAC2HicbVFNbxMxEHWWj5bylcKRiyFBKpdotwfoBanAhWOQSFsRL5HXOwlWbe9izwYiayVuCI6c+RFc4Z/wb/Bu9kDSzsVPM37zZt5kpZIO4/hvL7py9dr1nd0bezdv3b5zt79/78QVlRUwEYUq7FnGHShpYIISFZyVFrjOFJxm56+a+ukSrJOFeYurElLNF0bOpeAYUrP+0DM3py+cqzTQ4fjAPGE5zOEjNe8NWzTvw2E96w /iUdwGvQiSDgxIF+PZfu8nywsRehoUijs3TeISU88tSqGg3mOVg5KLc76AaYCGa3Cpb9ep6ePKcSxoCZZKRdsk/M/wXDu30ln4qTl+cNu1JnlZbVrh/Cj10pQVghGNEEoFrZATVgafgObSAiJvJgcqDRXcckSwknIhQrIKxm0IOtTcrmweljLwSRRac5P7tYu1Z80UFpRnWSVVHhBly2CDldwsgjYrgir1z+t6i58FTV1Pk9QzhM/YuuAzVUHX0839IAmsDdLyMpKFvONIXHPCPZPt610EJ4ej5OkofnM4OH7ZXXaXPCCPyAFJyDNyTF6TMZkQQb6TX+Q3+RO9i75EX6Nv669Rr+PcJxsR/fgH1Z3rFA==</latexit>

Assume P (n)
M
= nn � n!

<latexit sha1_base64="0Ja0tiWcBp/DtvdF4vmqp1IqmQg=">AAAC8HicbVFNj9MwEHXD17J8deHIxdBFWoRUJXsADiCt4MKxSHS7Uh0qx5kWa20n2JMulZX/wQEJwZFfwhVu/BucNEi0u3Ownmf8/GbeZKWSDuP4Ty+6dPnK1Ws713dv3Lx1+05/7+6xKyorYCwKVdiTjDtQ0sAYJSo4KS1wnSmYZKevm/pkCdbJwrzDVQmp5gsj51JwDKlZ/4Vnbk4nQM+4QYoFLW2xBLo/OjBPkscshzl8pC 1+78NZs8W/+4P9etYfxMO4DXoeJB0YkC5Gs73eF5YXotJgUCju3DSJS0w9tyiFgnqXVQ5KLk75AqYBGq7Bpb4ds6aPKsebDsFSqWibhP8ZnmvnVjoLLzXHD2671iQvqk0rnD9PvTRlhWBEI4RSQSvkhJXBP6C5tIDIm86BSkMFtxwRrKRciJCsgqEbgg41tyubh6EMnIlCa25yv3a09qzpwoLyLKukygOibBlssJKbRdBmYQuW+pd1vcXPgqaup0nqGcInbF3wmaqg+9PN/SAJrA3S8iKShbzjSFxzwj6T7e2dB8eHw+TpMH57ODh61W12h9wnD8kBScgzckTekBEZE0G+k5/kF/kd2ehz9DX6tn4a9TrOPbIR0Y+/217yhQ==</latexit>

We want to prove P (n+ 1)
M
= (n+ 1)n+1 � (n+ 1)!

<latexit sha1_base64="5Ve7r3BjppXa5LsB9d3k+e60TOI="></latexit>

(n+ 1)n+1 = (n+ 1) · (n+ 1)n � (n+ 1) · nn � (n+ 1) · n! = (n+ 1)!

<latexit sha1_base64="3Nec+wjDt2FHXldxyQyrbv8IgZ8=">AAACynicbVFNb9NAEN2Yj5bylYLEhcuKCKlcIrtClAtSBRcOHIJE2kqxFY3Xk7Dq7trsjgPR4hs/gxNX+EP8G9auDyTpnJ7ezNs3Oy+vlHQUx38H0Y2bt27v7d85uHvv/oOHw8NHZ66srcCpKFVpL3JwqKTBKUlSeFFZBJ0rPM8v37X98xVaJ0vzidYVZhqWRi6kAArUfPhkcpQSfqPuJZ+rGhufNC/mw1E8jrviuyDpwYj1NZ kfDn6mRSlqjYaEAudmSVxR5sGSFAqbg7R2WIG4hCXOAjSg0WW+s23489oBlbxCy6XiHYn/Kzxo59Y6D5Ma6LPb7rXkdb1ZTYvXmZemqgmNaI1IKuyMnLAyXAZ5IS0SQbs5cmm4AAtEaCUHIQJZh1NtGDrSYNe2CJ8y+FWUWoMpfFrgAr80Pm23sKh8mtdSFQHxdBXOYCWYZfBOy+DK/Zum2dLnwVM3syTzO4l0b7qFHyVBtSFaXSeyWPQaSVeakGeynd4uODseJ6/G8ceXo9O3fbL77Cl7xo5Ywk7YKXvPJmzKBPvOfrHf7E/0IbLROvJXo9Gg1zxmGxX9+AcT7ub/</latexit>

P (1)
<latexit sha1_base64="fN+lh8VUd/9kieTfw2okwQ4sI9I="></latexit>

11 = 1 � 1 = 1!

Prendiamo un generico n

Assumiamo

Vogliamo provare 



Principles for software composition 2020/21
01 - Unification, goal-oriented derivations, mathematical induction

[Ex. 1] Let ⌃0 = {0} and ⌃1 = {s}. Extend the logic program that defines
the predicate sum 2 ⇧3 (seen in classroom) to define:

1. a predicate prod 2 ⇧3 for computing the product of two numbers;

2. a predicate pow 2 ⇧3 for computing the power;

3. a predicate div 2 ⇧2 for telling if the first argument divides the second.

[Ex. 2] Given the syntax in Ex. 1, solve the unification problems below

1. G1
def
= {prod(s(x), y, s(z)) ?

= prod(y, z, x)}

2. G2
def
= {pow(x, s(y), x) ?

= pow(s(y), z, z)}

3. G3
def
= {div(x, s(y)) ?

= div(z, x) , div(y, s(z))
?
= div(u, s(u))}

[Ex. 3] Given the logic programs in Ex. 1, write some possible goal-oriented
derivations for the queries:

1. sum(x, s(0), s(s(0)))

2. prod(s(s(0)), y, s(s(0)))

3. div(z, s(s(0)))

[Ex. 4] Prove by mathematical induction that:

8n > 0. nn � n!

[Ex. 5] Let

a0
def
= 0 an+1

def
= 2an + n

Prove by mathematical induction that:

8n 2 N. an = 2n � n� 1

[Ex. 6] Let Fi denote the ith Fibonacci number.

F1
def
= 1 F2

def
= 1 Fn+2

def
= Fn + Fn+1

Prove by mathematical induction that:

8n > 0.
nX

i=1

Fi = Fn+2 � 1

Provare per induzione matematica che
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Ex. 5
<latexit sha1_base64="DqtmSPo+nIew+nXg9ufrMI7wDiA="></latexit>

a0
M
= 0

<latexit sha1_base64="qdirvhw3qrZFGY7k23jAbWViklQ="></latexit>

an+1
M
= 2an + n

<latexit sha1_base64="jZn7z0ijYa3dc44vBi9WF8dAFTg="></latexit>

8n 2 N. P (n)

<latexit sha1_base64="F+csvpuTzjMaiMGRVLDgZ+wJoPg=">AAAC1nicbVHLbhMxFHWGR0t5pbBkYzVCaoUUzVSIskGqYMMyINJGykTRHc+d1KrtGew7KZE13SFY8gF8A1v4Ff4GJ50FSXtXx+fe43MfWaWkozj+24lu3b5zd2v73s79Bw8fPe7uPjlxZW0FDkWpSjvKwKGSBockSeGosgg6U3ianb9b5k/naJ0szSdaVDjRMDOykAIoUNPuHk+L0oJS3PQvB/vmIP0oZ2cE1pYXPLxfJAfTbi /ux6vg10HSgh5rYzDd7fxM81LUGg0JBc6Nk7iiiQdLUihsdtLaYQXiHGY4DtCARjfxq2Ea/rx2QCWv0HKp+IrE/xUetHMLnYVKDXTmNnNL8qbcuKbi9cRLU9WERiyNSCpcGTlhZdgS8lxaJIJl58il4QIsEKGVHIQIZB3WtmboSINd2DwMZfBClFqDyX2aY4GfG58uu7CofJrVUuUB8XQe1mAlmFnwTsvgyv2bptnQZ8FTN+Nk4lPCL7Tags9Uje2frvC9JKjWRPObRBbzViPpShPumWxe7zo4Oewnr/rxh5e947ftZbfZM7bH9lnCjtgxe88GbMgE+85+sd/sTzSKLqOv0ber0qjTap6ytYh+/ANs0uoi</latexit>

8n. P (n) ) P (n+ 1)
<latexit sha1_base64="CRK3Q4P9hFpLoky4iXi3dYmSmMI=">AAAC2XicbVE9b9RAEN0zXyF8XaCkWXGJFIqc7CuAJlKAhvKQuCSSbU7r9fhYZXdtdscHp5ULOgQlLX+CFn4J/4a1zwV3yVRPM/PmzbzJKikshuHfQXDt+o2bt3Zu7965e+/+g+Hew1Nb1obDjJeyNOcZsyCFhhkKlHBeGWAqk3CWXbxu62dLMFaU+h2uKkgVW2hRCM7Qp+bDA5fYgr60tlZA96eH+mmSQwEfKZvr48l7faSPov 1mPhyF47ALehlEPRiRPqbzvcHPJC+5H6qRS2ZtHIUVpo4ZFFxCs5vUFirGL9gCYg81U2BT193T0IPaMixpBYYKSbsk/M9wTFm7UpnvVAw/2O1am7yqFtdYvEid0FWNoHkrhEJCJ2S5Ed4ooLkwgMjazYEKTTkzDBGMoIxzn6y9cxuCFhUzK5P7ozR84qVSTOdubWPjknYLA9IlWS1k7hFNlt4GI5heeO2k9KrUHTfNFj/zmqqJo9QlCJ+xc8FlsoZ+pi3cKPKsDdLyKpKBvOcIXHP8P6Pt710Gp5Nx9Gwcvp2MTl71n90hj8kTckgi8pyckDdkSmaEk+/kF/lN/gRx8CX4GnxbtwaDnvOIbETw4x+6mer+</latexit>

Assume P (n)
M
= an = 2n � n� 1

<latexit sha1_base64="yaMJjlE7YuePkRbaw7LgvbEu7Xk=">AAAC8XicbVFNj9MwEHXD17J8deHIxaKLtAhtlfQAXCqt4MKxSHS7UhMqx5kUa20n2JMulZUfgsQBwZFfwhVO/BucNAfa3bn4ecbPb+ZNWkphMQz/9oJr12/cvLV3e//O3Xv3H/QPHp7aojIcpryQhTlLmQUpNExRoISz0gBTqYRZev6mqc9WYKwo9Htcl5AottQiF5yhTy36YxfbnM6AXjCNFAtammIF9HBypJ9Hz+IMcvhE2c L5Wz0efWjP47Z2HB3Wi/4gHIZt0Msg6sCAdDFZHPS+xlnBKwUauWTWzqOwxMQxg4JLqPfjykLJ+DlbwtxDzRTYxLVz1vRpZVnTIhgqJG2T8D/DMWXtWqX+pWL40e7WmuRVtXmF+avECV1WCJo3QigktEKWG+ENBJoJA4is6Ryo0JQzwxDBCMo498nKO7olaFExszaZH0rDBS+UYjpzG0trFzddGJAuTishM49ovPI2GMH00mvHfg2GunFd7/BTr6nqeZS4GOEzti64VFbQ/WlzN4g8a4u0uopkIOs4Ajccv89od3uXweloGL0Yhu9Gg5PX3Wb3yGPyhByRiLwkJ+QtmZAp4eQH+UV+kz+BDb4E34Lvm6dBr+M8IlsR/PwHVVrzFg==</latexit>

We want to prove P (n+ 1)
M
= an+1 = 2n+1 � (n+ 1)� 1

<latexit sha1_base64="KQ5r0qEXr1w4hqivk8dGP8YR5Ro="></latexit>

P (n)
M
= an = 2n � n� 1

<latexit sha1_base64="fSasWnDD4fXW87ObroYxVx/5jLI="></latexit>

P (0)
<latexit sha1_base64="4qEsUMQ+SekdcdpN9Hb0KqGAzkk="></latexit>

a0 = 0 = 1� 0� 1 = 20 � 0� 1

<latexit sha1_base64="sy2y50hdUhK0AnYSRlT2EFxAw0U="></latexit>

an+1 = 2an + n = 2(2n � n� 1) + n = 2n+1 � 2n� 2 + n
<latexit sha1_base64="5nrg7VYc0kZqfljoalaptTr1GpA="></latexit>

= 2n+1 � n� 2 = 2n+1 � (n+ 1)� 1

Prendiamo un generico n

Assumiamo

Vogliamo provare 



Principles for software composition 2020/21
01 - Unification, goal-oriented derivations, mathematical induction

[Ex. 1] Let ⌃0 = {0} and ⌃1 = {s}. Extend the logic program that defines
the predicate sum 2 ⇧3 (seen in classroom) to define:

1. a predicate prod 2 ⇧3 for computing the product of two numbers;

2. a predicate pow 2 ⇧3 for computing the power;

3. a predicate div 2 ⇧2 for telling if the first argument divides the second.

[Ex. 2] Given the syntax in Ex. 1, solve the unification problems below

1. G1
def
= {prod(s(x), y, s(z)) ?

= prod(y, z, x)}

2. G2
def
= {pow(x, s(y), x) ?

= pow(s(y), z, z)}

3. G3
def
= {div(x, s(y)) ?

= div(z, x) , div(y, s(z))
?
= div(u, s(u))}

[Ex. 3] Given the logic programs in Ex. 1, write some possible goal-oriented
derivations for the queries:

1. sum(x, s(0), s(s(0)))

2. prod(s(s(0)), y, s(s(0)))

3. div(z, s(s(0)))

[Ex. 4] Prove by mathematical induction that:

8n > 0. nn � n!

[Ex. 5] Let

a0
def
= 0 an+1

def
= 2an + n

Prove by mathematical induction that:

8n 2 N. an = 2n � n� 1

[Ex. 6] Let Fi denote the ith Fibonacci number.

F1
def
= 1 F2

def
= 1 Fn+2

def
= Fn + Fn+1

Prove by mathematical induction that:

8n > 0.
nX

i=1

Fi = Fn+2 � 1

Definiamo i numeri di Fibonacci

Provare per induzione matematica che
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Ex. 6
<latexit sha1_base64="pH6o6NS+f7CJ5JKaRNo7zcPCkQo="></latexit>

P (n)
M
=

nX

i=1

Fi = Fn+2 � 1
<latexit sha1_base64="mTB9ijo4uXpVOCeI/OcuZUwMcMU="></latexit>

8n > 0. P (n)

<latexit sha1_base64="4RaNR/TU6lGYZQ/X6OrJNZijbmU="></latexit>

F1
M
= 1

<latexit sha1_base64="adpTMVCbImwFjAvNFOSBKmmF00I="></latexit>

F2
M
= 1

<latexit sha1_base64="3Nec+wjDt2FHXldxyQyrbv8IgZ8="></latexit>

P (1)

<latexit sha1_base64="Bt9llMT3weP3m5pE9hMB6yxbzuA="></latexit>

1X

i=1

Fi = F1 = 1

<latexit sha1_base64="yyQvw1xqrUvzSrbwiN13kldSZ78="></latexit>

P (2)

<latexit sha1_base64="maWDvMpPGrF+B5EgQ6vqa6ceCRY="></latexit>

F1+2 � 1 = F3 � 1 = F1 + F2 � 1 = 1 + 1� 1 = 1
<latexit sha1_base64="omOuM7mn4vJlzad58lLEz4l7x6c="></latexit>

2X

i=1

Fi = F1 + F2 = F3

<latexit sha1_base64="wznTM08giwfQfaFSGwba5pKUzI8="></latexit>

F2+2 � 1 = F4 � 1 = F2 + F3 � 1 = 1 + F3 � 1 = F3

<latexit sha1_base64="GrhvrmYfkZza8zysmMJiFvIij0E="></latexit>

Fn+2
M
= Fn + Fn+1
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Ex. 6
<latexit sha1_base64="pH6o6NS+f7CJ5JKaRNo7zcPCkQo="></latexit>

P (n)
M
=

nX

i=1

Fi = Fn+2 � 1
<latexit sha1_base64="mTB9ijo4uXpVOCeI/OcuZUwMcMU="></latexit>

8n > 0. P (n)

<latexit sha1_base64="4RaNR/TU6lGYZQ/X6OrJNZijbmU="></latexit>

F1
M
= 1

<latexit sha1_base64="adpTMVCbImwFjAvNFOSBKmmF00I="></latexit>

F2
M
= 1

<latexit sha1_base64="sw6zbPIjFid0hTKkqDBYjlfPHsQ=">AAAC6nicbVHLjtMwFHXDaxheHViyseggDUJUSRcDm0oDSIhlkejMSE2IHOe2Y43tBPumUFn5CXaIWfIlbOEH+BucNAvambuwjs718bk+NyulsBiGf3vBtes3bt7aub175+69+w/6ew+PbVEZDlNeyMKcZsyCFBqmKFDCaWmAqUzCSXb+tumfLMFYUeiPuCohUWyhxVxwhp5K+4cutnP62tpKAd2fHOhncQ5z+Exjz6ROjKP6k6 bvUkHH/nT6+ah+Ee3XaX8QDsO26GUQdWBAupqke72LOC+4d9HIJbN2FoUlJo4ZFFxCvRtXFkrGz9kCZh5qpsAmrv1gTZ9WlmFBSzBUSNqS8L/CMWXtSmX+pmJ4Zrd7DXlVb1bh/FXihC4rBM0bIxQSWiPLjfDJAc2FAUTWTA5UaMqZYYhgBGWce7LyUW4YWlTMrEzuP6XhCy+UYjp361xrFzdTGJAuziohc49ovPQxGMH0wnvHhXelblzXW/rMe6p6FiUuRviKbQoukxV0b9q5G0RetSFaXiUykHcagWuN32e0vb3L4Hg0jA6H4YfR4OhNt9kd8pg8IQckIi/JEXlPJmRKOLkgv8hv8ieQwbfge/BjfTXodZpHZKOCn/8AhEHxYg==</latexit>

Assume P (n)
M
=

Pn
i=1 Fi = Fn+2 � 1

<latexit sha1_base64="u9jAiUt8BlTV+AyKGc2YwX4t4aw="></latexit>

We want to prove P (n+ 1)
M
=

Pn+1
i=1 Fi = F(n+1)+2 � 1 = Fn+3 � 1

<latexit sha1_base64="zHavWRDgfNSa9hbGD1ViwLZhzkY="></latexit>

n+1X

i=1

Fi = Fn+1 +
nX

i=1

Fi = Fn+1 + Fn+2 � 1 = Fn+3 � 1 = F(n+1)+2 � 1

<latexit sha1_base64="F+csvpuTzjMaiMGRVLDgZ+wJoPg=">AAAC1nicbVHLbhMxFHWGR0t5pbBkYzVCaoUUzVSIskGqYMMyINJGykTRHc+d1KrtGew7KZE13SFY8gF8A1v4Ff4GJ50FSXtXx+fe43MfWaWkozj+24lu3b5zd2v73s79Bw8fPe7uPjlxZW0FDkWpSjvKwKGSBockSeGosgg6U3ianb9b5k/naJ0szSdaVDjRMDOykAIoUNPuHk+L0oJS3PQvB/vmIP0oZ2cE1pYXPLxfJAfTbi /ux6vg10HSgh5rYzDd7fxM81LUGg0JBc6Nk7iiiQdLUihsdtLaYQXiHGY4DtCARjfxq2Ea/rx2QCWv0HKp+IrE/xUetHMLnYVKDXTmNnNL8qbcuKbi9cRLU9WERiyNSCpcGTlhZdgS8lxaJIJl58il4QIsEKGVHIQIZB3WtmboSINd2DwMZfBClFqDyX2aY4GfG58uu7CofJrVUuUB8XQe1mAlmFnwTsvgyv2bptnQZ8FTN+Nk4lPCL7Tags9Uje2frvC9JKjWRPObRBbzViPpShPumWxe7zo4Oewnr/rxh5e947ftZbfZM7bH9lnCjtgxe88GbMgE+85+sd/sTzSKLqOv0ber0qjTap6ytYh+/ANs0uoi</latexit>

8n. P (n) ) P (n+ 1)

<latexit sha1_base64="GrhvrmYfkZza8zysmMJiFvIij0E="></latexit>

Fn+2
M
= Fn + Fn+1

Vogliamo provare 

Prendiamo un generico n

Assumiamo


