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Interpretation Domains



Interpretation Domains

Example
Dint =7, A
wnt Dintwint = (Z1 X 7)1
D7'1>l<7'2 é (DTl X DTQ)J_ Hee p p (I'eC v ZC, Hee y y)
J_Dint*z'nt (J_D'L'nt7 J_Dznt)

to distinguish:

pair of divergent terms

from divergent pair Example
Dint—int = [Z1 —7Z1]1

A
DT1—>7'2 — [DTl — DTQ]J_ rec f f Np. 1o Y. 1

to distinguish: 1
takes arg and diverge Dint—s int . Lp
from divergence without taking arg

3
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Interpretation Domains

DintéZJ_ DTl*TQ é(Dﬁ XDTQ)J— D71—>7'2 é[DTl %DQ]J—

Equivalently: D, = (V,),



Interpretation Function

t:T tlp € D-

/

environment p: Var — U D
TET

type consistent 7 :7 = p(z) € D-
assignment of
values to variables

we define the interpretation function by structural recursion
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Denotational Semantics



Constants



Variables

[[a;]]pép(m) r:T= plx) € D,



Arithmetic ops

to prove: op, is monotone and continuous

op € {+, —x}
[t1 op t2]p = [t1]p o, [t2]p

%J_ZZJ_XZJ_%ZJ_

[ |nyopng| if vy =[n] and vy = [ng]
1y, otherwise (v1 = Lz, orvg = 17, )

AN

, called strict extension

ZAY
Ul%LU2_<

\



Conditionals

to prove: Cond, Is monotone and continuous

ﬂifithenﬂ elsez]]p = Cond,( M]p , [E]]p , [2]],0 )

nt

e— e——

Ding =71 D; D~

] L
D, D,

Cond,:Z, xD-xD.— D._

Lp ifv=lg,
COndT(U, dl, dz) 2 dl if v= LOJ
do otherwise (v = |n| with n # 0)

|0






Projections

Equivalently: [fst( ¢t )]p = let d < [t]p. 71(d)
[fst(t )]p =77 ( Mp)

| I
D, D — D, ET
Dn (D D)
[] l ]
1)7-1 (DTIXDTQ) — D,

D,

[snd(t)]p =73 ([tlp)



Abstraction

DTl—>7'2 é [DTl — DTQ]J_

[Az. t]p £ [ Ad. [t]p[*/] |

T — T2 l)T2
D7’1—>T2:[DT1_>DT2]L . [DTl _>D7'2]
[Dﬁ _>D7'2]J—



Application (lazy)

Equivalently: [t to [p = (M. o([tolp))” ([tlp)




Recursion

ﬂrecﬁ:ﬂp A M]p[l[[rec x. t]]p/w]




Recursion

ﬂrecx tﬂp fir Ad. HP[ /]

. [[D~ —>D]%D]

D,

D. ' . ' D, — D.]

D,



Recap

[n]p = |n]
[z]p = p(x)
[t1 op t2]p = [ta]p op | [t2]p
[if ¢ then ¢, else t2]p = Cond,( [t]p, [ti]p ., [t2]p )
[(t1 5 t2)]p= [ ([talp , [tolp ) |
[fst(t )]p = =7 ([t]p )
[snd(t)]p = w5 ([t]p)
[Az. t]p = | Ad. [t]p["/2] ]
[t to Jp = let ¢ < [t]p. ¢([to]p)
[rec . t]p = fix M. [t]p["/.]

|7




Example

fdéf Ax:int.3

M. tlp £ | Ad. [tpl/2] | [n]p = )

[f1p = [Ax.3]p = [Ad. [3]p[*/:]] = [Ad. |3]]



Example

¢ < Ax:int. if x then 3 else 3

Mz t]p £ | Ad. [tpl?/s] ]
lgllp = [Ax. if x then 3 else 3]p
— | Ad. [if x then 3 else 3]p[‘/.]]
= |Ad. Cond(d,|3]|,|3])]
= |Ad. let x<=d. |3]]

1o # [elp
2d. [3]]
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Example

h=recy:int —int. Ax:int.3

def

|hlp = [rec y. Ax. 3]p
= fix Ad,. [Ax. 3]
= fix Ad,.
= fix Ad,.

Ad,.
Ad,. 3.

P

3]

dy = FhO(J—[ZL%ZL]L) =liz,-z,],

d, = I;(do) = (Ad,.
& = I;(d)) = (Ad,.

Ad,.
Ad,.

3

_3_

20

1)
DAdy. |3]] = [Ady. |3]] =d,

b/ Dad]

P[dy/y»dx /x]

J

— M’dx- L3“

[rec . t]p £ fix \d. |

p= | Ad. [1]

I, =Ad,. |Ady. |3]



Example

def : : :
h'=recy:int — int. Ax: int. 3

Ih]p = [rec y. Ax. 3]p
= fix Ad,. [Ax.3]p :dy/y]
= fix Ady. [Ady. [3]p[* /v, /x]]
= fix Ad,. |Ad,. |3]]

I, = Ady. | Ad,. |3]]

do = IZO(J‘[ZL%ZL]L) =1z, 7],
4\ = Ii(do) = (Ady. |Ady. 3)])1 = [ Ads. 13]]

Maximal elementin [Z, — Z,].
we could already stop here
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Example

h=recy:int —int. Ax:int.3

def

|h]p = [rec y. Ax. 3]p

= fix Ad,. [Ax. 3]
Ad.
Ady. |3

= fix Ad,.
= fix Ad,.

[n]p = [4

P
P[dy/y»dx /x]

3]

@/ )

J

de. 3] =1[flp
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Example

T T
[rec z. z]p = fix M. [z]p]* /4]
= fix A\d,. d,
do = Lp.

di = (Mdy.dy) do =do = Lp.

l[rec x. x|p= Lp._

T it — int |[rec Z. 513]],0 — J—[ZJ_—>ZJ_]J_

T :wnt x int |[rec €. xﬂﬂ — J—(ZL x7Z1)1
23



Example

Y:TL Z:To
[\y. rec 2. z]p = | \d,. [rec z. z]p[*/,]]
= |Ady. Lp, |

= LD, —>D72]J

o LJ_Vq-l —To J

# J_DTl—M'Q o J_(VTl—M'Q)J_

Tt — int |[I'€C Z. CU]],O — J—[ZL—%L]L diverges

y . int, z :int [My. rec z. z]p = | Lz, z,1] Waits arg and
24 diverges



+ Exercise

xwmtxawnt , y:wmt, z:nt

| rec x. = ||p | (recy.y, recz. z ) |p

o

diverges a pair
of diverging computations

J_Dint*int L(J_Dzmﬂ J_Dznt)J

25



Lazy vs Eager
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Eager Application

returns | when [t]|p= L

lazy [t to [p=let ¢ <= [t]p. o([tolp)

eager [ tto]p = let v < [t]p. let d < [to]p. ¢(|d])

returns | when [t]p= L or [tg]p= L

27



Well-given definitions
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Well-definedness

We must guarantee that all functions we have used
are monotone and continuous,
so that Kleene’s fix point theory is applicable

m1 T2 (-)* apply fix already considered
let

op, Cond, A\ to be checked
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TH. 9P, is monotone and continuous

%LZZJ_XZJ_%ZJ_

[ |n1op ng] if v1 = |n1| and vy = |ng]

A
v1 O Vo = < :
1 _p¢ 2 J_ZL otherwise (Ul — J_ZL OI' UV = J—ZL)

\

We omit monotonicity check

Since the domain has only finite chains, it is also continuous

30



TH. Cond.; is monotone and continuous

Cond.:Z,| xD-xD.— D_

J—DT it v = J—ZL
COndT(’U, dl, dg) = dl if v = LOJ

do otherwise (v = |n| with n # 0)
We omit monotonicity check

We prove continuity on each parameter separately
The first parameterisin 7,
only finite chains are possible, hence continuity is guaranteed

We prove continuity over the second parameter (next slides)
For the third parameter the proof is analogous and omitted
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(continue)

Cond.:Z,| xD-xD.— D_
J—DT it v = J—ZL
COndT(”U, dl, dg) = dl if v = LOJ
do otherwise (v = |n| with n # 0)

Continuity over the second parameter
take v € 2 ,de D, {di}iEN C D,

we want to prove  Cond., (v, || dz-,d) = | | Cond,(v,d;,d)

€N 1EN

s
we proceed by case analysis on v < 0]
n|, n#0
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(continue)

Cond.:Z,| xD-xD.— D_
J—DT it v = J—ZL
COndT(”U, dl, dg) = dl if v = LOJ
do otherwise (v = |n| with n # 0)

U:J—ZL

Cond, (LZL, || di,d) =1p =| |Lp, =| | Cond,(Lz, ,d; d)

1eN 1eN €N
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(continue)

Cond.:Z,| xD-xD.— D_
J—DT it v = J—ZL
COndT(”U, dl, dg) = dl if v = LOJ
do otherwise (v = |n| with n # 0)

v = 0]

Cond, (LOJ, || di,d> = | |di =] |Cond.(|0],d;,d)

€N €N 1eN
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(continue)

Cond.:Z,| xD-xD.— D_
J—DT it v = J—ZL
COndT(”U, dl, dg) = dl if v = LOJ
do otherwise (v = |n| with n # 0)
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TH. lambda abstraction is monotone and continuous

toT Ad. [t]p[*/.] is continuous

we focus on the stronger property

Ad. [t]p[*/] is continuous

the proof is by structural induction on ¢

(try on your own)

Corollary t:79 — T fiz M. [t]p]*/] is continuous

(the limit of continuous functions is continuous)
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Main properties
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Substitution lemma

BOETO /]l = Ilt]]p[”““p‘/m]

environment update

syntactic substitution

the proof is by structural induction on ¢

(try on your own)
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Compositionality

The substitution lemma [t[* /.]1p = [t]p[!*°)? /,] is important:
as it guarantees the compositionality of the
denotational semantics

TH. [tp=Tt2lp = [t["/allp = [t /allp

proof. assume [ti]lp = [t2]p

ﬂt[tl/x]ﬂp‘: [tlpt17 /] :‘ [tlp[1*217 /] T [t[/2]]p

subs 1t1]p = [t2]p subs
lemma lemma
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Only free variables
matter

TH. t:7
Ve efu(t). p(z) =p'(x) = [tlp=T[tlp

the proof is by structural induction on ¢

(try on your own)

Corollary ¢ closed = Vp,p'. [tlp =[]y
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TH. Canonical terms are not bottom
ce C, = Vp.|c]p+# Lp.

proof. by rule induction on the rules for canonical terms
P(ce C;) £Vp. [c]p # Lp,

— nlp = n) # Lo,

fo:To 1 :7T1 to,t closed

(t()a tl) E C’C()*T]

[(to, t1)]p = [([to]p, [t1lp)] # LD.,..,

Ax.t: 19— 11 Ax.tclosed

. tlp = A, [pl/al) # Lo, ..
Ax.t € Cyysr,
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