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Interpretation Domains

D⌧1!⌧2 , [D⌧1 ! D⌧2 ]?

<latexit sha1_base64="7JFB/h0QmXbF/wEPC8SGm5IyePE=">AAACSXicbVBNT9tAFFwnlI9QaApHLiuiSpwiOwLRY0R74AgSSZBiy3rePMKK9drsPiNFlv8Of6a9FomfASfEiY2bVgX6TrMz8zRvJ8mVtOT7916jufRheWV1rbX+cWPzU/vz1tBmhRE4EJnKzHkCFpXUOCBJCs9zg5AmCkfJ1be5PrpBY2Wmz2iWY5TCVMsLKYAcFbf73+MyJCjiIKSsBr2qFZKRoKcKr3lr/NdQOQf/8+pVUR wmGbXidsfv+vXw9yBYgA5bzEncfgwnmShS1CQUWDsO/JyiEgxJodCFFxZzEFcwxbGDGlK0UVn/tOJfCgvuihwNl4rXJP67UUJq7SxNnDMFurRvtTn5P21c0MXXqJQ6Lwi1mAeRVFgHWWGkqxD5RBokgvnlyKXmAgwQoZEchHBk4Tp9FWgpBTMzk8qVFLyt5D0Y9rrBfvfgdL/TP1rUtcp22C7bYwE7ZH12zE7YgAl2y36yX+zO++E9eE/e829rw1vsbLNX02i+ACoAs3w=</latexit>

D⌧1⇤⌧2 , (D⌧1 ⇥D⌧2)?

<latexit sha1_base64="9pJA218Sq03i5WgXD82ozKUuptI="></latexit>

Dint , Z?

<latexit sha1_base64="PkEeT7d2E2AHq9V5dxoNBlkAs+U=">AAACNHicbVDLSsRAEJz4frvq0cvgIgjCkoiiR1EPHhVcFXeX0Jlt18HJJM50hCXkI/wZvepnCN7Eqwe/wEncg686FVXdVHdFqZKWfP/ZGxoeGR0bn5icmp6ZnZuvLSye2iQzApsiUYk5j8CikhqbJEnheWoQ4kjhWXS9X/pnt2isTPQJ9VPsxNDT8lIKICeFtfWDMG/HQFeScqmpKKbaZCTonsIbXhlRlF8UYTtKKKzV/YZfgf8lwYDU2QBHYe2j3U1EFqMmocDaVuCn1MnBkBQKXVRmMQVxDT1sOaohRtvJq6cKvppZoISnaLhUvBLx+0YOsbX9OHKT5Zn2t1eK/3mtjC53Ou7ZNCPUogwiqbAKssJI1xbyrjRIBOXlyKXmAgwQoZEchHBi5ur7EWgpBtM33cKVFPyu5C853WgEm42t48367t6grgm2zFbYGgvYNttlh+yINZlgd+yBPbIn79578V69t6/RIW+ws8R+wHv/BGGurXE=</latexit>

to distinguish:
takes arg and diverge
from divergence without taking arg

<latexit sha1_base64="2wxtjYkr0l5b2JcO0hUoeUXs23M="></latexit>

Dint⇤int , (Z? ⇥ Z?)?
<latexit sha1_base64="aJcUMyBYn99Q/qTIi9UOKtQxCLU=">AAACGnicbVC7TsNAEDyHV3gHKGlOREhUlo0QUEbQUAaJJEiJFa0vGzjlbJ/u1qDICl8CLfwHHaKl4Tf4AmyTgtdUo5ldzWhCraQlz3t3KjOzc/ML1cWl5ZXVtfXaxmbbJqkR2BKJSsxlCBaVjLFFkhReaoMQhQo74ei08Ds3aKxM4gsaawwiuIrlUAqgXOrXNnoR0HU4zAyKyZ1273S/VvdcrwT/S/wpqbMpmv3aR2+QiDTCmIQCa7u+pynIwJAUCidLvdSiBjGCK+zmNIYIbZCV1Sd8N7VACddouFS8FPH7RwaRteMozC+Lova3V4j/ed2UhsdBJmOdEsaiCCKpsAyywsh8E+QDaZAIiubIZcwFGCBCIzkIkYtpPtKPQEsRmLEZTPKR/N+T/CXtfdc/dP3zg3rjZDpXlW2zHbbHfHbEGuyMNVmLCXbLHtgje3LunWfnxXn9Oq04058t9gPO2yfHvaJL</latexit>rec p. p

<latexit sha1_base64="K5s68d6u/wTyIgLABtnslb4UDwk=">AAACLnicbVDLSgNBEJyN73fUo5fBEIggy66Iegx68ahgVEhC6J10dMjsg5leybIkP+DP6FX/Q/AgXj37Be6uORi1TkVVN9VdXqSkIcd5tUpT0zOzc/MLi0vLK6tr5fWNSxPGWmBDhCrU1x4YVDLABklSeB1pBN9TeOX1T3L/6g61kWFwQUmEbR9uAtmTAiiTOuVqreUD3Xq9VKMYjgb2aLA7oST2KNnplCuO7RTgf4k7JhU2xlmn/NnqhiL2MSChwJim60TUTkGTFAqHi63YYASiDzfYzGgAPpp2Wrwz5NXYAIU8Qs2l4oWIPzdS8I1JfC+bzC81v71c/M9rxtQ7aqcyiGLCQORBJBUWQUZomfWEvCs1EkF+OXIZcAEaiFBLDkJkYpwVNxFoyAed6O4wK8n9Xclfcrlnuwe2e75fqR+P65pnW2yb1ZjLDlmdnbIz1mCC3bNH9sSerQfrxXqz3r9HS9Z4Z5NNwPr4AhOfqrw=</latexit>

(rec x. x, rec y. y)
<latexit sha1_base64="+ae9MDNJh9DyadaTwOx2QW+KAVs=">AAACLXicbVC7TsNAEDzzDOEVoKQ5EZAQRWQjBJQRUFCCREikJLLWl004cX7obo0UWf4BfgZa+A8KJERLzxdgmxRJYKvZmV3N7niRkoZs+92amZ2bX1gsLZWXV1bX1isbm7cmjLXAhghVqFseGFQywAZJUtiKNILvKWx69+e53nxAbWQY3NAwwq4Pg0D2pQDKKLey2/FCcpMLN+n4QHeSEhlQejDepKlbqdo1uyj+FzgjUGWjunIr351eKGIfAxIKjGk7dkTdBDRJoTAtd2KDEYh7GGA7gwH4aLpJ8U3K92IDFPIINZeKFySObyTgGzP0vWwyv9JMazn5n9aOqX/azV6KYsJA5EYkFRZGRmiZxYS8JzUSQX45chlwARqIUEsOQmRknOU2YWjIBz3UvTwkZzqSv+D2sOYc15zro2r9bBRXiW2zHbbPHHbC6uySXbEGE+yRPbMX9mo9WW/Wh/X5OzpjjXa22ERZXz90t6sI</latexit>?Dint⇤int

<latexit sha1_base64="I3gUkmis3vXcNJiUsY8X9YbeJaI=">AAACOnicdVDLSgNBEJz1GeMr6tHLYBAUJOyKqMegHjxGMA9IwtI76cTB2QczvUJY9jv8Gb3qN3j1Jt7ED3A35mCi1qmo6qa6y4uUNGTbL9bM7Nz8wmJhqbi8srq2XtrYbJgw1gLrIlShbnlgUMkA6yRJYSvSCL6nsOndnud+8w61kWFwTcMIuz4MAtmXAiiT3JKz1/FCcpMLN+n4QDeSEhlQmqYH/+j7bqlsV+wR+G/ijEmZjVFzSx+dXihiHwMSCoxpO3ZE3QQ0SaEwLXZigxGIWxhgO6MB+Gi6yei1lO/GBijkEWouFR+J+HMjAd+Yoe9lk/mZZtrLxb+8dkz90272UxQTBiIPIqlwFGSElllnyHtSIxHklyOXAReggQi15CBEJsZZiROBhnzQQ91Ls5Kc6Up+k8ZhxTmuOFdH5erZuK4C22Y7bI857IRV2SWrsToT7J49sif2bD1Yr9ab9f49OmONd7bYBKzPLzsrsHA=</latexit>

(?Dint ,?Dint )

Example

Example
<latexit sha1_base64="TQG+U5clKT3Myo45CFf9mUm6L7U="></latexit>

Dint!int , [Z? ! Z?]?
<latexit sha1_base64="f1OaRC6WteNZGtvz2mNtUdAtTb4=">AAACGnicbVDLTgJBEJzFF+IL9OhlIjHxRHaNUY9ELx4xkUcChPQOvThh9pGZXg3ZwJfoVf/Dm/Hqxd/wC9xFDgLWqVLVnaqUGylpyLa/rNzK6tr6Rn6zsLW9s7tXLO03TBhrgXURqlC3XDCoZIB1kqSwFWkE31XYdIfXmd98QG1kGNzRKMKuD4NAelIApVKvWOr4QPeul2gU44lXmXi9Ytmu2FPwZeLMSJnNUOsVvzv9UMQ+BiQUGNN27Ii6CWiSQuG40IkNRiCGMMB2SgPw0XSTafUxP44NUMgj1FwqPhXx70cCvjEj300vs6Jm0cvE/7x2TN5lN5FBFBMGIgsiqXAaZISW6SbI+1IjEWTNkcuAC9BAhFpyECIV43SkuUBDPuiR7o/TkZzFSZZJ47TinFec27Ny9Wo2V54dsiN2whx2warshtVYnQn2yJ7ZC3u1nqw36936+D3NWbOfAzYH6/MHps+iNw==</latexit>

rec f. f
<latexit sha1_base64="uuV8W555GFPmQpD0BI3ouUf1WS0=">AAACJnicbVDLSsNAFJ3U97vqUoTBIrgKiYi6FN24rGCr0JZyM73VoZMHMzdiCOnGn9Gt/oc7EXd+g19gErPwdVaHc8/l3Hu8SElDjvNm1SYmp6ZnZufmFxaXllfqq2ttE8ZaYEuEKtSXHhhUMsAWSVJ4GWkE31N44Y1OivnFDWojw+Cckgh7PlwFcigFUC7165tdlZsHwG/tMe/6QNfeMNUosnFij5N+veHYTgn+l7gVabAKzX79ozsIRexjQEKBMR3XiaiXgiYpFGbz3dhgBGIEV9jJaQA+ml5avpHx7dgAhTxCzaXipYjfN1LwjUl8L3cWh5rfs0L8b9aJaXjYS2UQxYSBKIJIKiyDjNAy7wf5QGokguJy5DLgAjQQoZYchMjFOC/sR6AhH3SiB1lekvu7kr+kvWu7+7Z7ttc4Oq7qmmUbbIvtMJcdsCN2ypqsxQS7Yw/skT1Z99az9WK9fllrVrWzzn7Aev8Eyo6m9g==</latexit>

�x. rec y. y
<latexit sha1_base64="CjEjh2+HRmmbFyV8bHp1Qb1TRmg=">AAACK3icbVC7TsNAEDzzDOEVoKQ5ESFRRTZCQBkBBWWQCESKI2t93oQT54fu1kiRZWp+Blr4DyoQLT/AF2CHFCSw1WhmVrM7fqKkIdt+s2Zm5+YXFitL1eWV1bX12sbmlYlTLbAtYhXrjg8GlYywTZIUdhKNEPoKr/3b01K/vkNtZBxd0jDBXgiDSPalACoor7bjqsIcAA8a964fk5edeZkbAt1IymREeZ57tbrdsEfD/wJnDOpsPC2v9uUGsUhDjEgoMKbr2An1MtAkhcK86qYGExC3MMBuASMI0fSy0S85300NUMwT1FwqPiLx90YGoTHD0C+c5ZVmWivJ/7RuSv3jXvFSkhJGogwiqXAUZISWRUnIA6mRCMrLkcuIC9BAhFpyEKIg06K1iUBDIeihDsqSnOlK/oKr/YZz2HAuDurNk3FdFbbNdtgec9gRa7Jz1mJtJtgDe2LP7MV6tF6td+vjxzpjjXe22MRYn9+4i6mR</latexit>

�d. ?Dint

<latexit sha1_base64="1buNnygRW+kzc4c9s6pkgsTS1G8=">AAACL3icbVC7TsNAEDzzDOEVoKQ5EYGoIhshoIyAgjJI5CHFkbW+LOGU80N3a6TI8h/wM9DCfyAaREvLF2CHFAmw1ezMrmZ3/FhJQ7b9Zs3NLywuLZdWyqtr6xubla3tlokSLbApIhXpjg8GlQyxSZIUdmKNEPgK2/7wotDb96iNjMIbGsXYC2AQylspgHLKqxy4fkReeumlbgB0JymVIWUuRdNtlnmVql2zx8X/AmcCqmxSDa/y5fYjkQQYklBgTNexY+qloEkKhVnZTQzGIIYwwG4OQwjQ9NLxPxnfTwxQxGPUXCo+JnF6I4XAmFHg55PFlea3VpD/ad2Ebs96+UtxQhiKwoikwrGREVrmQSHvS41EUFyOXIZcgAYi1JKDEDmZ5MnNGBoKQI90vwjJ+R3JX9A6qjknNef6uFo/n8RVYrtsjx0yh52yOrtiDdZkgj2wJ/bMXqxH69V6tz5+Ruesyc4Omynr8xun7awx</latexit>?Dint!int

to distinguish:
pair of divergent terms
from divergent pair
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Interpretation Domains

D⌧ , (V⌧ )?

<latexit sha1_base64="IrX9q694yr+/OHr0AD1OTI8+PvI=">AAACKHicbVC7TsNAEDzzJrwClBSciJCgiWwUBGUEFJRBIg8pjqz1ZRNOnM/mbo0URSn5GWjhP+gQLZ/AF+CYFASYajSzq9mdMFHSkuu+OzOzc/MLi0vLhZXVtfWN4uZWw8apEVgXsYpNKwSLSmqskySFrcQgRKHCZnh7Pvab92isjPU1DRLsRNDXsicFUCYFxd2LwCdIuU9Ggu4rvOMHjVw6DPwwpqBYcstuDv6XeBNSYhPUguKn341FGqEmocDatucm1BmCISkUjgp+ajEBcQt9bGdUQ4S2M8wfGfH91ALFPEHDpeK5iD83hhBZO4jCbDICurG/vbH4n9dOqXfaGUqdpIRajINIKsyDrDAyawh5VxokgvHlyKXmAgwQoZEchMjENKtsKtBSBGZguqOsJO93JX9J46jsVcrHV5VS9WxS1xLbYXvsgHnshFXZJauxOhPsgT2xZ/biPDqvzpvz/j0640x2ttkUnI8vVMmnJw==</latexit>

Vint , Z

<latexit sha1_base64="3C2LrONk3n2kLFUwb9DhGOev2aA=">AAACL3icbVC7TsNAEDzzDOEVoKQ5EYGoIhuBoETQUAaJPEQSRevLJpxyPpu7NVJk5Q/4GWjhPxANoqXlC7BNCiBMNZrZ1eyOHylpyXVfnZnZufmFxcJScXlldW29tLFZt2FsBNZEqELT9MGikhprJElhMzIIga+w4Q/PM79xh8bKUF/RKMJOAAMt+1IApVK3tFfvJu0A6EZSIjWNx8U2GQl6oPCW54bvJ9fjbqnsVtwcfJp4E1JmE1S7pc92LxRxgJqEAmtbnhtRJwFDUihMU2KLEYghDLCVUg0B2k6S/zPmu7EFCnmEhkvFcxF/biQQWDsK/HQyu9D+9TLxP68VU/+kk/4ZxYRaZEEkFeZBVhiZFoW8Jw0SQXY5cqm5AANEaCQHIVIxTpv7FWgpADMyvawk728l06R+UPEOK0eXh+XTs0ldBbbNdtg+89gxO2UXrMpqTLB79sie2LPz4Lw4b8779+iMM9nZYr/gfHwBLsqrUQ==</latexit>

V⌧1⇤⌧2 , D⌧1 ⇥D⌧2 = (V⌧1)? ⇥ (V⌧2)?

<latexit sha1_base64="F5c48mmIU8gRIgEgOI14sT9fpzc="></latexit>

V⌧1!⌧2 , [D⌧1 ! D⌧2 ] = [(V⌧1)? ! (V⌧2)?]

<latexit sha1_base64="VlUJPFt6sqbLws+hngQcM1e0g0M="></latexit>

Equivalently:

V⌧1⇤⌧2 , D⌧1 ⇥D⌧2 = (V⌧1)? ⇥ (V⌧2)?

<latexit sha1_base64="F5c48mmIU8gRIgEgOI14sT9fpzc="></latexit>

V⌧1!⌧2 , [D⌧1 ! D⌧2 ] = [(V⌧1)? ! (V⌧2)?]

<latexit sha1_base64="VlUJPFt6sqbLws+hngQcM1e0g0M="></latexit>

Dint , Z?

<latexit sha1_base64="PkEeT7d2E2AHq9V5dxoNBlkAs+U=">AAACNHicbVDLSsRAEJz4frvq0cvgIgjCkoiiR1EPHhVcFXeX0Jlt18HJJM50hCXkI/wZvepnCN7Eqwe/wEncg686FVXdVHdFqZKWfP/ZGxoeGR0bn5icmp6ZnZuvLSye2iQzApsiUYk5j8CikhqbJEnheWoQ4kjhWXS9X/pnt2isTPQJ9VPsxNDT8lIKICeFtfWDMG/HQFeScqmpKKbaZCTonsIbXhlRlF8UYTtKKKzV/YZfgf8lwYDU2QBHYe2j3U1EFqMmocDaVuCn1MnBkBQKXVRmMQVxDT1sOaohRtvJq6cKvppZoISnaLhUvBLx+0YOsbX9OHKT5Zn2t1eK/3mtjC53Ou7ZNCPUogwiqbAKssJI1xbyrjRIBOXlyKXmAgwQoZEchHBi5ur7EWgpBtM33cKVFPyu5C853WgEm42t48367t6grgm2zFbYGgvYNttlh+yINZlgd+yBPbIn79578V69t6/RIW+ws8R+wHv/BGGurXE=</latexit>

D⌧1⇤⌧2 , (D⌧1 ⇥D⌧2)?

<latexit sha1_base64="9pJA218Sq03i5WgXD82ozKUuptI="></latexit>

D⌧1!⌧2 , [D⌧1 ! D⌧2 ]?

<latexit sha1_base64="7JFB/h0QmXbF/wEPC8SGm5IyePE="></latexit>
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Interpretation Function

t : ⌧

<latexit sha1_base64="OpI8l7HiTybsaXfPBV5xVSFEs6s=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJREIgqgoYySOQhJVa0vmzCkfNDd2ukYOUfaKGiQ7T8DQX/gmNcQMJUo5ld7ex4kZKGbPvTKiwtr6yuFddLG5tb2zvl3b2WCWMtsClCFeqOBwaVDLBJkhR2Io3gewrb3vhq5rcfUBsZBrc0idD1YRTIoRRAqdSiix5B3C9X7KqdgS8SJycVlqPRL3/1BqGIfQxIKDCm69gRuQlokkLhtNSLDUYgxjDCbkoD8NG4SZZ2yo9iAxTyCDWXimci/t5IwDdm4nvppA90Z+a9mfif141peO4mMohiwkDMDpFUmB0yQsu0BuQDqZEIZsmRy4AL0ECEWnIQIhXjtJdS2ocz//0iaZ1UnVr19KZWqV/mzRTZATtkx8xhZ6zOrlmDNZlg9+yJPbMX69F6td6s95/RgpXv7LM/sD6+AS2Jk5c=</latexit>

JtK⇢ 2 D⌧

<latexit sha1_base64="JtqZlu1ZUjTJFI+8m+eSEoz21Uw=">AAACL3icbZC9SgNBFIVn43/8i1raDAbFKuxKRMugFpYKRgPZEO5Orjpk9oeZu0IIeQNfRlt9D7ERW1ufwNl1BWM81eHcezkzX5Aoach1X53S1PTM7Nz8QnlxaXlltbK2fmniVAtsiljFuhWAQSUjbJIkha1EI4SBwqugf5zNr+5QGxlHFzRIsBPCTSSvpQCyUbey4ysVaBB9JE6+1j/e17cx92XET7o+QdqtVN2am4tPGq8wVVborFv59HuxSEOMSCgwpu25CXWGoEkKhaOynxpMbBXcYNvaCEI0nWH+nxHfTg1QzBPUXCqeh/j7YgihMYMwsJsh0K35O8vC/2btlK4PO0MZJSlhJLIikgrzIiO0tKCQ96RGIshejtwCEKCBCLXkIIQNU0turNBQCHqgeyMLyfuLZNJc7tW8em3/vF5tHBW45tkm22K7zGMHrMFO2RlrMsHu2SN7Ys/Og/PivDnv36slp7jZYGNyPr4AhcKqVg==</latexit>

environment ⇢ : Var !
[

⌧2T
D⌧

<latexit sha1_base64="8Dy14dAVVOCjEsidkLipmEgoRC0="></latexit>

x : ⌧ ) ⇢(x) 2 D⌧

<latexit sha1_base64="ZgmEO8XELc1zg2OKXLruQjA363s="></latexit>

type consistent
assignment of
values to variables

we define the interpretation function by structural recursion
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Constants

JnK⇢ , bnc

<latexit sha1_base64="3k5T2dGsAhs/qMG++aMTqE3PJhI="></latexit>

Z

<latexit sha1_base64="IksQtDt/Zyyxfb8KaaYychmAg5I=">AAACEXicbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xETB8Qt40D+zQ0zPpfmNCJpxCt3oPd8atJ/AansAZZCFgrSpV76Uq5UdKWnLdLye3srq2vpHfLGxt7+zuFfcPGjaMjcC6CFVo7n2wqKTGOklSeB8ZhMBX2PRH15nffERjZajvaBxhN4ChlgMpgFKp1QmAHnw/aU16xZJbdqfgy8SbkRKbodYrfnf6oYgD1CQUWNv23Ii6CRiSQuGk0IktRiBGMMR2SjUEaLvJtPGEn8QWKOQRGi4Vn4r49yOBwNpx4KeXWUO76GXif147psFlN5E6igm1yIJIKpwGWWFkOgXyvjRIBFlz5FJzAQaI0EgOQqRinG4zF2gpADM2/Wwkb3GSZdI4K3uV8vltpVS9ms2VZ0fsmJ0yj12wKrthNVZngmn2zF7Yq/PkvDnvzsfvac6Z/RyyOTifP1QLnug=</latexit>

Z?

<latexit sha1_base64="XjQUC99coi8HnEwOghh+RIwBpes=">AAACGHicbVDLTgJBEJzFF+ID1KOXicTEE9k1GD0SvXjERMDIbkjv0OCE2Udmek3Ihh/Rq/6HN+PVm7/hF7iLHASsU6WqO1UpP1bSkG1/WYWV1bX1jeJmaWt7Z7dc2dtvmyjRAlsiUpG+88GgkiG2SJLCu1gjBL7Cjj+6yv3OI2ojo/CWxjF6AQxDOZACKJN6lbIbAD34fno/6bl+RL1K1a7ZU/Bl4sxIlc3Q7FW+3X4kkgBDEgqM6Tp2TF4KmqRQOCm5icEYxAiG2M1oCAEaL50Wn/DjxABFPEbNpeJTEf9+pBAYMw787DKvaRa9XPzP6yY0uPBSGcYJYSjyIJIKp0FGaJktgrwvNRJB3hy5DLkADUSoJQchMjHJJpoLNBSAHuv+JBvJWZxkmbRPa069dnZTrzYuZ3MV2SE7YifMYeeswa5Zk7WYYAl7Zi/s1Xqy3qx36+P3tGDNfg7YHKzPH+mtoUs=</latexit>

int

<latexit sha1_base64="b4RWY7IPu/ZeKIlS5A1VUbPLFtM=">AAACE3icbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYcUW9H6sgmnnB+6WyNFUT4DWvgPOkTLB/AbfAG2cUESphrN7Gpnx4+VNGTbX1ZpZXVtfaO8Wdna3tndq+4ftE2UaIEtEalId30wqGSILZKksBtrhMBX2PHHN5nfeURtZBTe0yRGL4BRKIdSAKWS6wZAD5KmMqRZv1qz63YOvkycgtRYgWa/+u0OIpEEGJJQYEzPsWPypqBJCoWzipsYjEGMYYS9lIYQoPGmeeYZP0kMUMRj1Fwqnov4d2MKgTGTwE8ns4xm0cvE/7xeQsMrL30oTghDkR0iqTA/ZISWaRnIB1IjEWTJkcuQC9BAhFpyECIVk7SduYOGAtATPchKchYrWSbts7pzXr+4O681rou6yuyIHbNT5rBL1mC3rMlaTLCYPbMX9mo9WW/Wu/XxO1qyip1DNgfr8wdb/qAG</latexit>

Dint = Z?

<latexit sha1_base64="YbrxqWDfHyezid2HH65nd6wF9N8=">AAACKXicbVC7TsNAEDyH99tASXMiQqKKbBQEDRICCsogkYCII2t9WcIp54fu1kiR5ZafgRb+gw5o+QO+ANuk4LXV7MyuZneCRElDjvNq1SYmp6ZnZufmFxaXllfs1bWOiVMtsC1iFevLAAwqGWGbJCm8TDRCGCi8CIbHpX5xi9rIODqnUYK9EAaRvJYCqKB8m5/4Xgh0IymTEeX8gFdtEGRXue8FMfl23Wk4VfG/wB2DOhtXy7c/vH4s0hAjEgqM6bpOQr0MNEmhMJ/3UoMJiCEMsFvACEI0vaz6JOdbqQGKeYKaS8UrEr9vZBAaMwqDYrI80/zWSvI/rZvS9X6veDFJCSNRGpFUWBkZoWUREfK+1EgE5eXIZcQFaCBCLTkIUZBpkdkPQ0Mh6JHu50VI7u9I/oLOTsNtNnbPmvXDo3Fcs2yDbbJt5rI9dshOWYu1mWB37IE9sifr3nq2Xqy3r9GaNd5ZZz/Kev8EQrioOw==</latexit>

JnK⇢ , bnc

<latexit sha1_base64="3k5T2dGsAhs/qMG++aMTqE3PJhI="></latexit>
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Variables

JxK⇢ , ⇢(x)

<latexit sha1_base64="Weka+yq52jfwHPjaEFQptECZCjc=">AAACN3icbVC7TsNAEDzzDO8AJc2JCAmayEYgKCNoKEEigBRH0fqyhBPns9lbI6Iof8HPQAs/QUWHaOELcEyQeE01N7Or2ZsoNdqx7z95I6Nj4xOTpanpmdm5+YXy4tKJSzJSWFeJSegsAodGW6yzZoNnKSHEkcHT6HJ/4J9eIzmd2GPuptiMoWP1uVbAudQqV0NjIgJ1iSxvQqIvHtJFIkMmDbZj8Kp4r99stMoVv+oXkH9JMCQVMcRhq/wethOVxWhZGXCuEfgpN3tArJXB/nSYOUzzSOhgI6cWYnTNXvGvvlzLHHAiUySpjSxE/L7Rg9i5bhzlkzHwhfvtDcT/vEbG57vNnrZpxmjVIIi1wSLIKdJ5YSjbmpAZBpej1FYqIGBG0hKUysUsb/BHoOMYqEvtfl5S8LuSv+RksxpsVbePtiq1vWFdJbEiVsW6CMSOqIkDcSjqQolbcS8exKN35z17L97r5+iIN9xZFj/gvX0ASZqtvw==</latexit>

JxK⇢ , ⇢(x)

<latexit sha1_base64="Weka+yq52jfwHPjaEFQptECZCjc=">AAACN3icbVC7TsNAEDzzDO8AJc2JCAmayEYgKCNoKEEigBRH0fqyhBPns9lbI6Iof8HPQAs/QUWHaOELcEyQeE01N7Or2ZsoNdqx7z95I6Nj4xOTpanpmdm5+YXy4tKJSzJSWFeJSegsAodGW6yzZoNnKSHEkcHT6HJ/4J9eIzmd2GPuptiMoWP1uVbAudQqV0NjIgJ1iSxvQqIvHtJFIkMmDbZj8Kp4r99stMoVv+oXkH9JMCQVMcRhq/wethOVxWhZGXCuEfgpN3tArJXB/nSYOUzzSOhgI6cWYnTNXvGvvlzLHHAiUySpjSxE/L7Rg9i5bhzlkzHwhfvtDcT/vEbG57vNnrZpxmjVIIi1wSLIKdJ5YSjbmpAZBpej1FYqIGBG0hKUysUsb/BHoOMYqEvtfl5S8LuSv+RksxpsVbePtiq1vWFdJbEiVsW6CMSOqIkDcSjqQolbcS8exKN35z17L97r5+iIN9xZFj/gvX0ASZqtvw==</latexit>

x : ⌧ ) ⇢(x) 2 D⌧

<latexit sha1_base64="ZgmEO8XELc1zg2OKXLruQjA363s="></latexit>

⌧

<latexit sha1_base64="xtSsyHyyNplxfExDtEXWtUtnDCc=">AAACC3icbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xkU8CE/KmeUCHnk+635gQwhF0q/dwZ9x6CK/hCZwZZyFgrSpV76Uq5UVKGrLtL6uwtr6xuVXcLu3s7u0flA+PWiaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHuT29RvP6I2MgweaBqh68MokEMpgFKpRxD3yxW7amfgq8TJSYXlaPTL371BKGIfAxIKjOk6dkTuDDRJoXBe6sUGIxATGGE3oQH4aNxZ1nXOz2IDFPIINZeKZyL+/ZiBb8zU95JLH2hslr1U/M/rxjS8dmcyiGLCQKRBJBVmQUZomYyAfCA1EkHaHLkMuAANRKglByESMU5WWQg05IOe6sE8GclZnmSVtC6qTq16eV+r1G/yuYrshJ2yc+awK1Znd6zBmkywMXtmL+zVerLerHfr4/e0YOU/x2wB1ucPXCKcNg==</latexit>

D⌧

<latexit sha1_base64="9NC7hqRUAbFoSqKNcjGsPPl2gew=">AAACDXicbVBLSgNBFOyJvxh/UZduGoPgKsyIosugLlxGMB9IhvCm8xLb9HzofiOEkDPoVu/hTtx6Bq/hCZwZZ2ESa1VUvUcV5UVKGrLtL6uwtLyyulZcL21sbm3vlHf3miaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq9RvPaI2MgzuaByh68MwkAMpgBKped3rEsS9csWu2hn4InFyUmE56r3yd7cfitjHgIQCYzqOHZE7AU1SKJyWurHBCMQIhthJaAA+GneStZ3yo9gAhTxCzaXimYh/PybgGzP2veTSB7o3814q/ud1YhpcuBMZRDFhINIgkgqzICO0TGZA3pcaiSBtjlwGXIAGItSSgxCJGCe7zAQa8kGPdX+ajOTMT7JImidV57R6dntaqV3mcxXZATtkx8xh56zGblidNZhgD+yZvbBX68l6s96tj9/TgpX/7LMZWJ8/tIOc7Q==</latexit>

D⌧

<latexit sha1_base64="9NC7hqRUAbFoSqKNcjGsPPl2gew=">AAACDXicbVBLSgNBFOyJvxh/UZduGoPgKsyIosugLlxGMB9IhvCm8xLb9HzofiOEkDPoVu/hTtx6Bq/hCZwZZ2ESa1VUvUcV5UVKGrLtL6uwtLyyulZcL21sbm3vlHf3miaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq9RvPaI2MgzuaByh68MwkAMpgBKped3rEsS9csWu2hn4InFyUmE56r3yd7cfitjHgIQCYzqOHZE7AU1SKJyWurHBCMQIhthJaAA+GneStZ3yo9gAhTxCzaXimYh/PybgGzP2veTSB7o3814q/ud1YhpcuBMZRDFhINIgkgqzICO0TGZA3pcaiSBtjlwGXIAGItSSgxCJGCe7zAQa8kGPdX+ajOTMT7JImidV57R6dntaqV3mcxXZATtkx8xh56zGblidNZhgD+yZvbBX68l6s96tj9/TgpX/7LMZWJ8/tIOc7Q==</latexit>
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Arithmetic ops

Jt1 op t2K⇢ , Jt1K⇢ op? Jt2K⇢

<latexit sha1_base64="zTPMq6fitt824wNPmWzOBXUXU6U="></latexit>

op 2 {+,�⇥}

<latexit sha1_base64="A0XQUUoj5WBncllwptIsnez7mEc=">AAACJHicbVC7TsNAEDzzDO8AZZoTERISENkoCMoIGsogERIpjqL1ZQMnzmfrbo0UWSn4GWjhP+gQBQ0fwRdgmxS8phrN7Gp2J4iVtOS6b87U9Mzs3HxpYXFpeWV1rby+cWmjxAhsiUhFphOARSU1tkiSwk5sEMJAYTu4Oc399i0aKyN9QaMYeyFcaTmUAiiT+uWKHwJd22EaxWNfaj/d3dv3SYZo/XG/XHVrbgH+l3gTUmUTNPvlD38QiSRETUKBtV3PjamXgiEpFI4X/cRiDOIGrrCbUQ1ZTC8tnhjz7cQCRTxGw6XihYjfN1IIrR2FQTZZnPzby8X/vG5Cw+NeKnWcEGqRB5FUWARZYWTWDvKBNEgE+eXIpeYCDBChkRyEyMQkq+tHoKUQzMgM8pK835X8JZcHNa9eOzyvVxsnk7pKrMK22A7z2BFrsDPWZC0m2B17YI/sybl3np0X5/VrdMqZ7GyyH3DePwFsJ6ZC</latexit>

Jt1 op t2K⇢ , Jt1K⇢ op? Jt2K⇢

<latexit sha1_base64="zTPMq6fitt824wNPmWzOBXUXU6U="></latexit>

op? : Z? ⇥ Z? ! Z?

<latexit sha1_base64="yyCKN6J9cFylgZqQ1ee5QUHqU5I=">AAACYXicbZA9T+NAEIY3Pj7Dlw/KNCsiJKrIRiAQVXQ0VwaJQEQcRePNBFas19buGCmy/Nf4H1cf7V3BL2BtUkDCVK+emdG888aZkpaC4E/D+7Gyura+sdnc2t7Z3fN/7t/aNDcC+yJVqRnEYFFJjX2SpHCQGYQkVngXP11V/btnNFam+oZmGY4SeNByKgWQQ2N/EOV6gqZaL6IE6NFOizQry3EUp3TZrFEcF/cfgEckE7R8Ga eLbOy3g05QF18W4Vy02bx6Y/8tmqQiT1CTUGDtMAwyGhVgSAqFZTPKLWYgnuABh05qcEZGRZ1AyY9yC85DhoZLxWuInzcKSKydJbGbrJ9c7FXwu94wp+nFqJA6ywm1qA6RVFgfssJIFy3yiTRIBJVz5FJzAQaI0EgOQjiYu6y/HLSUgJmZSelCChcjWRa3J53wtHN2fdru/prHtcFa7JAds5Cdsy77zXqszwR7Ya/sH/vf+Otter63/zHqNeY7B+xLea130wC8sg==</latexit>

v1 op? v2 ,
⇢

bn1 op n2c if v1 = bn1c and v2 = bn2c
?Z? otherwise (v1 = ?Z? or v2 = ?Z?)

<latexit sha1_base64="XWSk///zC0EE0VBTPsVMMhiZN58=">AAADTnicfVJNj9MwEHWyfJTw1YUjF4sWtFyqploEl5VWwIHjItHdFXUVOc60tdaxgz0pVFF+EX8GjsC/4MANgdN2YT8q5jSa9+a9mbHTQkmH/f7XINy6cvXa9daN6Oat23futrfvHTpTWgFDYZSxxyl3oKSGIUpUcFxY4Hmq4Cg9edngR3OwThr9FhcFjHM+1XIiBUdfSraDV/MkZpSVOgPbiFQs5zhzk8oUdZ2w1CCj82QQMb SS66mC9zRiCibIqoilMJW64tbyRV0pVXtkooyxVP9HlHl0wOyK+JiyPDUfKzmhXT/J3lmBFaVLuc4acED36D/4VKFbMxY1YyYrkzSt3q3mrv+KG5yB/SAd0J3GpNHZ2NClXvrUaTPjid8RdLbeOWJWTmfYS9qdfq+/DHo5iddJh6zjIGn/YJkRZQ4aheLOjeJ+gWOvilIo8Lqlg4KLEz6FkU81z8GNq+Vz1/RR6TgaWoClUtFlEc52VDx3bpGnnrk8+0WsKW7CRiVOno8rqYsSQYvGCKWCpZETVvp/BDSTFhB5MzlQqangliOClZQL4Yul/1jnDB3m3C5sVvsjxRdPcjk5HPTi3d7TN7ud/Rfrc7XIA/KQ7JCYPCP75DU5IEMigk/Bl+Bb8D38HP4Mf4W/V9QwWPfcJ+diq/UHhQQTew==</latexit>

called strict extension

int

<latexit sha1_base64="b4RWY7IPu/ZeKIlS5A1VUbPLFtM=">AAACE3icbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYcUW9H6sgmnnB+6WyNFUT4DWvgPOkTLB/AbfAG2cUESphrN7Gpnx4+VNGTbX1ZpZXVtfaO8Wdna3tndq+4ftE2UaIEtEalId30wqGSILZKksBtrhMBX2PHHN5nfeURtZBTe0yRGL4BRKIdSAKWS6wZAD5KmMqRZv1qz63YOvkycgtRYgWa/+u0OIpEEGJJQYEzPsWPypqBJCoWzipsYjEGMYYS9lIYQoPGmeeYZP0kMUMRj1Fwqnov4d2MKgTGTwE8ns4xm0cvE/7xeQsMrL30oTghDkR0iqTA/ZISWaRnIB1IjEWTJkcuQC9BAhFpyECIVk7SduYOGAtATPchKchYrWSbts7pzXr+4O681rou6yuyIHbNT5rBL1mC3rMlaTLCYPbMX9mo9WW/Wu/XxO1qyip1DNgfr8wdb/qAG</latexit>

int

<latexit sha1_base64="b4RWY7IPu/ZeKIlS5A1VUbPLFtM=">AAACE3icbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYcUW9H6sgmnnB+6WyNFUT4DWvgPOkTLB/AbfAG2cUESphrN7Gpnx4+VNGTbX1ZpZXVtfaO8Wdna3tndq+4ftE2UaIEtEalId30wqGSILZKksBtrhMBX2PHHN5nfeURtZBTe0yRGL4BRKIdSAKWS6wZAD5KmMqRZv1qz63YOvkycgtRYgWa/+u0OIpEEGJJQYEzPsWPypqBJCoWzipsYjEGMYYS9lIYQoPGmeeYZP0kMUMRj1Fwqnov4d2MKgTGTwE8ns4xm0cvE/7xeQsMrL30oTghDkR0iqTA/ZISWaRnIB1IjEWTJkcuQC9BAhFpyECIVk7SduYOGAtATPchKchYrWSbts7pzXr+4O681rou6yuyIHbNT5rBL1mC3rMlaTLCYPbMX9mo9WW/Wu/XxO1qyip1DNgfr8wdb/qAG</latexit>

int

<latexit sha1_base64="b4RWY7IPu/ZeKIlS5A1VUbPLFtM=">AAACE3icbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYcUW9H6sgmnnB+6WyNFUT4DWvgPOkTLB/AbfAG2cUESphrN7Gpnx4+VNGTbX1ZpZXVtfaO8Wdna3tndq+4ftE2UaIEtEalId30wqGSILZKksBtrhMBX2PHHN5nfeURtZBTe0yRGL4BRKIdSAKWS6wZAD5KmMqRZv1qz63YOvkycgtRYgWa/+u0OIpEEGJJQYEzPsWPypqBJCoWzipsYjEGMYYS9lIYQoPGmeeYZP0kMUMRj1Fwqnov4d2MKgTGTwE8ns4xm0cvE/7xeQsMrL30oTghDkR0iqTA/ZISWaRnIB1IjEWTJkcuQC9BAhFpyECIVk7SduYOGAtATPchKchYrWSbts7pzXr+4O681rou6yuyIHbNT5rBL1mC3rMlaTLCYPbMX9mo9WW/Wu/XxO1qyip1DNgfr8wdb/qAG</latexit>

Dint = Z?

<latexit sha1_base64="YbrxqWDfHyezid2HH65nd6wF9N8=">AAACKXicbVC7TsNAEDyH99tASXMiQqKKbBQEDRICCsogkYCII2t9WcIp54fu1kiR5ZafgRb+gw5o+QO+ANuk4LXV7MyuZneCRElDjvNq1SYmp6ZnZufmFxaXllfs1bWOiVMtsC1iFevLAAwqGWGbJCm8TDRCGCi8CIbHpX5xi9rIODqnUYK9EAaRvJYCqKB8m5/4Xgh0IymTEeX8gFdtEGRXue8FMfl23Wk4VfG/wB2DOhtXy7c/vH4s0hAjEgqM6bpOQr0MNEmhMJ/3UoMJiCEMsFvACEI0vaz6JOdbqQGKeYKaS8UrEr9vZBAaMwqDYrI80/zWSvI/rZvS9X6veDFJCSNRGpFUWBkZoWUREfK+1EgE5eXIZcQFaCBCLTkIUZBpkdkPQ0Mh6JHu50VI7u9I/oLOTsNtNnbPmvXDo3Fcs2yDbbJt5rI9dshOWYu1mWB37IE9sifr3nq2Xqy3r9GaNd5ZZz/Kev8EQrioOw==</latexit>

int

<latexit sha1_base64="b4RWY7IPu/ZeKIlS5A1VUbPLFtM=">AAACE3icbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYcUW9H6sgmnnB+6WyNFUT4DWvgPOkTLB/AbfAG2cUESphrN7Gpnx4+VNGTbX1ZpZXVtfaO8Wdna3tndq+4ftE2UaIEtEalId30wqGSILZKksBtrhMBX2PHHN5nfeURtZBTe0yRGL4BRKIdSAKWS6wZAD5KmMqRZv1qz63YOvkycgtRYgWa/+u0OIpEEGJJQYEzPsWPypqBJCoWzipsYjEGMYYS9lIYQoPGmeeYZP0kMUMRj1Fwqnov4d2MKgTGTwE8ns4xm0cvE/7xeQsMrL30oTghDkR0iqTA/ZISWaRnIB1IjEWTJkcuQC9BAhFpyECIVk7SduYOGAtATPchKchYrWSbts7pzXr+4O681rou6yuyIHbNT5rBL1mC3rMlaTLCYPbMX9mo9WW/Wu/XxO1qyip1DNgfr8wdb/qAG</latexit>

int

<latexit sha1_base64="b4RWY7IPu/ZeKIlS5A1VUbPLFtM=">AAACE3icbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYcUW9H6sgmnnB+6WyNFUT4DWvgPOkTLB/AbfAG2cUESphrN7Gpnx4+VNGTbX1ZpZXVtfaO8Wdna3tndq+4ftE2UaIEtEalId30wqGSILZKksBtrhMBX2PHHN5nfeURtZBTe0yRGL4BRKIdSAKWS6wZAD5KmMqRZv1qz63YOvkycgtRYgWa/+u0OIpEEGJJQYEzPsWPypqBJCoWzipsYjEGMYYS9lIYQoPGmeeYZP0kMUMRj1Fwqnov4d2MKgTGTwE8ns4xm0cvE/7xeQsMrL30oTghDkR0iqTA/ZISWaRnIB1IjEWTJkcuQC9BAhFpyECIVk7SduYOGAtATPchKchYrWSbts7pzXr+4O681rou6yuyIHbNT5rBL1mC3rMlaTLCYPbMX9mo9WW/Wu/XxO1qyip1DNgfr8wdb/qAG</latexit>

Dint = Z?

<latexit sha1_base64="YbrxqWDfHyezid2HH65nd6wF9N8=">AAACKXicbVC7TsNAEDyH99tASXMiQqKKbBQEDRICCsogkYCII2t9WcIp54fu1kiR5ZafgRb+gw5o+QO+ANuk4LXV7MyuZneCRElDjvNq1SYmp6ZnZufmFxaXllfs1bWOiVMtsC1iFevLAAwqGWGbJCm8TDRCGCi8CIbHpX5xi9rIODqnUYK9EAaRvJYCqKB8m5/4Xgh0IymTEeX8gFdtEGRXue8FMfl23Wk4VfG/wB2DOhtXy7c/vH4s0hAjEgqM6bpOQr0MNEmhMJ/3UoMJiCEMsFvACEI0vaz6JOdbqQGKeYKaS8UrEr9vZBAaMwqDYrI80/zWSvI/rZvS9X6veDFJCSNRGpFUWBkZoWUREfK+1EgE5eXIZcQFaCBCLTkIUZBpkdkPQ0Mh6JHu50VI7u9I/oLOTsNtNnbPmvXDo3Fcs2yDbbJt5rI9dshOWYu1mWB37IE9sifr3nq2Xqy3r9GaNd5ZZz/Kev8EQrioOw==</latexit>

Dint = Z?

<latexit sha1_base64="YbrxqWDfHyezid2HH65nd6wF9N8=">AAACKXicbVC7TsNAEDyH99tASXMiQqKKbBQEDRICCsogkYCII2t9WcIp54fu1kiR5ZafgRb+gw5o+QO+ANuk4LXV7MyuZneCRElDjvNq1SYmp6ZnZufmFxaXllfs1bWOiVMtsC1iFevLAAwqGWGbJCm8TDRCGCi8CIbHpX5xi9rIODqnUYK9EAaRvJYCqKB8m5/4Xgh0IymTEeX8gFdtEGRXue8FMfl23Wk4VfG/wB2DOhtXy7c/vH4s0hAjEgqM6bpOQr0MNEmhMJ/3UoMJiCEMsFvACEI0vaz6JOdbqQGKeYKaS8UrEr9vZBAaMwqDYrI80/zWSvI/rZvS9X6veDFJCSNRGpFUWBkZoWUREfK+1EgE5eXIZcQFaCBCLTkIUZBpkdkPQ0Mh6JHu50VI7u9I/oLOTsNtNnbPmvXDo3Fcs2yDbbJt5rI9dshOWYu1mWB37IE9sifr3nq2Xqy3r9GaNd5ZZz/Kev8EQrioOw==</latexit>

Dint = Z?

<latexit sha1_base64="YbrxqWDfHyezid2HH65nd6wF9N8=">AAACKXicbVC7TsNAEDyH99tASXMiQqKKbBQEDRICCsogkYCII2t9WcIp54fu1kiR5ZafgRb+gw5o+QO+ANuk4LXV7MyuZneCRElDjvNq1SYmp6ZnZufmFxaXllfs1bWOiVMtsC1iFevLAAwqGWGbJCm8TDRCGCi8CIbHpX5xi9rIODqnUYK9EAaRvJYCqKB8m5/4Xgh0IymTEeX8gFdtEGRXue8FMfl23Wk4VfG/wB2DOhtXy7c/vH4s0hAjEgqM6bpOQr0MNEmhMJ/3UoMJiCEMsFvACEI0vaz6JOdbqQGKeYKaS8UrEr9vZBAaMwqDYrI80/zWSvI/rZvS9X6veDFJCSNRGpFUWBkZoWUREfK+1EgE5eXIZcQFaCBCLTkIUZBpkdkPQ0Mh6JHu50VI7u9I/oLOTsNtNnbPmvXDo3Fcs2yDbbJt5rI9dshOWYu1mWB37IE9sifr3nq2Xqy3r9GaNd5ZZz/Kev8EQrioOw==</latexit>

to prove:          is monotone and continuousop?

<latexit sha1_base64="+TUKbKtUwIXbvEPWIuJBBVGWPQw=">AAACJXicbVC7TsNAEDzzfmOghOJEhEQV2SgISgQNZZBIQIqjaH3ZhFPOZ+tujRRZbvgZaOE/6BASFf/AF2CbFLymGs3saHcnTJS05HlvztT0zOzc/MLi0vLK6tq6u7HZtnFqBLZErGJzHYJFJTW2SJLC68QgRKHCq3B0VvpXt2isjPUljRPsRjDUciAFUCH13J0g1X00ZTwLIqAbO8jiJM97QRhTz615da8C/0v8CamxCZo99yPoxyKNUJNQYG3H9xLqZmBICoX5UpBaTECMYIidgmqI0Haz6ouc76UWKOYJGi4Vr0T8nsggsnYchcVkdehvrxT/8zopDY67mdRJSqhFuYikwmqRFUYW9SDvS4NEUF6OXGouwAARGslBiEJMi75+LLQUgRmbfl6U5P+u5C9pH9T9Rv3wolE7OZ3UtcC22S7bZz47YifsnDVZiwl2xx7YI3ty7p1n58V5/RqdciaZLfYDzvsnnlmngQ==</latexit>
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Conditionals

Jif t then t1 else t2K⇢ , Cond⌧ ( JtK⇢ , Jt1K⇢ , Jt2K⇢ )

<latexit sha1_base64="y4kt8RDSEi2sdCP4uGR68iaYS0w="></latexit>

Cond⌧ : Z? ⇥D⌧ ⇥D⌧ ! D⌧

<latexit sha1_base64="S2eq1x5VVdfotR0vxQnY87FRgzY="></latexit>

Cond⌧ (v, d1, d2) ,

8
<

:

?D⌧ if v = ?Z?

d1 if v = b0c
d2 otherwise (v = bnc with n 6= 0)

<latexit sha1_base64="JdL1c7VDB2JbG4J+y4K5IA08rqU=">AAAC+nicbVJNb9NAEF2br2K+Ahy5rEhArYQiOyqCC1JFOXAsEmkqspG13kySVde77u44JTK+wv/ghrjyZ/gZ8AvYuAa1KSOt9PTmzbzRzGaFkg7j+GcQXrl67fqNrZvRrdt37t7r3H9w6ExpBQyFUcYeZdyBkhqGKFHBUWGB55mCUXa8v86PlmCdNPo9rgqY5Hyu5UwKjp5KO79YznHhZtW+0dM6ZcjL7eWzaZr4N9iJGFrJ9V zBScQUzJBVEctgLnXFreWrulKq9ozBtHrTFNf0KWV5Zj5WckZ7y1dnucYky6oP3sETda9mLPImm2I1U8ZYGjPbgFY2+CczuAB7Kh3Q7XNy/VdOTyUuaE8zDSc07u340UBP21EjZuV8gf200437cRP0Mkha0CVtHKSd32xqRJmDRqG4c+MkLnDiu6IUCnzf0kHBxTGfw9hDzXNwk6o5TU2flI6joQVYKhVtSDhfUfHcuVWeeWVziM3cmvxfblzi7OWkkrooEbRYG6FU0Bg5YaW/OdCptIDI15MDlZoKbjkiWEm5EJ4s/Se4YOgw53Zl/UfodJPNlVwGh4N+stt//m63u/e6XdcWeUQek22SkBdkj7wlB2RIRDAK6uBz8CX8FH4Nv4Xfz6Rh0NY8JBci/PEHbRvxqw==</latexit>

Cond⌧ (v, d1, d2) ,

8
<

:

?D⌧ if v = ?Z?

d1 if v = b0c
d2 otherwise (v = bnc with n 6= 0)

<latexit sha1_base64="JdL1c7VDB2JbG4J+y4K5IA08rqU=">AAAC+nicbVJNb9NAEF2br2K+Ahy5rEhArYQiOyqCC1JFOXAsEmkqspG13kySVde77u44JTK+wv/ghrjyZ/gZ8AvYuAa1KSOt9PTmzbzRzGaFkg7j+GcQXrl67fqNrZvRrdt37t7r3H9w6ExpBQyFUcYeZdyBkhqGKFHBUWGB55mCUXa8v86PlmCdNPo9rgqY5Hyu5UwKjp5KO79YznHhZtW+0dM6ZcjL7eWzaZr4N9iJGFrJ9V zBScQUzJBVEctgLnXFreWrulKq9ozBtHrTFNf0KWV5Zj5WckZ7y1dnucYky6oP3sETda9mLPImm2I1U8ZYGjPbgFY2+CczuAB7Kh3Q7XNy/VdOTyUuaE8zDSc07u340UBP21EjZuV8gf200437cRP0Mkha0CVtHKSd32xqRJmDRqG4c+MkLnDiu6IUCnzf0kHBxTGfw9hDzXNwk6o5TU2flI6joQVYKhVtSDhfUfHcuVWeeWVziM3cmvxfblzi7OWkkrooEbRYG6FU0Bg5YaW/OdCptIDI15MDlZoKbjkiWEm5EJ4s/Se4YOgw53Zl/UfodJPNlVwGh4N+stt//m63u/e6XdcWeUQek22SkBdkj7wlB2RIRDAK6uBz8CX8FH4Nv4Xfz6Rh0NY8JBci/PEHbRvxqw==</latexit>

int

<latexit sha1_base64="b4RWY7IPu/ZeKIlS5A1VUbPLFtM=">AAACE3icbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYcUW9H6sgmnnB+6WyNFUT4DWvgPOkTLB/AbfAG2cUESphrN7Gpnx4+VNGTbX1ZpZXVtfaO8Wdna3tndq+4ftE2UaIEtEalId30wqGSILZKksBtrhMBX2PHHN5nfeURtZBTe0yRGL4BRKIdSAKWS6wZAD5KmMqRZv1qz63YOvkycgtRYgWa/+u0OIpEEGJJQYEzPsWPypqBJCoWzipsYjEGMYYS9lIYQoPGmeeYZP0kMUMRj1Fwqnov4d2MKgTGTwE8ns4xm0cvE/7xeQsMrL30oTghDkR0iqTA/ZISWaRnIB1IjEWTJkcuQC9BAhFpyECIVk7SduYOGAtATPchKchYrWSbts7pzXr+4O681rou6yuyIHbNT5rBL1mC3rMlaTLCYPbMX9mo9WW/Wu/XxO1qyip1DNgfr8wdb/qAG</latexit>

⌧

<latexit sha1_base64="xtSsyHyyNplxfExDtEXWtUtnDCc=">AAACC3icbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xkU8CE/KmeUCHnk+635gQwhF0q/dwZ9x6CK/hCZwZZyFgrSpV76Uq5UVKGrLtL6uwtr6xuVXcLu3s7u0flA+PWiaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHuT29RvP6I2MgweaBqh68MokEMpgFKpRxD3yxW7amfgq8TJSYXlaPTL371BKGIfAxIKjOk6dkTuDDRJoXBe6sUGIxATGGE3oQH4aNxZ1nXOz2IDFPIINZeKZyL+/ZiBb8zU95JLH2hslr1U/M/rxjS8dmcyiGLCQKRBJBVmQUZomYyAfCA1EkHaHLkMuAANRKglByESMU5WWQg05IOe6sE8GclZnmSVtC6qTq16eV+r1G/yuYrshJ2yc+awK1Znd6zBmkywMXtmL+zVerLerHfr4/e0YOU/x2wB1ucPXCKcNg==</latexit>

⌧

<latexit sha1_base64="xtSsyHyyNplxfExDtEXWtUtnDCc=">AAACC3icbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xkU8CE/KmeUCHnk+635gQwhF0q/dwZ9x6CK/hCZwZZyFgrSpV76Uq5UVKGrLtL6uwtr6xuVXcLu3s7u0flA+PWiaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHuT29RvP6I2MgweaBqh68MokEMpgFKpRxD3yxW7amfgq8TJSYXlaPTL371BKGIfAxIKjOk6dkTuDDRJoXBe6sUGIxATGGE3oQH4aNxZ1nXOz2IDFPIINZeKZyL+/ZiBb8zU95JLH2hslr1U/M/rxjS8dmcyiGLCQKRBJBVmQUZomYyAfCA1EkHaHLkMuAANRKglByESMU5WWQg05IOe6sE8GclZnmSVtC6qTq16eV+r1G/yuYrshJ2yc+awK1Znd6zBmkywMXtmL+zVerLerHfr4/e0YOU/x2wB1ucPXCKcNg==</latexit>

⌧

<latexit sha1_base64="xtSsyHyyNplxfExDtEXWtUtnDCc=">AAACC3icbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xkU8CE/KmeUCHnk+635gQwhF0q/dwZ9x6CK/hCZwZZyFgrSpV76Uq5UVKGrLtL6uwtr6xuVXcLu3s7u0flA+PWiaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHuT29RvP6I2MgweaBqh68MokEMpgFKpRxD3yxW7amfgq8TJSYXlaPTL371BKGIfAxIKjOk6dkTuDDRJoXBe6sUGIxATGGE3oQH4aNxZ1nXOz2IDFPIINZeKZyL+/ZiBb8zU95JLH2hslr1U/M/rxjS8dmcyiGLCQKRBJBVmQUZomYyAfCA1EkHaHLkMuAANRKglByESMU5WWQg05IOe6sE8GclZnmSVtC6qTq16eV+r1G/yuYrshJ2yc+awK1Znd6zBmkywMXtmL+zVerLerHfr4/e0YOU/x2wB1ucPXCKcNg==</latexit>

D⌧

<latexit sha1_base64="9NC7hqRUAbFoSqKNcjGsPPl2gew=">AAACDXicbVBLSgNBFOyJvxh/UZduGoPgKsyIosugLlxGMB9IhvCm8xLb9HzofiOEkDPoVu/hTtx6Bq/hCZwZZ2ESa1VUvUcV5UVKGrLtL6uwtLyyulZcL21sbm3vlHf3miaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq9RvPaI2MgzuaByh68MwkAMpgBKped3rEsS9csWu2hn4InFyUmE56r3yd7cfitjHgIQCYzqOHZE7AU1SKJyWurHBCMQIhthJaAA+GneStZ3yo9gAhTxCzaXimYh/PybgGzP2veTSB7o3814q/ud1YhpcuBMZRDFhINIgkgqzICO0TGZA3pcaiSBtjlwGXIAGItSSgxCJGCe7zAQa8kGPdX+ajOTMT7JImidV57R6dntaqV3mcxXZATtkx8xh56zGblidNZhgD+yZvbBX68l6s96tj9/TgpX/7LMZWJ8/tIOc7Q==</latexit>

int

<latexit sha1_base64="b4RWY7IPu/ZeKIlS5A1VUbPLFtM=">AAACE3icbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYcUW9H6sgmnnB+6WyNFUT4DWvgPOkTLB/AbfAG2cUESphrN7Gpnx4+VNGTbX1ZpZXVtfaO8Wdna3tndq+4ftE2UaIEtEalId30wqGSILZKksBtrhMBX2PHHN5nfeURtZBTe0yRGL4BRKIdSAKWS6wZAD5KmMqRZv1qz63YOvkycgtRYgWa/+u0OIpEEGJJQYEzPsWPypqBJCoWzipsYjEGMYYS9lIYQoPGmeeYZP0kMUMRj1Fwqnov4d2MKgTGTwE8ns4xm0cvE/7xeQsMrL30oTghDkR0iqTA/ZISWaRnIB1IjEWTJkcuQC9BAhFpyECIVk7SduYOGAtATPchKchYrWSbts7pzXr+4O681rou6yuyIHbNT5rBL1mC3rMlaTLCYPbMX9mo9WW/Wu/XxO1qyip1DNgfr8wdb/qAG</latexit>

⌧

<latexit sha1_base64="xtSsyHyyNplxfExDtEXWtUtnDCc=">AAACC3icbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xkU8CE/KmeUCHnk+635gQwhF0q/dwZ9x6CK/hCZwZZyFgrSpV76Uq5UVKGrLtL6uwtr6xuVXcLu3s7u0flA+PWiaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHuT29RvP6I2MgweaBqh68MokEMpgFKpRxD3yxW7amfgq8TJSYXlaPTL371BKGIfAxIKjOk6dkTuDDRJoXBe6sUGIxATGGE3oQH4aNxZ1nXOz2IDFPIINZeKZyL+/ZiBb8zU95JLH2hslr1U/M/rxjS8dmcyiGLCQKRBJBVmQUZomYyAfCA1EkHaHLkMuAANRKglByESMU5WWQg05IOe6sE8GclZnmSVtC6qTq16eV+r1G/yuYrshJ2yc+awK1Znd6zBmkywMXtmL+zVerLerHfr4/e0YOU/x2wB1ucPXCKcNg==</latexit>

⌧

<latexit sha1_base64="xtSsyHyyNplxfExDtEXWtUtnDCc=">AAACC3icbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xkU8CE/KmeUCHnk+635gQwhF0q/dwZ9x6CK/hCZwZZyFgrSpV76Uq5UVKGrLtL6uwtr6xuVXcLu3s7u0flA+PWiaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHuT29RvP6I2MgweaBqh68MokEMpgFKpRxD3yxW7amfgq8TJSYXlaPTL371BKGIfAxIKjOk6dkTuDDRJoXBe6sUGIxATGGE3oQH4aNxZ1nXOz2IDFPIINZeKZyL+/ZiBb8zU95JLH2hslr1U/M/rxjS8dmcyiGLCQKRBJBVmQUZomYyAfCA1EkHaHLkMuAANRKglByESMU5WWQg05IOe6sE8GclZnmSVtC6qTq16eV+r1G/yuYrshJ2yc+awK1Znd6zBmkywMXtmL+zVerLerHfr4/e0YOU/x2wB1ucPXCKcNg==</latexit>

Dint = Z?

<latexit sha1_base64="YbrxqWDfHyezid2HH65nd6wF9N8=">AAACKXicbVC7TsNAEDyH99tASXMiQqKKbBQEDRICCsogkYCII2t9WcIp54fu1kiR5ZafgRb+gw5o+QO+ANuk4LXV7MyuZneCRElDjvNq1SYmp6ZnZufmFxaXllfs1bWOiVMtsC1iFevLAAwqGWGbJCm8TDRCGCi8CIbHpX5xi9rIODqnUYK9EAaRvJYCqKB8m5/4Xgh0IymTEeX8gFdtEGRXue8FMfl23Wk4VfG/wB2DOhtXy7c/vH4s0hAjEgqM6bpOQr0MNEmhMJ/3UoMJiCEMsFvACEI0vaz6JOdbqQGKeYKaS8UrEr9vZBAaMwqDYrI80/zWSvI/rZvS9X6veDFJCSNRGpFUWBkZoWUREfK+1EgE5eXIZcQFaCBCLTkIUZBpkdkPQ0Mh6JHu50VI7u9I/oLOTsNtNnbPmvXDo3Fcs2yDbbJt5rI9dshOWYu1mWB37IE9sifr3nq2Xqy3r9GaNd5ZZz/Kev8EQrioOw==</latexit>

D⌧

<latexit sha1_base64="9NC7hqRUAbFoSqKNcjGsPPl2gew=">AAACDXicbVBLSgNBFOyJvxh/UZduGoPgKsyIosugLlxGMB9IhvCm8xLb9HzofiOEkDPoVu/hTtx6Bq/hCZwZZ2ESa1VUvUcV5UVKGrLtL6uwtLyyulZcL21sbm3vlHf3miaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq9RvPaI2MgzuaByh68MwkAMpgBKped3rEsS9csWu2hn4InFyUmE56r3yd7cfitjHgIQCYzqOHZE7AU1SKJyWurHBCMQIhthJaAA+GneStZ3yo9gAhTxCzaXimYh/PybgGzP2veTSB7o3814q/ud1YhpcuBMZRDFhINIgkgqzICO0TGZA3pcaiSBtjlwGXIAGItSSgxCJGCe7zAQa8kGPdX+ajOTMT7JImidV57R6dntaqV3mcxXZATtkx8xh56zGblidNZhgD+yZvbBX68l6s96tj9/TgpX/7LMZWJ8/tIOc7Q==</latexit>

D⌧

<latexit sha1_base64="9NC7hqRUAbFoSqKNcjGsPPl2gew=">AAACDXicbVBLSgNBFOyJvxh/UZduGoPgKsyIosugLlxGMB9IhvCm8xLb9HzofiOEkDPoVu/hTtx6Bq/hCZwZZ2ESa1VUvUcV5UVKGrLtL6uwtLyyulZcL21sbm3vlHf3miaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq9RvPaI2MgzuaByh68MwkAMpgBKped3rEsS9csWu2hn4InFyUmE56r3yd7cfitjHgIQCYzqOHZE7AU1SKJyWurHBCMQIhthJaAA+GneStZ3yo9gAhTxCzaXimYh/PybgGzP2veTSB7o3814q/ud1YhpcuBMZRDFhINIgkgqzICO0TGZA3pcaiSBtjlwGXIAGItSSgxCJGCe7zAQa8kGPdX+ajOTMT7JImidV57R6dntaqV3mcxXZATtkx8xh56zGblidNZhgD+yZvbBX68l6s96tj9/TgpX/7LMZWJ8/tIOc7Q==</latexit>

D⌧

<latexit sha1_base64="9NC7hqRUAbFoSqKNcjGsPPl2gew=">AAACDXicbVBLSgNBFOyJvxh/UZduGoPgKsyIosugLlxGMB9IhvCm8xLb9HzofiOEkDPoVu/hTtx6Bq/hCZwZZ2ESa1VUvUcV5UVKGrLtL6uwtLyyulZcL21sbm3vlHf3miaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq9RvPaI2MgzuaByh68MwkAMpgBKped3rEsS9csWu2hn4InFyUmE56r3yd7cfitjHgIQCYzqOHZE7AU1SKJyWurHBCMQIhthJaAA+GneStZ3yo9gAhTxCzaXimYh/PybgGzP2veTSB7o3814q/ud1YhpcuBMZRDFhINIgkgqzICO0TGZA3pcaiSBtjlwGXIAGItSSgxCJGCe7zAQa8kGPdX+ajOTMT7JImidV57R6dntaqV3mcxXZATtkx8xh56zGblidNZhgD+yZvbBX68l6s96tj9/TgpX/7LMZWJ8/tIOc7Q==</latexit>

to prove:            is monotone and continuousCond⌧

<latexit sha1_base64="Q7+omy5rgEFMlSGgVXhEnB+2BUA=">AAACG3icbVBNT8JAFNziF+JXxaOXjcTEE2mNRo9GLx4xETABQl6XB27YbpvdVyNp+Cl61f/hzXj14N/wF1gqBwHnNJl5LzOZIFbSkud9OYWl5ZXVteJ6aWNza3vH3S03bJQYgXURqcjcBWBRSY11kqTwLjYIYaCwGQyvJn7zAY2Vkb6lUYydEAZa9qUAyqSuW26HQPe2n15FujfutgmSrlvxql4Ovkj8KamwKWpd97vdi0QSoiahwNqW78XUScGQFArHpXZiMQYxhAG2MqohRNtJ8+5jfphYoIjHaLhUPBfx70cKobWjMMgu86bz3kT8z2sl1D/vpFLHCaEWkyCSCvMgK4zMRkHekwaJYNIcudRcgAEiNJKDEJmYZCvNBFoKwYxMtpRb8ecnWSSN46p/Uj29OalcXE7nKrJ9dsCOmM/O2AW7ZjVWZ4I9smf2wl6dJ+fNeXc+fk8LzvRnj83A+fwBgRuirQ==</latexit>
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Pairing

J(t1 , t2)K⇢ , b ( Jt1K⇢ , Jt2K⇢ ) c

<latexit sha1_base64="bWwENSM9juEkA0+B6VDSkXoVZ60="></latexit>

J(t1 , t2)K⇢ , b ( Jt1K⇢ , Jt2K⇢ ) c

<latexit sha1_base64="bWwENSM9juEkA0+B6VDSkXoVZ60="></latexit>

⌧1

<latexit sha1_base64="UM62/d2plPoNl4PEBjT9abz1ZSc=">AAACDXicbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xkU8CE/KmeWBLzyfdb0wI4Qy61Xu4M249g9fwBM6MsxCwVpWq91KV8iIlDdn2l1VYWV1b3yhulra2d3b3yvsHLRPGWmBThCrUHQ8MKhlgkyQp7EQawfcUtr3xdeq3H1EbGQZ3NInQ9WEUyKEUQInU6hHEfadfrthVOwNfJk5OKixHo1/+7g1CEfsYkFBgTNexI3KnoEkKhbNSLzYYgRjDCLsJDcBH406ztjN+EhugkEeouVQ8E/HvxxR8Yya+l1z6QPdm0UvF/7xuTMNLdyqDKCYMRBpEUmEWZISWyQzIB1IjEaTNkcuAC9BAhFpyECIR42SXuUBDPuiJHsySkZzFSZZJ66zq1Krnt7VK/Sqfq8iO2DE7ZQ67YHV2wxqsyQR7YM/shb1aT9ab9W59/J4WrPznkM3B+vwBljKc2g==</latexit>

⌧2

<latexit sha1_base64="2gaa+mmhkDAiBkH3vMyzk8k0cgk=">AAACDXicbVBLTgJBFOzBH+IPdemmIzFxRWYIRpdENy4xETCBCXnTPLCl55PuNyaEcAbd6j3cGbeewWt4AmfGWQhYq0rVe6lKeZGShmz7yyqsrK6tbxQ3S1vbO7t75f2DtgljLbAlQhXqOw8MKhlgiyQpvIs0gu8p7Hjjq9TvPKI2MgxuaRKh68MokEMpgBKp3SOI+7V+uWJX7Qx8mTg5qbAczX75uzcIRexjQEKBMV3HjsidgiYpFM5KvdhgBGIMI+wmNAAfjTvN2s74SWyAQh6h5lLxTMS/H1PwjZn4XnLpA92bRS8V//O6MQ0v3KkMopgwEGkQSYVZkBFaJjMgH0iNRJA2Ry4DLkADEWrJQYhEjJNd5gIN+aAnejBLRnIWJ1km7VrVqVfPbuqVxmU+V5EdsWN2yhx2zhrsmjVZiwn2wJ7ZC3u1nqw36936+D0tWPnPIZuD9fkDl9ac2w==</latexit>

⌧1 ⇤ ⌧2

<latexit sha1_base64="QeMKC4GX9em82Ft+WpZMwLRNrsI=">AAACFHicbVDLTgJBEJzFF+IL9ehlIjExHsguweiR6MUjJvJIYEN6hwYnzD6c6TUhhN/Qq/6HN+PVu7/hF7isexCwLl2p6k51youUNGTbX1ZuZXVtfSO/Wdja3tndK+4fNE0Ya4ENEapQtz0wqGSADZKksB1pBN9T2PJG1zO/9YjayDC4o3GErg/DQA6kAEokt0sQ95yzdFR6xZJdtlPwZeJkpMQy1HvF724/FLGPAQkFxnQcOyJ3ApqkUDgtdGODEYgRDLGT0AB8NO4kfXrKT2IDFPIINZeKpyL+vZiAb8zY95JNH+jeLHoz8T+vE9Pg0p3IIIoJAzELIqkwDTJCy6QN5H2pkQhmnyOXAReggQi15CBEIsZJPXOBhnzQY92fJiU5i5Usk2al7FTL57fVUu0qqyvPjtgxO2UOu2A1dsPqrMEEe2DP7IW9Wk/Wm/Vuffyu5qzs5pDNwfr8AZern4E=</latexit>

D⌧1⇤⌧2 = (D⌧1 ⇥D⌧2)?

<latexit sha1_base64="ngVhMS7KbIgN1/l46T9tErpgKyE="></latexit>

⌧1

<latexit sha1_base64="UM62/d2plPoNl4PEBjT9abz1ZSc=">AAACDXicbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xkU8CE/KmeWBLzyfdb0wI4Qy61Xu4M249g9fwBM6MsxCwVpWq91KV8iIlDdn2l1VYWV1b3yhulra2d3b3yvsHLRPGWmBThCrUHQ8MKhlgkyQp7EQawfcUtr3xdeq3H1EbGQZ3NInQ9WEUyKEUQInU6hHEfadfrthVOwNfJk5OKixHo1/+7g1CEfsYkFBgTNexI3KnoEkKhbNSLzYYgRjDCLsJDcBH406ztjN+EhugkEeouVQ8E/HvxxR8Yya+l1z6QPdm0UvF/7xuTMNLdyqDKCYMRBpEUmEWZISWyQzIB1IjEaTNkcuAC9BAhFpyECIR42SXuUBDPuiJHsySkZzFSZZJ66zq1Krnt7VK/Sqfq8iO2DE7ZQ67YHV2wxqsyQR7YM/shb1aT9ab9W59/J4WrPznkM3B+vwBljKc2g==</latexit>

⌧2

<latexit sha1_base64="2gaa+mmhkDAiBkH3vMyzk8k0cgk=">AAACDXicbVBLTgJBFOzBH+IPdemmIzFxRWYIRpdENy4xETCBCXnTPLCl55PuNyaEcAbd6j3cGbeewWt4AmfGWQhYq0rVe6lKeZGShmz7yyqsrK6tbxQ3S1vbO7t75f2DtgljLbAlQhXqOw8MKhlgiyQpvIs0gu8p7Hjjq9TvPKI2MgxuaRKh68MokEMpgBKp3SOI+7V+uWJX7Qx8mTg5qbAczX75uzcIRexjQEKBMV3HjsidgiYpFM5KvdhgBGIMI+wmNAAfjTvN2s74SWyAQh6h5lLxTMS/H1PwjZn4XnLpA92bRS8V//O6MQ0v3KkMopgwEGkQSYVZkBFaJjMgH0iNRJA2Ry4DLkADEWrJQYhEjJNd5gIN+aAnejBLRnIWJ1km7VrVqVfPbuqVxmU+V5EdsWN2yhx2zhrsmjVZiwn2wJ7ZC3u1nqw36936+D0tWPnPIZuD9fkDl9ac2w==</latexit>

D⌧1

<latexit sha1_base64="FHHVjWX5G+Wz0pMgWb2fkpaJgZ0=">AAACEXicbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdEXbjERD4RCHnTPLBDT8+k+40JmXAK3eo93Bm3nsBreAJnkIWgtapUvZeqlB8pacl1P53c0vLK6lp+vbCxubW9U9zda9gwNgLrIlShaflgUUmNdZKksBUZhMBX2PRHl5nffEBjZahvaRxhN4ChlgMpgFLp7qqXdAjinjfpFUtu2Z2C/yXejJTYDLVe8avTD0UcoCahwNq250bUTcCQFAonhU5sMQIxgiG2U6ohQNtNpo0n/Ci2QCGP0HCp+FTE3x8JBNaOAz+9DIDu7aKXif957ZgG591E6igm1CILIqlwGmSFkekUyPvSIBFkzZFLzQUYIEIjOQiRinG6zVygpQDM2PSzkbzFSf6SxknZq5RPbyql6sVsrjw7YIfsmHnsjFXZNauxOhNMsyf2zF6cR+fVeXPef05zzuxnn83B+fgG196enQ==</latexit>

D⌧2

<latexit sha1_base64="l/wk4pUJPGhgRGmAONTYZjemITM=">AAACEXicbVBLTgJBFOzBP/5Ql246EhNXZIZgdGnUhUtM5BOBkDfNAzv09Ey635iQCafQrd7DnXHrCbyGJ3AGWQhYq0rVe6lK+ZGSllz3y8ktLa+srq1v5De3tnd2C3v7dRvGRmBNhCo0TR8sKqmxRpIUNiODEPgKG/7wKvMbj2isDPUdjSLsBDDQsi8FUCrdX3eTNkHcLY+7haJbcifgi8SbkiKbototfLd7oYgD1CQUWNvy3Ig6CRiSQuE4344tRiCGMMBWSjUEaDvJpPGYH8cWKOQRGi4Vn4j49yOBwNpR4KeXAdCDnfcy8T+vFVP/vJNIHcWEWmRBJBVOgqwwMp0CeU8aJIKsOXKpuQADRGgkByFSMU63mQm0FIAZmV42kjc/ySKpl0tepXR6WyleXE7nWmeH7IidMI+dsQt2w6qsxgTT7Jm9sFfnyXlz3p2P39OcM/05YDNwPn8A2YOeng==</latexit>

D⌧1 ⇥D⌧2

<latexit sha1_base64="mc7POnRTdszTXtK/lAK0OenPPno=">AAACJHicbVDLSgNBEJz1Gd+rHnMZDIKnsBsiegzqwWMEE4VkWXonbRwy+2CmVwhLDv6MXvU/vIkHL36EX+BujKCJdSqquqnuChIlDTnOuzU3v7C4tFxaWV1b39jcsrd32iZOtcCWiFWsrwMwqGSELZKk8DrRCGGg8CoYnBb+1R1qI+PokoYJeiH0I3kjBVAu+Xb5zM+6BKnvjrokQzT8R6iNfLviVJ0x+CxxJ6TCJmj69me3F4s0xIiEAmM6rpOQl4EmKRSOVrupwQTEAPrYyWkEeZ6XjZ8Y8f3UAMU8Qc2l4mMRf29kEBozDIN8MgS6NdNeIf7ndVK6OfYyGSUpYSSKIJIKx0FGaJm3g7wnNRJBcTlyGXEBGohQSw5C5GKa1/Un0FAIeqh7RUnudCWzpF2ruvXq4UW90jiZ1FViZbbHDpjLjliDnbMmazHB7tkje2LP1oP1Yr1ab9+jc9ZkZ5f9gfXxBdGYpeg=</latexit>

D⌧1⇤⌧2 = (D⌧1 ⇥D⌧2)?

<latexit sha1_base64="ngVhMS7KbIgN1/l46T9tErpgKyE="></latexit>

D⌧1⇤⌧2 , (D⌧1 ⇥D⌧2)?

<latexit sha1_base64="9pJA218Sq03i5WgXD82ozKUuptI="></latexit>
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Projections

Jfst( t )K⇢ , ⇡⇤
1 ( JtK⇢ )

<latexit sha1_base64="iy71+pADgyfzi/j0IwY6BGXhiUE="></latexit>

Jfst( t )K⇢ , ⇡⇤
1 ( JtK⇢ )

<latexit sha1_base64="iy71+pADgyfzi/j0IwY6BGXhiUE="></latexit>

⌧1 ⇤ ⌧2

<latexit sha1_base64="QeMKC4GX9em82Ft+WpZMwLRNrsI=">AAACFHicbVDLTgJBEJzFF+IL9ehlIjExHsguweiR6MUjJvJIYEN6hwYnzD6c6TUhhN/Qq/6HN+PVu7/hF7isexCwLl2p6k51youUNGTbX1ZuZXVtfSO/Wdja3tndK+4fNE0Ya4ENEapQtz0wqGSADZKksB1pBN9T2PJG1zO/9YjayDC4o3GErg/DQA6kAEokt0sQ95yzdFR6xZJdtlPwZeJkpMQy1HvF724/FLGPAQkFxnQcOyJ3ApqkUDgtdGODEYgRDLGT0AB8NO4kfXrKT2IDFPIINZeKpyL+vZiAb8zY95JNH+jeLHoz8T+vE9Pg0p3IIIoJAzELIqkwDTJCy6QN5H2pkQhmnyOXAReggQi15CBEIsZJPXOBhnzQY92fJiU5i5Usk2al7FTL57fVUu0qqyvPjtgxO2UOu2A1dsPqrMEEe2DP7IW9Wk/Wm/Vuffyu5qzs5pDNwfr8AZern4E=</latexit>

⌧1

<latexit sha1_base64="UM62/d2plPoNl4PEBjT9abz1ZSc=">AAACDXicbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xkU8CE/KmeWBLzyfdb0wI4Qy61Xu4M249g9fwBM6MsxCwVpWq91KV8iIlDdn2l1VYWV1b3yhulra2d3b3yvsHLRPGWmBThCrUHQ8MKhlgkyQp7EQawfcUtr3xdeq3H1EbGQZ3NInQ9WEUyKEUQInU6hHEfadfrthVOwNfJk5OKixHo1/+7g1CEfsYkFBgTNexI3KnoEkKhbNSLzYYgRjDCLsJDcBH406ztjN+EhugkEeouVQ8E/HvxxR8Yya+l1z6QPdm0UvF/7xuTMNLdyqDKCYMRBpEUmEWZISWyQzIB1IjEaTNkcuAC9BAhFpyECIR42SXuUBDPuiJHsySkZzFSZZJ66zq1Krnt7VK/Sqfq8iO2DE7ZQ67YHV2wxqsyQR7YM/shb1aT9ab9W59/J4WrPznkM3B+vwBljKc2g==</latexit>

D⌧1

<latexit sha1_base64="FHHVjWX5G+Wz0pMgWb2fkpaJgZ0=">AAACEXicbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdEXbjERD4RCHnTPLBDT8+k+40JmXAK3eo93Bm3nsBreAJnkIWgtapUvZeqlB8pacl1P53c0vLK6lp+vbCxubW9U9zda9gwNgLrIlShaflgUUmNdZKksBUZhMBX2PRHl5nffEBjZahvaRxhN4ChlgMpgFLp7qqXdAjinjfpFUtu2Z2C/yXejJTYDLVe8avTD0UcoCahwNq250bUTcCQFAonhU5sMQIxgiG2U6ohQNtNpo0n/Ci2QCGP0HCp+FTE3x8JBNaOAz+9DIDu7aKXif957ZgG591E6igm1CILIqlwGmSFkekUyPvSIBFkzZFLzQUYIEIjOQiRinG6zVygpQDM2PSzkbzFSf6SxknZq5RPbyql6sVsrjw7YIfsmHnsjFXZNauxOhNMsyf2zF6cR+fVeXPef05zzuxnn83B+fgG196enQ==</latexit>

⌧1 ⇤ ⌧2

<latexit sha1_base64="QeMKC4GX9em82Ft+WpZMwLRNrsI=">AAACFHicbVDLTgJBEJzFF+IL9ehlIjExHsguweiR6MUjJvJIYEN6hwYnzD6c6TUhhN/Qq/6HN+PVu7/hF7isexCwLl2p6k51youUNGTbX1ZuZXVtfSO/Wdja3tndK+4fNE0Ya4ENEapQtz0wqGSADZKksB1pBN9T2PJG1zO/9YjayDC4o3GErg/DQA6kAEokt0sQ95yzdFR6xZJdtlPwZeJkpMQy1HvF724/FLGPAQkFxnQcOyJ3ApqkUDgtdGODEYgRDLGT0AB8NO4kfXrKT2IDFPIINZeKpyL+vZiAb8zY95JNH+jeLHoz8T+vE9Pg0p3IIIoJAzELIqkwDTJCy6QN5H2pkQhmnyOXAReggQi15CBEIsZJPXOBhnzQY92fJiU5i5Usk2al7FTL57fVUu0qqyvPjtgxO2UOu2A1dsPqrMEEe2DP7IW9Wk/Wm/Vuffyu5qzs5pDNwfr8AZern4E=</latexit>

D⌧1⇤⌧2 = (D⌧1 ⇥D⌧2)?

<latexit sha1_base64="ngVhMS7KbIgN1/l46T9tErpgKyE="></latexit>

D⌧1 ⇥D⌧2 ! D⌧1

<latexit sha1_base64="3TUFnrEBnHrCPDfKN6mhgscnt/E=">AAACM3icbVDLSgNBEJz1GeMr6tHLYBDEQ9gVRY+iHjxGMA9IwtI76cTB2QczvUJY8g/+jF71N8SbePXiF7i7RjSJdSqquqd6youUNGTbL9bM7Nz8wmJhqbi8srq2XtrYrJsw1gJrIlShbnpgUMkAayRJYTPSCL6nsOHdnmd+4w61kWFwTYMIOz70A9mTAiiV3NL+hZu0CWLXGbZJ+mj4j3AwLLYpLP76bqlsV+wcfJo4I1JmI1Td0me7G4rYx4CEAmNajh1RJwFNUihMn48NRiBuoY+tlAaQxneS/E9DvhsboJBHqLlUPBfx70YCvjED30snfaAbM+ll4n9eK6beSSeRQRQTBiILIqkwDzJCy7Qs5F2pkQiyy5HLgAvQQIRachAiFeO0vbFAQz7oge5mJTmTlUyT+kHFOawcXR2WT89GdRXYNtthe8xhx+yUXbIqqzHB7tkje2LP1oP1ar1Z79+jM9ZoZ4uNwfr4Aizeq6I=</latexit>

(D⌧1 ⇥D⌧2)? ! D⌧1

<latexit sha1_base64="TPInOFdAidpNyEYP2VR7TlGEAc8=">AAACOnicbVDLSgNBEJz1bXxFPXoZDEK8hN0Q0WNQDx4VTCJkw9I7aXXI7IOZXiEs+Q5/Rq/6DV69iTfxA9yNK2q0TkV1NdVdfqykIdt+sqamZ2bn5hcWS0vLK6tr5fWNtokSLbAlIhXpCx8MKhliiyQpvIg1QuAr7PiDo3zeuUFtZBSe0zDGXgBXobyUAiiTvLJTPfZSlyDxnJFLMkDDv4T6aNdz/YhKLkWlb5dXrtg1ewz+lzgFqbACp175ze1HIgkwJKHAmK5jx9RLQZMUCkclNzEYgxjAFXYzGkJ2RC8dvzbiO4kBiniMmkvFxyL+3EghMGYY+JkzALo2k7Nc/G/WTejyoJfKME4IQ5EHkVQ4DjJCy6wz5H2pkQjyy5HLkAvQQIRachAiE5OsxF+BhgLQQ93PS3ImK/lL2vWa06jtnTUqzcOirgW2xbZZlTlsnzXZCTtlLSbYLbtnD+zRurOerRfr9dM6ZRU7m+wXrPcPameuOQ==</latexit>

D⌧1

<latexit sha1_base64="FHHVjWX5G+Wz0pMgWb2fkpaJgZ0=">AAACEXicbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdEXbjERD4RCHnTPLBDT8+k+40JmXAK3eo93Bm3nsBreAJnkIWgtapUvZeqlB8pacl1P53c0vLK6lp+vbCxubW9U9zda9gwNgLrIlShaflgUUmNdZKksBUZhMBX2PRHl5nffEBjZahvaRxhN4ChlgMpgFLp7qqXdAjinjfpFUtu2Z2C/yXejJTYDLVe8avTD0UcoCahwNq250bUTcCQFAonhU5sMQIxgiG2U6ohQNtNpo0n/Ci2QCGP0HCp+FTE3x8JBNaOAz+9DIDu7aKXif957ZgG591E6igm1CILIqlwGmSFkekUyPvSIBFkzZFLzQUYIEIjOQiRinG6zVygpQDM2PSzkbzFSf6SxknZq5RPbyql6sVsrjw7YIfsmHnsjFXZNauxOhNMsyf2zF6cR+fVeXPef05zzuxnn83B+fgG196enQ==</latexit>

Jfst( t )K⇢ , let d ( JtK⇢. ⇡1(d)

<latexit sha1_base64="tUwCA8mkbfQrvf5PoXZUNOFKVeA="></latexit>

Equivalently:

Jsnd( t )K⇢ , ⇡⇤
2 ( JtK⇢ )

<latexit sha1_base64="G7+7QXJJAgtyLqQncHSA7vvxnIw="></latexit>
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Abstraction

J�x. tK⇢ , b �d. JtK⇢[d/x] c

<latexit sha1_base64="kLW657abjH5bTNAxNqrTvD8Tiwo="></latexit>

J�x. tK⇢ , b �d. JtK⇢[d/x] c

<latexit sha1_base64="kLW657abjH5bTNAxNqrTvD8Tiwo="></latexit>

⌧1

<latexit sha1_base64="UM62/d2plPoNl4PEBjT9abz1ZSc=">AAACDXicbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xkU8CE/KmeWBLzyfdb0wI4Qy61Xu4M249g9fwBM6MsxCwVpWq91KV8iIlDdn2l1VYWV1b3yhulra2d3b3yvsHLRPGWmBThCrUHQ8MKhlgkyQp7EQawfcUtr3xdeq3H1EbGQZ3NInQ9WEUyKEUQInU6hHEfadfrthVOwNfJk5OKixHo1/+7g1CEfsYkFBgTNexI3KnoEkKhbNSLzYYgRjDCLsJDcBH406ztjN+EhugkEeouVQ8E/HvxxR8Yya+l1z6QPdm0UvF/7xuTMNLdyqDKCYMRBpEUmEWZISWyQzIB1IjEaTNkcuAC9BAhFpyECIR42SXuUBDPuiJHsySkZzFSZZJ66zq1Krnt7VK/Sqfq8iO2DE7ZQ67YHV2wxqsyQR7YM/shb1aT9ab9W59/J4WrPznkM3B+vwBljKc2g==</latexit>

⌧2

<latexit sha1_base64="2gaa+mmhkDAiBkH3vMyzk8k0cgk=">AAACDXicbVBLTgJBFOzBH+IPdemmIzFxRWYIRpdENy4xETCBCXnTPLCl55PuNyaEcAbd6j3cGbeewWt4AmfGWQhYq0rVe6lKeZGShmz7yyqsrK6tbxQ3S1vbO7t75f2DtgljLbAlQhXqOw8MKhlgiyQpvIs0gu8p7Hjjq9TvPKI2MgxuaRKh68MokEMpgBKp3SOI+7V+uWJX7Qx8mTg5qbAczX75uzcIRexjQEKBMV3HjsidgiYpFM5KvdhgBGIMI+wmNAAfjTvN2s74SWyAQh6h5lLxTMS/H1PwjZn4XnLpA92bRS8V//O6MQ0v3KkMopgwEGkQSYVZkBFaJjMgH0iNRJA2Ry4DLkADEWrJQYhEjJNd5gIN+aAnejBLRnIWJ1km7VrVqVfPbuqVxmU+V5EdsWN2yhx2zhrsmjVZiwn2wJ7ZC3u1nqw36936+D0tWPnPIZuD9fkDl9ac2w==</latexit>

⌧1 ! ⌧2

<latexit sha1_base64="JgnH/Ll5mOHo54Rq/ikWRE2UFi8=">AAACGXicbVDLTgJBEJz1ifha9ehlIjHxRHYJRo9ELx4xkUfCbkjv0OCE2UdmekkI4Uv0qv/hzXj15G/4BS4rBwHrVKnqTlUqSJQ05Dhf1tr6xubWdmGnuLu3f3BoHx03TZxqgQ0Rq1i3AzCoZIQNkqSwnWiEMFDYCoa3M781Qm1kHD3QOEE/hEEk+1IAZVLXtj2CtOt6FPOcVbp2ySk7OfgqceekxOaod+1vrxeLNMSIhAJjOq6TkD8BTVIonBa91GACYggD7GQ0ghCNP8mbT/l5aiCLTlBzqXgu4t+PCYTGjMMguwyBHs2yNxP/8zop9a/9iYySlDASsyCSCvMgI7TMJkHekxqJYNYcuYy4AA1EqCUHITIxzTZaCDQUgh7r3jQbyV2eZJU0K2W3Wr68r5ZqN/O5CuyUnbEL5rIrVmN3rM4aTLARe2Yv7NV6st6sd+vj93TNmv+csAVYnz+OJaEF</latexit>

D⌧1!⌧2 = [D⌧1 ! D⌧2 ]?

<latexit sha1_base64="86a4cT+nvDPYIt+Nt0GfoyBaRtA="></latexit>

D⌧1

<latexit sha1_base64="FHHVjWX5G+Wz0pMgWb2fkpaJgZ0=">AAACEXicbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdEXbjERD4RCHnTPLBDT8+k+40JmXAK3eo93Bm3nsBreAJnkIWgtapUvZeqlB8pacl1P53c0vLK6lp+vbCxubW9U9zda9gwNgLrIlShaflgUUmNdZKksBUZhMBX2PRHl5nffEBjZahvaRxhN4ChlgMpgFLp7qqXdAjinjfpFUtu2Z2C/yXejJTYDLVe8avTD0UcoCahwNq250bUTcCQFAonhU5sMQIxgiG2U6ohQNtNpo0n/Ci2QCGP0HCp+FTE3x8JBNaOAz+9DIDu7aKXif957ZgG591E6igm1CILIqlwGmSFkekUyPvSIBFkzZFLzQUYIEIjOQiRinG6zVygpQDM2PSzkbzFSf6SxknZq5RPbyql6sVsrjw7YIfsmHnsjFXZNauxOhNMsyf2zF6cR+fVeXPef05zzuxnn83B+fgG196enQ==</latexit>

⌧2

<latexit sha1_base64="2gaa+mmhkDAiBkH3vMyzk8k0cgk=">AAACDXicbVBLTgJBFOzBH+IPdemmIzFxRWYIRpdENy4xETCBCXnTPLCl55PuNyaEcAbd6j3cGbeewWt4AmfGWQhYq0rVe6lKeZGShmz7yyqsrK6tbxQ3S1vbO7t75f2DtgljLbAlQhXqOw8MKhlgiyQpvIs0gu8p7Hjjq9TvPKI2MgxuaRKh68MokEMpgBKp3SOI+7V+uWJX7Qx8mTg5qbAczX75uzcIRexjQEKBMV3HjsidgiYpFM5KvdhgBGIMI+wmNAAfjTvN2s74SWyAQh6h5lLxTMS/H1PwjZn4XnLpA92bRS8V//O6MQ0v3KkMopgwEGkQSYVZkBFaJjMgH0iNRJA2Ry4DLkADEWrJQYhEjJNd5gIN+aAnejBLRnIWJ1km7VrVqVfPbuqVxmU+V5EdsWN2yhx2zhrsmjVZiwn2wJ7ZC3u1nqw36936+D0tWPnPIZuD9fkDl9ac2w==</latexit>

D⌧2

<latexit sha1_base64="l/wk4pUJPGhgRGmAONTYZjemITM=">AAACEXicbVBLTgJBFOzBP/5Ql246EhNXZIZgdGnUhUtM5BOBkDfNAzv09Ey635iQCafQrd7DnXHrCbyGJ3AGWQhYq0rVe6lK+ZGSllz3y8ktLa+srq1v5De3tnd2C3v7dRvGRmBNhCo0TR8sKqmxRpIUNiODEPgKG/7wKvMbj2isDPUdjSLsBDDQsi8FUCrdX3eTNkHcLY+7haJbcifgi8SbkiKbototfLd7oYgD1CQUWNvy3Ig6CRiSQuE4344tRiCGMMBWSjUEaDvJpPGYH8cWKOQRGi4Vn4j49yOBwNpR4KeXAdCDnfcy8T+vFVP/vJNIHcWEWmRBJBVOgqwwMp0CeU8aJIKsOXKpuQADRGgkByFSMU63mQm0FIAZmV42kjc/ySKpl0tepXR6WyleXE7nWmeH7IidMI+dsQt2w6qsxgTT7Jm9sFfnyXlz3p2P39OcM/05YDNwPn8A2YOeng==</latexit>

[D⌧1 ! D⌧2 ]

<latexit sha1_base64="FWRaulL0a2kYCFzrpDlEo1LeHrM=">AAACI3icbVDLSsNAFJ34flt1p5vBIrgqiSi6FHXhUsHaQhPCzfS2Dp08mLkRSgj4M7rV/3Anblz4E36BaY1gW8/qzDn3cu6cIFHSkG1/WFPTM7Nz8wuLS8srq2vrlY3NWxOnWmBdxCrWzQAMKhlhnSQpbCYaIQwUNoLe+cBv3KM2Mo5uqJ+gF0I3kh0pgArJr2y3LvzMJUh9J3cp5r+vg9zzK1W7Zg/BJ4lTkiorceVXvtx2LNIQIxIKjGk5dkJeBpqkUJgvuanBBEQPutgqaAQhGi8b/iHne6mBIj9BzaXiQxH/bmQQGtMPg2IyBLoz495A/M9rpdQ58TIZJSlhJAZBJBUOg4zQsigHeVtqJILB5chlxAVoIEItOQhRiGnR1kigoRB0X7fzoiRnvJJJcntQcw5rR9eH1dOzsq4FtsN22T5z2DE7ZZfsitWZYA/siT2zF+vRerXerPef0Smr3NliI7A+vwHCi6VX</latexit>

[D⌧1 ! D⌧2 ]?

<latexit sha1_base64="UdMXORTW+YbVc8hSc5Z9n4bYZlE=">AAACKHicbVDLSgNBEJz1GeMr6tGDg0HwFHYlosegHjxGMDGQXZbeSauDsw9meoWw7NGf0av+hzfJ1U/wC9zECCaxTjVV3VRPBYmShmx7YM3NLywuLZdWyqtr6xubla3ttolTLbAlYhXrTgAGlYywRZIUdhKNEAYKb4KH86F/84jayDi6pn6CXgh3kbyVAqiQ/Mpe98LPXILUd3KXYv77Oso93w1i8itVu2aPwGeJMyZVNkbTr3y5vVikIUYkFBjTdeyEvAw0SaEwL7upwQTEA9xht6ARhGi8bPSRnB+kBoojEtRcKj4S8e9GBqEx/TAoJkOgezPtDcX/vG5Kt6deJqMkJYzEMIikwlGQEVoWDSHvSY1EMLwcuYy4AA1EqCUHIQoxLSqbCDQUgu7rXl6U5ExXMkvaRzWnXju+qlcbZ+O6SmyX7bND5rAT1mCXrMlaTLAn9sJe2Zv1bL1bH9bgZ3TOGu/ssAlYn9/56aeJ</latexit>

D⌧1!⌧2 , [D⌧1 ! D⌧2 ]?

<latexit sha1_base64="7JFB/h0QmXbF/wEPC8SGm5IyePE="></latexit>
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Application (lazy)

J t t0 K⇢ , let ' ( JtK⇢. '(Jt0K⇢)

<latexit sha1_base64="nXdqCTYrTHIBaIBxe9ccRzbnbsI="></latexit>

J t t0 K⇢ , let ' ( JtK⇢. '(Jt0K⇢)

<latexit sha1_base64="nXdqCTYrTHIBaIBxe9ccRzbnbsI="></latexit>

⌧0 ! ⌧

<latexit sha1_base64="Qj0NEBIyEBxq/Yyiw3Xk402IFSo=">AAACFHicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqL1ZRNOOT+4WyNFVn4DWvgPOkRLz2/wBTgmBUmYajSzqxmNHytpyLa/rMLK6tr6RnGztLW9s7tX3j9omSjRApsiUpHu+GBQyRCbJElhJ9YIga+w7Y+up377EbWRUXhH4xi9AIahHEgBlEmeS5D0bJeinJQrdtXOwZeJMyMVNkOjV/52+5FIAgxJKDCm69gxeSlokkLhpOQmBmMQIxhiN6MhBGi8NC894SeJAYp4jJpLxXMR/36kEBgzDvzsMgC6N4veVPzP6yY0uPRSGcYJYSimQSQV5kFGaJmtgbwvNRLBtDlyGXIBGohQSw5CZGKSzTMXaCgAPdb9STaSszjJMmmdVZ1a9fy2VqlfzeYqsiN2zE6Zwy5Ynd2wBmsywR7YM3thr9aT9Wa9Wx+/pwVr9nPI5mB9/gBwIKAE</latexit>

⌧0

<latexit sha1_base64="0oscwwZTIb0Wp4vDNjqRzM4hdvs=">AAACDXicbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xkU8CE/KmeWBLzyfdb0wI4Qy61Xu4M249g9fwBM6MsxCwVpWq91KV8iIlDdn2l1VYWV1b3yhulra2d3b3yvsHLRPGWmBThCrUHQ8MKhlgkyQp7EQawfcUtr3xdeq3H1EbGQZ3NInQ9WEUyKEUQInU6hHEfbtfrthVOwNfJk5OKixHo1/+7g1CEfsYkFBgTNexI3KnoEkKhbNSLzYYgRjDCLsJDcBH406ztjN+EhugkEeouVQ8E/HvxxR8Yya+l1z6QPdm0UvF/7xuTMNLdyqDKCYMRBpEUmEWZISWyQzIB1IjEaTNkcuAC9BAhFpyECIR42SXuUBDPuiJHsySkZzFSZZJ66zq1Krnt7VK/Sqfq8iO2DE7ZQ67YHV2wxqsyQR7YM/shb1aT9ab9W59/J4WrPznkM3B+vwBlI6c2Q==</latexit>

⌧

<latexit sha1_base64="xtSsyHyyNplxfExDtEXWtUtnDCc=">AAACC3icbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xkU8CE/KmeUCHnk+635gQwhF0q/dwZ9x6CK/hCZwZZyFgrSpV76Uq5UVKGrLtL6uwtr6xuVXcLu3s7u0flA+PWiaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHuT29RvP6I2MgweaBqh68MokEMpgFKpRxD3yxW7amfgq8TJSYXlaPTL371BKGIfAxIKjOk6dkTuDDRJoXBe6sUGIxATGGE3oQH4aNxZ1nXOz2IDFPIINZeKZyL+/ZiBb8zU95JLH2hslr1U/M/rxjS8dmcyiGLCQKRBJBVmQUZomYyAfCA1EkHaHLkMuAANRKglByESMU5WWQg05IOe6sE8GclZnmSVtC6qTq16eV+r1G/yuYrshJ2yc+awK1Znd6zBmkywMXtmL+zVerLerHfr4/e0YOU/x2wB1ucPXCKcNg==</latexit>

D⌧

<latexit sha1_base64="9NC7hqRUAbFoSqKNcjGsPPl2gew=">AAACDXicbVBLSgNBFOyJvxh/UZduGoPgKsyIosugLlxGMB9IhvCm8xLb9HzofiOEkDPoVu/hTtx6Bq/hCZwZZ2ESa1VUvUcV5UVKGrLtL6uwtLyyulZcL21sbm3vlHf3miaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq9RvPaI2MgzuaByh68MwkAMpgBKped3rEsS9csWu2hn4InFyUmE56r3yd7cfitjHgIQCYzqOHZE7AU1SKJyWurHBCMQIhthJaAA+GneStZ3yo9gAhTxCzaXimYh/PybgGzP2veTSB7o3814q/ud1YhpcuBMZRDFhINIgkgqzICO0TGZA3pcaiSBtjlwGXIAGItSSgxCJGCe7zAQa8kGPdX+ajOTMT7JImidV57R6dntaqV3mcxXZATtkx8xh56zGblidNZhgD+yZvbBX68l6s96tj9/TgpX/7LMZWJ8/tIOc7Q==</latexit>

⌧0 ! ⌧

<latexit sha1_base64="Qj0NEBIyEBxq/Yyiw3Xk402IFSo=">AAACFHicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8ptqL1ZRNOOT+4WyNFVn4DWvgPOkRLz2/wBTgmBUmYajSzqxmNHytpyLa/rMLK6tr6RnGztLW9s7tX3j9omSjRApsiUpHu+GBQyRCbJElhJ9YIga+w7Y+up377EbWRUXhH4xi9AIahHEgBlEmeS5D0bJeinJQrdtXOwZeJMyMVNkOjV/52+5FIAgxJKDCm69gxeSlokkLhpOQmBmMQIxhiN6MhBGi8NC894SeJAYp4jJpLxXMR/36kEBgzDvzsMgC6N4veVPzP6yY0uPRSGcYJYSimQSQV5kFGaJmtgbwvNRLBtDlyGXIBGohQSw5CZGKSzTMXaCgAPdb9STaSszjJMmmdVZ1a9fy2VqlfzeYqsiN2zE6Zwy5Ynd2wBmsywR7YM3thr9aT9Wa9Wx+/pwVr9nPI5mB9/gBwIKAE</latexit>

D⌧0!⌧ = (V⌧0!⌧ )?

<latexit sha1_base64="6U0yNVzBkLVBMQuO+e/aSmszDxo=">AAACM3icbVDLSsRAEJz4dn2tevQyuAjqYUlkRS+CqAePK7gP2CyhM9vq4OTBTEdYwv6DP6NX/Q3xJl69+AUmMQddrVNR1U11lx8raci2X6yJyanpmdm5+crC4tLySnV1rW2iRAtsiUhFuuuDQSVDbJEkhd1YIwS+wo5/e5r7nTvURkbhJQ1j7AdwHcorKYAyyavunnmpS5B4tktRTkZH2+1xacdz/Yi8as2u2wX4X+KUpMZKNL3qpzuIRBJgSEKBMT3HjqmfgiYpFI4qbmIwBnEL19jLaAgBmn5a/DTiW4kBiniMmkvFCxF/bqQQGDMM/GwyALox414u/uf1Ero67KcyjBPCUORBJBUWQUZomZWFfCA1EkF+OXIZcgEaiFBLDkJkYpK19yvQUAB6qAejrCRnvJK/pL1Xdxr1/YtG7fikrGuObbBNts0cdsCO2TlrshYT7J49sif2bD1Yr9ab9f49OmGVO+vsF6yPL0IbrEc=</latexit>

V⌧0!⌧ = [D⌧0 ! D⌧ ]

<latexit sha1_base64="qp9Ra7mwU7Z1aYZPaMCKRXQFo3Y=">AAACMXicbVDLSgNBEJz1bXxFPXoZDIKnsCuKXgRRDx4jmCgky9I7aeOQ2QczvUJY9hf8Gb3qf3gTr978AmdjBBOtU01VN9VTYaqkIdd9daamZ2bn5hcWK0vLK6tr1fWNlkkyLbApEpXomxAMKhljkyQpvEk1QhQqvA77Z6V/fY/ayCS+okGKfgS9WN5KAWSloLrbCvIOQRa4HUpKUhy3z3+kwmr8PCgfflCtuXV3CP6XeCNSYyM0gupnp5uILMKYhAJj2p6bkp+DJikUFpVOZjAF0Yceti2NIULj58MfFXwnM2CzU9RcKj4U8fdGDpExgyi0kxHQnZn0SvE/r53R7ZGfyzjNCGNRBpFUOAwyQktbFfKu1EgE5eXIZcwFaCBCLTkIYcXMdjcWaCgCPdDdwpbkTVbyl7T26t5+/eByv3ZyOqprgW2xbbbLPHbITtgFa7AmE+yBPbFn9uI8Oq/Om/P+PTrljHY22Ricjy99G6td</latexit>

V⌧0!⌧ = [D⌧0 ! D⌧ ]

<latexit sha1_base64="qp9Ra7mwU7Z1aYZPaMCKRXQFo3Y=">AAACMXicbVDLSgNBEJz1bXxFPXoZDIKnsCuKXgRRDx4jmCgky9I7aeOQ2QczvUJY9hf8Gb3qf3gTr978AmdjBBOtU01VN9VTYaqkIdd9daamZ2bn5hcWK0vLK6tr1fWNlkkyLbApEpXomxAMKhljkyQpvEk1QhQqvA77Z6V/fY/ayCS+okGKfgS9WN5KAWSloLrbCvIOQRa4HUpKUhy3z3+kwmr8PCgfflCtuXV3CP6XeCNSYyM0gupnp5uILMKYhAJj2p6bkp+DJikUFpVOZjAF0Yceti2NIULj58MfFXwnM2CzU9RcKj4U8fdGDpExgyi0kxHQnZn0SvE/r53R7ZGfyzjNCGNRBpFUOAwyQktbFfKu1EgE5eXIZcwFaCBCLTkIYcXMdjcWaCgCPdDdwpbkTVbyl7T26t5+/eByv3ZyOqprgW2xbbbLPHbITtgFa7AmE+yBPbFn9uI8Oq/Om/P+PTrljHY22Ricjy99G6td</latexit>

⌧0

<latexit sha1_base64="0oscwwZTIb0Wp4vDNjqRzM4hdvs=">AAACDXicbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xkU8CE/KmeWBLzyfdb0wI4Qy61Xu4M249g9fwBM6MsxCwVpWq91KV8iIlDdn2l1VYWV1b3yhulra2d3b3yvsHLRPGWmBThCrUHQ8MKhlgkyQp7EQawfcUtr3xdeq3H1EbGQZ3NInQ9WEUyKEUQInU6hHEfbtfrthVOwNfJk5OKixHo1/+7g1CEfsYkFBgTNexI3KnoEkKhbNSLzYYgRjDCLsJDcBH406ztjN+EhugkEeouVQ8E/HvxxR8Yya+l1z6QPdm0UvF/7xuTMNLdyqDKCYMRBpEUmEWZISWyQzIB1IjEaTNkcuAC9BAhFpyECIR42SXuUBDPuiJHsySkZzFSZZJ66zq1Krnt7VK/Sqfq8iO2DE7ZQ67YHV2wxqsyQR7YM/shb1aT9ab9W59/J4WrPznkM3B+vwBlI6c2Q==</latexit>

D⌧0

<latexit sha1_base64="jm7VKuFD6uJkLWiYJFqVbT21EsM=">AAACEXicbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdEXbjERD4RCHnTPLBDT8+k+40JmXAK3eo93Bm3nsBreAJnkIWgtapUvZeqlB8pacl1P53c0vLK6lp+vbCxubW9U9zda9gwNgLrIlShaflgUUmNdZKksBUZhMBX2PRHl5nffEBjZahvaRxhN4ChlgMpgFLp7qqXdAjinjvpFUtu2Z2C/yXejJTYDLVe8avTD0UcoCahwNq250bUTcCQFAonhU5sMQIxgiG2U6ohQNtNpo0n/Ci2QCGP0HCp+FTE3x8JBNaOAz+9DIDu7aKXif957ZgG591E6igm1CILIqlwGmSFkekUyPvSIBFkzZFLzQUYIEIjOQiRinG6zVygpQDM2PSzkbzFSf6SxknZq5RPbyql6sVsrjw7YIfsmHnsjFXZNauxOhNMsyf2zF6cR+fVeXPef05zzuxnn83B+fgG1jmenA==</latexit>

D⌧

<latexit sha1_base64="9NC7hqRUAbFoSqKNcjGsPPl2gew=">AAACDXicbVBLSgNBFOyJvxh/UZduGoPgKsyIosugLlxGMB9IhvCm8xLb9HzofiOEkDPoVu/hTtx6Bq/hCZwZZ2ESa1VUvUcV5UVKGrLtL6uwtLyyulZcL21sbm3vlHf3miaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq9RvPaI2MgzuaByh68MwkAMpgBKped3rEsS9csWu2hn4InFyUmE56r3yd7cfitjHgIQCYzqOHZE7AU1SKJyWurHBCMQIhthJaAA+GneStZ3yo9gAhTxCzaXimYh/PybgGzP2veTSB7o3814q/ud1YhpcuBMZRDFhINIgkgqzICO0TGZA3pcaiSBtjlwGXIAGItSSgxCJGCe7zAQa8kGPdX+ajOTMT7JImidV57R6dntaqV3mcxXZATtkx8xh56zGblidNZhgD+yZvbBX68l6s96tj9/TgpX/7LMZWJ8/tIOc7Q==</latexit>

D⌧

<latexit sha1_base64="9NC7hqRUAbFoSqKNcjGsPPl2gew=">AAACDXicbVBLSgNBFOyJvxh/UZduGoPgKsyIosugLlxGMB9IhvCm8xLb9HzofiOEkDPoVu/hTtx6Bq/hCZwZZ2ESa1VUvUcV5UVKGrLtL6uwtLyyulZcL21sbm3vlHf3miaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq9RvPaI2MgzuaByh68MwkAMpgBKped3rEsS9csWu2hn4InFyUmE56r3yd7cfitjHgIQCYzqOHZE7AU1SKJyWurHBCMQIhthJaAA+GneStZ3yo9gAhTxCzaXimYh/PybgGzP2veTSB7o3814q/ud1YhpcuBMZRDFhINIgkgqzICO0TGZA3pcaiSBtjlwGXIAGItSSgxCJGCe7zAQa8kGPdX+ajOTMT7JImidV57R6dntaqV3mcxXZATtkx8xh56zGblidNZhgD+yZvbBX68l6s96tj9/TgpX/7LMZWJ8/tIOc7Q==</latexit>

Equivalently: J t t0 K⇢ , (�'. '(Jt0K⇢))⇤ (JtK⇢)

<latexit sha1_base64="yjc4QAPnEuB70NG92pgo0BociT0="></latexit>
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Recursion

⌧

<latexit sha1_base64="xtSsyHyyNplxfExDtEXWtUtnDCc=">AAACC3icbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xkU8CE/KmeUCHnk+635gQwhF0q/dwZ9x6CK/hCZwZZyFgrSpV76Uq5UVKGrLtL6uwtr6xuVXcLu3s7u0flA+PWiaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHuT29RvP6I2MgweaBqh68MokEMpgFKpRxD3yxW7amfgq8TJSYXlaPTL371BKGIfAxIKjOk6dkTuDDRJoXBe6sUGIxATGGE3oQH4aNxZ1nXOz2IDFPIINZeKZyL+/ZiBb8zU95JLH2hslr1U/M/rxjS8dmcyiGLCQKRBJBVmQUZomYyAfCA1EkHaHLkMuAANRKglByESMU5WWQg05IOe6sE8GclZnmSVtC6qTq16eV+r1G/yuYrshJ2yc+awK1Znd6zBmkywMXtmL+zVerLerHfr4/e0YOU/x2wB1ucPXCKcNg==</latexit>

D⌧

<latexit sha1_base64="9NC7hqRUAbFoSqKNcjGsPPl2gew=">AAACDXicbVBLSgNBFOyJvxh/UZduGoPgKsyIosugLlxGMB9IhvCm8xLb9HzofiOEkDPoVu/hTtx6Bq/hCZwZZ2ESa1VUvUcV5UVKGrLtL6uwtLyyulZcL21sbm3vlHf3miaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq9RvPaI2MgzuaByh68MwkAMpgBKped3rEsS9csWu2hn4InFyUmE56r3yd7cfitjHgIQCYzqOHZE7AU1SKJyWurHBCMQIhthJaAA+GneStZ3yo9gAhTxCzaXimYh/PybgGzP2veTSB7o3814q/ud1YhpcuBMZRDFhINIgkgqzICO0TGZA3pcaiSBtjlwGXIAGItSSgxCJGCe7zAQa8kGPdX+ajOTMT7JImidV57R6dntaqV3mcxXZATtkx8xh56zGblidNZhgD+yZvbBX68l6s96tj9/TgpX/7LMZWJ8/tIOc7Q==</latexit>

Jrec x. tK⇢ , JtK⇢[Jrec x. tK⇢/x]

<latexit sha1_base64="IhZerWGyKRXOUna9MmTxGumScIM="></latexit>

⌧

<latexit sha1_base64="xtSsyHyyNplxfExDtEXWtUtnDCc=">AAACC3icbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xkU8CE/KmeUCHnk+635gQwhF0q/dwZ9x6CK/hCZwZZyFgrSpV76Uq5UVKGrLtL6uwtr6xuVXcLu3s7u0flA+PWiaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHuT29RvP6I2MgweaBqh68MokEMpgFKpRxD3yxW7amfgq8TJSYXlaPTL371BKGIfAxIKjOk6dkTuDDRJoXBe6sUGIxATGGE3oQH4aNxZ1nXOz2IDFPIINZeKZyL+/ZiBb8zU95JLH2hslr1U/M/rxjS8dmcyiGLCQKRBJBVmQUZomYyAfCA1EkHaHLkMuAANRKglByESMU5WWQg05IOe6sE8GclZnmSVtC6qTq16eV+r1G/yuYrshJ2yc+awK1Znd6zBmkywMXtmL+zVerLerHfr4/e0YOU/x2wB1ucPXCKcNg==</latexit>

⌧

<latexit sha1_base64="xtSsyHyyNplxfExDtEXWtUtnDCc=">AAACC3icbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xkU8CE/KmeUCHnk+635gQwhF0q/dwZ9x6CK/hCZwZZyFgrSpV76Uq5UVKGrLtL6uwtr6xuVXcLu3s7u0flA+PWiaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHuT29RvP6I2MgweaBqh68MokEMpgFKpRxD3yxW7amfgq8TJSYXlaPTL371BKGIfAxIKjOk6dkTuDDRJoXBe6sUGIxATGGE3oQH4aNxZ1nXOz2IDFPIINZeKZyL+/ZiBb8zU95JLH2hslr1U/M/rxjS8dmcyiGLCQKRBJBVmQUZomYyAfCA1EkHaHLkMuAANRKglByESMU5WWQg05IOe6sE8GclZnmSVtC6qTq16eV+r1G/yuYrshJ2yc+awK1Znd6zBmkywMXtmL+zVerLerHfr4/e0YOU/x2wB1ucPXCKcNg==</latexit>

D⌧

<latexit sha1_base64="9NC7hqRUAbFoSqKNcjGsPPl2gew=">AAACDXicbVBLSgNBFOyJvxh/UZduGoPgKsyIosugLlxGMB9IhvCm8xLb9HzofiOEkDPoVu/hTtx6Bq/hCZwZZ2ESa1VUvUcV5UVKGrLtL6uwtLyyulZcL21sbm3vlHf3miaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq9RvPaI2MgzuaByh68MwkAMpgBKped3rEsS9csWu2hn4InFyUmE56r3yd7cfitjHgIQCYzqOHZE7AU1SKJyWurHBCMQIhthJaAA+GneStZ3yo9gAhTxCzaXimYh/PybgGzP2veTSB7o3814q/ud1YhpcuBMZRDFhINIgkgqzICO0TGZA3pcaiSBtjlwGXIAGItSSgxCJGCe7zAQa8kGPdX+ajOTMT7JImidV57R6dntaqV3mcxXZATtkx8xh56zGblidNZhgD+yZvbBX68l6s96tj9/TgpX/7LMZWJ8/tIOc7Q==</latexit>

⌧

<latexit sha1_base64="xtSsyHyyNplxfExDtEXWtUtnDCc=">AAACC3icbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xkU8CE/KmeUCHnk+635gQwhF0q/dwZ9x6CK/hCZwZZyFgrSpV76Uq5UVKGrLtL6uwtr6xuVXcLu3s7u0flA+PWiaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHuT29RvP6I2MgweaBqh68MokEMpgFKpRxD3yxW7amfgq8TJSYXlaPTL371BKGIfAxIKjOk6dkTuDDRJoXBe6sUGIxATGGE3oQH4aNxZ1nXOz2IDFPIINZeKZyL+/ZiBb8zU95JLH2hslr1U/M/rxjS8dmcyiGLCQKRBJBVmQUZomYyAfCA1EkHaHLkMuAANRKglByESMU5WWQg05IOe6sE8GclZnmSVtC6qTq16eV+r1G/yuYrshJ2yc+awK1Znd6zBmkywMXtmL+zVerLerHfr4/e0YOU/x2wB1ucPXCKcNg==</latexit>

⌧

<latexit sha1_base64="xtSsyHyyNplxfExDtEXWtUtnDCc=">AAACC3icbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xkU8CE/KmeUCHnk+635gQwhF0q/dwZ9x6CK/hCZwZZyFgrSpV76Uq5UVKGrLtL6uwtr6xuVXcLu3s7u0flA+PWiaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHuT29RvP6I2MgweaBqh68MokEMpgFKpRxD3yxW7amfgq8TJSYXlaPTL371BKGIfAxIKjOk6dkTuDDRJoXBe6sUGIxATGGE3oQH4aNxZ1nXOz2IDFPIINZeKZyL+/ZiBb8zU95JLH2hslr1U/M/rxjS8dmcyiGLCQKRBJBVmQUZomYyAfCA1EkHaHLkMuAANRKglByESMU5WWQg05IOe6sE8GclZnmSVtC6qTq16eV+r1G/yuYrshJ2yc+awK1Znd6zBmkywMXtmL+zVerLerHfr4/e0YOU/x2wB1ucPXCKcNg==</latexit>

D⌧

<latexit sha1_base64="9NC7hqRUAbFoSqKNcjGsPPl2gew=">AAACDXicbVBLSgNBFOyJvxh/UZduGoPgKsyIosugLlxGMB9IhvCm8xLb9HzofiOEkDPoVu/hTtx6Bq/hCZwZZ2ESa1VUvUcV5UVKGrLtL6uwtLyyulZcL21sbm3vlHf3miaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq9RvPaI2MgzuaByh68MwkAMpgBKped3rEsS9csWu2hn4InFyUmE56r3yd7cfitjHgIQCYzqOHZE7AU1SKJyWurHBCMQIhthJaAA+GneStZ3yo9gAhTxCzaXimYh/PybgGzP2veTSB7o3814q/ud1YhpcuBMZRDFhINIgkgqzICO0TGZA3pcaiSBtjlwGXIAGItSSgxCJGCe7zAQa8kGPdX+ajOTMT7JImidV57R6dntaqV3mcxXZATtkx8xh56zGblidNZhgD+yZvbBX68l6s96tj9/TgpX/7LMZWJ8/tIOc7Q==</latexit>
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Recursion

⌧

<latexit sha1_base64="xtSsyHyyNplxfExDtEXWtUtnDCc=">AAACC3icbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xkU8CE/KmeUCHnk+635gQwhF0q/dwZ9x6CK/hCZwZZyFgrSpV76Uq5UVKGrLtL6uwtr6xuVXcLu3s7u0flA+PWiaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHuT29RvP6I2MgweaBqh68MokEMpgFKpRxD3yxW7amfgq8TJSYXlaPTL371BKGIfAxIKjOk6dkTuDDRJoXBe6sUGIxATGGE3oQH4aNxZ1nXOz2IDFPIINZeKZyL+/ZiBb8zU95JLH2hslr1U/M/rxjS8dmcyiGLCQKRBJBVmQUZomYyAfCA1EkHaHLkMuAANRKglByESMU5WWQg05IOe6sE8GclZnmSVtC6qTq16eV+r1G/yuYrshJ2yc+awK1Znd6zBmkywMXtmL+zVerLerHfr4/e0YOU/x2wB1ucPXCKcNg==</latexit>

D⌧

<latexit sha1_base64="9NC7hqRUAbFoSqKNcjGsPPl2gew=">AAACDXicbVBLSgNBFOyJvxh/UZduGoPgKsyIosugLlxGMB9IhvCm8xLb9HzofiOEkDPoVu/hTtx6Bq/hCZwZZ2ESa1VUvUcV5UVKGrLtL6uwtLyyulZcL21sbm3vlHf3miaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq9RvPaI2MgzuaByh68MwkAMpgBKped3rEsS9csWu2hn4InFyUmE56r3yd7cfitjHgIQCYzqOHZE7AU1SKJyWurHBCMQIhthJaAA+GneStZ3yo9gAhTxCzaXimYh/PybgGzP2veTSB7o3814q/ud1YhpcuBMZRDFhINIgkgqzICO0TGZA3pcaiSBtjlwGXIAGItSSgxCJGCe7zAQa8kGPdX+ajOTMT7JImidV57R6dntaqV3mcxXZATtkx8xh56zGblidNZhgD+yZvbBX68l6s96tj9/TgpX/7LMZWJ8/tIOc7Q==</latexit>

⌧

<latexit sha1_base64="xtSsyHyyNplxfExDtEXWtUtnDCc=">AAACC3icbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xkU8CE/KmeUCHnk+635gQwhF0q/dwZ9x6CK/hCZwZZyFgrSpV76Uq5UVKGrLtL6uwtr6xuVXcLu3s7u0flA+PWiaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHuT29RvP6I2MgweaBqh68MokEMpgFKpRxD3yxW7amfgq8TJSYXlaPTL371BKGIfAxIKjOk6dkTuDDRJoXBe6sUGIxATGGE3oQH4aNxZ1nXOz2IDFPIINZeKZyL+/ZiBb8zU95JLH2hslr1U/M/rxjS8dmcyiGLCQKRBJBVmQUZomYyAfCA1EkHaHLkMuAANRKglByESMU5WWQg05IOe6sE8GclZnmSVtC6qTq16eV+r1G/yuYrshJ2yc+awK1Znd6zBmkywMXtmL+zVerLerHfr4/e0YOU/x2wB1ucPXCKcNg==</latexit>

⌧

<latexit sha1_base64="xtSsyHyyNplxfExDtEXWtUtnDCc=">AAACC3icbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xkU8CE/KmeUCHnk+635gQwhF0q/dwZ9x6CK/hCZwZZyFgrSpV76Uq5UVKGrLtL6uwtr6xuVXcLu3s7u0flA+PWiaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHuT29RvP6I2MgweaBqh68MokEMpgFKpRxD3yxW7amfgq8TJSYXlaPTL371BKGIfAxIKjOk6dkTuDDRJoXBe6sUGIxATGGE3oQH4aNxZ1nXOz2IDFPIINZeKZyL+/ZiBb8zU95JLH2hslr1U/M/rxjS8dmcyiGLCQKRBJBVmQUZomYyAfCA1EkHaHLkMuAANRKglByESMU5WWQg05IOe6sE8GclZnmSVtC6qTq16eV+r1G/yuYrshJ2yc+awK1Znd6zBmkywMXtmL+zVerLerHfr4/e0YOU/x2wB1ucPXCKcNg==</latexit>

⌧

<latexit sha1_base64="xtSsyHyyNplxfExDtEXWtUtnDCc=">AAACC3icbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xkU8CE/KmeUCHnk+635gQwhF0q/dwZ9x6CK/hCZwZZyFgrSpV76Uq5UVKGrLtL6uwtr6xuVXcLu3s7u0flA+PWiaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHuT29RvP6I2MgweaBqh68MokEMpgFKpRxD3yxW7amfgq8TJSYXlaPTL371BKGIfAxIKjOk6dkTuDDRJoXBe6sUGIxATGGE3oQH4aNxZ1nXOz2IDFPIINZeKZyL+/ZiBb8zU95JLH2hslr1U/M/rxjS8dmcyiGLCQKRBJBVmQUZomYyAfCA1EkHaHLkMuAANRKglByESMU5WWQg05IOe6sE8GclZnmSVtC6qTq16eV+r1G/yuYrshJ2yc+awK1Znd6zBmkywMXtmL+zVerLerHfr4/e0YOU/x2wB1ucPXCKcNg==</latexit>

Jrec x. tK⇢ , fix �d. JtK⇢[d/x]

<latexit sha1_base64="W4zgMl37bGuBeVA2256JNQzNBZ4="></latexit>

[[D⌧ ! D⌧ ] ! D⌧ ]

<latexit sha1_base64="yeJafVqcluP/pAN1aRLgLS1I8wU=">AAACKXicbZC7TgJBFIZn8YZ4Qy1tJhITK7JrNFoStbDERC7JsiFnhwNOmL1k5qwJIbS+jLb6HnZq6xv4BO4CBRf/6st/zsk/8/uxkoZs+8vKrayurW/kNwtb2zu7e8X9g7qJEi2wJiIV6aYPBpUMsUaSFDZjjRD4Cht+/yabN55QGxmFDzSI0QugF8quFECp1S5y171ttwgS3qKIT9Cb5XaxZJftsfgyOFMosamq7eJvqxOJJMCQhAJjXMeOyRuCJikUjgqtxGAMog89dFMMIUDjDcc/GfGTxECaHaPmUvGxibMXQwiMGQR+uhkAPZrFWWb+N3MT6l55QxnGCWEosiCSCsdBRmiZVoS8IzUSQfZy5DLkAjQQoZYchEjNJO1sLtBQAHqgO6O0JGexkmWon5Wd8/LF/Xmpcj2tK8+O2DE7ZQ67ZBV2x6qsxgR7Zq/sjb1bL9aH9Wl9T1Zz1vTmkM3J+vkDZUCnIg==</latexit>

D⌧

<latexit sha1_base64="9NC7hqRUAbFoSqKNcjGsPPl2gew=">AAACDXicbVBLSgNBFOyJvxh/UZduGoPgKsyIosugLlxGMB9IhvCm8xLb9HzofiOEkDPoVu/hTtx6Bq/hCZwZZ2ESa1VUvUcV5UVKGrLtL6uwtLyyulZcL21sbm3vlHf3miaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq9RvPaI2MgzuaByh68MwkAMpgBKped3rEsS9csWu2hn4InFyUmE56r3yd7cfitjHgIQCYzqOHZE7AU1SKJyWurHBCMQIhthJaAA+GneStZ3yo9gAhTxCzaXimYh/PybgGzP2veTSB7o3814q/ud1YhpcuBMZRDFhINIgkgqzICO0TGZA3pcaiSBtjlwGXIAGItSSgxCJGCe7zAQa8kGPdX+ajOTMT7JImidV57R6dntaqV3mcxXZATtkx8xh56zGblidNZhgD+yZvbBX68l6s96tj9/TgpX/7LMZWJ8/tIOc7Q==</latexit>

D⌧

<latexit sha1_base64="9NC7hqRUAbFoSqKNcjGsPPl2gew=">AAACDXicbVBLSgNBFOyJvxh/UZduGoPgKsyIosugLlxGMB9IhvCm8xLb9HzofiOEkDPoVu/hTtx6Bq/hCZwZZ2ESa1VUvUcV5UVKGrLtL6uwtLyyulZcL21sbm3vlHf3miaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq9RvPaI2MgzuaByh68MwkAMpgBKped3rEsS9csWu2hn4InFyUmE56r3yd7cfitjHgIQCYzqOHZE7AU1SKJyWurHBCMQIhthJaAA+GneStZ3yo9gAhTxCzaXimYh/PybgGzP2veTSB7o3814q/ud1YhpcuBMZRDFhINIgkgqzICO0TGZA3pcaiSBtjlwGXIAGItSSgxCJGCe7zAQa8kGPdX+ajOTMT7JImidV57R6dntaqV3mcxXZATtkx8xh56zGblidNZhgD+yZvbBX68l6s96tj9/TgpX/7LMZWJ8/tIOc7Q==</latexit>

⌧

<latexit sha1_base64="xtSsyHyyNplxfExDtEXWtUtnDCc=">AAACC3icbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xkU8CE/KmeUCHnk+635gQwhF0q/dwZ9x6CK/hCZwZZyFgrSpV76Uq5UVKGrLtL6uwtr6xuVXcLu3s7u0flA+PWiaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHuT29RvP6I2MgweaBqh68MokEMpgFKpRxD3yxW7amfgq8TJSYXlaPTL371BKGIfAxIKjOk6dkTuDDRJoXBe6sUGIxATGGE3oQH4aNxZ1nXOz2IDFPIINZeKZyL+/ZiBb8zU95JLH2hslr1U/M/rxjS8dmcyiGLCQKRBJBVmQUZomYyAfCA1EkHaHLkMuAANRKglByESMU5WWQg05IOe6sE8GclZnmSVtC6qTq16eV+r1G/yuYrshJ2yc+awK1Znd6zBmkywMXtmL+zVerLerHfr4/e0YOU/x2wB1ucPXCKcNg==</latexit>

D⌧

<latexit sha1_base64="9NC7hqRUAbFoSqKNcjGsPPl2gew=">AAACDXicbVBLSgNBFOyJvxh/UZduGoPgKsyIosugLlxGMB9IhvCm8xLb9HzofiOEkDPoVu/hTtx6Bq/hCZwZZ2ESa1VUvUcV5UVKGrLtL6uwtLyyulZcL21sbm3vlHf3miaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq9RvPaI2MgzuaByh68MwkAMpgBKped3rEsS9csWu2hn4InFyUmE56r3yd7cfitjHgIQCYzqOHZE7AU1SKJyWurHBCMQIhthJaAA+GneStZ3yo9gAhTxCzaXimYh/PybgGzP2veTSB7o3814q/ud1YhpcuBMZRDFhINIgkgqzICO0TGZA3pcaiSBtjlwGXIAGItSSgxCJGCe7zAQa8kGPdX+ajOTMT7JImidV57R6dntaqV3mcxXZATtkx8xh56zGblidNZhgD+yZvbBX68l6s96tj9/TgpX/7LMZWJ8/tIOc7Q==</latexit>

[[D⌧ ! D⌧ ] ! D⌧ ]

<latexit sha1_base64="yeJafVqcluP/pAN1aRLgLS1I8wU=">AAACKXicbZC7TgJBFIZn8YZ4Qy1tJhITK7JrNFoStbDERC7JsiFnhwNOmL1k5qwJIbS+jLb6HnZq6xv4BO4CBRf/6st/zsk/8/uxkoZs+8vKrayurW/kNwtb2zu7e8X9g7qJEi2wJiIV6aYPBpUMsUaSFDZjjRD4Cht+/yabN55QGxmFDzSI0QugF8quFECp1S5y171ttwgS3qKIT9Cb5XaxZJftsfgyOFMosamq7eJvqxOJJMCQhAJjXMeOyRuCJikUjgqtxGAMog89dFMMIUDjDcc/GfGTxECaHaPmUvGxibMXQwiMGQR+uhkAPZrFWWb+N3MT6l55QxnGCWEosiCSCsdBRmiZVoS8IzUSQfZy5DLkAjQQoZYchEjNJO1sLtBQAHqgO6O0JGexkmWon5Wd8/LF/Xmpcj2tK8+O2DE7ZQ67ZBV2x6qsxgR7Zq/sjb1bL9aH9Wl9T1Zz1vTmkM3J+vkDZUCnIg==</latexit>

D⌧

<latexit sha1_base64="9NC7hqRUAbFoSqKNcjGsPPl2gew=">AAACDXicbVBLSgNBFOyJvxh/UZduGoPgKsyIosugLlxGMB9IhvCm8xLb9HzofiOEkDPoVu/hTtx6Bq/hCZwZZ2ESa1VUvUcV5UVKGrLtL6uwtLyyulZcL21sbm3vlHf3miaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq9RvPaI2MgzuaByh68MwkAMpgBKped3rEsS9csWu2hn4InFyUmE56r3yd7cfitjHgIQCYzqOHZE7AU1SKJyWurHBCMQIhthJaAA+GneStZ3yo9gAhTxCzaXimYh/PybgGzP2veTSB7o3814q/ud1YhpcuBMZRDFhINIgkgqzICO0TGZA3pcaiSBtjlwGXIAGItSSgxCJGCe7zAQa8kGPdX+ajOTMT7JImidV57R6dntaqV3mcxXZATtkx8xh56zGblidNZhgD+yZvbBX68l6s96tj9/TgpX/7LMZWJ8/tIOc7Q==</latexit>



Recap
JnK⇢ , bnc

<latexit sha1_base64="3k5T2dGsAhs/qMG++aMTqE3PJhI="></latexit>
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Jrec x. tK⇢ , fix �d. JtK⇢[d/x]

<latexit sha1_base64="W4zgMl37bGuBeVA2256JNQzNBZ4="></latexit>

J t t0 K⇢ , let ' ( JtK⇢. '(Jt0K⇢)

<latexit sha1_base64="nXdqCTYrTHIBaIBxe9ccRzbnbsI="></latexit>

J�x. tK⇢ , b �d. JtK⇢[d/x] c

<latexit sha1_base64="kLW657abjH5bTNAxNqrTvD8Tiwo="></latexit>

Jfst( t )K⇢ , ⇡⇤
1 ( JtK⇢ )

<latexit sha1_base64="iy71+pADgyfzi/j0IwY6BGXhiUE="></latexit>

Jsnd( t )K⇢ , ⇡⇤
2 ( JtK⇢ )

<latexit sha1_base64="G7+7QXJJAgtyLqQncHSA7vvxnIw="></latexit>

J(t1 , t2)K⇢ , b ( Jt1K⇢ , Jt2K⇢ ) c

<latexit sha1_base64="bWwENSM9juEkA0+B6VDSkXoVZ60="></latexit>

Jif t then t1 else t2K⇢ , Cond⌧ ( JtK⇢ , Jt1K⇢ , Jt2K⇢ )

<latexit sha1_base64="y4kt8RDSEi2sdCP4uGR68iaYS0w="></latexit>

Jt1 op t2K⇢ , Jt1K⇢ op? Jt2K⇢

<latexit sha1_base64="zTPMq6fitt824wNPmWzOBXUXU6U="></latexit>

JxK⇢ , ⇢(x)

<latexit sha1_base64="Weka+yq52jfwHPjaEFQptECZCjc=">AAACN3icbVC7TsNAEDzzDO8AJc2JCAmayEYgKCNoKEEigBRH0fqyhBPns9lbI6Iof8HPQAs/QUWHaOELcEyQeE01N7Or2ZsoNdqx7z95I6Nj4xOTpanpmdm5+YXy4tKJSzJSWFeJSegsAodGW6yzZoNnKSHEkcHT6HJ/4J9eIzmd2GPuptiMoWP1uVbAudQqV0NjIgJ1iSxvQqIvHtJFIkMmDbZj8Kp4r99stMoVv+oXkH9JMCQVMcRhq/wethOVxWhZGXCuEfgpN3tArJXB/nSYOUzzSOhgI6cWYnTNXvGvvlzLHHAiUySpjSxE/L7Rg9i5bhzlkzHwhfvtDcT/vEbG57vNnrZpxmjVIIi1wSLIKdJ5YSjbmpAZBpej1FYqIGBG0hKUysUsb/BHoOMYqEvtfl5S8LuSv+RksxpsVbePtiq1vWFdJbEiVsW6CMSOqIkDcSjqQolbcS8exKN35z17L97r5+iIN9xZFj/gvX0ASZqtvw==</latexit>
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Example

9.2 HOFL Interpretation Function 197

9.2.11 Examples

Example 9.1. Let us see some simple examples of evaluation of the denotational
semantics. We consider three similar terms f , g and h such that f and h have the
same denotational semantics while g has a different semantics because it requires a
parameter x to be evaluated even if it is not used:

1. f def
= lx : int. 3

2. g def
= lx : int. if x then 3 else 3

3. h def
= recy : int ! int. lx : int. 3

Note that f ,g,h : int ! int. For the term f we have

J f Kr = Jlx. 3Kr = bld. J3Kr[d/x]c = bld. b3cc

When considering g, instead

JgKr = Jlx. if x then 3 else 3Kr
= bld. Jif x then 3 else 3Kr[d/x]c
= bld. Cond(d,b3c,b3c)c
= bld. let x ( d. b3cc

where the last equality follows from the fact that both expressions Cond(d,b3c,b3c)
and let x ( d. b3c evaluate to ?Z? when d = ?Z? and to b3c if d is a lifted value.
Thus we can conclude that J f Kr 6= JgKr .

Finally, for h we get

JhKr = Jrec y. lx. 3Kr
= fix ldy. Jlx. 3Kr[dy/y]

= fix ldy. bldx. J3Kr[dy/y,
dx /x]c

= fix ldy. bldx. b3cc

Let Gh = ldy. bldx. b3cc. We can compute the fixpoint by exploiting the fixpoint
theorem to compute successive approximations:

d0 = G 0
h (?[Z?!Z?]?) = ?[Z?!Z?]?

d1 = Gh(d0) = (ldy. bldx. b3cc)? = bldx. b3cc
d2 = Gh(d1) = (ldy. bldx. b3cc)bldx. b3cc = bldx. b3cc = d1

Since d2 = d1 we have reached the fixpoint and thus

JhKr = bldx. b3cc = J f Kr.

Note that we could have avoided the calculation of d2, because d1 is already a
maximal element in [Z? ! Z?]? and therefore it must be that Gh(d1) = d1.
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where the last equality follows from the fact that both expressions Cond(d,b3c,b3c)
and let x ( d. b3c evaluate to ?Z? when d = ?Z? and to b3c if d is a lifted value.
Thus we can conclude that J f Kr 6= JgKr .

Finally, for h we get

JhKr = Jrec y. lx. 3Kr
= fix ldy. Jlx. 3Kr[dy/y]

= fix ldy. bldx. J3Kr[dy/y,
dx /x]c

= fix ldy. bldx. b3cc

Let Gh = ldy. bldx. b3cc. We can compute the fixpoint by exploiting the fixpoint
theorem to compute successive approximations:

d0 = G 0
h (?[Z?!Z?]?) = ?[Z?!Z?]?

d1 = Gh(d0) = (ldy. bldx. b3cc)? = bldx. b3cc
d2 = Gh(d1) = (ldy. bldx. b3cc)bldx. b3cc = bldx. b3cc = d1

Since d2 = d1 we have reached the fixpoint and thus

JhKr = bldx. b3cc = J f Kr.

Note that we could have avoided the calculation of d2, because d1 is already a
maximal element in [Z? ! Z?]? and therefore it must be that Gh(d1) = d1.
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same denotational semantics while g has a different semantics because it requires a
parameter x to be evaluated even if it is not used:

1. f def
= lx : int. 3

2. g def
= lx : int. if x then 3 else 3

3. h def
= recy : int ! int. lx : int. 3

Note that f ,g,h : int ! int. For the term f we have

J f Kr = Jlx. 3Kr = bld. J3Kr[d/x]c = bld. b3cc

When considering g, instead

JgKr = Jlx. if x then 3 else 3Kr
= bld. Jif x then 3 else 3Kr[d/x]c
= bld. Cond(d,b3c,b3c)c
= bld. let x ( d. b3cc

where the last equality follows from the fact that both expressions Cond(d,b3c,b3c)
and let x ( d. b3c evaluate to ?Z? when d = ?Z? and to b3c if d is a lifted value.
Thus we can conclude that J f Kr 6= JgKr .

Finally, for h we get

JhKr = Jrec y. lx. 3Kr
= fix ldy. Jlx. 3Kr[dy/y]

= fix ldy. bldx. J3Kr[dy/y,
dx /x]c

= fix ldy. bldx. b3cc

Let Gh = ldy. bldx. b3cc. We can compute the fixpoint by exploiting the fixpoint
theorem to compute successive approximations:

d0 = G 0
h (?[Z?!Z?]?) = ?[Z?!Z?]?

d1 = Gh(d0) = (ldy. bldx. b3cc)? = bldx. b3cc
d2 = Gh(d1) = (ldy. bldx. b3cc)bldx. b3cc = bldx. b3cc = d1

Since d2 = d1 we have reached the fixpoint and thus

JhKr = bldx. b3cc = J f Kr.

Note that we could have avoided the calculation of d2, because d1 is already a
maximal element in [Z? ! Z?]? and therefore it must be that Gh(d1) = d1.

9.2 HOFL Interpretation Function 197

9.2.11 Examples

Example 9.1. Let us see some simple examples of evaluation of the denotational
semantics. We consider three similar terms f , g and h such that f and h have the
same denotational semantics while g has a different semantics because it requires a
parameter x to be evaluated even if it is not used:

1. f def
= lx : int. 3

2. g def
= lx : int. if x then 3 else 3

3. h def
= recy : int ! int. lx : int. 3

Note that f ,g,h : int ! int. For the term f we have

J f Kr = Jlx. 3Kr = bld. J3Kr[d/x]c = bld. b3cc

When considering g, instead

JgKr = Jlx. if x then 3 else 3Kr
= bld. Jif x then 3 else 3Kr[d/x]c
= bld. Cond(d,b3c,b3c)c
= bld. let x ( d. b3cc

where the last equality follows from the fact that both expressions Cond(d,b3c,b3c)
and let x ( d. b3c evaluate to ?Z? when d = ?Z? and to b3c if d is a lifted value.
Thus we can conclude that J f Kr 6= JgKr .

Finally, for h we get

JhKr = Jrec y. lx. 3Kr
= fix ldy. Jlx. 3Kr[dy/y]

= fix ldy. bldx. J3Kr[dy/y,
dx /x]c

= fix ldy. bldx. b3cc

Let Gh = ldy. bldx. b3cc. We can compute the fixpoint by exploiting the fixpoint
theorem to compute successive approximations:

d0 = G 0
h (?[Z?!Z?]?) = ?[Z?!Z?]?

d1 = Gh(d0) = (ldy. bldx. b3cc)? = bldx. b3cc
d2 = Gh(d1) = (ldy. bldx. b3cc)bldx. b3cc = bldx. b3cc = d1

Since d2 = d1 we have reached the fixpoint and thus

JhKr = bldx. b3cc = J f Kr.

Note that we could have avoided the calculation of d2, because d1 is already a
maximal element in [Z? ! Z?]? and therefore it must be that Gh(d1) = d1.

9.2 HOFL Interpretation Function 197

9.2.11 Examples

Example 9.1. Let us see some simple examples of evaluation of the denotational
semantics. We consider three similar terms f , g and h such that f and h have the
same denotational semantics while g has a different semantics because it requires a
parameter x to be evaluated even if it is not used:

1. f def
= lx : int. 3

2. g def
= lx : int. if x then 3 else 3

3. h def
= recy : int ! int. lx : int. 3

Note that f ,g,h : int ! int. For the term f we have

J f Kr = Jlx. 3Kr = bld. J3Kr[d/x]c = bld. b3cc

When considering g, instead

JgKr = Jlx. if x then 3 else 3Kr
= bld. Jif x then 3 else 3Kr[d/x]c
= bld. Cond(d,b3c,b3c)c
= bld. let x ( d. b3cc

where the last equality follows from the fact that both expressions Cond(d,b3c,b3c)
and let x ( d. b3c evaluate to ?Z? when d = ?Z? and to b3c if d is a lifted value.
Thus we can conclude that J f Kr 6= JgKr .

Finally, for h we get

JhKr = Jrec y. lx. 3Kr
= fix ldy. Jlx. 3Kr[dy/y]

= fix ldy. bldx. J3Kr[dy/y,
dx /x]c

= fix ldy. bldx. b3cc

Let Gh = ldy. bldx. b3cc. We can compute the fixpoint by exploiting the fixpoint
theorem to compute successive approximations:

d0 = G 0
h (?[Z?!Z?]?) = ?[Z?!Z?]?

d1 = Gh(d0) = (ldy. bldx. b3cc)? = bldx. b3cc
d2 = Gh(d1) = (ldy. bldx. b3cc)bldx. b3cc = bldx. b3cc = d1

Since d2 = d1 we have reached the fixpoint and thus

JhKr = bldx. b3cc = J f Kr.

Note that we could have avoided the calculation of d2, because d1 is already a
maximal element in [Z? ! Z?]? and therefore it must be that Gh(d1) = d1.



2323

Example
Jrec x. xK⇢ = fix �dx. JxK⇢[dx/x]

<latexit sha1_base64="9rxiDhvM3re7APjaTnNyYe/so5M="></latexit>

= fix �dx. dx

<latexit sha1_base64="jNEQppB/MtusO/yDx4u531DqQIc=">AAACKnicbVDLSgNBEJz17fqKevQyGgRPYVciehGCXjwqGBWyIfTOdnRw9sFMryQsOfszetX/8CZe/QK/wNmYgzHWYSiquqmeCjMlDXneuzM1PTM7N7+w6C4tr6yuVdY3rkyaa4FNkapU34RgUMkEmyRJ4U2mEeJQ4XV4f1r61w+ojUyTS+pn2I7hNpFdKYCs1KlsH7tBDHQnqejK3iBwA2WXI+BRp1cLXPt2KlWv5g3BJ4k/IlU2wnmn8hVEqchjTEgoMKblexm1C9AkhcKBG+QGMxD3cIstSxOI0bSL4VcGfDc3QCnPUHOp+FDE3xsFxMb049BOlmebv14p/ue1cuoetQuZZDlhIsogkgqHQUZoaTtCHkmNRFBejlwmXIAGItSSgxBWzG1pY4GGYtB9HQ1sSf7fSibJ1X7Nr9cOLurVxsmorgW2xXbYHvPZIWuwM3bOmkywR/bMXtir8+S8Oe/Ox8/olDPa2WRjcD6/AU30p5k=</latexit>

d0 = ?D⌧

<latexit sha1_base64="nFvkFjGU4qXD+jJqtNPk6BtMHMk=">AAACHHicbVDLSgNBEJyNrxhf0Ry9DAbBU9iViF6EoB48RjAPSMLSO+nEIbMPZnqFsORX9Kr/4U28Cv6GX+BuzMEk1qmo6qaK8iIlDdn2l5VbWV1b38hvFra2d3b3ivsHTRPGWmBDhCrUbQ8MKhlggyQpbEcawfcUtrzRdea3HlEbGQb3NI6w58MwkAMpgFLJLZb6rs0vedcLyU1u3C5BPHGLZbtiT8GXiTMjZTZD3S1+d/uhiH0MSCgwpuPYEfUS0CSFwkmhGxuMQIxgiJ2UBuCj6SXT8hN+HBugkEeouVR8KuLfjwR8Y8a+l176QA9m0cvE/7xOTIOLXiKDKCYMRBZEUuE0yAgt01WQ96VGIsiaI5cBF6CBCLXkIEQqxulMc4GGfNBj3c9GchYnWSbN04pTrZzdVcu1q9lceXbIjtgJc9g5q7FbVmcNJtiYPbMX9mo9WW/Wu/Xxe5qzZj8lNgfr8wd+16II</latexit>

x : ⌧

<latexit sha1_base64="GQEbXZgmIkIVJP7L7X+E8ByKJ98=">AAACDXicbVBLTgJBFOzBH+IPdemmIzFxRWYMRuOK6MYlJvJJYELeNA9s6fmk+42REM6gW72HO+PWM3gNT+AwzkLAWlWq3ktVyouUNGTbX1ZuaXlldS2/XtjY3NreKe7uNUwYa4F1EapQtzwwqGSAdZKksBVpBN9T2PSGV1O/+YDayDC4pVGErg+DQPalAEqkxuNFhyDuFkt22U7BF4mTkRLLUOsWvzu9UMQ+BiQUGNN27IjcMWiSQuGk0IkNRiCGMMB2QgPw0bjjtO2EH8UGKOQRai4VT0X8+zEG35iR7yWXPtCdmfem4n9eO6b+uTuWQRQTBmIaRFJhGmSElskMyHtSIxFMmyOXAReggQi15CBEIsbJLjOBhnzQI92bJCM585MsksZJ2amUT28qpeplNleeHbBDdswcdsaq7JrVWJ0Jds+e2Qt7tZ6sN+vd+vg9zVnZzz6bgfX5A82PnPw=</latexit>

d1 = (�dx.dx) d0 = d0 = ?D⌧

<latexit sha1_base64="i43A9JrvEIESgMAj4zOfTE6VM38="></latexit>

Jrec x. xK⇢ = ?D⌧

<latexit sha1_base64="Q6XEtjy4wFlBemtlx+ZoE/wnl3w="></latexit>

x : int ! int

<latexit sha1_base64="N9TG78UPF30uEnJ1yK8ZpAZBLKA=">AAACJnicbVDJSgNBEO2JW4xb1KMIjUHwFGYkongKevEYwSyQhFDTqcQmPQvdNWIIOfkzetX/8CbizW/wC5wZc8hinV69V8Wrem6opCHb/rIyS8srq2vZ9dzG5tb2Tn53r2aCSAusikAFuuGCQSV9rJIkhY1QI3iuwro7uE70+gNqIwP/joYhtj3o+7InBVBMdfKHj5ctD+he0kj6NG5RMN128gW7aKfFF4EzAQU2qUon/9PqBiLy0CehwJimY4fUHoEmKRSOc63IYAhiAH1sxtAHD017lL4x5seRAQp4iJpLxVMSpzdG4Bkz9Nx4MrnRzGsJ+Z/WjKh30Y4fCiNCXyRGJBWmRkZoGeeDvCs1EkFyOXLpcwEaiFBLDkLEZBQHNmNoyAM91N0kJGc+kkVQOy06peLZbalQvprElWUH7IidMIedszK7YRVWZYI9sRf2yt6sZ+vd+rA+/0Yz1mRnn82U9f0Lf4yn+A==</latexit>

Jrec x. xK⇢ = ?[Z?!Z?]?

<latexit sha1_base64="LDZuUIn57FEWWda+RvuSuEk3T9E="></latexit>

Jrec x. xK⇢ = ?(Z?⇥Z?)?

<latexit sha1_base64="fW1yXnPH3H+QVmj1NvgKix1e2d0="></latexit>

x : int ⇤ int

<latexit sha1_base64="cVRS1VZuKJCD76ch9okBo3M5sic=">AAACJHicbVC7SgNREL3rM8ZX1DLNxSCIRdiViGIVtLGMYB6QhDB7M4mX3H1w76wYlhT+jLb6H3ZiYeNH+AXuxhR5ONWZc2Y4M8cNlTRk21/W0vLK6tp6ZiO7ubW9s5vb26+ZINICqyJQgW64YFBJH6skSWEj1Aieq7DuDq5Tvf6A2sjAv6NhiG0P+r7sSQGUUJ1c/vGy5QHdS4qlT6OT6aaTK9hFe1x8ETgTUGCTqnRyP61uICIPfRIKjGk6dkjtGDRJoXCUbUUGQxAD6GMzgT54aNrx+IkRP4oMUMBD1FwqPiZxeiMGz5ih5yaT6Y1mXkvJ/7RmRL2LdvJQGBH6IjUiqXBsZISWSTrIu1IjEaSXI5c+F6CBCLXkIERCRklcM4aGPNBD3U1DcuYjWQS106JTKp7dlgrlq0lcGZZnh+yYOeycldkNq7AqE+yJvbBX9mY9W+/Wh/X5N7pkTXYO2ExZ379UcqbP</latexit>
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y : ⌧1

<latexit sha1_base64="OieEO93NQ+N4FgTRoxP8k9QwJMM=">AAACD3icbVBLSgNBFOyJvxh/UZduGoPgKsxIRHEVdOMygvlAMoQ3nZfYpOdD9xthGHII3eo93Ilbj+A1PIGTMQuTWKui6j2qKC9S0pBtf1mFldW19Y3iZmlre2d3r7x/0DJhrAU2RahC3fHAoJIBNkmSwk6kEXxPYdsb30z99iNqI8PgnpIIXR9GgRxKAZRJneSqRxD3nX65YlftHHyZODNSYTM0+uXv3iAUsY8BCQXGdB07IjcFTVIonJR6scEIxBhG2M1oAD4aN837TvhJbIBCHqHmUvFcxL8fKfjGJL6XXfpAD2bRm4r/ed2YhpduKoMoJgzENIikwjzICC2zIZAPpEYimDZHLgMuQAMRaslBiEyMs2XmAg35oBM9mGQjOYuTLJPWWdWpVc/vapX69WyuIjtix+yUOeyC1dkta7AmE0yxZ/bCXq0n6816tz5+TwvW7OeQzcH6/AEKxZ2h</latexit>

= b�dy. ?D⌧2
c

<latexit sha1_base64="jzlM3aSE6Z9z/T3NZrxiuJgAIzU="></latexit>

= b?[D⌧1!D⌧2 ]
c

<latexit sha1_base64="0fUubohkFAsO3xdYRiQkLBaUBlI="></latexit>

= b?V⌧1!⌧2
c

<latexit sha1_base64="S1ctECYul7c3j3xHHcDkbSVtUXM="></latexit>

6= ?D⌧1!⌧2

<latexit sha1_base64="VNuiAhvmMz1de7ejXGlmwXufUzE=">AAACKXicbVC7TsNAEDzzJrwClDQnIiSqyEYgKBFQUAaJBKQ4staXTThxPpu7NVJkueVnoIX/oANa/oAvwDEpIGGq0cyuZnfCRElLrvvuTE3PzM7NLyxWlpZXVteq6xstG6dGYFPEKjbXIVhUUmOTJCm8TgxCFCq8Cm9Ph/7VPRorY31JgwQ7EfS17EkBVEhBlfsa7yp+GFOQnQWZT5AGnk9xSfbyvBJUa27dLcEniTciNTZCI6h++d1YpBFqEgqsbXtuQp0MDEmhMK/4qcUExC30sV1QDRHaTlZ+kvOd1ALFPEHDpeKliL83MoisHURhMRkB3dhxbyj+57VT6h11MqmTlFCLYRBJhWWQFUYWFSHvSoNEMLwcudRcgAEiNJKDEIWYFp39CbQUgRmYbl6U5I1XMklae3Vvv35wsV87PhnVtcC22DbbZR47ZMfsnDVYkwn2wJ7YM3txHp1X5835+BmdckY7m+wPnM9vig+nzA==</latexit>

= ?(V⌧1!⌧2 )?

<latexit sha1_base64="2PY3abLXjjo7SHx5+LPfc2QeV+Q=">AAACLHicbVDLSsNAFJ34rPVVdelmsAi6KYlUdCMU3bisYGuhKeFmetXByYOZG6GEfIA/o1v9Dzcibv0Av8AkdmGtZ3U451zOzPFjJQ3Z9ps1Mzs3v7BYWaour6yurdc2NrsmSrTAjohUpHs+GFQyxA5JUtiLNULgK7zy784K/+oetZFReEmjGAcB3ITyWgqgXPJq9RPXj8hL97pe6hIknuNSVJKDbN8rvKyap+yGXYJPE2dM6myMtlf7coeRSAIMSSgwpu/YMQ1S0CSFwqzqJgZjEHdwg/2chhCgGaTlZzK+mxigiMeouVS8FPH3RQqBMaPAz5MB0K356xXif14/oevjQSrDOCEMRVFEUmFZZISW+UrIh1IjERQvRy5DLkADEWrJQYhcTPLZJgoNBaBHepjlIzl/J5km3YOG02wcXjTrrdPxXBW2zXbYHnPYEWuxc9ZmHSbYA3tiz+zFerRerXfr4yc6Y41vttgErM9vsRqo4A==</latexit>

z : ⌧2

<latexit sha1_base64="aOD6dQGyq7hx97VTAYb6QHsOlgk=">AAACD3icbVBLTgJBFOzBH+IPdemmIzFxRWYIRuOK6MYlJvJJYELeNA/s0PNJ9xsTJBxCt3oPd8atR/AansAZnIWAtapUvZeqlBcpaci2v6zcyura+kZ+s7C1vbO7V9w/aJow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrlO/9YDayDC4o3GErg/DQA6kAEqk9uNllyDuVXrFkl22Z+DLxMlIiWWo94rf3X4oYh8DEgqM6Th2RO4ENEmhcFroxgYjECMYYiehAfho3Mms75SfxAYo5BFqLhWfifj3YwK+MWPfSy59oHuz6KXif14npsGFO5FBFBMGIg0iqXAWZISWyRDI+1IjEaTNkcuAC9BAhFpyECIR42SZuUBDPuix7k+TkZzFSZZJs1J2quWz22qpdpXNlWdH7JidMoedsxq7YXXWYIIp9sxe2Kv1ZL1Z79bH72nOyn4O2Ryszx8OFJ2j</latexit>

J�y. rec z. zK⇢ = b�dy. Jrec z. zK⇢[dy/y]c

<latexit sha1_base64="VwK0LnskqbmLo/ZVKQ6om6TX6pE="></latexit>

x : int ! int

<latexit sha1_base64="N9TG78UPF30uEnJ1yK8ZpAZBLKA=">AAACJnicbVDJSgNBEO2JW4xb1KMIjUHwFGYkongKevEYwSyQhFDTqcQmPQvdNWIIOfkzetX/8CbizW/wC5wZc8hinV69V8Wrem6opCHb/rIyS8srq2vZ9dzG5tb2Tn53r2aCSAusikAFuuGCQSV9rJIkhY1QI3iuwro7uE70+gNqIwP/joYhtj3o+7InBVBMdfKHj5ctD+he0kj6NG5RMN128gW7aKfFF4EzAQU2qUon/9PqBiLy0CehwJimY4fUHoEmKRSOc63IYAhiAH1sxtAHD017lL4x5seRAQp4iJpLxVMSpzdG4Bkz9Nx4MrnRzGsJ+Z/WjKh30Y4fCiNCXyRGJBWmRkZoGeeDvCs1EkFyOXLpcwEaiFBLDkLEZBQHNmNoyAM91N0kJGc+kkVQOy06peLZbalQvprElWUH7IidMIedszK7YRVWZYI9sRf2yt6sZ+vd+rA+/0Yz1mRnn82U9f0Lf4yn+A==</latexit>

Jrec x. xK⇢ = ?[Z?!Z?]?

<latexit sha1_base64="LDZuUIn57FEWWda+RvuSuEk3T9E="></latexit>

y : int , z : int

<latexit sha1_base64="FYVT1rJb3Se6T0D7Ve6QKhrGCpw=">AAACJnicbVDLSgNBEJyNrxhfqx5FGAyCBwm7ElE8Bb14jGAekITQO+nEIbMPZnqFGHLyZ/Sq/+FNxJvf4Be4G3MwiX2qruqmusuLlDTkOJ9WZmFxaXklu5pbW9/Y3LK3d6omjLXAighVqOseGFQywApJUliPNILvKax5/atUr92jNjIMbmkQYcuHXiC7UgAlVNveH1w0faA7SUMZ0Oj4Yapt23mn4IyLzwN3AvJsUuW2/d3shCL2MSChwJiG60TUGoImKRSOcs3YYASiDz1sJDAAH01rOH5jxA9jAxTyCDWXio9J/LsxBN+Yge8lk+mNZlZLyf+0Rkzd81byUBQTBiI1IqlwbGSElkk+yDtSIxGklyOXAReggQi15CBEQsZJYFOGhnzQA91JQ3JnI5kH1ZOCWyyc3hTzpctJXFm2xw7YEXPZGSuxa1ZmFSbYI3tmL+zVerLerHfr43c0Y012dtlUWV8/4JOnmg==</latexit>

J�y. rec z. zK⇢ = b?[Z?!Z?]c

<latexit sha1_base64="qUHZWlCDk/mIGxx6GMjvXieI9+0="></latexit>

diverges
waits arg and
diverges
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Exercise

J ( rec y. y , rec z. z ) K⇢

<latexit sha1_base64="ITH/tdYUe29O+J7oniP+vXjeXmY="></latexit>

J rec x. x K⇢

<latexit sha1_base64="3Tkk2q5yXTYO2vr27Lk3HMSkAYE=">AAACOHicbVDJSgNBEO1xjXvUo5fGIHiKM6LoUfTiMYJRIRNCTaeijT0L1TViGPIZ/oxe9SO8eROvfoE9MYLbg4bHq+VVvygz2rLvP3tj4xOTU9OVmdm5+YXFperyyplNc1LYVKlJ6SICi0Yn2GTNBi8yQogjg+fR9VFZP79BsjpNTrmfYTuGy0T3tAJ2Uqe6FRoTEahr5FCGMfBV1CsI1SCUt3X3nEj01UBXaada8+v+EPIvCUakJkZodKrvYTdVeYwJKwPWtgI/43YBxFoZHMyGucXMrYdLbDmaQIy2XQw/NpAbuQVOZYYktZFDEb9PFBBb248j11mebn/XSvG/Wivn3n670EmWMyaqNGJtcGhkFWmXGMquJmSG8nKUOpEKCJiRtASlnJi7CH8YWo6B+tQduJCC35H8JWfb9WCnvnuyUzs4HMVVEWtiXWyKQOyJA3EsGqIplLgTD+JRPHn33ov36r19to55o5lV8QPe+wdTq65O</latexit>

x : int ⇤ int , y : int , z : int

<latexit sha1_base64="APtcfOqzLbTl+jIC84ke6cZtjkk=">AAACSnicbVDJSgNBEO2JW4xb1KOXxiCISJiRiOLJ5eJRwWggE0JNp6KNPQvdNeI45Hv8Gb0q/kZu4sWZmEMW6/TqvSpe1fMiJQ3Z9pdVmJmdm18oLpaWlldW18rrG7cmjLXAughVqBseGFQywDpJUtiINILvKbzzHi9y/e4JtZFhcENJhC0f7gPZlQIoo9rls+cT1wd6kJTKgHp7o43L991ScjJFvYxR7XLFrtqD4tPAGYIKG9ZVu9x3O6GIfQxIKDCm6dgRtVLQJIXCXsmNDUYgHuEemxkMwEfTSgev9vhObIBCHqHmUvEBiaMbKfjGJL6XTeY3mkktJ//TmjF1j1vZQ1FMGIjciKTCgZERWmYZIu9IjUSQX45cBlyABiLUkoMQGRlnoY4ZGvJBJ7qTh+RMRjINbg+qTq16eF2rnJ4P4yqyLbbNdpnDjtgpu2RXrM4Ee2Xv7IN9Wm9W3/q2fv5GC9ZwZ5ONVWH2FyNFtRs=</latexit>

?
=

<latexit sha1_base64="S+tyG9LgQ8NbFdaGMNDQZ1Tz6LI=">AAACGHicbVDLTgJBEJzFF+ID1KOXicTEE9k1GL0YiV48YiKPBAjpHRqcMPvITK8J2fAjetX/8Ga8evM3/AJ3cQ8C1qlS1Z2qlBsqaci2v6zcyura+kZ+s7C1vbNbLO3tN00QaYENEahAt10wqKSPDZKksB1qBM9V2HLHN6nfekRtZODf0yTEngcjXw6lAEqkfqnYNQRirFHFV9P4ctovle2KPQNfJk5GyixDvV/67g4CEXnok1BgTMexQ+rFoEkKhdNCNzIYJgkwwk5CffDQ9OJZ8Sk/jgxQwEPUXCo+E/HvRwyeMRPPTS49oAez6KXif14nouFFL5Z+GBH6Ig0iqXAWZISWySLIB1IjEaTNkUufC9BAhFpyECIRo2SiuUBDHuiJHqQjOYuTLJPmacWpVs7uquXadTZXnh2yI3bCHHbOauyW1VmDCRaxZ/bCXq0n6816tz5+T3NW9nPA5mB9/gDyjKFQ</latexit>

diverges a pair
of diverging computations

<latexit sha1_base64="+ae9MDNJh9DyadaTwOx2QW+KAVs=">AAACLXicbVC7TsNAEDzzDOEVoKQ5EZAQRWQjBJQRUFCCREikJLLWl004cX7obo0UWf4BfgZa+A8KJERLzxdgmxRJYKvZmV3N7niRkoZs+92amZ2bX1gsLZWXV1bX1isbm7cmjLXAhghVqFseGFQywAZJUtiKNILvKWx69+e53nxAbWQY3NAwwq4Pg0D2pQDKKLey2/FCcpMLN+n4QHeSEhlQejDepKlbqdo1uyj+FzgjUGWjunIr351eKGIfAxIKjGk7dkTdBDRJoTAtd2KDEYh7GGA7gwH4aLpJ8U3K92IDFPIINZeKFySObyTgGzP0vWwyv9JMazn5n9aOqX/azV6KYsJA5EYkFRZGRmiZxYS8JzUSQX45chlwARqIUEsOQmRknOU2YWjIBz3UvTwkZzqSv+D2sOYc15zro2r9bBRXiW2zHbbPHHbC6uySXbEGE+yRPbMX9mo9WW/Wh/X5OzpjjXa22ERZXz90t6sI</latexit>?Dint⇤int

<latexit sha1_base64="xkqcEWhrj6mA1ZFsKyLV/5Q/oEo=">AAACSnicdVDLSsRAEJys7/eqRy+Di6AgSyKiHn0dPK7gqrBZQme2VwcnmTDTEZaQ7/Fn9Kr4G3sTLyZxDz7rVFR10d0VJkpact1XpzY2PjE5NT0zOze/sLhUX165tDo1AttCK22uQ7CoZIxtkqTwOjEIUajwKrw7Kf2rezRW6viCBgl2I7iJZV8KoEIK6ke+6iutDd/0Q01BdhpkfgR0KymTMeV5vv2PvsV9UyWDesNtuhX4b+KNSION0ArqQ7+nRRphTEKBtR3PTaibgSEpFOazfmoxAXEHN9gpaAwR2m5WvZrzjdQCaZ6g4VLxSsSviQwiawdRWEyW59qfXin+5XVS6h90i9+SlDAW5SKSCqtFVhhZdIi8Jw0SQXk5chlzAQaI0EgOQhRiWpT6baGlCMzA9PKiJO9nJb/J5U7T22t657uNw+NRXdNsja2zTeaxfXbIzliLtZlgD+yJPbMX59EZOm/O++dozRllVtk31MY/APgstis=</latexit>

b(?Dint ,?Dint )c



Lazy vs Eager
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J t t0 K⇢ , let ' ( JtK⇢. '(Jt0K⇢)

<latexit sha1_base64="nXdqCTYrTHIBaIBxe9ccRzbnbsI="></latexit>

lazy

eager

returns      when                 or?

<latexit sha1_base64="CbBPE9UBspdz8Tl9hU9/l6XUrkE=">AAACC3icbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xkU8CE/KmeUCHnk+635gQwhF0q/dwZ9x6CK/hCZwZZyFgrSpV76Uq5UVKGrLtL6uwtr6xuVXcLu3s7u0flA+PWiaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHuT29RvP6I2MgweaBqh68MokEMpgFKp54XUL1fsqp2BrxInJxWWo9Evf/cGoYh9DEgoMKbr2BG5M9AkhcJ5qRcbjEBMYITdhAbgo3FnWdc5P4sNUMgj1Fwqnon492MGvjFT30sufaCxWfZS8T+vG9Pw2p3JIIoJA5EGkVSYBRmhZTIC8oHUSARpc+Qy4AI0EKGWHIRIxDhZZSHQkA96qgfzZCRneZJV0rqoOrXq5X2tUr/J5yqyE3bKzpnDrlid3bEGazLBxuyZvbBX68l6s96tj9/TgpX/HLMFWJ8/U9icMQ==</latexit>

JtK⇢ = ?

<latexit sha1_base64="eSfmaUZ2V85C9kiJYcFlftfR2us=">AAACLHicbVDLSgNBEJyNr7i+oh69DAbBU9iViF6EoBePCkaF7CK9k04cnH0w0yuEkA/wZ/Sq/+FFxKsf4Bc4G/dgon2qqaqmeirKlDTkeW9OZWZ2bn6huuguLa+srtXWNy5NmmuBbZGqVF9HYFDJBNskSeF1phHiSOFVdHdS6Ff3qI1MkwsaZBjG0E9kTwogS93U6oFSkQZxh+SSG2hdPnigb1PuHgVRStblNbzx8L/AL0GdlXN2U/sKuqnIY0xIKDCm43sZhUPQJIXCkRvkBjMbA33sWJhAjCYcjj8z4ju5AUp5hppLxcck/t4YQmzMII6sMwa6NdNaQf6ndXLqHYZDmWQ5YSKKIJIKx0FGaGlbQt6VGomguBy5TLgADUSoJQchLJnb2iYCDcWgB7o7siX505X8BZd7Db/Z2D9v1lvHZV1VtsW22S7z2QFrsVN2xtpMsAf2xJ7Zi/PovDrvzsePteKUO5tsYpzPbwMwqHg=</latexit>

Jt0K⇢ = ?

<latexit sha1_base64="jJIp57ZlSpcWmOCO2LTnjV+T1y0=">AAACLnicbVDLSgNBEJyNr7i+oh69DIaAp7ArEb0IQS8eI5gHZEPonXSSIbMPZnqFEPIF/oxe9T8ED+LVs1/gJu5BE+tUU9VN9ZQfK2nIcd6s3Mrq2vpGftPe2t7Z3SvsHzRMlGiBdRGpSLd8MKhkiHWSpLAVa4TAV9j0R9czv3mP2sgovKNxjJ0ABqHsSwGUSt1CyVPK1yBGSDZ1HdvTOntyTw8jbl96fkTdQtEpO3PwZeJmpMgy1LqFL68XiSTAkIQCY9quE1NnApqkUDi1vcRgnMbAANspDSFA05nMvzPlpcQARTxGzaXicxF/b0wgMGYc+OlkADQ0i95M/M9rJ9S/6ExkGCeEoZgFkVQ4DzJCy7Qn5D2pkQhmlyOXIReggQi15CBEKiZpcX8CDQWgx7o3TUtyFytZJo3Tslspn91WitWrrK48O2LH7IS57JxV2Q2rsToT7IE9sWf2Yj1ar9a79fEzmrOynUP2B9bnN07/qRs=</latexit>

returns      when?

<latexit sha1_base64="CbBPE9UBspdz8Tl9hU9/l6XUrkE=">AAACC3icbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xkU8CE/KmeUCHnk+635gQwhF0q/dwZ9x6CK/hCZwZZyFgrSpV76Uq5UVKGrLtL6uwtr6xuVXcLu3s7u0flA+PWiaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHuT29RvP6I2MgweaBqh68MokEMpgFKp54XUL1fsqp2BrxInJxWWo9Evf/cGoYh9DEgoMKbr2BG5M9AkhcJ5qRcbjEBMYITdhAbgo3FnWdc5P4sNUMgj1Fwqnon492MGvjFT30sufaCxWfZS8T+vG9Pw2p3JIIoJA5EGkVSYBRmhZTIC8oHUSARpc+Qy4AI0EKGWHIRIxDhZZSHQkA96qgfzZCRneZJV0rqoOrXq5X2tUr/J5yqyE3bKzpnDrlid3bEGazLBxuyZvbBX68l6s96tj9/TgpX/HLMFWJ8/U9icMQ==</latexit>

JtK⇢ = ?

<latexit sha1_base64="eSfmaUZ2V85C9kiJYcFlftfR2us=">AAACLHicbVDLSgNBEJyNr7i+oh69DAbBU9iViF6EoBePCkaF7CK9k04cnH0w0yuEkA/wZ/Sq/+FFxKsf4Bc4G/dgon2qqaqmeirKlDTkeW9OZWZ2bn6huuguLa+srtXWNy5NmmuBbZGqVF9HYFDJBNskSeF1phHiSOFVdHdS6Ff3qI1MkwsaZBjG0E9kTwogS93U6oFSkQZxh+SSG2hdPnigb1PuHgVRStblNbzx8L/AL0GdlXN2U/sKuqnIY0xIKDCm43sZhUPQJIXCkRvkBjMbA33sWJhAjCYcjj8z4ju5AUp5hppLxcck/t4YQmzMII6sMwa6NdNaQf6ndXLqHYZDmWQ5YSKKIJIKx0FGaGlbQt6VGomguBy5TLgADUSoJQchLJnb2iYCDcWgB7o7siX505X8BZd7Db/Z2D9v1lvHZV1VtsW22S7z2QFrsVN2xtpMsAf2xJ7Zi/PovDrvzsePteKUO5tsYpzPbwMwqHg=</latexit>

J t t0 K⇢ , let ' ( JtK⇢. let d ( Jt0K⇢. '(bdc)

<latexit sha1_base64="peXmPHGrQctAgRyAW7MXEqeLnYM="></latexit>

Eager Application



Well-given definitions
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Well-definedness
We must guarantee that all functions we have used
are monotone and continuous, 
so that Kleene’s fix point theory is applicable

(·)⇤

<latexit sha1_base64="wanuFBWqWVWEouQrsAL7x2tqB5I=">AAACEHicbVBLTgJBFOzBH+IPdemmIzFBF2TGYHRJdOMSE/kYQPKmeWCH7plJ9xsTQriEbvUe7oxbb+A1PIEDshCwVpWq91KV8iMlLbnul5NaWl5ZXUuvZzY2t7Z3srt7VRvGRmBFhCo0dR8sKhlghSQprEcGQfsKa37/auzXHtFYGQa3NIiwpaEXyK4UQIl0l2+KTkjH9yftbM4tuBPwReJNSY5NUW5nv5udUMQaAxIKrG14bkStIRiSQuEo04wtRiD60MNGQgPQaFvDSeERP4otUMgjNFwqPhHx78cQtLUD7SeXGujBzntj8T+vEVP3ojWUQRQTBmIcRFLhJMgKI5MlkHekQSIYN0cuAy7AABEayUGIRIyTaWYCLWkwA9MZJSN585MskuppwSsWzm6KudLldK40O2CHLM88ds5K7JqVWYUJptkze2GvzpPz5rw7H7+nKWf6s89m4Hz+ACCOnaE=</latexit>

⇡1

<latexit sha1_base64="wvuMS8r1dOziWrEp8X9QH33C1yg=">AAACDHicbVBLTgJBFOzBH+IPdemmIzFxRWaMRpdENy4xcYAEJuRN88AOPZ90vzEhE66gW72HO+PWO3gNT+AwzkLAWlWq3ktVyo+VNGTbX1ZpZXVtfaO8Wdna3tndq+4ftEyUaIGuiFSkOz4YVDJElyQp7MQaIfAVtv3xzcxvP6I2MgrvaRKjF8AolEMpgDLJ7cWy7/SrNbtu5+DLxClIjRVo9qvfvUEkkgBDEgqM6Tp2TF4KmqRQOK30EoMxiDGMsJvREAI0XpqXnfKTxABFPEbNpeK5iH8/UgiMmQR+dhkAPZhFbyb+53UTGl55qQzjhDAUsyCSCvMgI7TMVkA+kBqJYNYcuQy5AA1EqCUHITIxyWaZCzQUgJ7owTQbyVmcZJm0zurOef3i7rzWuC7mKrMjdsxOmcMuWYPdsiZzmWCSPbMX9mo9WW/Wu/Xxe1qyip9DNgfr8we1nJxf</latexit>

⇡2

<latexit sha1_base64="ozmwpac3/XeU9440uRhCbUvcLSg=">AAACDHicbVBLTgJBFOzBH+IPdemmIzFxRWYIRpdENy4xcYAEJuRN88AOPZ90vzEhE66gW72HO+PWO3gNT+CAsxCwVpWq91KV8mMlDdn2l1VYW9/Y3Cpul3Z29/YPyodHLRMlWqArIhXpjg8GlQzRJUkKO7FGCHyFbX98M/Pbj6iNjMJ7msToBTAK5VAKoExye7Hs1/rlil215+CrxMlJheVo9svfvUEkkgBDEgqM6Tp2TF4KmqRQOC31EoMxiDGMsJvREAI0XjovO+VniQGKeIyaS8XnIv79SCEwZhL42WUA9GCWvZn4n9dNaHjlpTKME8JQzIJIKpwHGaFltgLygdRIBLPmyGXIBWggQi05CJGJSTbLQqChAPRED6bZSM7yJKukVas69erFXb3SuM7nKrITdsrOmcMuWYPdsiZzmWCSPbMX9mo9WW/Wu/Xxe1qw8p9jtgDr8we3QJxg</latexit>

let

<latexit sha1_base64="ggQdQqMGhyH7N4prseps5jboEHs=">AAACE3icbVBLSgNBFOyJvxh/UZduGoPgKsyIosugG5cRzAcyIbzpvMQmPR+63whhyDF0q/dwJ249gNfwBM6MszCJtSqq3qOK8iIlDdn2l1VaWV1b3yhvVra2d3b3qvsHbRPGWmBLhCrUXQ8MKhlgiyQp7EYawfcUdrzJTeZ3HlEbGQb3NI2w78M4kCMpgFLJdX2gB2+UKKTZoFqz63YOvkycgtRYgeag+u0OQxH7GJBQYEzPsSPqJ6BJCoWzihsbjEBMYIy9lAbgo+kneecZP4kNUMgj1Fwqnov49yMB35ip76WXWUez6GXif14vptFVP5FBFBMGIgsiqTAPMkLLdAzkQ6mRCLLmyGXABWggQi05CJGKcbrOXKAhH/RUD7ORnMVJlkn7rO6c1y/uzmuN62KuMjtix+yUOeySNdgta7IWEyxiz+yFvVpP1pv1bn38npas4ueQzcH6/AEvOZ/r</latexit>

apply

<latexit sha1_base64="oHMImfzzXSVpg0zg7DnD1DQfzgQ=">AAACFXicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCSHqHBifM7k5mek3Ihu/Qq/6HN+PVs7/hF7iLHASsU6WqO1UpXytpyXW/nNzK6tr6Rn6zsLW9s7tX3D9o2Cg2AusiUpFp+WBRyRDrJElhSxuEwFfY9EfXmd98RGNlFN7RWGM3gGEoB1IApdJ9JwB6kJSA1mo86RVLbtmdgi8Tb0ZKbIZar/jd6UciDjAkocDatudq6iZgSAqFk0IntqhBjGCI7ZSGEKDtJtPWE34SW6CIazRcKj4V8e9HAoG148BPL7OWdtHLxP+8dkyDy24iQx0ThiILIqlwGmSFkekcyPvSIBFkzZHLkAswQIRGchAiFeN0n7lASwGYselnI3mLkyyTxlnZq5TPbyul6tVsrjw7YsfslHnsglXZDauxOhPMsGf2wl6dJ+fNeXc+fk9zzuznkM3B+fwBGBWg9Q==</latexit>

fix

<latexit sha1_base64="G67xaVugDQIa8a0rkTT0S3//v60=">AAACE3icbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4xkU/CTMib5oEdej7pfmMkE46hW72HO+PWA3gNT+AMshCwVpWq91KV8mMlDdn2l1VYWV1b3yhulra2d3b3yvsHLRMlWmBTRCrSHR8MKhlikyQp7MQaIfAVtv3Rde63H1AbGYV3NI7RC2AYyoEUQJnkugHQvaR0IB8nvXLFrtpT8GXizEiFzdDolb/dfiSSAEMSCozpOnZMXgqapFA4KbmJwRjECIbYzWgIARovnXae8JPEAEU8Rs2l4lMR/36kEBgzDvzsMu9oFr1c/M/rJjS49FIZxglhKPIgkgqnQUZomY2BvC81EkHeHLkMuQANRKglByEyMcnWmQs0FIAe634+krM4yTJpnVWdWvX8tlapX83mKrIjdsxOmcMuWJ3dsAZrMsFi9sxe2Kv1ZL1Z79bH72nBmv0csjlYnz9VX6AC</latexit>

already considered

op?

<latexit sha1_base64="+TUKbKtUwIXbvEPWIuJBBVGWPQw=">AAACJXicbVC7TsNAEDzzfmOghOJEhEQV2SgISgQNZZBIQIqjaH3ZhFPOZ+tujRRZbvgZaOE/6BASFf/AF2CbFLymGs3saHcnTJS05HlvztT0zOzc/MLi0vLK6tq6u7HZtnFqBLZErGJzHYJFJTW2SJLC68QgRKHCq3B0VvpXt2isjPUljRPsRjDUciAFUCH13J0g1X00ZTwLIqAbO8jiJM97QRhTz615da8C/0v8CamxCZo99yPoxyKNUJNQYG3H9xLqZmBICoX5UpBaTECMYIidgmqI0Haz6ouc76UWKOYJGi4Vr0T8nsggsnYchcVkdehvrxT/8zopDY67mdRJSqhFuYikwmqRFUYW9SDvS4NEUF6OXGouwAARGslBiEJMi75+LLQUgRmbfl6U5P+u5C9pH9T9Rv3wolE7OZ3UtcC22S7bZz47YifsnDVZiwl2xx7YI3ty7p1n58V5/RqdciaZLfYDzvsnnlmngQ==</latexit>

Cond⌧

<latexit sha1_base64="Q7+omy5rgEFMlSGgVXhEnB+2BUA=">AAACG3icbVBNT8JAFNziF+JXxaOXjcTEE2mNRo9GLx4xETABQl6XB27YbpvdVyNp+Cl61f/hzXj14N/wF1gqBwHnNJl5LzOZIFbSkud9OYWl5ZXVteJ6aWNza3vH3S03bJQYgXURqcjcBWBRSY11kqTwLjYIYaCwGQyvJn7zAY2Vkb6lUYydEAZa9qUAyqSuW26HQPe2n15FujfutgmSrlvxql4Ovkj8KamwKWpd97vdi0QSoiahwNqW78XUScGQFArHpXZiMQYxhAG2MqohRNtJ8+5jfphYoIjHaLhUPBfx70cKobWjMMgu86bz3kT8z2sl1D/vpFLHCaEWkyCSCvMgK4zMRkHekwaJYNIcudRcgAEiNJKDEJmYZCvNBFoKwYxMtpRb8ecnWSSN46p/Uj29OalcXE7nKrJ9dsCOmM/O2AW7ZjVWZ4I9smf2wl6dJ+fNeXc+fk8LzvRnj83A+fwBgRuirQ==</latexit>

�

<latexit sha1_base64="9wMC8Joo2wvK7RPZ/Wrd2LAT0IU=">AAACDnicbVBLSgNBFOyJvxh/UZduGoPgKsyIosugG5cRzAeSIbzpeYlNej50vxHCkDvoVu/hTtx6Ba/hCZyMszCJtSqq6lGP8mIlDdn2l1VaWV1b3yhvVra2d3b3qvsHbRMlWmBLRCrSXQ8MKhliiyQp7MYaIfAUdrzxzczvPKI2MgrvaRKjG8AolEMpgDKp01dZ1IdBtWbX7Rx8mTgFqbECzUH1u+9HIgkwJKHAmJ5jx+SmoEkKhdNKPzEYgxjDCHsZDSFA46b5u1N+khigiMeouVQ8F/HvRQqBMZPAy5IB0INZ9Gbif14voeGVm8owTghDMSsiqTAvMkLLbAfkvtRIBLPPkcuQC9BAhFpyECITk2yYuUJDAeiJ9qfZSM7iJMukfVZ3zusXd+e1xnUxV5kdsWN2yhx2yRrsljVZiwk2Zs/shb1aT9ab9W59/EZLVnFzyOZgff4Amvqdaw==</latexit>

to be checked
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is monotone and continuousop?

<latexit sha1_base64="+TUKbKtUwIXbvEPWIuJBBVGWPQw=">AAACJXicbVC7TsNAEDzzfmOghOJEhEQV2SgISgQNZZBIQIqjaH3ZhFPOZ+tujRRZbvgZaOE/6BASFf/AF2CbFLymGs3saHcnTJS05HlvztT0zOzc/MLi0vLK6tq6u7HZtnFqBLZErGJzHYJFJTW2SJLC68QgRKHCq3B0VvpXt2isjPUljRPsRjDUciAFUCH13J0g1X00ZTwLIqAbO8jiJM97QRhTz615da8C/0v8CamxCZo99yPoxyKNUJNQYG3H9xLqZmBICoX5UpBaTECMYIidgmqI0Haz6ouc76UWKOYJGi4Vr0T8nsggsnYchcVkdehvrxT/8zopDY67mdRJSqhFuYikwmqRFUYW9SDvS4NEUF6OXGouwAARGslBiEJMi75+LLQUgRmbfl6U5P+u5C9pH9T9Rv3wolE7OZ3UtcC22S7bZz47YifsnDVZiwl2xx7YI3ty7p1n58V5/RqdciaZLfYDzvsnnlmngQ==</latexit>

op? : Z? ⇥ Z? ! Z?

<latexit sha1_base64="yyCKN6J9cFylgZqQ1ee5QUHqU5I="></latexit>

v1 op? v2 ,
⇢

bn1 op n2c if v1 = bn1c and v2 = bn2c
?Z? otherwise (v1 = ?Z? or v2 = ?Z?)

<latexit sha1_base64="XWSk///zC0EE0VBTPsVMMhiZN58=">AAADTnicfVJNj9MwEHWyfJTw1YUjF4sWtFyqploEl5VWwIHjItHdFXUVOc60tdaxgz0pVFF+EX8GjsC/4MANgdN2YT8q5jSa9+a9mbHTQkmH/f7XINy6cvXa9daN6Oat23futrfvHTpTWgFDYZSxxyl3oKSGIUpUcFxY4Hmq4Cg9edngR3OwThr9FhcFjHM+1XIiBUdfSraDV/MkZpSVOgPbiFQs5zhzk8oUdZ2w1CCj82QQMb SS66mC9zRiCibIqoilMJW64tbyRV0pVXtkooyxVP9HlHl0wOyK+JiyPDUfKzmhXT/J3lmBFaVLuc4acED36D/4VKFbMxY1YyYrkzSt3q3mrv+KG5yB/SAd0J3GpNHZ2NClXvrUaTPjid8RdLbeOWJWTmfYS9qdfq+/DHo5iddJh6zjIGn/YJkRZQ4aheLOjeJ+gWOvilIo8Lqlg4KLEz6FkU81z8GNq+Vz1/RR6TgaWoClUtFlEc52VDx3bpGnnrk8+0WsKW7CRiVOno8rqYsSQYvGCKWCpZETVvp/BDSTFhB5MzlQqangliOClZQL4Yul/1jnDB3m3C5sVvsjxRdPcjk5HPTi3d7TN7ud/Rfrc7XIA/KQ7JCYPCP75DU5IEMigk/Bl+Bb8D38HP4Mf4W/V9QwWPfcJ+diq/UHhQQTew==</latexit>

We omit monotonicity check
Since the domain has only finite chains, it is also continuous

TH.
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We omit monotonicity check
We prove continuity on each parameter separately

Cond⌧ : Z? ⇥D⌧ ⇥D⌧ ! D⌧

<latexit sha1_base64="S2eq1x5VVdfotR0vxQnY87FRgzY=">AAACU3icbVBNS8NAFNzG7/oV9ehlsQieSiKK4knUg3hSsCo2pbxsX3Vxswm7L0IJ/U/+GQVP+hu8enEbc1DrnGZn3mP2TZwpaSkIXmvexOTU9MzsXH1+YXFp2V9ZvbJpbgS2RKpScxODRSU1tkiSwpvMICSxwuv44XjkXz+isTLVlzTIsJPAnZZ9KYCc1PXPogTo3vaL41T3ht2IID+ol1ocF7dOiFPiEckELT8p7bFXWtGu3w iaQQk+TsKKNFiF867/EfVSkSeoSSiwth0GGXUKMCSFwmE9yi1mIB7gDtuOanCxnaK8ecg3cwsuOkPDpeKliD83CkisHSSxmywv/OuNxP+8dk79/U4hdZYTajEKIqmwDLLCSFcm8p40SASjnyOXmgswQIRGchDCiblr91egpQTMwLiG/Ub4t5JxcrXdDHeauxc7jcOjqq5Zts422BYL2R47ZKfsnLWYYE/shb2x99pz7dPzvMnvUa9W7ayxX/AWvwBjJLYW</latexit>

Cond⌧ (v, d1, d2) ,

8
<

:

?D⌧ if v = ?Z?

d1 if v = b0c
d2 otherwise (v = bnc with n 6= 0)

<latexit sha1_base64="JdL1c7VDB2JbG4J+y4K5IA08rqU="></latexit>

The first parameter is in Z?

<latexit sha1_base64="XjQUC99coi8HnEwOghh+RIwBpes=">AAACGHicbVDLTgJBEJzFF+ID1KOXicTEE9k1GD0SvXjERMDIbkjv0OCE2Udmek3Ihh/Rq/6HN+PVm7/hF7iLHASsU6WqO1UpP1bSkG1/WYWV1bX1jeJmaWt7Z7dc2dtvmyjRAlsiUpG+88GgkiG2SJLCu1gjBL7Cjj+6yv3OI2ojo/CWxjF6AQxDOZACKJN6lbIbAD34fno/6bl+RL1K1a7ZU/Bl4sxIlc3Q7FW+3X4kkgBDEgqM6Tp2TF4KmqRQOCm5icEYxAiG2M1oCAEaL50Wn/DjxABFPEbNpeJTEf9+pBAYMw787DKvaRa9XPzP6yY0uPBSGcYJYSjyIJIKp0FGaJktgrwvNRJB3hy5DLkADUSoJQchMjHJJpoLNBSAHuv+JBvJWZxkmbRPa069dnZTrzYuZ3MV2SE7YifMYeeswa5Zk7WYYAl7Zi/s1Xqy3qx36+P3tGDNfg7YHKzPH+mtoUs=</latexit>

only finite chains are possible, hence continuity is guaranteed

Cond⌧

<latexit sha1_base64="Q7+omy5rgEFMlSGgVXhEnB+2BUA=">AAACG3icbVBNT8JAFNziF+JXxaOXjcTEE2mNRo9GLx4xETABQl6XB27YbpvdVyNp+Cl61f/hzXj14N/wF1gqBwHnNJl5LzOZIFbSkud9OYWl5ZXVteJ6aWNza3vH3S03bJQYgXURqcjcBWBRSY11kqTwLjYIYaCwGQyvJn7zAY2Vkb6lUYydEAZa9qUAyqSuW26HQPe2n15FujfutgmSrlvxql4Ovkj8KamwKWpd97vdi0QSoiahwNqW78XUScGQFArHpXZiMQYxhAG2MqohRNtJ8+5jfphYoIjHaLhUPBfx70cKobWjMMgu86bz3kT8z2sl1D/vpFLHCaEWkyCSCvMgK4zMRkHekwaJYNIcudRcgAEiNJKDEJmYZCvNBFoKwYxMtpRb8ecnWSSN46p/Uj29OalcXE7nKrJ9dsCOmM/O2AW7ZjVWZ4I9smf2wl6dJ+fNeXc+fk8LzvRnj83A+fwBgRuirQ==</latexit>

We prove continuity over the second parameter (next slides)
For the third parameter the proof is analogous and omitted

is monotone and continuousTH.
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Continuity over the second parameter
take

Cond⌧ : Z? ⇥D⌧ ⇥D⌧ ! D⌧

<latexit sha1_base64="S2eq1x5VVdfotR0vxQnY87FRgzY=">AAACU3icbVBNS8NAFNzG7/oV9ehlsQieSiKK4knUg3hSsCo2pbxsX3Vxswm7L0IJ/U/+GQVP+hu8enEbc1DrnGZn3mP2TZwpaSkIXmvexOTU9MzsXH1+YXFp2V9ZvbJpbgS2RKpScxODRSU1tkiSwpvMICSxwuv44XjkXz+isTLVlzTIsJPAnZZ9KYCc1PXPogTo3vaL41T3ht2IID+ol1ocF7dOiFPiEckELT8p7bFXWtGu3w iaQQk+TsKKNFiF867/EfVSkSeoSSiwth0GGXUKMCSFwmE9yi1mIB7gDtuOanCxnaK8ecg3cwsuOkPDpeKliD83CkisHSSxmywv/OuNxP+8dk79/U4hdZYTajEKIqmwDLLCSFcm8p40SASjnyOXmgswQIRGchDCiblr91egpQTMwLiG/Ub4t5JxcrXdDHeauxc7jcOjqq5Zts422BYL2R47ZKfsnLWYYE/shb2x99pz7dPzvMnvUa9W7ayxX/AWvwBjJLYW</latexit>

Cond⌧ (v, d1, d2) ,

8
<

:

?D⌧ if v = ?Z?

d1 if v = b0c
d2 otherwise (v = bnc with n 6= 0)

<latexit sha1_base64="JdL1c7VDB2JbG4J+y4K5IA08rqU="></latexit>

v 2 Z?, d 2 D⌧ , {di}i2N ✓ D⌧

<latexit sha1_base64="pXfOomEz78fonQ7NHqCn76JtFjQ="></latexit>

we want to prove Cond⌧

 
v,
G

i2N
di, d

!
=
G

i2N
Cond⌧ (v, di, d)

<latexit sha1_base64="5iOpsJzoQY4p6BSHaCs4hTct+1E="></latexit>

we proceed by case analysis on v

<latexit sha1_base64="gezzwLP9rPTIUl1HKCPY9st0lLA=">AAACCXicbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy7RCJLAhLxpHtih55PuNyRkwgl0q/dwZ9x6Cq/hCZzBWQhYq0rVe6lKeZGShmz7yyqsrK6tbxQ3S1vbO7t75f2DlgljLbApQhXqtgcGlQywSZIUtiON4HsKH7zRdeY/jFEbGQb3NInQ9WEYyIEUQKl0Ny71yhW7as/Al4mTkwrL0eiVv7v9UMQ+BiQUGNNx7IjcBDRJoXBa6sYGIxAjGGInpQH4aNxk1nTKT2IDFPIINZeKz0T8+5GAb8zE99JLH+jRLHqZ+J/XiWlw6SYyiGLCQGRBJBXOgozQMp0AeV9qJIKsOXIZcAEaiFBLDkKkYpxuMhdoyAc90f1pOpKzOMkyaZ1VnVr1/LZWqV/lcxXZETtmp8xhF6zObliDNZlgA/bMXtir9WS9We/Wx+9pwcp/DtkcrM8fLbea/A==</latexit>

?Z?

<latexit sha1_base64="nCMgeW37Q9gGLMnLrdql5colLRU=">AAACH3icbVDLTgJBEJzFF+ILNfHiZSIx8UR2DUaPRC8eMZFHBLLpHRqcMPvITK8JWfkYvep/eDNe+Q2/wF3kIGCdKlXdqUp5kZKGbHti5VZW19Y38puFre2d3b3i/kHDhLEWWBehCnXLA4NKBlgnSQpbkUbwPYVNb3iT+c0n1EaGwT2NIuz6MAhkXwqgVHKLRx0vJDfp+ECPnpc8jN1MGLvFkl22p+DLxJmREpuh5ha/O71QxD4GJBQY03bsiLoJaJJC4bjQiQ1GIIYwwHZKA/DRdJNp/zE/jQ1QyCPUXCo+FfHvRwK+MSPfSy+znmbRy8T/vHZM/atuIoMoJgxEFkRS4TTICC3TYZD3pEYiyJojlwEXoIEIteQgRCrG6VJzgYZ80CPdy0ZyFidZJo3zslMpX9xVStXr2Vx5dsxO2Blz2CWrsltWY3Um2DN7ZW/s3XqxPqxP6+v3NGfNfg7ZHKzJDwGNpIk=</latexit>

b0c

<latexit sha1_base64="4i49gDUiV5eVZ2RUmyl9LJLnoC4=">AAACGXicbVDLTgJBEJzFF+Jr1aOXicTEE9k1GD0SvXjERB4JbEjv0OCE2UdmeknIhi/Rq/6HN+PVk7/hF7isHASsU6WqO1UpP1bSkON8WYW19Y3NreJ2aWd3b//APjxqmijRAhsiUpFu+2BQyRAbJElhO9YIga+w5Y9uZ35rjNrIKHygSYxeAMNQDqQAyqSebXfVQEWR5k5X56Rnl52Kk4OvEndOymyOes/+7vYjkQQYklBgTMd1YvJS0CSFwmmpmxiMQYxgiJ2MhhCg8dK8+ZSfJQYo4jFqLhXPRfz7kUJgzCTws8sA6NEsezPxP6+T0ODaS2UYJ4ShmAWRVJgHGaFlNgnyvtRIBLPmyGXIBWggQi05CJGJSbbRQqChAPRE96fZSO7yJKukeVFxq5XL+2q5djOfq8hO2Ck7Zy67YjV2x+qswQQbs2f2wl6tJ+vNerc+fk8L1vznmC3A+vwBKR2hYw==</latexit>

bnc , n 6= 0

<latexit sha1_base64="84zpfH004LKwRYb/eOFoYW5QE1Q=">AAACJXicbVC7TsNAEDyH99tACcWJCIkCRTYKghJBQxkkEpDiKFpfNnDK+Wzu1kiRlYafgRb+gw4hUfEPfAGOccFrqrmZXc3ehImSljzvzalMTE5Nz8zOzS8sLi2vuKtrLRunRmBTxCo2lyFYVFJjkyQpvEwMQhQqvAgHJ2P/4haNlbE+p2GCnQiutOxLAZRLXXczUH0Vx4brwBQk4LtB/tB4w72uW/VqXgH+l/glqbISja77EfRikUaoSSiwtu17CXUyMCSFwtF8kFpMQAzgCts51RCh7WTFL0Z8O7VAMU/QcKl4IeL3jQwia4dRmE9GQNf2tzcW//PaKfUPO5nUSUqoxTiIpMIiyAoj83qQ96RBIhhfjlxqLsAAERrJQYhcTPO+fgRaisAMTW+Ul+T/ruQvae3V/Hpt/6xePTou65plG2yL7TCfHbAjdsoarMkEu2MP7JE9OffOs/PivH6NVpxyZ539gPP+CXGApZs=</latexit>

(continue)
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Cond⌧ : Z? ⇥D⌧ ⇥D⌧ ! D⌧

<latexit sha1_base64="S2eq1x5VVdfotR0vxQnY87FRgzY=">AAACU3icbVBNS8NAFNzG7/oV9ehlsQieSiKK4knUg3hSsCo2pbxsX3Vxswm7L0IJ/U/+GQVP+hu8enEbc1DrnGZn3mP2TZwpaSkIXmvexOTU9MzsXH1+YXFp2V9ZvbJpbgS2RKpScxODRSU1tkiSwpvMICSxwuv44XjkXz+isTLVlzTIsJPAnZZ9KYCc1PXPogTo3vaL41T3ht2IID+ol1ocF7dOiFPiEckELT8p7bFXWtGu3w iaQQk+TsKKNFiF867/EfVSkSeoSSiwth0GGXUKMCSFwmE9yi1mIB7gDtuOanCxnaK8ecg3cwsuOkPDpeKliD83CkisHSSxmywv/OuNxP+8dk79/U4hdZYTajEKIqmwDLLCSFcm8p40SASjnyOXmgswQIRGchDCiblr91egpQTMwLiG/Ub4t5JxcrXdDHeauxc7jcOjqq5Zts422BYL2R47ZKfsnLWYYE/shb2x99pz7dPzvMnvUa9W7ayxX/AWvwBjJLYW</latexit>

Cond⌧ (v, d1, d2) ,

8
<

:

?D⌧ if v = ?Z?

d1 if v = b0c
d2 otherwise (v = bnc with n 6= 0)

<latexit sha1_base64="JdL1c7VDB2JbG4J+y4K5IA08rqU="></latexit>

v = ?Z?

<latexit sha1_base64="DKLLzSiDcPZpus1hakKRL+GQ024=">AAACIXicbVDLSgNBEJz1GeNr1YvgZTAInsKuRPQiBL14VDAqZpeld9LGwdkHM72BsMSf0av+hzfxJv6FX+BuzEET61RUdVPdFaZKGnKcD2tqemZ2br6yUF1cWl5ZtdfWL02SaYEtkahEX4dgUMkYWyRJ4XWqEaJQ4VV4f1L6Vz3URibxBfVT9CPoxvJWCqBCCuzN3pEXJhTkXgR0F4b5zSAohUFg15y6MwSfJO6I1NgIZ4H95XUSkUUYk1BgTNt1UvJz0CSFwkHVywymIO6hi+2CxhCh8fPhBwO+kxmghKeouVR8KOLvjRwiY/pRWEyWd5pxrxT/89oZ3R76uYzTjDAWZRBJhcMgI7QsqkHekRqJoLwcuYy5AA1EqCUHIQoxK7r6E2goAt3XnbIkd7ySSXK5V3cb9f3zRq15PKqrwrbYNttlLjtgTXbKzliLCfbAntgze7EerVfrzXr/GZ2yRjsb7A+sz2+BvKVQ</latexit>

Cond⌧

 
?Z? ,

G

i2N
di, d

!
= ?D⌧ =

G

i2N
?D⌧ =

G

i2N
Cond⌧ (?Z? , di, d)

<latexit sha1_base64="t4d2mjmWdx86LA4YhxjI0YjKU3w="></latexit>

(continue)
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Cond⌧ : Z? ⇥D⌧ ⇥D⌧ ! D⌧

<latexit sha1_base64="S2eq1x5VVdfotR0vxQnY87FRgzY=">AAACU3icbVBNS8NAFNzG7/oV9ehlsQieSiKK4knUg3hSsCo2pbxsX3Vxswm7L0IJ/U/+GQVP+hu8enEbc1DrnGZn3mP2TZwpaSkIXmvexOTU9MzsXH1+YXFp2V9ZvbJpbgS2RKpScxODRSU1tkiSwpvMICSxwuv44XjkXz+isTLVlzTIsJPAnZZ9KYCc1PXPogTo3vaL41T3ht2IID+ol1ocF7dOiFPiEckELT8p7bFXWtGu3w iaQQk+TsKKNFiF867/EfVSkSeoSSiwth0GGXUKMCSFwmE9yi1mIB7gDtuOanCxnaK8ecg3cwsuOkPDpeKliD83CkisHSSxmywv/OuNxP+8dk79/U4hdZYTajEKIqmwDLLCSFcm8p40SASjnyOXmgswQIRGchDCiblr91egpQTMwLiG/Ub4t5JxcrXdDHeauxc7jcOjqq5Zts422BYL2R47ZKfsnLWYYE/shb2x99pz7dPzvMnvUa9W7ayxX/AWvwBjJLYW</latexit>

Cond⌧ (v, d1, d2) ,

8
<

:

?D⌧ if v = ?Z?

d1 if v = b0c
d2 otherwise (v = bnc with n 6= 0)

<latexit sha1_base64="JdL1c7VDB2JbG4J+y4K5IA08rqU="></latexit>

v = b0c

<latexit sha1_base64="JczarsJPQUp3a/iZvc4m6YHSFhI=">AAACHHicbVDLSgNBEJyNrxhfqzl6GQyCp7ArEb0IQS8eI5gHJCH0TjpxyOyDmd5ACPkVvep/eBOvgr/hF7hZ92AS61RUdVNFeZGShhzny8qtrW9sbuW3Czu7e/sH9uFRw4SxFlgXoQp1ywODSgZYJ0kKW5FG8D2FTW90O/ebY9RGhsEDTSLs+jAM5EAKoETq2cXxNe+ogQpDzZ2OTknPLjllJwVfJW5GSixDrWd/d/qhiH0MSCgwpu06EXWnoEkKhbNCJzYYgRjBENsJDcBH052m5Wf8NDZAIY9Qc6l4KuLfjyn4xkx8L7n0gR7NsjcX//PaMQ2uulMZRDFhIOZBJBWmQUZomayCvC81EsG8OXIZcAEaiFBLDkIkYpzMtBBoyAc90f1ZMpK7PMkqaZyX3Ur54r5Sqt5kc+XZMTthZ8xll6zK7liN1ZlgE/bMXtir9WS9We/Wx+9pzsp+imwB1ucPAYmiVA==</latexit>

Cond⌧

 
b0c,

G

i2N
di, d

!
=
G

i2N
di =

G

i2N
Cond⌧ (b0c, di, d)

<latexit sha1_base64="9LEKlrSds/c1Cx+mXDesyogt9KY="></latexit>

(continue)
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Cond⌧ : Z? ⇥D⌧ ⇥D⌧ ! D⌧

<latexit sha1_base64="S2eq1x5VVdfotR0vxQnY87FRgzY=">AAACU3icbVBNS8NAFNzG7/oV9ehlsQieSiKK4knUg3hSsCo2pbxsX3Vxswm7L0IJ/U/+GQVP+hu8enEbc1DrnGZn3mP2TZwpaSkIXmvexOTU9MzsXH1+YXFp2V9ZvbJpbgS2RKpScxODRSU1tkiSwpvMICSxwuv44XjkXz+isTLVlzTIsJPAnZZ9KYCc1PXPogTo3vaL41T3ht2IID+ol1ocF7dOiFPiEckELT8p7bFXWtGu3w iaQQk+TsKKNFiF867/EfVSkSeoSSiwth0GGXUKMCSFwmE9yi1mIB7gDtuOanCxnaK8ecg3cwsuOkPDpeKliD83CkisHSSxmywv/OuNxP+8dk79/U4hdZYTajEKIqmwDLLCSFcm8p40SASjnyOXmgswQIRGchDCiblr91egpQTMwLiG/Ub4t5JxcrXdDHeauxc7jcOjqq5Zts422BYL2R47ZKfsnLWYYE/shb2x99pz7dPzvMnvUa9W7ayxX/AWvwBjJLYW</latexit>

Cond⌧ (v, d1, d2) ,

8
<

:

?D⌧ if v = ?Z?

d1 if v = b0c
d2 otherwise (v = bnc with n 6= 0)

<latexit sha1_base64="JdL1c7VDB2JbG4J+y4K5IA08rqU="></latexit>

v = bnc , n 6= 0

<latexit sha1_base64="4JMQNkciQXf4+UW4moVwdb8+1TQ=">AAACJ3icbVDLSsNAFJ34rO+qS0EGi+BCSiKKboSiG5cVbBWaUG6mt3VwMokzN0Ip3fkzutX/cCe69Bf8AtOYhVbP6sw593LunDBR0pLrvjsTk1PTM7OlufmFxaXllfLqWtPGqRHYELGKzVUIFpXU2CBJCq8SgxCFCi/Dm9ORf3mHxspYX1A/wSCCnpZdKYAyqV3evDv2VVfFseHaNznx+a6fPTTecrddrrhVNwf/S7yCVFiBerv86XdikUaoSSiwtuW5CQUDMCSFwuG8n1pMQNxAD1sZ1RChDQb5P4Z8O7VAMU/QcKl4LuLPjQFE1vajMJuMgK7tuDcS//NaKXWPgoHUSUqoxSiIpMI8yAojs4KQd6RBIhhdjlxqLsAAERrJQYhMTLPGfgVaisD0TWeYleSNV/KXNPeq3n714Hy/Ujsp6iqxDbbFdpjHDlmNnbE6azDB7tkje2LPzoPz4rw6b9+jE06xs85+wfn4AvX5pmI=</latexit>

Cond⌧

 
bnc,

G

i2N
di, d

!
= d =

G

i2N
d =

G

i2N
Cond⌧ (bnc, di, d)

<latexit sha1_base64="TxWgQ18oxS16VJBo59Nab/+seJo="></latexit>

(continue)
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t : ⌧

<latexit sha1_base64="XdZO5bw9EJE0zRhkJ8XUZS1dBeY=">AAACDXicbVBLSgNBFOyJvxh/UZduGoPgKsyIorgKunEZwXwgGcKbzkts0/Oh+40QQs6gW72HO3HrGbyGJ3BmnIVJrFVR9R5VlBcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrlO/9YjayDC4o3GErg/DQA6kAEqkJl12CeJeuWJX7Qx8kTg5qbAc9V75u9sPRexjQEKBMR3HjsidgCYpFE5L3dhgBGIEQ+wkNAAfjTvJ2k75UWyAQh6h5lLxTMS/HxPwjRn7XnLpA92beS8V//M6MQ0u3IkMopgwEGkQSYVZkBFaJjMg70uNRJA2Ry4DLkADEWrJQYhEjJNdZgIN+aDHuj9NRnLmJ1kkzZOqc1o9uz2t1K7yuYrsgB2yY+awc1ZjN6zOGkywB/bMXtir9WS9We/Wx+9pwcp/9tkMrM8fxuuc+A==</latexit>

�d. JtK⇢[d/x]

<latexit sha1_base64="V6t930garf2J9Fq6paEU5htsJDc="></latexit>

is continuous

we focus on the stronger property

�ed. JtK⇢[ed/ex]

<latexit sha1_base64="mmHJvhIntPglE10hoCZwZjOV+tw="></latexit>

the proof is by structural induction on t

<latexit sha1_base64="bdJRjAooCE79ubMYvq6ohP7N7v8=">AAACCHicbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4hkU8CE/KmeWCHnk+635gQwgV0q/dwZ9x6C6/hCZwZZyFgrSpV76Uq5UVKGrLtL6uwtr6xuVXcLu3s7u0flA+P2iaMtcCWCFWoux4YVDLAFklS2I00gu8p7HiT29TvPKI2MgzuaRqh68M4kCMpgBKpSYNyxa7aGfgqcXJSYTkag/J3fxiK2MeAhAJjeo4dkTsDTVIonJf6scEIxATG2EtoAD4ad5YVnfOz2ACFPELNpeKZiH8/ZuAbM/W95NIHejDLXir+5/ViGl27MxlEMWEg0iCSCrMgI7RMFkA+lBqJIG2OXAZcgAYi1JKDEIkYJ5MsBBryQU/1cJ6M5CxPskraF1WnVr1s1ir1m3yuIjthp+ycOeyK1dkda7AWEwzZM3thr9aT9Wa9Wx+/pwUr/zlmC7A+fwD0fprm</latexit>

(try on your own)

is continuous

lambda abstraction is monotone and continuousTH.

is continuoust : ⌧0 ! ⌧

<latexit sha1_base64="x2L7guCiUpn3QXpb7AO1yaAUaM8=">AAACGHicbVDLTgJBEJzFF+ID1KOXicTEE9k1GI0nohePmAiSACG9Q4MTZh+Z6TEhhB/Rq/6HN+PVm7/hF7i7chCwTpWq7lSl/FhJQ6775eRWVtfWN/Kbha3tnd1iaW+/aSKrBTZEpCLd8sGgkiE2SJLCVqwRAl/hvT+6Tv37R9RGRuEdjWPsBjAM5UAKoETqlYp02SGwPbdDUUZKZbfiZuDLxJuRMpuh3it9d/qRsAGGJBQY0/bcmLoT0CSFwmmhYw3GIEYwxHZCQwjQdCdZ8Sk/tgYo4jFqLhXPRPz7MYHAmHHgJ5cB0INZ9FLxP69taXDRncgwtoShSINIKsyCjNAyWQR5X2okgrQ5chlyARqIUEsOQiSiTSaaCzQUgB7r/jQZyVucZJk0TytetXJ2Wy3XrmZz5dkhO2InzGPnrMZuWJ01mGCWPbMX9uo8OW/Ou/Pxe5pzZj8HbA7O5w9cz6D3</latexit>

fix �d. JtK⇢[d/x]

<latexit sha1_base64="PXkjEvPIxVDRy+GFko9IQnNwCtQ="></latexit>

Corollary

(the limit of continuous functions is continuous)
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Substitution lemma
x, t0 : ⌧0

<latexit sha1_base64="ZTuql6s4hm48GgDeGNWI4MtWjVc=">AAACE3icbVBLSgNBFOyJvxh/UZduGoPgQsKMRBRXQTcuI5gPJCG86bzEJj0fut+IIeQYutV7uBO3HsBreAJnxlmYxFoVVe9RRbmhkoZs+8vKLS2vrK7l1wsbm1vbO8XdvYYJIi2wLgIV6JYLBpX0sU6SFLZCjeC5Cpvu6Drxmw+ojQz8OxqH2PVg6MuBFECx1Hk8oZ592SGIenavWLLLdgq+SJyMlFiGWq/43ekHIvLQJ6HAmLZjh9SdgCYpFE4LnchgCGIEQ2zH1AcPTXeSdp7yo8gABTxEzaXiqYh/PybgGTP23PjSA7o3814i/ue1IxpcdCfSDyNCXyRBJBWmQUZoGY+BvC81EkHSHLn0uQANRKglByFiMYrXmQk05IEe6/40HsmZn2SRNE7LTqV8dlspVa+yufLsgB2yY+awc1ZlN6zG6kywkD2zF/ZqPVlv1rv18Xuas7KffTYD6/MHmPie9g==</latexit>

t : ⌧

<latexit sha1_base64="XdZO5bw9EJE0zRhkJ8XUZS1dBeY=">AAACDXicbVBLSgNBFOyJvxh/UZduGoPgKsyIorgKunEZwXwgGcKbzkts0/Oh+40QQs6gW72HO3HrGbyGJ3BmnIVJrFVR9R5VlBcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrlO/9YjayDC4o3GErg/DQA6kAEqkJl12CeJeuWJX7Qx8kTg5qbAc9V75u9sPRexjQEKBMR3HjsidgCYpFE5L3dhgBGIEQ+wkNAAfjTvJ2k75UWyAQh6h5lLxTMS/HxPwjRn7XnLpA92beS8V//M6MQ0u3IkMopgwEGkQSYVZkBFaJjMg70uNRJA2Ry4DLkADEWrJQYhEjJNdZgIN+aDHuj9NRnLmJ1kkzZOqc1o9uz2t1K7yuYrsgB2yY+awc1ZjN6zOGkywB/bMXtir9WS9We/Wx+9pwcp/9tkMrM8fxuuc+A==</latexit>

Jt[t0/x]K⇢ = JtK⇢[Jt0K⇢/x]

<latexit sha1_base64="leeuMse2gAolIbtKY83WuQWniC4="></latexit>

syntactic substitution

environment update

the proof is by structural induction on t

<latexit sha1_base64="bdJRjAooCE79ubMYvq6ohP7N7v8=">AAACCHicbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4hkU8CE/KmeWCHnk+635gQwgV0q/dwZ9x6C6/hCZwZZyFgrSpV76Uq5UVKGrLtL6uwtr6xuVXcLu3s7u0flA+P2iaMtcCWCFWoux4YVDLAFklS2I00gu8p7HiT29TvPKI2MgzuaRqh68M4kCMpgBKpSYNyxa7aGfgqcXJSYTkag/J3fxiK2MeAhAJjeo4dkTsDTVIonJf6scEIxATG2EtoAD4ad5YVnfOz2ACFPELNpeKZiH8/ZuAbM/W95NIHejDLXir+5/ViGl27MxlEMWEg0iCSCrMgI7RMFkA+lBqJIG2OXAZcgAYi1JKDEIkYJ5MsBBryQU/1cJ6M5CxPskraF1WnVr1s1ir1m3yuIjthp+ycOeyK1dkda7AWEwzZM3thr9aT9Wa9Wx+/pwUr/zlmC7A+fwD0fprm</latexit>

(try on your own)
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Compositionality
The substitution lemma                                        is important:
as it guarantees the compositionality of the
denotational semantics

Jt1K⇢ = Jt2K⇢ ) Jt[t1/x]K⇢ = Jt[t2/x]K⇢

<latexit sha1_base64="P5pDHKSOl1Dh1DD5zFgbjbEhAY0="></latexit>

Jt[t1/x]K⇢ = JtK⇢[Jt1K⇢/x] = JtK⇢[Jt2K⇢/x] = Jt[t2/x]K⇢

<latexit sha1_base64="0df+s+oghrA7MP0TVuuu8bIKKhc="></latexit>

proof.

Jt1K⇢ = Jt2K⇢

<latexit sha1_base64="dzmHtYnS551AshmZYw13C3N0QJE=">AAACSXicbVDLSgNBEJxNfMT4inr0MhgET2E3RPQiBL14jGAekA2hd9JJhsw+mOkVQsjv+DN6VfAz9CSe3KwRTGKfaqqqqZ7yIiUN2fablcmurW9s5rby2zu7e/uFg8OGCWMtsC5CFeqWBwaVDLBOkhS2Io3gewqb3uhmpjcfUBsZBvc0jrDjwyCQfSmAEqpbqLpKeRrECIlT1+Gu1r9PVw/D/FV+wVBeMXQLRbtkp8NXgTMHRTafWrfw4fZCEfsYkFBgTNuxI+pMQJMUCqd5NzYYJQEwwHYCA/DRdCbpT6f8NDZAIY9Qc6l4SuLfjQn4xox9L3H6QEOzrM3I/7R2TP3LzkQGUUwYiFkQSYVpkBFaJhUi70mNRDC7HLkMuAANRKglByESMk46XQg05IMe6940KclZrmQVNMolp1I6v6sUq9fzunLsmJ2wM+awC1Zlt6zG6kywR/bMXtir9WS9W5/W1481Y813jtjCZLLfGbqy4A==</latexit>

Jt1K⇢ = Jt2K⇢

<latexit sha1_base64="dzmHtYnS551AshmZYw13C3N0QJE=">AAACSXicbVDLSgNBEJxNfMT4inr0MhgET2E3RPQiBL14jGAekA2hd9JJhsw+mOkVQsjv+DN6VfAz9CSe3KwRTGKfaqqqqZ7yIiUN2fablcmurW9s5rby2zu7e/uFg8OGCWMtsC5CFeqWBwaVDLBOkhS2Io3gewqb3uhmpjcfUBsZBvc0jrDjwyCQfSmAEqpbqLpKeRrECIlT1+Gu1r9PVw/D/FV+wVBeMXQLRbtkp8NXgTMHRTafWrfw4fZCEfsYkFBgTNuxI+pMQJMUCqd5NzYYJQEwwHYCA/DRdCbpT6f8NDZAIY9Qc6l4SuLfjQn4xox9L3H6QEOzrM3I/7R2TP3LzkQGUUwYiFkQSYVpkBFaJhUi70mNRDC7HLkMuAANRKglByESMk46XQg05IMe6940KclZrmQVNMolp1I6v6sUq9fzunLsmJ2wM+awC1Zlt6zG6kywR/bMXtir9WS9W5/W1481Y813jtjCZLLfGbqy4A==</latexit>

assume

subs
lemma

subs
lemma

TH.

Jt[t0/x]K⇢ = JtK⇢[Jt0K⇢/x]

<latexit sha1_base64="leeuMse2gAolIbtKY83WuQWniC4="></latexit>
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t : ⌧

<latexit sha1_base64="XdZO5bw9EJE0zRhkJ8XUZS1dBeY=">AAACDXicbVBLSgNBFOyJvxh/UZduGoPgKsyIorgKunEZwXwgGcKbzkts0/Oh+40QQs6gW72HO3HrGbyGJ3BmnIVJrFVR9R5VlBcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrlO/9YjayDC4o3GErg/DQA6kAEqkJl12CeJeuWJX7Qx8kTg5qbAc9V75u9sPRexjQEKBMR3HjsidgCYpFE5L3dhgBGIEQ+wkNAAfjTvJ2k75UWyAQh6h5lLxTMS/HxPwjRn7XnLpA92beS8V//M6MQ0u3IkMopgwEGkQSYVZkBFaJjMg70uNRJA2Ry4DLkADEWrJQYhEjJNdZgIN+aDHuj9NRnLmJ1kkzZOqc1o9uz2t1K7yuYrsgB2yY+awc1ZjN6zOGkywB/bMXtir9WS9We/Wx+9pwcp/9tkMrM8fxuuc+A==</latexit>

8x 2 fv(t). ⇢(x) = ⇢0(x)

<latexit sha1_base64="Cg9KNIq0h/nmAUngrZJ+L0XX/js="></latexit>

JtK⇢ = JtK⇢0

<latexit sha1_base64="Cv+emW+apQsyrnij3IG8sI0XZjo=">AAACRnicfVDLSgNBEOyNr7i+oh69DAbRU9gVRS9C0IvHCCYK2RB6J60Ozj6Y6RVCyNf4M3rVkz/hQRCvbmIEY8Q61VR1Uz0VplpZ9rwXpzA1PTM7V5x3FxaXlldKq2sNm2RGUl0mOjGXIVrSKqY6K9Z0mRrCKNR0Ed6eDPyLOzJWJfE5d1NqRXgdqyslkXOpXToKtA4NyltiwSIw5vsRmJvEPXL/s7fddqnsVbwhxCTxR6QMI9Tapbegk8gsopilRmubvpdyq4eGldTUd4PMUpon4DU1cxpjRLbVG36zL7Yyi5yIlIxQWgxF+rnRw8jabhTmkxHyjf3tDcS/vGbGV4etnorTjCmWgyBWmoZBVhqV90eiowwx4+ByEioWEg0yk1ECpczFLC90LNByhKZrOv28JP93JZOksVvx9yr7Z3vl6vGoriJswCbsgA8HUIVTqEEdJNzDIzzBs/PgvDrvzsfXaMEZ7azDGArwCdVVscg=</latexit>

)

<latexit sha1_base64="DWqC+MXU5rK6RYnyMjySnEswfBo=">AAACEnicbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy7RyCeBCXnTPKBDzyfdbzSEcAvd6j3cGbdewGt4AmdwFgLWqlL1XqpSXqSkIdv+snIrq2vrG/nNwtb2zu5ecf+gYcJYC6yLUIW65YFBJQOskySFrUgj+J7Cpje6Tv3mA2ojw+CexhG6PgwC2ZcCKJHanTs5GBJoHT52iyW7bM/Al4mTkRLLUOsWvzu9UMQ+BiQUGNN27IjcCWiSQuG00IkNRiBGMMB2QgPw0biTWeUpP4kNUMgj1FwqPhPx78cEfGPGvpdc+kBDs+il4n9eO6b+pTuRQRQTBiINIqlwFmSElskWyHtSIxGkzZHLgAvQQIRachAiEeNknLlAQz7ose5Nk5GcxUmWSeOs7FTK57eVUvUqmyvPjtgxO2UOu2BVdsNqrM4EC9kze2Gv1pP1Zr1bH7+nOSv7OWRzsD5/ACjfn1s=</latexit>

the proof is by structural induction on t

<latexit sha1_base64="bdJRjAooCE79ubMYvq6ohP7N7v8=">AAACCHicbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4hkU8CE/KmeWCHnk+635gQwgV0q/dwZ9x6C6/hCZwZZyFgrSpV76Uq5UVKGrLtL6uwtr6xuVXcLu3s7u0flA+P2iaMtcCWCFWoux4YVDLAFklS2I00gu8p7HiT29TvPKI2MgzuaRqh68M4kCMpgBKpSYNyxa7aGfgqcXJSYTkag/J3fxiK2MeAhAJjeo4dkTsDTVIonJf6scEIxATG2EtoAD4ad5YVnfOz2ACFPELNpeKZiH8/ZuAbM/W95NIHejDLXir+5/ViGl27MxlEMWEg0iCSCrMgI7RMFkA+lBqJIG2OXAZcgAYi1JKDEIkYJ5MsBBryQU/1cJ6M5CxPskraF1WnVr1s1ir1m3yuIjthp+ycOeyK1dkda7AWEwzZM3thr9aT9Wa9Wx+/pwUr/zlmC7A+fwD0fprm</latexit>

(try on your own)

closedt

<latexit sha1_base64="bdJRjAooCE79ubMYvq6ohP7N7v8=">AAACCHicbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy4hkU8CE/KmeWCHnk+635gQwgV0q/dwZ9x6C6/hCZwZZyFgrSpV76Uq5UVKGrLtL6uwtr6xuVXcLu3s7u0flA+P2iaMtcCWCFWoux4YVDLAFklS2I00gu8p7HiT29TvPKI2MgzuaRqh68M4kCMpgBKpSYNyxa7aGfgqcXJSYTkag/J3fxiK2MeAhAJjeo4dkTsDTVIonJf6scEIxATG2EtoAD4ad5YVnfOz2ACFPELNpeKZiH8/ZuAbM/W95NIHejDLXir+5/ViGl27MxlEMWEg0iCSCrMgI7RMFkA+lBqJIG2OXAZcgAYi1JKDEIkYJ5MsBBryQU/1cJ6M5CxPskraF1WnVr1s1ir1m3yuIjthp+ycOeyK1dkda7AWEwzZM3thr9aT9Wa9Wx+/pwUr/zlmC7A+fwD0fprm</latexit>

)

<latexit sha1_base64="DWqC+MXU5rK6RYnyMjySnEswfBo=">AAACEnicbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy7RyCeBCXnTPKBDzyfdbzSEcAvd6j3cGbdewGt4AmdwFgLWqlL1XqpSXqSkIdv+snIrq2vrG/nNwtb2zu5ecf+gYcJYC6yLUIW65YFBJQOskySFrUgj+J7Cpje6Tv3mA2ojw+CexhG6PgwC2ZcCKJHanTs5GBJoHT52iyW7bM/Al4mTkRLLUOsWvzu9UMQ+BiQUGNN27IjcCWiSQuG00IkNRiBGMMB2QgPw0biTWeUpP4kNUMgj1FwqPhPx78cEfGPGvpdc+kBDs+il4n9eO6b+pTuRQRQTBiINIqlwFmSElskWyHtSIxGkzZHLgAvQQIRachAiEeNknLlAQz7ose5Nk5GcxUmWSeOs7FTK57eVUvUqmyvPjtgxO2UOu2BVdsNqrM4EC9kze2Gv1pP1Zr1bH7+nOSv7OWRzsD5/ACjfn1s=</latexit>

8⇢, ⇢0. JtK⇢ = JtK⇢0

<latexit sha1_base64="MEsRhQZ55pW1zkv2ShU52Db9vBo="></latexit>

TH.

Corollary
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Canonical terms are not bottom
)

<latexit sha1_base64="DWqC+MXU5rK6RYnyMjySnEswfBo=">AAACEnicbVBLTgJBFOzBH+IPdemmIzFxRWYMRpdENy7RyCeBCXnTPKBDzyfdbzSEcAvd6j3cGbdewGt4AmdwFgLWqlL1XqpSXqSkIdv+snIrq2vrG/nNwtb2zu5ecf+gYcJYC6yLUIW65YFBJQOskySFrUgj+J7Cpje6Tv3mA2ojw+CexhG6PgwC2ZcCKJHanTs5GBJoHT52iyW7bM/Al4mTkRLLUOsWvzu9UMQ+BiQUGNN27IjcCWiSQuG00IkNRiBGMMB2QgPw0biTWeUpP4kNUMgj1FwqPhPx78cEfGPGvpdc+kBDs+il4n9eO6b+pTuRQRQTBiINIqlwFmSElskWyHtSIxGkzZHLgAvQQIRachAiEeNknLlAQz7ose5Nk5GcxUmWSeOs7FTK57eVUvUqmyvPjtgxO2UOu2BVdsNqrM4EC9kze2Gv1pP1Zr1bH7+nOSv7OWRzsD5/ACjfn1s=</latexit>

proof.

c 2 C⌧

<latexit sha1_base64="QItZl/KHg6Gk5plWrVF5+mkDiMk=">AAACEnicbZDLTgJBEEV78IX4Ql266UhMXJEZg9ElkY1LTOSRMBNS0xTYoeeR7hoTMuEvdKv/4c649Qf8Db/AGWQhYK1u7q3KrRw/VtKQbX9ZhbX1jc2t4nZpZ3dv/6B8eNQ2UaIFtkSkIt31waCSIbZIksJurBECX2HHHzfyvPOI2sgovKdJjF4Ao1AOpQDKrJ5wZcgbfZcg6ZcrdtWeDV8VzlxU2Hya/fK3O4hEEmBIQoExPceOyUtBkxQKpyU3MRiDGMMIe5kMIUDjpbOXp/wsMUARj1FzqfjMxL8XKQTGTAI/2wyAHsxylpv/Zb2EhtdeKsM4IQxFXkRS4azICC0zFsgHUiMR5J8jzwAI0ECEWnIQIjOTDM5CoaEA9EQPphkkZxnJqmhfVJ1a9fKuVqnfzHEV2Qk7ZefMYVeszm5Zk7WYYBF7Zi/s1Xqy3qx36+N3tWDNb47ZwlifP0ksntQ=</latexit>

8⇢. JcK⇢ 6= ?D⌧

<latexit sha1_base64="73MPYWCWOMhUC9BOr8eYKzHURGg="></latexit>

by rule induction on the rules for canonical terms
P (c 2 C⌧ ) , 8⇢. JcK⇢ 6= ?D⌧

<latexit sha1_base64="jF854DED+QQytiroJH2EZJawhRA="></latexit>

166 7 Operational Semantics of HOFL

which we will assume to be the results of calculations (i.e., as ordinary values). For
each type we fix the set of terms in canonical form by taking a subset of terms which
reasonably represent the notion of values for that type.

As shown in the previous section, HOFL has three type constructors: the constant
int, and the binary operators ⇤ for pairs and ! for functions. Terms which represent
the integers provide the obvious canonical forms for the integer type. For pair types
we take any pair of terms as canonical form: note that this choice is arbitrary; for
example we could have taken instead pairs of terms that are themselves in canonical
form. We will explain later the rationale of our choice. Finally, since HOFL is a higher-
order language, functions are values. So it is quite natural to take all abstractions as
canonical forms for the arrow type.

Definition 7.6 (Canonical forms). Let us define a set Ct of canonical forms for each
type t as follows:

n 2 Cint

t0 : t0 t1 : t1 t0, t1 closed

(t0, t1) 2 Ct0⇤t1

lx. t : t0 ! t1 lx. t closed

lx. t 2 Ct0!t1

We now define the rules of the operational semantics; these rules define an evaluation
relation:

t ! c

where t is a well-formed closed term of HOFL and c is its canonical form.
For terms that are already in canonical form according to Definition 7.6 we let

c ! c

For clarity, the above rule offers a concise representation of the otherwise verbose
rules

n ! n

t0 : t0 t1 : t1 t0, t1 closed

(t0, t1) ! (t0, t1)

lx. t : t0 ! t1 lx.t closed

lx. t ! lx. t

Next, we give the rules for arithmetic expressions:

t0 ! n0 t1 ! n1

t0 op t1 ! n0 op n1

t ! 0 t0 ! c0

if t then t0 else t1 ! c0

t ! n n 6= 0 t1 ! c1

if t then t0 else t1 ! c1

For the arithmetic operators the semantics is obviously the simple application
of the corresponding meta-operator as in IMP. Only, here we distinguish between
HOFL syntactic operators and meta-operators by underlying the latter. For instance,
we have 1+2 ! 3, since 1 ! 1, 2 ! 2 and 1+2 = 3.

We recall that for the conditional statement, since we have no boolean values, we
use the convention that if t then t0 else t1 stands for if t = 0 then t0 else t1, so the
premise t ! n 6= 0 means the test is false and t ! 0 means the test is true.

166 7 Operational Semantics of HOFL

which we will assume to be the results of calculations (i.e., as ordinary values). For
each type we fix the set of terms in canonical form by taking a subset of terms which
reasonably represent the notion of values for that type.

As shown in the previous section, HOFL has three type constructors: the constant
int, and the binary operators ⇤ for pairs and ! for functions. Terms which represent
the integers provide the obvious canonical forms for the integer type. For pair types
we take any pair of terms as canonical form: note that this choice is arbitrary; for
example we could have taken instead pairs of terms that are themselves in canonical
form. We will explain later the rationale of our choice. Finally, since HOFL is a higher-
order language, functions are values. So it is quite natural to take all abstractions as
canonical forms for the arrow type.

Definition 7.6 (Canonical forms). Let us define a set Ct of canonical forms for each
type t as follows:

n 2 Cint

t0 : t0 t1 : t1 t0, t1 closed

(t0, t1) 2 Ct0⇤t1

lx. t : t0 ! t1 lx. t closed

lx. t 2 Ct0!t1

We now define the rules of the operational semantics; these rules define an evaluation
relation:

t ! c

where t is a well-formed closed term of HOFL and c is its canonical form.
For terms that are already in canonical form according to Definition 7.6 we let

c ! c

For clarity, the above rule offers a concise representation of the otherwise verbose
rules

n ! n

t0 : t0 t1 : t1 t0, t1 closed

(t0, t1) ! (t0, t1)

lx. t : t0 ! t1 lx.t closed

lx. t ! lx. t

Next, we give the rules for arithmetic expressions:

t0 ! n0 t1 ! n1

t0 op t1 ! n0 op n1

t ! 0 t0 ! c0

if t then t0 else t1 ! c0

t ! n n 6= 0 t1 ! c1

if t then t0 else t1 ! c1

For the arithmetic operators the semantics is obviously the simple application
of the corresponding meta-operator as in IMP. Only, here we distinguish between
HOFL syntactic operators and meta-operators by underlying the latter. For instance,
we have 1+2 ! 3, since 1 ! 1, 2 ! 2 and 1+2 = 3.

We recall that for the conditional statement, since we have no boolean values, we
use the convention that if t then t0 else t1 stands for if t = 0 then t0 else t1, so the
premise t ! n 6= 0 means the test is false and t ! 0 means the test is true.

166 7 Operational Semantics of HOFL

which we will assume to be the results of calculations (i.e., as ordinary values). For
each type we fix the set of terms in canonical form by taking a subset of terms which
reasonably represent the notion of values for that type.

As shown in the previous section, HOFL has three type constructors: the constant
int, and the binary operators ⇤ for pairs and ! for functions. Terms which represent
the integers provide the obvious canonical forms for the integer type. For pair types
we take any pair of terms as canonical form: note that this choice is arbitrary; for
example we could have taken instead pairs of terms that are themselves in canonical
form. We will explain later the rationale of our choice. Finally, since HOFL is a higher-
order language, functions are values. So it is quite natural to take all abstractions as
canonical forms for the arrow type.

Definition 7.6 (Canonical forms). Let us define a set Ct of canonical forms for each
type t as follows:

n 2 Cint

t0 : t0 t1 : t1 t0, t1 closed

(t0, t1) 2 Ct0⇤t1

lx. t : t0 ! t1 lx. t closed

lx. t 2 Ct0!t1

We now define the rules of the operational semantics; these rules define an evaluation
relation:

t ! c

where t is a well-formed closed term of HOFL and c is its canonical form.
For terms that are already in canonical form according to Definition 7.6 we let

c ! c

For clarity, the above rule offers a concise representation of the otherwise verbose
rules

n ! n

t0 : t0 t1 : t1 t0, t1 closed

(t0, t1) ! (t0, t1)

lx. t : t0 ! t1 lx.t closed

lx. t ! lx. t

Next, we give the rules for arithmetic expressions:

t0 ! n0 t1 ! n1

t0 op t1 ! n0 op n1

t ! 0 t0 ! c0

if t then t0 else t1 ! c0

t ! n n 6= 0 t1 ! c1

if t then t0 else t1 ! c1

For the arithmetic operators the semantics is obviously the simple application
of the corresponding meta-operator as in IMP. Only, here we distinguish between
HOFL syntactic operators and meta-operators by underlying the latter. For instance,
we have 1+2 ! 3, since 1 ! 1, 2 ! 2 and 1+2 = 3.

We recall that for the conditional statement, since we have no boolean values, we
use the convention that if t then t0 else t1 stands for if t = 0 then t0 else t1, so the
premise t ! n 6= 0 means the test is false and t ! 0 means the test is true.

JnK⇢ = bnc 6= ?Dint

<latexit sha1_base64="+5vSk/hcVN3ficaFZ37BC1bObGM="></latexit>

J(t0, t1)K⇢ = b(Jt0K⇢, Jt1K⇢)c 6= ?D⌧0⇤⌧1
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J�x. tK⇢ = b�d. JtK⇢[d/x]c 6= ?D⌧0!⌧1
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TH.


