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Comparing functions
given two functions , when can we say ?f, g : A → B f = g

∀a ∈ A . f(a) = g(a)

if we see functions as relations

we can use set equality

{ (a, f(a)) ∣ a ∈ A } ⊆ A × B



44

Example

<latexit sha1_base64="eN5JZQSXol7Qc4aN4Wnx7tN+GVM=">AAAB/XicdVA9SwNBEN3zM8avqKXNYhBiE+7ikWgn2lhGMDGQHDK3meiSvb1zd06QIP4KW63sxNbfYuF/8S5GUNFXPd6bYd68MFHSkuu+OVPTM7Nz84WF4uLS8spqaW29bePUCGyJWMWmE4JFJTW2SJLCTmIQolDhWTg8yv2zazRWxvqUbhIMIrjQciAFUCZ1de8qhT4fVPTOeansVvf36jW/zt2q6za8mpeTWsPf9bmXKTnKbILmeem9149FGqEmocDarucmFIzAkBQKb4u91GICYggX2M2ohghtMBpHvuXbqQWKeYKGS8XHIn7fGEFk7U0UZpMR0KX97eXiX143pcFeMJI6SQm1yA+RVDg+ZIWRWRfI+9IgEeTJkUvNBRggQiM5CJGJaVZOMevj62n+P2nXql696p745YPDSTMFtsm2WIV5rMEO2DFrshYTLGb37IE9OnfOk/PsvHyOTjmTnQ32A87rB4X4lW4=</latexit>

n f(n)

f(n) = n!

<latexit sha1_base64="22WmO5ZAYI/7B3YZXlov9KUW7eA="></latexit>

f = { (0, 1),
(1, 1),
(2, 2),
(3, 6),
...
(k, k!),
... }

f(n) = n(n + 1)/2

<latexit sha1_base64="udMsAj8lNL2sowTpt1Sp5YREVcU="></latexit>

f = { (0, 0),
(1, 1),
(2, 3),
(3, 6),
...
(k, Tk),
... }
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Partial functions
let , or equivalently f : A ⇀ B f : A → B ∪ { ⊥ }

the function  can be undefined on some inputsf

we can still see partial functions as relations

omit pairs where  is undefinedf(a)
{ (a, f(a)) ∣ a ∈ A, f(a) ≠ ⊥ } ⊆ A × B
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Partial functions
partial functions

f v g

<latexit sha1_base64="V0olo7TaVQeYW2atOylq/q9Q5t0=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIVJGNQFBG0FAGiTykxIrOl0045fzI3R5SZKXkK2ihokO0fAgF/4JtXEDCVKOZXe3s+LEUGh3n0yqtrK6tb5Q3K1vbO7tVe2+/rSOjOLR4JCPV9ZkGKUJooUAJ3VgBC3wJHX9ynfmdB1BaROEdzmLwAjYOxUhwhqk0sKsj2tdTbXwNCFM6Htg1p+7koMvELUiNFGgO7K/+MOImgBC5ZFr3XCdGL2EKBZcwr/SNhpjxCRtDL6UhC0B7SR58To+NZhjRGBQVkuYi/N5IWKD1LPDTyYDhvV70MvE/r2dwdOklIowNQsizQygk5Ic0VyJtBOhQKEBkWXKgIqScKYYISlDGeSqatKJK2oe7+P0yaZ/W3bP6+e1ZrXFVNFMmh+SInBCXXJAGuSFN0iKcGPJEnsmL9Wi9Wm/W+89oySp2DsgfWB/fYNOXhw==</latexit>

if        is defined,        is defined and f(a)

<latexit sha1_base64="clNRs7pNi5Y9W7k+juz3Icu7quk=">AAAB9nicbVC7TsNAEDzzDOEVoKQ5ESGFJrJREJQRNJRBIg8psaL1ZZOccn7obo2IovwCLVR0iJbfoeBfsI0LSJhqNLOrnR0vUtKQbX9aK6tr6xubha3i9s7u3n7p4LBlwlgLbIpQhbrjgUElA2ySJIWdSCP4nsK2N7lJ/fYDaiPD4J6mEbo+jAI5lAIolYYVOOuXynbVzsCXiZOTMsvR6Je+eoNQxD4GJBQY03XsiNwZaJJC4bzYiw1GICYwwm5CA/DRuLMs65yfxgYo5BFqLhXPRPy9MQPfmKnvJZM+0Ngseqn4n9eNaXjlzmQQxYSBSA+RVJgdMkLLpATkA6mRCNLkyGXABWggQi05CJGIcdJKMenDWfx+mbTOq06tenFXK9ev82YK7JidsApz2CWrs1vWYE0m2Jg9sWf2Yj1ar9ab9f4zumLlO0fsD6yPb/NGkkc=</latexit>

g(a)

<latexit sha1_base64="2zEc5giHjlQkNjobVObNYyG0F2E=">AAAB9nicbVC7TsNAEDzzDOEVoKQ5ESGFJrJREJQRNJRBIg8psaL1ZZOccn7obo2IovwCLVR0iJbfoeBfsI0LSJhqNLOrnR0vUtKQbX9aK6tr6xubha3i9s7u3n7p4LBlwlgLbIpQhbrjgUElA2ySJIWdSCP4nsK2N7lJ/fYDaiPD4J6mEbo+jAI5lAIolUYVOOuXynbVzsCXiZOTMsvR6Je+eoNQxD4GJBQY03XsiNwZaJJC4bzYiw1GICYwwm5CA/DRuLMs65yfxgYo5BFqLhXPRPy9MQPfmKnvJZM+0Ngseqn4n9eNaXjlzmQQxYSBSA+RVJgdMkLLpATkA6mRCNLkyGXABWggQi05CJGIcdJKMenDWfx+mbTOq06tenFXK9ev82YK7JidsApz2CWrs1vWYE0m2Jg9sWf2Yj1ar9ab9f4zumLlO0fsD6yPb/TYkkg=</latexit>

g(a) = f(a)

<latexit sha1_base64="Sbydor4OkSWWiLoe2l+Z15sIoCs=">AAAB/XicbVC7SgNREL0bXzG+opY2F4MQm7ArEW2EoI1lBPOATQizN5N4yd0H984KIQS/wlYrO7H1Wyz8F3fXLTR6mjmcM8PMHC9S0pBtf1iFpeWV1bXiemljc2t7p7y71zZhrAW2RKhC3fXAoJIBtkiSwm6kEXxPYcebXKV+5x61kWFwS9MI+z6MAzmSAiiR3HEVjvkFHyVlUK7YNTsD/0ucnFRYjuag/NkbhiL2MSChwBjXsSPqz0CTFArnpV5sMAIxgTG6CQ3AR9OfZSfP+VFsgEIeoeZS8UzEnxMz8I2Z+l7S6QPdmUUvFf/z3JhG5/2ZDKKYMBDpIpIKs0VGaJlkgXwoNRJBejlyGXABGohQSw5CJGKchFNK8nAWv/9L2ic1p147valXGpd5MkV2wA5ZlTnsjDXYNWuyFhMsZI/siT1bD9aL9Wq9fbcWrHxmn/2C9f4Fey+UIw==</latexit>

but        can be defined when        is not g(a)

<latexit sha1_base64="2zEc5giHjlQkNjobVObNYyG0F2E=">AAAB9nicbVC7TsNAEDzzDOEVoKQ5ESGFJrJREJQRNJRBIg8psaL1ZZOccn7obo2IovwCLVR0iJbfoeBfsI0LSJhqNLOrnR0vUtKQbX9aK6tr6xubha3i9s7u3n7p4LBlwlgLbIpQhbrjgUElA2ySJIWdSCP4nsK2N7lJ/fYDaiPD4J6mEbo+jAI5lAIolUYVOOuXynbVzsCXiZOTMsvR6Je+eoNQxD4GJBQY03XsiNwZaJJC4bzYiw1GICYwwm5CA/DRuLMs65yfxgYo5BFqLhXPRPy9MQPfmKnvJZM+0Ngseqn4n9eNaXjlzmQQxYSBSA+RVJgdMkLLpATkA6mRCNLkyGXABWggQi05CJGIcdJKMenDWfx+mbTOq06tenFXK9ev82YK7JidsApz2CWrs1vWYE0m2Jg9sWf2Yj1ar9ab9f4zumLlO0fsD6yPb/TYkkg=</latexit>

f(a)

<latexit sha1_base64="clNRs7pNi5Y9W7k+juz3Icu7quk=">AAAB9nicbVC7TsNAEDzzDOEVoKQ5ESGFJrJREJQRNJRBIg8psaL1ZZOccn7obo2IovwCLVR0iJbfoeBfsI0LSJhqNLOrnR0vUtKQbX9aK6tr6xubha3i9s7u3n7p4LBlwlgLbIpQhbrjgUElA2ySJIWdSCP4nsK2N7lJ/fYDaiPD4J6mEbo+jAI5lAIolYYVOOuXynbVzsCXiZOTMsvR6Je+eoNQxD4GJBQY03XsiNwZaJJC4bzYiw1GICYwwm5CA/DRuLMs65yfxgYo5BFqLhXPRPy9MQPfmKnvJZM+0Ngseqn4n9eNaXjlzmQQxYSBSA+RVJgdMkLLpATkA6mRCNLkyGXABWggQi05CJGIcdJKMenDWfx+mbTOq06tenFXK9ev82YK7JidsApz2CWrs1vWYE0m2Jg9sWf2Yj1ar9ab9f4zumLlO0fsD6yPb/NGkkc=</latexit>

if we see partial functions as relations

f v g

<latexit sha1_base64="V0olo7TaVQeYW2atOylq/q9Q5t0=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIVJGNQFBG0FAGiTykxIrOl0045fzI3R5SZKXkK2ihokO0fAgF/4JtXEDCVKOZXe3s+LEUGh3n0yqtrK6tb5Q3K1vbO7tVe2+/rSOjOLR4JCPV9ZkGKUJooUAJ3VgBC3wJHX9ynfmdB1BaROEdzmLwAjYOxUhwhqk0sKsj2tdTbXwNCFM6Htg1p+7koMvELUiNFGgO7K/+MOImgBC5ZFr3XCdGL2EKBZcwr/SNhpjxCRtDL6UhC0B7SR58To+NZhjRGBQVkuYi/N5IWKD1LPDTyYDhvV70MvE/r2dwdOklIowNQsizQygk5Ic0VyJtBOhQKEBkWXKgIqScKYYISlDGeSqatKJK2oe7+P0yaZ/W3bP6+e1ZrXFVNFMmh+SInBCXXJAGuSFN0iKcGPJEnsmL9Wi9Wm/W+89oySp2DsgfWB/fYNOXhw==</latexit>

means essentially f ✓ g

<latexit sha1_base64="menaefp+aPQSm/65U1baV17gjSY=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8psaLzZRNOOZ+duz2kKErBV9BCRYdo+RQK/gXbuICEqUYzu9rZCWIpDLrup1NYWV1b3yhulra2d3b3yvsHLRNZzaHJIxnpTsAMSKGgiQIldGINLAwktIPxdeq3H0AbEak7nMbgh2ykxFBwhonkD2nP2MAAwoSO+uWKW3Uz0GXi5aRCcjT65a/eIOI2BIVcMmO6nhujP2MaBZcwL/WsgZjxMRtBN6GKhWD8WRZ6Tk+sYRjRGDQVkmYi/N6YsdCYaRgkkyHDe7PopeJ/Xtfi8NKfCRVbBMXTQygkZIcM1yJpA+hAaEBkaXKgQlHONEMELSjjPBFtUk8p6cNb/H6ZtM6qXq16flur1K/yZorkiByTU+KRC1InN6RBmoSTCXkiz+TFeXRenTfn/We04OQ7h+QPnI9vLyCWXg==</latexit>

D = (A * B) = Pf(A,B) = {f : A * B}

<latexit sha1_base64="CxvFd/X5kRyfCk5dzbHIsf1C/K4="></latexit>

<latexit sha1_base64="G3a0LO4kNDrLT6S4XtVkKvX4IbA="></latexit>

{(x, f(x)) | f(x) 6= ?} ✓ A⇥B
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Example

f(n) =

⇢
n/2 if n even
? otherwise

<latexit sha1_base64="l6uDrf1IFoGxl/Mhwgr9SklRVi0="></latexit>

Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

<latexit sha1_base64="eN5JZQSXol7Qc4aN4Wnx7tN+GVM=">AAAB/XicdVA9SwNBEN3zM8avqKXNYhBiE+7ikWgn2lhGMDGQHDK3meiSvb1zd06QIP4KW63sxNbfYuF/8S5GUNFXPd6bYd68MFHSkuu+OVPTM7Nz84WF4uLS8spqaW29bePUCGyJWMWmE4JFJTW2SJLCTmIQolDhWTg8yv2zazRWxvqUbhIMIrjQciAFUCZ1de8qhT4fVPTOeansVvf36jW/zt2q6za8mpeTWsPf9bmXKTnKbILmeem9149FGqEmocDarucmFIzAkBQKb4u91GICYggX2M2ohghtMBpHvuXbqQWKeYKGS8XHIn7fGEFk7U0UZpMR0KX97eXiX143pcFeMJI6SQm1yA+RVDg+ZIWRWRfI+9IgEeTJkUvNBRggQiM5CJGJaVZOMevj62n+P2nXql696p745YPDSTMFtsm2WIV5rMEO2DFrshYTLGb37IE9OnfOk/PsvHyOTjmTnQ32A87rB4X4lW4=</latexit>

n f(n)
<latexit sha1_base64="S4Jb+bafAtsxoeYMhPO8SmyC6Os="></latexit>

f = { (0, 0),
(2, 1),
(4, 2),
(6, 3),
...
(2k, k),
... }
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Example
Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

g(n) =

⇢
n/2 if n even
2 · n otherwise

<latexit sha1_base64="UeC1DARdc5NGPBwYq+hJlEBFXlo="></latexit>

<latexit sha1_base64="icTDDbxVHPtS2Flv9PYlhp2oF90="></latexit>

g = { (0, 0), (1, 2),
(2, 1), (3, 6),
(4, 2), (5, 10),
(6, 3), (7, 14),
...
(2k, k), (1 + 2k, 2 + 4k),
... }
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Example
Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

g(n) =

⇢
n/2 if n even
2 · n otherwise

<latexit sha1_base64="UeC1DARdc5NGPBwYq+hJlEBFXlo="></latexit>

f(n) =

⇢
n/2 if n even
? otherwise

<latexit sha1_base64="l6uDrf1IFoGxl/Mhwgr9SklRVi0="></latexit>

f v g?

<latexit sha1_base64="pqpvMtPdulXhkHtFMLrdyePy5pY=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIVJGNgqAjgoYySOQhJVZ0vmzCKedH7vaQoiglX0ELFR2i5UMo+Bds4wISphrN7Gpnx4+l0Og4n1ZhZXVtfaO4Wdra3tkt23v7LR0ZxaHJIxmpjs80SBFCEwVK6MQKWOBLaPvj69RvP4DSIgrvcBqDF7BRKIaCM0ykvl0e9vREG18DwoSOLvt2xak6GegycXNSITkaffurN4i4CSBELpnWXdeJ0ZsxhYJLmJd6RkPM+JiNoJvQkAWgvVkWfE6PjWYY0RgUFZJmIvzemLFA62ngJ5MBw3u96KXif17X4PDCm4kwNgghTw+hkJAd0lyJpBGgA6EAkaXJgYqQcqYYIihBGeeJaJKKSkkf7uL3y6R1WnVr1bPbWqV+lTdTJIfkiJwQl5yTOrkhDdIknBjyRJ7Ji/VovVpv1vvPaMHKdw7IH1gf35S3l6Y=</latexit>

g v f?

<latexit sha1_base64="8GhujdyvZc4jUwaDz6pckIFCoJg=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIVJGNgqAjgoYySOQhJVZ0vmzCKedH7vaQoiglX0ELFR2i5UMo+Bds4wISphrN7Gpnx4+l0Og4n1ZhZXVtfaO4Wdra3tkt23v7LR0ZxaHJIxmpjs80SBFCEwVK6MQKWOBLaPvj69RvP4DSIgrvcBqDF7BRKIaCM0ykvl0e9fREG18DwoQOL/t2xak6GegycXNSITkaffurN4i4CSBELpnWXdeJ0ZsxhYJLmJd6RkPM+JiNoJvQkAWgvVkWfE6PjWYY0RgUFZJmIvzemLFA62ngJ5MBw3u96KXif17X4PDCm4kwNgghTw+hkJAd0lyJpBGgA6EAkaXJgYqQcqYYIihBGeeJaJKKSkkf7uL3y6R1WnVr1bPbWqV+lTdTJIfkiJwQl5yTOrkhDdIknBjyRJ7Ji/VovVpv1vvPaMHKdw7IH1gf35TEl6Y=</latexit>

<latexit sha1_base64="icTDDbxVHPtS2Flv9PYlhp2oF90="></latexit>

g = { (0, 0), (1, 2),
(2, 1), (3, 6),
(4, 2), (5, 10),
(6, 3), (7, 14),
...
(2k, k), (1 + 2k, 2 + 4k),
... }

<latexit sha1_base64="S4Jb+bafAtsxoeYMhPO8SmyC6Os="></latexit>

f = { (0, 0),
(2, 1),
(4, 2),
(6, 3),
...
(2k, k),
... }
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Example
Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (0,0) } { (0,0),
  (1,1) }

…

which function(s) are we approximating?

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzK DgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>
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Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (0,0) } { (0,0),
  (1,1) }

{ (0,0),
  (1,1),
  (2,2) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

…

which function(s) are we approximating?

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzK DgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>
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Example
Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzK DgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (0,0) } { (0,0),
  (1,1) }

{ (0,0),
  (1,1),
  (2,2) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

…{ (0,0),
  (1,1),
  (2,2),
  (3,3) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

which function(s) are we approximating?
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which function(s) are we approximating?

Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzK DgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (0,0) } { (0,0),
  (1,1) }

{ (0,0),
  (1,1),
  (2,2) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

…{ (0,0),
  (1,1),
  (2,2),
  (3,3) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (0,0),
  (1,1),
  (2,2),
  (3,3),
  (4,4) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>
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Example
…

Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzK DgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (0,1) } { (0,1),
  (1,1) }

{ (0,1),
  (1,1),
  (2,2) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

…

which function(s) are we approximating?
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Example
Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (0,1) } { (0,1),
  (1,1) }

{ (0,1),
  (1,1),
  (2,2) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

…{ (0,1),
  (1,1),
  (2,2),
  (3,6) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

which function(s) are we approximating?

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzK DgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>
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Example

which function(s) are we approximating?

Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzK DgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (0,1) } { (0,1),
  (1,1) }

{ (0,1),
  (1,1),
  (2,2) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

…{ (0,1),
  (1,1),
  (2,2),
  (3,6) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (0,1),
  (1,1),
  (2,2),
  (3,6),
  (4,24) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>
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Example

which function(s) are we approximating?

Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzK DgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (0,1) } { (0,1),
  (4,24) }

{ (0,1),
  (1,1),
  (4,24) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

…{ (0,1),
  (1,1),
  (3,6),
  (4,24) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (0,1),
  (1,1),
  (2,2),
  (3,6),
  (4,24) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>
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Example
Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzK DgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (1,1) } { (1,1),
  (2,4) }

{ (1,1),
  (2,4),
  (3,81) }

which function(s) are we approximating?

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

…{ (1,1),
  (2,4),
  (3,81),
  (4,256) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>
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Example
Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzK DgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (4,2) } { (4,2),
  (6,3) }

{ (4,2),
  (6,3),
  (8,4) }

which function(s) are we approximating?

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (4,2),
  (6,3),
  (8,4),
  (9,3) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

…{ (4,2),
  (6,3),
  (8,4),
  (9,3),
  (10,5) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>
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Example
Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

;

<latexit sha1_base64="sua0L48/fo4twSd56/RGOGI6Pbw=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg+UWNH5sgmn3NmnuzVSZOUraKGiQ7R8DAX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHHRrHh0OaRjEwvYBakCKGNAiX0tAGmAgndYHqd+d1HMFZE4R3ONPiKTUIxFpxhKt0PQGmcWcBhtebW3Rx0mXgFqZECrWH1azCKeKwgRC6ZtX3P1egnzK DgEuaVQWxBMz5lE+inNGQKrJ/kgef0JLYMI6rBUCFpLsLvjYQpa2cqSCcVwwe76GXif14/xvGln4hQxwghzw6hkJAfstyItAmgI2EAkWXJgYqQcmYYIhhBGeepGKfVVNI+vMXvl0nnrO416ue3jVrzqmimTI7IMTklHrkgTXJDWqRNOFHkiTyTF2fuvDpvzvvPaMkpdg7JHzgf3wEylTg=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

{ (1,6) } { (1,6),
  (2,28) }

{ (1,6),
  (2,28),
  (3,496) }

which function(s) are we approximating?

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>

…{ (1,6),
  (2,28),
  (3,496),
  (4,8128) }

v

<latexit sha1_base64="akEth1V2rHb35XSZszVanK+td+M=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg/JsaLzZRNOOT9yt4cUWRFfQQsVHaLlWyj4F2zjAhKmGs3samfHj6XQaNufVmlldW19o7xZ2dre2d2r7h90dGQUhzaPZKR6PtMgRQhtFCihFytggS+h60+uM7/7AEqLKLzDWQxewMahGAnOMJXcvp5q42tAmA6qNbtu56DLxClIjRRoDapf/WHETQAhcsm0dh07Ri9hCgWXMK/0jYaY8Qkbg5vSkAWgvSSPPKcnRjOMaAyKCklzEX5vJCzQehb46WTA8F4vepn4n+caHF16iQhjgxDy7BAKCfkhzZVIuwA6FAoQWZYcqAgpZ4ohghKUcZ6KJi2nkvbhLH6/TDpndadRP79t1JpXRTNlckSOySlxyAVpkhvSIm3CSUSeyDN5sR6tV+vNev8ZLVnFziH5A+vjG5+VliE=</latexit>
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Functional property
partial functionsPf(A,B) = {f : A * B}

<latexit sha1_base64="DX5QhJTvkvJUiM3zhB2Qmg0bxak="></latexit>

Pf(A,B) = {f ✓ A⇥B | 8a 2 A.8b1, b2 2 B.(a, b1) 2 f ^ (a, b2) 2 f ) b1 = b2}

<latexit sha1_base64="mbrgf63trE+xOsQP5yhYQ5ZMD6M="></latexit>

functional property

f(a) # , 9b 2 B. (a, b) 2 f

<latexit sha1_base64="Qm4lZTCl4DtWdFQcERC63BRTeSQ="></latexit>

function    is defined onf

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

a

<latexit sha1_base64="MQD0+q7W9JQlE6NmGsQrJdOcJ6w=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXryyaccn7obo0UWfkCWqjoEC0fRMG/YBsXkDDVaGZXOztepKQh2/60SmvrG5tb5e3Kzu7e/kH18KhrwlgL7IhQhbrvgUElA+yQJIX9SCP4nsKeN7vN/N4jaiPD4J7mEbo+TAM5kQIoldowqtbsup2DrxKnIDVWoDWqfg3HoYh9DEgoMGbg2BG5CWiSQuGiMowNRiBmMMVBSgPw0bhJHnTBz2IDFPIINZeK5yL+3kjAN2bue+mkD/Rglr1M/M8bxDS5dhMZRDFhILJDJBXmh4zQMm0A+VhqJIIsOXIZcAEaiFBLDkKkYpxWUkn7cJa/XyXdi7rTqF+2G7XmTdFMmZ2wU3bOHHbFmuyOtViHCYbsiT2zFyu2Xq036/1ntGQVO8fsD6yPb2VIkXI=</latexit>

is a PO with bottom
what is bottom?
is it complete?

, f ✓ g

<latexit sha1_base64="/QHvBCsLt9sCpax7Iw6g/EMMDII=">AAACEHicbVC7TgJBFJ3FF+ILtdRiIjGxIrsGoyXRxsICE3kkQMjd4QITZh/O3NUQQuMn+BW2WtkZW//Awn9xWbdQ8FQn59ybe89xQyUN2fanlVlYXFpeya7m1tY3Nrfy2zs1E0RaYFUEKtANFwwq6WOVJClshBrBcxXW3eHF1K/foTYy8G9oFGLbg74ve1IAxVInv9+6wh5p2R8QaB3c53otE7kGCW95v5Mv2EU7AZ8nTkoKLEWlk/9qdQMReeiTUGBM07FDao9BkxQKJ7lWZDAEMYQ+NmPqg4emPU5STPhhZIACHqLmUvFExN8bY/CMGXluPOkBDcysNxX/85oR9c7aY+mHEaEvpodIKkwOGaFlXA/yrtRIBNPPkUufC9BAhFpyECIWo7ivXNyHM5t+ntSOi06peHJdKpTP02aybI8dsCPmsFNWZpeswqpMsAf2xJ7Zi/VovVpv1vvPaMZKd3bZH1gf39HanT8=</latexit>

(Pf(A,B),v)

<latexit sha1_base64="2AvRhjmle5Z48eXM269n1rGITbU=">AAACEnicbVDLSgNBEJyNrxhfUY+CDAYhgRB2JaLHGC8eI5gHZJcwO+nEwdlHZnqFsOTmJ/gVXvXkTbz6Ax78F3djDppYp6Kqm64uN5RCo2l+Gpml5ZXVtex6bmNza3snv7vX0kGkODR5IAPVcZkGKXxookAJnVAB81wJbffuMvXb96C0CPwbHIfgeGzoi4HgDBOplz8s2h7DW3cQNwaT4kW5XirbeqQjVwPCqNTLF8yKOQVdJNaMFMgMjV7+y+4HPPLARy6Z1l3LDNGJmULBJUxydqQhZPyODaGbUJ95oJ14+seEHkeaYUBDUFRIOhXh90bMPK3HnptMpqH1vJeK/3ndCAfnTiz8MELweXoIhYTpIc2VSAoC2hcKEFmaHKjwKWeKIYISlHGeiFHSWC7pw5r/fpG0TipWtXJ6XS3U6rNmsuSAHJEiscgZqZEr0iBNwskDeSLP5MV4NF6NN+P9ZzRjzHb2yR8YH9+r3J0J</latexit>

the empty relation
(the function always undefined)

<latexit sha1_base64="2jJmOpC0xSlQDbGSxppeevwcq9E="></latexit>

f v g , ( 8a 2 A. f(a) # ) (g(a) # ^f(a) = g(a)) )
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Is Pf complete?
(Pf(A,B),v)

<latexit sha1_base64="2AvRhjmle5Z48eXM269n1rGITbU=">AAACEnicbVDLSgNBEJyNrxhfUY+CDAYhgRB2JaLHGC8eI5gHZJcwO+nEwdlHZnqFsOTmJ/gVXvXkTbz6Ax78F3djDppYp6Kqm64uN5RCo2l+Gpml5ZXVtex6bmNza3snv7vX0kGkODR5IAPVcZkGKXxookAJnVAB81wJbffuMvXb96C0CPwbHIfgeGzoi4HgDBOplz8s2h7DW3cQNwaT4kW5XirbeqQjVwPCqNTLF8yKOQVdJNaMFMgMjV7+y+4HPPLARy6Z1l3LDNGJmULBJUxydqQhZPyODaGbUJ95oJ14+seEHkeaYUBDUFRIOhXh90bMPK3HnptMpqH1vJeK/3ndCAfnTiz8MELweXoIhYTpIc2VSAoC2hcKEFmaHKjwKWeKIYISlHGeiFHSWC7pw5r/fpG0TipWtXJ6XS3U6rNmsuSAHJEiscgZqZEr0iBNwskDeSLP5MV4NF6NN+P9ZzRjzHb2yR8YH9+r3J0J</latexit>

complete?
Given a chain {fi}i2N

<latexit sha1_base64="YravKf5bJlt0Y1qT7WfY+pX78To=">AAACDXicbVDLSsNAFJ34rPUVdSVuBovgqiRS0WXRjSupYB/QhDCZ3tahkwczN0IJwU/wK9zqyp249Rtc+C8msQttPavDOfdyzz1+LIVGy/o0FhaXlldWK2vV9Y3NrW1zZ7ejo0RxaPNIRqrnMw1ShNBGgRJ6sQIW+BK6/viy8Lv3oLSIwlucxOAGbBSKoeAMc8kz95106Akn81LhiJA6AcM730+vs8wza1bdKkHniT0lNTJFyzO/nEHEkwBC5JJp3betGN2UKRRcQlZ1Eg0x42M2gn5OQxaAdtPyhYweJZphRGNQVEhaivB7I2WB1pPAzyeLiHrWK8T/vH6Cw3M3FWGcIIS8OIRCQnlIcyXyboAOhAJEViQHmrfAmWKIoARlnOdikpdVzfuwZ7+fJ52Tut2on940as2LaTMVckAOyTGxyRlpkivSIm3CyQN5Is/kxXg0Xo034/1ndMGY7uyRPzA+vgHQu5wz</latexit>

let us consider
[

i2N
fi ✓ A⇥B

<latexit sha1_base64="t8QqzzoOHJxfTA88a4d3uGFgZsc="></latexit>

we want to prove that
[

i2N
fi 2 Pf(A,B)

<latexit sha1_base64="vgY79mcXbRgZJW/0+LEYcUxb/tY=">AAACJXicbVDLSgNBEJyN7/iKevQyGAQFCbui6FHjxZNEMFHIhmV20hsbZx/M9Aqy7Hf4CX6FVz15E8GD+CvuxoDPOhVV3XR1+YlCQ7b9alXGxicmp6ZnqrNz8wuLtaXljolTLaEtYxXrC18YUBhBm5AUXCQaROgrOPevjkr//Bq0wTg6o5sEeqEYRBigFFRIXs1xfRzINPEydDHibijo0vezkzwPPORfUpC1gnzjcKu56dXqdsMegv8lzojU2Qgtr/bm9mOZhhCRVMKYrmMn1MuEJpQK8qqbGkiEvBID6BY0EiGYXjZ8LefrqREU8wQ0R8WHInzfyERozE3oF5NlTvPbK8X/vG5KwX4vwyhJCSJZHiJUMDxkpMaiM+B91EAkyuTAiyqk0IIINHIhZSGmRYnVog/n9/d/SWe74ew0dk936gfNUTPTbJWtsQ3msD12wI5Zi7WZZLfsnj2wR+vOerKerZfP0Yo12llhP2C9fwA7YKU4</latexit>

i.e. that                 satisfies the functional property

8i 2 N.8a 2 A.8b1, b2 2 B.(a, b1) 2 fi ^ (a, b2) 2 fi ) b1 = b2}

<latexit sha1_base64="owY7CvaUeforObml3twte6eeaqw=">AAACanicbZHbbhMxEIa9y6mkhablCvXGIiAVCa12o6Jyg1TKDVeoINJWykarsTNJR/UeZM+2qlZ5UCR4Ax4COw2nlrn65xv/Gvu3agw5TtOvUXzn7r37D9Ye9tY3Hj3e7G9tH7u6tRpHuja1PVXg0FCFIyY2eNpYhFIZPFHn78P85AKto7r6wlcNTkqYVzQjDexR0b/IZ7UFYyTlVOUl8JlS3cdFIn9x8Fy++9OrInulimGgh4 ncBd9kL0M3Kyi/xOkcr+HwN/xM8zMGa+vLYH4bzIuiP0iTdFnytshWYiBWdVT0v+fTWrclVqwNODfO0oYnHVgmbXDRy1uHDehzmOPYywpKdJNumc9CvmgdcC0btJKMXEL829FB6dxVqfzJkIC7OQvwf7Nxy7M3k46qpmWsdFjEZHC5yGlLPniUU7LIDOHmKH0kGiwwoyUJWnvY+p/o+Tyym6+/LY6HSbaXvP60Nzg4XCWzJnbEM7ErMrEvDsQHcSRGQotvURytRxvRj3g7fhrvXB+No5Xnifin4uc/AQidtss=</latexit>

we know that each     is functionalfi

<latexit sha1_base64="PaBaZ1MiNiNqrBRmwfslZXV8OPw=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drUGRlU+ghYoO0fI9FPwLtnEBCVONZna1s+NFShqy7U+rtLS8srpWXq9sbG5t71R399omjLXAlghVqLseGFQywBZJUtiNNILvKex4k6vM7zygNjIM7mgaoevDOJAjKYBS6XY0kINqza7bOfgicQpSYwWag+pXfxiK2MeAhAJjeo4dkZuAJikUzir92GAEYgJj7KU0AB+Nm+RRZ/woNkAhj1BzqXgu4u+NBHxjpr6XTvpA92bey8T/vF5Mows3kUEUEwYiO0RSYX7ICC3TDpAPpUYiyJIjlwEXoIEIteQgRCrGaSmVtA9n/vtF0j6pO6f1s5vTWuOyaKbMDtghO2YOO2cNds2arMUEG7Mn9sxerEfr1Xqz3n9GS1axs8/+wPr4Bu/lklM=</latexit>

we need to prove     is functionalf

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

8a 2 A.8b1, b2 2 B.(a, b1) 2 f ^ (a, b2) 2 f ) b1 = b2}

<latexit sha1_base64="6wgxWoe9/66VSzR3/tL3dm10a2o="></latexit>

f =
[

i2N
fi

<latexit sha1_base64="qeCT6UEN35GdqwmlRR1csRb/70Y=">AAACE3icbVC7TsNAEDzzDOEVoKTgRIREFdkoCBqkCBoqFCQCkWLLOh/rsOL80N0aKbJS8gl8BS1UdIiWD6DgX7BDCiBMNZrZ1c5OkCo0ZNsf1tT0zOzcfGWhuri0vLJaW1u/NEmmJXRkohLdDYQBhTF0CElBN9UgokDBVXB7UvpXd6ANJvEFDVLwItGPMUQpqJD82lZ45AbYl1nq5+hizN1I0E0Q5GfDYegj92t1u2GPwCeJMyZ1Nkbbr32614nMIohJKmFMz7FT8nKhCaWCYdXNDKRC3oo+9AoaiwiMl48eGfKdzAhKeAqao+IjEX5u5CIyZhAFxWQZ0/z1SvE/r5dReOjlGKcZQSzLQ4QKRoeM1Fg0BPwaNRCJMjnwogkptCACjVxIWYhZUVm16MP5+/0kudxrOM3G/nmz3joeN1Nhm2yb7TKHHbAWO2Vt1mGS3bNH9sSerQfrxXq13r5Hp6zxzgb7Bev9C+bunlg=</latexit>
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pictorially

d0

<latexit sha1_base64="0Oi6EU75RhQPAbowRw4siSkZ5aA=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e3StX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE5u5rf</latexit>

d1

<latexit sha1_base64="zR3laxG5NG02zbfVSkbL2QUvITk=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e0ytX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE7Xprg</latexit>

d2

<latexit sha1_base64="evATSHwP/dQ9yUTCx+M4VXyn3io=">AAACCXicbVDLTgJBEJzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDekdGpww+8hMr5Fs+ALjVb/Dm/HqV/gZ/oG7yEHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPmiaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq8xvPaA2MgzuaByh68MwkAMpgFLptt+r9Iolu2xPwZeJMyMlNkO9V/zu9kMR+xiQUGBMx7EjchPQJIXCSaEbG4xAjGCInZQG4KNxk+mrE34SG6CQR6i5VHwq4t+NBHxjxr6XTvpA92bRy8T/vE5Mgws3kUEUEwYiCyKpcBpkhJZpB8j7UiMRZJ8jlwEXoIEIteQgRCrGaSlzR0EpN3kcT9KOnMVGlkmzUnaq5bObaql2OWsrz47YMTtlDjtnNXbN6qzBBBuyZ/bCXq0n6816tz5+R3PWbOeQzcH6/AE9AZrh</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

G

i2N
di

<latexit sha1_base64="H5Ij+glvVUstqgJWLxLoJF8ud7o=">AAACJnicbVBNS9xQFH3RqlM/x3YplEcHwdWQiKJL0U1XZQRHhUkIN2+u48WXl/jejTiE7PwxpVv7O9xJcedf8B80mc6ias/qcM79PEmuybHvP3kzsx/m5hdaHxeXlldW19rrn05dVliFfZXpzJ4n4FCTwT4TazzPLUKaaDxLro4a/+wGraPMnPA4xyiFkaELUsC1FLe/hAmN3LUq8rikkEyYAl8mSfm9quQwprjd8bv+BPI9CaakI6boxe2XcJipIkXDSoNzg8DPOSrBMimN1WJYOMxBXcEIBzU1kKKLyskfldwsHHAmc7SStJyI+G9HCalz4zSpK5sz3VuvEf/nDQq+2I9KMnnBaFSziEnjZJFTluqAUA7JIjM0l6MkIxVYYEZLEpSqxaJO7NVQ0Doqb8dVnVHwNpH35HS7G+x0d493OgeH07RaYkN8FVsiEHviQHwTPdEXStyJn+Je/PJ+eA/eo/f7b+mMN+35LF7Be/4DeCmnNA==</latexit>

P

<latexit sha1_base64="hQ6+0C8izw8L2VbDQUY6niDbynQ=">AAAB83icbVC7TgMxEPSFVwivACWNRYREFd2hICgjaCgTiTyk5IR8ziZY8flO9hopivIFtFDRIVo+iIJ/wXdcAYGpRjOz2t2JUikM+v6HV1pZXVvfKG9WtrZ3dveq+wddk1jNocMTmeh+xAxIoaCDAiX0Uw0sjiT0oul15vceQBuRqFucpRDGbKLEWHCGTmq37qo1v+7noH9JUJAaKeDyn8NRwm0MCrlkxgwCP8VwzjQKLmFRGVoDKeNTNoGBo4rFYMJ5fuiCnljDMKEpaCokzUX4OTFnsTGzOHLJmOG9WfYy8T9vYHF8Gc6FSi2C4tkiFBLyRYZr4RoAOhIaEFl2OVChKGeaIYIWlHHuROsqqbg+guXv/5LuWT1o1M/bjVrzqmimTI7IMTklAbkgTXJDWqRDOAHySJ7Is2e9F+/Ve/uOlrxi5pD8gvf+BUrJkWE=</latexit>

Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>

is the limit in     ?Q

<latexit sha1_base64="DmbOAe1Dh5kSskFW6fnhWHDaH70=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndHlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdMWJFi</latexit>
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Pf is complete
we need to prove     is functionalf

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

8a 2 A.8b1, b2 2 B.(a, b1) 2 f ^ (a, b2) 2 f ) b1 = b2}

<latexit sha1_base64="6wgxWoe9/66VSzR3/tL3dm10a2o="></latexit>

Take a 2 A, b1, b2 2 B

<latexit sha1_base64="hPf/UEIg1M1qkrXXYdFUbj9uXOE=">AAACCHicbVC7TgJREL2LL8QXPjqbG4mJBSG7BKMlYmOJiTwSIJvZy4A33n3k3lkTJPyAX2GrlZ2x9S8s/Bd3kULBU505ZyYzc7xISUO2/WlllpZXVtey67mNza3tnfzuXtOEsRbYEKEKddsDg0oG2CBJCtuRRvA9hS3v7jL1W/eojQyDGxpF2PNhGMiBFECJ5OYPoCsDflHknusUPbecVjU3X7BL9hR8kTgzUmAz1N38V7cfitjHgIQCYzqOHVFvDJqkUDjJdWODEYg7GGInoQH4aHrj6fUTfhwboJBHqLlUfCri74kx+MaMfC/p9IFuzbyXiv95nZgG572xDKKYMBDpIpIKp4uM0DKJBXlfaiSC9HLkye8CNBChlhyESMQ4ySmX5OHMf79ImuWSUymdXlcK1dosmSw7ZEfshDnsjFXZFauzBhPsgT2xZ/ZiPVqv1pv1/tOasWYz++wPrI9vc8qX5w==</latexit>

such that (a, b1) 2 f ^ (a, b2) 2 f

<latexit sha1_base64="VqscDTvKZ9ZfQqPS26ReIidF9DQ=">AAACE3icbVDLTgJBEJzFF+IL9ejBicQEE0N2CUaPRC8eMZFHAoT0Dg1OmH1kpldDCEc/wa/wqidvxqsf4MF/cVk4KFinSlV3uqvcUElDtv1lpZaWV1bX0uuZjc2t7Z3s7l7NBJEWWBWBCnTDBYNK+lglSQoboUbwXIV1d3A18ev3qI0M/Fsahtj2oO/LnhRAsdTJHubh1O04Jy3p817rAbt95IlUnEqdbM4u2An4InFmJMdmqHSy361uICIPfRIKjGk6dkjtEWiSQuE404oMhiAG0MdmTH3w0LRHSZAxP44MUMBD1Fwqnoj4e2MEnjFDz40nPaA7M+9NxP+8ZkS9i/ZI+mFE6IvJIZIKk0NGaBk3hLwrNRLB5HPkcXYBGohQSw5CxGIUV5aJ+3Dm0y+SWrHglApnN6Vc+XLWTJodsCOWZw47Z2V2zSqsygR7ZM/shb1aT9ab9W59TEdT1mxnn/2B9fkDKN2cCQ==</latexit>

we need to prove b1 = b2

<latexit sha1_base64="TONWoXqyo9Hy0vyX6m861D8b+no=">AAAB+XicbVC7TsNAEDzzDOEVoKQ5ESFRRXYUBA1SBA1lkMhDSqxofdmEU84P3a2RIisfQQsVHaLlayj4F2zjAhKmGs3samfHi5Q0ZNuf1srq2vrGZmmrvL2zu7dfOTjsmDDWAtsiVKHueWBQyQDbJElhL9IIvqew601vMr/7iNrIMLinWYSuD5NAjqUASqWuN3SuvGF9WKnaNTsHXyZOQaqsQGtY+RqMQhH7GJBQYEzfsSNyE9AkhcJ5eRAbjEBMYYL9lAbgo3GTPO6cn8YGKOQRai4Vz0X8vZGAb8zM99JJH+jBLHqZ+J/Xj2l86SYyiGLCQGSHSCrMDxmhZdoD8pHUSARZcuQy4AI0EKGWHIRIxTgtppz24Sx+v0w69ZrTqJ3fNarN66KZEjtmJ+yMOeyCNdkta7E2E2zKntgze7ES69V6s95/RlesYueI/YH18Q0F0JNv</latexit>

(a, b1) 2 f =
[

i2N
fi , 9k 2 N.(a, b1) 2 fk

<latexit sha1_base64="XafQ24RtPzGD1nHUE4gz+w+lL5k="></latexit>

(a, b2) 2 f =
[

i2N
fi , 9h 2 N.(a, b2) 2 fh

<latexit sha1_base64="RsCTVpQ/bc8zi5iSdM+o3YEW4nI="></latexit>

m , max{k, h}

<latexit sha1_base64="KJ8O5zAdehbJ8++1gQQ6Yabx7fc=">AAACDXicbVDLSgNBEJz1GeMr6km8DAbBg4RdUfQY9OIxgnlANoTesY1DZmbXmV5RluAn+BVe9eRNvPoNHvwXNzEHX3UqqrrprooSJR35/rs3MTk1PTNbmCvOLywuLZdWVhsuTq3AuohVbFsROFTSYJ0kKWwlFkFHCptR/3joN6/ROhmbM7pNsKOhZ+SFFEC51C2tax6SlWB6Cq94qOGGh1l/5zIcdEtlv+KPwP+SYEzKbIxat/QRnsci1WhIKHCuHfgJdTKwJIXCQTFMHSYg+tDDdk4NaHSdbBRhwLdSBxTzBC2Xio9E/L6RgXbuVkf5pAa6dL+9ofif107p4rCTSZOkhEYMD5FUODrkhJV5N8jPpUUiGH6OXBouwAIRWslBiFxM87KKeR/B7/R/SWO3EuxV9k/3ytWjcTMFtsE22TYL2AGrshNWY3Um2B17YI/sybv3nr0X7/VrdMIb76yxH/DePgGdTptz</latexit>

Clearly fk ✓ fm

<latexit sha1_base64="7TnADsP1PBKiqsXItwboX3kpVVM=">AAACBXicbVC7TsNAEDyHVwgvB0qaExESVWQjEJQRNJRBIg8psazzZR1OOT+4W4MiKzVfQQsVHaLlOyj4F2zjAhKmGs3samfHi6XQaFmfRmVpeWV1rbpe29jc2t4x67tdHSWKQ4dHMlJ9j2mQIoQOCpTQjxWwwJPQ8yaXud+7B6VFFN7gNAYnYONQ+IIzzCTXrPvuhA514mlAuKO+G7hmw2paBegisUvSICXarvk1HEU8CSBELpnWA9uK0UmZQsElzGrDREPM+ISNYZDRkAWgnbSIPqOHiWYY0RgUFZIWIvzeSFmg9TTwssmA4a2e93LxP2+QoH/upCKME4SQ54dQSCgOaa5E1gnQkVCAyPLkQEVIOVMMEZSgjPNMTLKSalkf9vz3i6R73LRPmqfXJ43WRdlMleyTA3JEbHJGWuSKtEmHcPJAnsgzeTEejVfjzXj/Ga0Y5c4e+QPj4xvKNphM</latexit>

fh ✓ fm

<latexit sha1_base64="RlU7WLTv2Ju18DgRQlGt49RzNck=">AAACBXicbVC7TsNAEDyHVwgvB0qaExESVWSjICgjaCiDRB5SYlnnyzo55fzgbg2KrNR8BS1UdIiW76DgX3CMC0iYajSzq50dL5ZCo2V9GqWV1bX1jfJmZWt7Z3fPrO53dJQoDm0eyUj1PKZBihDaKFBCL1bAAk9C15tczf3uPSgtovAWpzE4ARuFwhecYSa5ZtV3x3SgE08Dwh313cA1a1bdykGXiV2QGinQcs2vwTDiSQAhcsm07ttWjE7KFAouYVYZJBpixidsBP2MhiwA7aR59Bk9TjTDiMagqJA0F+H3RsoCraeBl00GDMd60ZuL/3n9BP0LJxVhnCCEfH4IhYT8kOZKZJ0AHQoFiGyeHKgIKWeKIYISlHGeiUlWUiXrw178fpl0Tut2o35206g1L4tmyuSQHJETYpNz0iTXpEXahJMH8kSeyYvxaLwab8b7z2jJKHYOyB8YH9/FX5hJ</latexit>

(a, b1) 2 fm

<latexit sha1_base64="iuEHB3v9ayYbUUcUQda5rgRmHys=">AAACAHicbVDLSgNBEJyNrxhfUY9eBoMQQcKuRPQY9OIxgnlAsi69k04cMvtgplcIIRe/wquevIlX/8SD/+JmzUET61RUddPV5cdKGrLtTyu3tLyyupZfL2xsbm3vFHf3miZKtMCGiFSk2z4YVDLEBklS2I41QuArbPnDq6nfekBtZBTe0ihGN4BBKPtSAKXSXRlOfM857sqQ973AK5bsip2BLxJnRkpshrpX/Or2IpEEGJJQYEzHsWNyx6BJCoWTQjcxGIMYwgA7KQ0hQOOOs9QTfpQYoIjHqLlUPBPx98YYAmNGgZ9OBkD3Zt6biv95nYT6F+5YhnFCGIrpIZIKs0NGaJnWgbwnNRLBNDny9HsBGohQSw5CpGKS9lNI+3Dmv18kzdOKU62c3VRLtctZM3l2wA5ZmTnsnNXYNauzBhNMsyf2zF6sR+vVerPef0Zz1mxnn/2B9fENiY2V6A==</latexit>

(a, b2) 2 fm

<latexit sha1_base64="vpQAzm90OMKXZBczrCHaTaG3iew=">AAACAHicbVDLSgNBEJyNrxhfUY9eBoMQQcJuiOgx6MVjBPOAZA29k04cMvtgplcIIRe/wquevIlX/8SD/+LumoNG61RUddPV5UVKGrLtDyu3tLyyupZfL2xsbm3vFHf3WiaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHvjy9Rv36M2MgxuaBKh68MokEMpgBLptgwnXr963JMBH/b9frFkV+wM/C9x5qTE5mj0i5+9QShiHwMSCozpOnZE7hQ0SaFwVujFBiMQYxhhN6EB+GjcaZZ6xo9iAxTyCDWXimci/tyYgm/MxPeSSR/ozix6qfif141peO5OZRDFhIFID5FUmB0yQsukDuQDqZEI0uTIk+8FaCBCLTkIkYhx0k8h6cNZ/P4vaVUrTq1yel0r1S/mzeTZATtkZeawM1ZnV6zBmkwwzR7ZE3u2HqwX69V6+x7NWfOdffYL1vsXiySV6Q==</latexit>

)

<latexit sha1_base64="U/cGJXm9nVrm+DGa9oUkW+rj1TU=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxIndGoyXRxhKNfCQHIXPLABv29i67cxpyIf4KW63sjK2/xcL/4oEUCr7q5b2ZzJsXxEpact1PJ7e0vLK6ll8vbGxube8Ud/fqNkqMwJqIVGSaAVhUUmONJClsxgYhDBQ2guHVxG/co7Ey0nc0irEdQl/LnhRAmeS3bmV/QGBM9NApltyyOwVfJN6MlNgM1U7xq9WNRBKiJqHAWt9zY2qnYEgKheNCK7EYgxhCH/2MagjRttNp5DE/SixQxGM0XCo+FfH3RgqhtaMwyCZDoIGd9ybif56fUO+inUodJ4RaTA6RVDg9ZIWRWRfIu9IgEUySI5eaCzBAhEZyECITk6ycQtaHN//9IqmflL3T8tnNaalyOWsmzw7YITtmHjtnFXbNqqzGBIvYE3tmL86j8+q8Oe8/ozlntrPP/sD5+AZhAJX6</latexit>

b1 = b2

<latexit sha1_base64="TONWoXqyo9Hy0vyX6m861D8b+no=">AAAB+XicbVC7TsNAEDzzDOEVoKQ5ESFRRXYUBA1SBA1lkMhDSqxofdmEU84P3a2RIisfQQsVHaLlayj4F2zjAhKmGs3samfHi5Q0ZNuf1srq2vrGZmmrvL2zu7dfOTjsmDDWAtsiVKHueWBQyQDbJElhL9IIvqew601vMr/7iNrIMLinWYSuD5NAjqUASqWuN3SuvGF9WKnaNTsHXyZOQaqsQGtY+RqMQhH7GJBQYEzfsSNyE9AkhcJ5eRAbjEBMYYL9lAbgo3GTPO6cn8YGKOQRai4Vz0X8vZGAb8zM99JJH+jBLHqZ+J/Xj2l86SYyiGLCQGSHSCrMDxmhZdoD8pHUSARZcuQy4AI0EKGWHIRIxTgtppz24Sx+v0w69ZrTqJ3fNarN66KZEjtmJ+yMOeyCNdkta7E2E2zKntgze7ES69V6s95/RlesYueI/YH18Q0F0JNv</latexit>

fm

<latexit sha1_base64="D/SXSDxeGLg6F7PMwbMFEzlDq9o=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrOh82YRT7s7W3RoUWfkEWqjoEC3fQ8G/YBsXkDDVaGZXOztBJIVF1/10SkvLK6tr5fXKxubW9k51d69tw9hwaPFQhqYbMAtSaGihQAndyABTgYROMLnK/M4DGCtCfYfTCHzFxlqMBGeYSrejgRpUa27dzUEXiVeQGinQHFS/+sOQxwo0csms7XluhH7CDAouYVbpxxYixidsDL2UaqbA+kkedUaPYsswpBEYKiTNRfi9kTBl7VQF6aRieG/nvUz8z+vFOLrwE6GjGEHz7BAKCfkhy41IOwA6FAYQWZYcqNCUM8MQwQjKOE/FOC2lkvbhzX+/SNonde+0fnZzWmtcFs2UyQE5JMfEI+ekQa5Jk7QIJ2PyRJ7Ji/PovDpvzvvPaMkpdvbJHzgf3/Yhklc=</latexit>

is functional
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Example
Pf(N,N)

<latexit sha1_base64="V1HMQfb7Zg5C7lq4or179oFfbgE=">AAACFnicbZA9SwNBEIb34leMX1FLmyVBiCDhTiJaBm2sJIL5gOQIe5tJXLL3we6cEI7r/Qn+Clut7MTW1sL/4t0loCZO9fC+M8zM6wRSaDTNTyO3tLyyupZfL2xsbm3vFHf3WtoPFYcm96WvOg7TIIUHTRQooRMoYK4joe2ML1O/fQ9KC9+7xUkAtstGnhgKzjCR+sVSz2V45wyjxjCuTNmJruPjHzzqF8tm1cyKLoI1gzKZVaNf/OoNfB664CGXTOuuZQZoR0yh4BLiQi/UEDA+ZiPoJugxF7QdZb/E9DDUDH0agKJC0kyE3xMRc7WeuE7SmZ6o571U/M/rhjg8tyPhBSGCx9NFKCRkizRXIgkJ6EAoQGTp5UCFRzlTDBGUoIzzRAyT1ApJHtb894vQOqlaterpTa1cv5glkycHpEQqxCJnpE6uSIM0CScP5Ik8kxfj0Xg13oz3aWvOmM3skz9lfHwDVyifpQ==</latexit>

; ✓ {(0, 1)}
✓ {(0, 1), (1, 1)}
✓ {(0, 1), (1, 1), (2, 2)}
✓ {(0, 1), (1, 1), (2, 2), (3, 6)}
✓ {(0, 1), (1, 1), (2, 2), (3, 6), (4, 24)}
✓ · · ·

<latexit sha1_base64="kN3yxvpyVz8Qa/UQLU9udQN/u6E="></latexit>

f0

<latexit sha1_base64="KHhRB4lGet1WN5mnwTJsLcUZbbI=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogyENKrOh82YRTzg/drUGRlU+ghYoO0fI9FPwLtnEBCVONZna1s+NFShqy7U+rtLS8srpWXq9sbG5t71R399omjLXAlghVqLseN6hkgC2SpLAbaeS+p7DjTa4yv/OA2sgwuKNphK7Px4EcScEplW5HA3tQrdl1OwdbJE5BalCgOah+9YehiH0MSChuTM+xI3ITrkkKhbNKPzYYcTHhY+ylNOA+GjfJo87YUWw4hSxCzaRiuYi/NxLuGzP1vXTS53Rv5r1M/M/rxTS6cBMZRDFhILJDJBXmh4zQMu0A2VBqJOJZcmQyYIJrToRaMi5EKsZpKZW0D2f++0XSPqk7p/Wzm9Na47JopgwHcAjH4MA5NOAamtACAWN4gmd4sR6tV+vNev8ZLVnFzj78gfXxDZcOkho=</latexit>

f1

<latexit sha1_base64="AL0o6VMpS/GHRzEGTJq5mZ9GUus=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drUGRlU+ghYoO0fI9FPwLtnEBCVONZna1s+NFShqy7U+rtLS8srpWXq9sbG5t71R399omjLXAlghVqLseGFQywBZJUtiNNILvKex4k6vM7zygNjIM7mgaoevDOJAjKYBS6XY0cAbVml23c/BF4hSkxgo0B9Wv/jAUsY8BCQXG9Bw7IjcBTVIonFX6scEIxATG2EtpAD4aN8mjzvhRbIBCHqHmUvFcxN8bCfjGTH0vnfSB7s28l4n/eb2YRhduIoMoJgxEdoikwvyQEVqmHSAfSo1EkCVHLgMuQAMRaslBiFSM01IqaR/O/PeLpH1Sd07rZzentcZl0UyZHbBDdswcds4a7Jo1WYsJNmZP7Jm9WI/Wq/Vmvf+MlqxiZ5/9gfXxDZidkhs=</latexit>

f2

<latexit sha1_base64="dVkZBlWnnYCqeWE0b2HmI6nY2zc=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrKjICgjaCiDIA8psaL1ZRNOOT90twZFVj6BFio6RMv3UPAvOMYFJEw1mtnVzo4XKWnItj+twsrq2vpGcbO0tb2zu1feP2ibMNYCWyJUoe56YFDJAFskSWE30gi+p7DjTa7mfucBtZFhcEfTCF0fxoEcSQGUSrejQW1QrthVOwNfJk5OKixHc1D+6g9DEfsYkFBgTM+xI3IT0CSFwlmpHxuMQExgjL2UBuCjcZMs6oyfxAYo5BFqLhXPRPy9kYBvzNT30kkf6N4senPxP68X0+jCTWQQxYSBmB8iqTA7ZISWaQfIh1IjEcyTI5cBF6CBCLXkIEQqxmkppbQPZ/H7ZdKuVZ169eymXmlc5s0U2RE7ZqfMYeeswa5Zk7WYYGP2xJ7Zi/VovVpv1vvPaMHKdw7ZH1gf35oskhw=</latexit>

f3

<latexit sha1_base64="5IfqOtLJTrfp9dJ1oDDnrU2kxcQ=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIhCMoIGsogyENKouh82YRTzg/drUGRlU+ghYoO0fI9FPwLtnEBCVONZna1s+OGShqy7U+rsLS8srpWXC9tbG5t75R391omiLTApghUoDsuN6ikj02SpLATauSeq7DtTq5Sv/2A2sjAv6NpiH2Pj305koJTIt2OBqeDcsWu2hnYInFyUoEcjUH5qzcMROShT0JxY7qOHVI/5pqkUDgr9SKDIRcTPsZuQn3uoenHWdQZO4oMp4CFqJlULBPx90bMPWOmnptMepzuzbyXiv953YhGF/1Y+mFE6Iv0EEmF2SEjtEw6QDaUGol4mhyZ9JngmhOhlowLkYhRUkop6cOZ/36RtE6qTq16dlOr1C/zZopwAIdwDA6cQx2uoQFNEDCGJ3iGF+vRerXerPef0YKV7+zDH1gf35u7kh0=</latexit>

f4

<latexit sha1_base64="ymmpJXy1ygquCgS9BWyZKm+IJYI=">AAAB9XicbVC7TsNAEFzzDOEVoKQ5ESFRRTYKgjKChjII8pASKzpfNuGU80N3a1Bk5RNooaJDtHwPBf+CbVxAwlSjmV3t7HiRkoZs+9NaWl5ZXVsvbZQ3t7Z3dit7+20TxlpgS4Qq1F2PG1QywBZJUtiNNHLfU9jxJleZ33lAbWQY3NE0Qtfn40COpOCUSrejQX1Qqdo1OwdbJE5BqlCgOah89YehiH0MSChuTM+xI3ITrkkKhbNyPzYYcTHhY+ylNOA+GjfJo87YcWw4hSxCzaRiuYi/NxLuGzP1vXTS53Rv5r1M/M/rxTS6cBMZRDFhILJDJBXmh4zQMu0A2VBqJOJZcmQyYIJrToRaMi5EKsZpKeW0D2f++0XSPq059drZTb3auCyaKcEhHMEJOHAODbiGJrRAwBie4BlerEfr1Xqz3n9Gl6xi5wD+wPr4Bp1Kkh4=</latexit>

f5

<latexit sha1_base64="LKTV/db2qoPjKleFuPiRD2Y5sWA=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrJRIigjaCiDIA8piaL1ZRNOOT90twZFVj6BFio6RMv3UPAv2MYFJEw1mtnVzo4bKmnItj+twsrq2vpGcbO0tb2zu1feP2ibINICWyJQge66YFBJH1skSWE31Aieq7DjTq9Sv/OA2sjAv6NZiAMPJr4cSwGUSLfjYX1YrthVOwNfJk5OKixHc1j+6o8CEXnok1BgTM+xQxrEoEkKhfNSPzIYgpjCBHsJ9cFDM4izqHN+EhmggIeouVQ8E/H3RgyeMTPPTSY9oHuz6KXif14vovHFIJZ+GBH6Ij1EUmF2yAgtkw6Qj6RGIkiTI5c+F6CBCLXkIEQiRkkppaQPZ/H7ZdI+qzq1av2mVmlc5s0U2RE7ZqfMYeeswa5Zk7WYYBP2xJ7Zi/VovVpv1vvPaMHKdw7ZH1gf357Zkh8=</latexit>

[

i2N
fi

<latexit sha1_base64="QO1Inv0CGV2FqZ/jOZZe/0uM/QY=">AAACEHicbVC7TsNAEDzzDOEVoITiRIREFdkIBGUEDRUKEglIsWWdj01YcT5bd2skZKXhE/gKWqjoEC1/QMG/YJsUvKYazexqZydKFVpy3XdnYnJqema2NlefX1hcWm6srPZskhkJXZmoxFxEwoJCDV1CUnCRGhBxpOA8uj4q/fMbMBYTfUa3KQSxGGocoBRUSGFjw49wKLM0zNFH7ceCrqIoPxmN+CDEsNF0W24F/pd4Y9JkY3TCxod/mcgsBk1SCWv7nptSkAtDKBWM6n5mIRXyWgyhX1AtYrBBXn0x4luZFZTwFAxHxSsRvm/kIrb2No6KyTKm/e2V4n9eP6PBQZCjTjMCLctDhAqqQ1YaLOoBfokGiESZHDhqLoURRGCQCykLMSv6qhd9eL+//0t6Oy1vt7V3uttsH46bqbF1tsm2mcf2WZsdsw7rMsnu2AN7ZE/OvfPsvDivX6MTznhnjf2A8/YJLEmddw==</latexit>

is (maybe) the factorial function

note: the limit of partial functions can be a total function
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Total functions
total functionsTf(A,B) = (A ! B)

<latexit sha1_base64="l88WpX0V1NJ6VP+mHstaqcnXJo4=">AAACGHicbVDLTgJBEJz1ifhCPXqZiCaQGLJrNHoxEbx4xASUBAjpHRqYOPvITK/GbPgBP8Gv8Konb8arNw/+i7vIQcE6Vaq609Xlhkoasu1Pa2Z2bn5hMbOUXV5ZXVvPbWxemSDSAusiUIFuuGBQSR/rJElhI9QInqvw2r05T/3rW9RGBn6N7kNse9D3ZU8KoETq5HZbHtDA7cW13rBQ3q8U+SkvlHlLy/6AQOvgjleKnVzeLtkj8GnijEmejVHt5L5a3UBEHvokFBjTdOyQ2jFokkLhMNuKDIYgbqCPzYT64KFpx6NvhnwvMkABD1FzqfhIxN8bMXjG3HtuMplmN5NeKv7nNSPqnbRj6YcRoS/SQyQVjg4ZoWVSE/Ku1EgEaXLk0ucCNBChlhyESMQo6S2b9OFMfj9Nrg5KzmHp6PIwf1YZN5Nh22yHFZjDjtkZu2BVVmeCPbAn9sxerEfr1Xqz3n9GZ6zxzhb7A+vjG2+AnlY=</latexit>

Pf(A,B) ⌘ Tf(A,B?)

<latexit sha1_base64="siuZSkPmivvjQNsHzLSaf7sKJBY=">AAACIXicbZDLTgJBEEV78IX4Ql266UhMIFEyYzC6RNy4xIRXwhDS0xTYsedhdw0JmfAVfoJf4VZX7ow7Y/wXZwATBWt1c25Vquo6gRQaTfPDSC0tr6yupdczG5tb2zvZ3b2G9kPFoc596auWwzRI4UEdBUpoBQqY60hoOndXid8cgtLC92o4CqDjsoEn+oIzjFE3e2K7DG+dflTtj/OXx5UCteE+FEP6w2tT3rUdHwvdbM4smpOii8KaiRyZVbWb/bJ7Pg9d8JBLpnXbMgPsREyh4BLGGTvUEDB+xwbQjqXHXNCdaPLWmB6FmqFPA1BUSDqB8HsiYq7WI9eJO5Nj9byXwP+8doj9i04kvCBE8HiyCIWEySLNlYjzAtoTChBZcjlQ4VHOFEMEJSjjPIZhHGAmzsOa/35RNE6LVql4dlPKlSuzZNLkgBySPLHIOSmTa1IldcLJA3kiz+TFeDRejTfjfdqaMmYz++RPGZ/fnKmivA==</latexit>

B? , B ] {?}

<latexit sha1_base64="t/IZcTxLKxvVgd3FicQBlWSZDd4=">AAACFXicbVC7TsNAEDyHVwivACXNQYREFdkIBGUUGkqQCCDFUbQ+lnDK+Wzu9pCQlZpP4CtooaJDtNQU/At2SAEJU41mdrU7E6VKWvL9T680NT0zO1eerywsLi2vVFfXzm3ijMCWSFRiLiOwqKTGFklSeJkahDhSeBH1jwr/4g6NlYk+o/sUOzH0tLyWAiiXutXNZjeMEuIhGQm6p/CWN0OXKmfDrDDCQbda8+v+EHySBCNSYyOcdKtf4VUiXIyahAJr24GfUicDQ1IoHFRCZzEF0YcetnOqIUbbyYZRBnzbWaCEp2i4VHwo4u+NDGJr7+Mon4yBbuy4V4j/eW1H14edTOrUEWpRHCKpcHjICiPzjpBfSYNEUHyOXGouwAARGslBiFx0eWmVvI9gPP0kOd+tB3v1/dO9WqM5aqbMNtgW22EBO2ANdsxOWIsJ9sCe2DN78R69V+/Ne/8ZLXmjnXX2B97HN6Wpn08=</latexit>

vB?,

<latexit sha1_base64="71kXwg9RgwnU5l0j/rfy8xAQQFU=">AAACFHicbVA9TwJBEN3DL8Qv1NJmIzGxIncGoyXBxhITUROOXOaWATfs7R27cybkQutP8FfYamVnbO0t/C8eSKHiq17em8nMe2GipCXX/XAKC4tLyyvF1dLa+sbmVnl758rGqRHYErGKzU0IFpXU2CJJCm8SgxCFCq/DwdnEv75DY2WsL2mUYCeCvpY9KYByKShz3w5tGlokHAZZI/DDmMbcJyNB9xUOeVCuuFV3Cj5PvBmpsBmaQfnT78YijVCTUGBt23MT6mRgSAqF45KfWkxADKCP7ZxqiNB2smmSMT9ILVDMEzRcKj4V8edGBpG1oyjMJyOgW/vXm4j/ee2UeqedTOokJdRicoikwukhK4zMK0LelQaJYPI5cqm5AANEaCQHIXIxzTsr5X14f9PPk6ujqlerHl/UKvXGrJki22P77JB57ITV2TlrshYT7J49sif27Dw4L86r8/Y9WnBmO7vsF5z3L0tCnyA=</latexit>

flat order

f v g , 8a 2 A. f(a) vB? g(a)

<latexit sha1_base64="pb1BSej0QUDnyiDclEhcFepuJ9c="></latexit>

PO? immediate to check 
bottom? f?(a) = ?

<latexit sha1_base64="Htrj3I9QjAuDndVMaODOgBs5aas=">AAACBHicbVC7TgJBFJ3FF+Jr1dJmIjHBhuwajDYmRBtLTOSRACF3hwtOmH1k5i4JIbR+ha1WdsbW/7DwX9xdKRQ81ck59+aee7xISUOO82nlVlbX1jfym4Wt7Z3dPXv/oGHCWAusi1CFuuWBQSUDrJMkha1II/iewqY3ukn95hi1kWFwT5MIuz4MAzmQAiiRerY96HW8kEpwyq94ynp20Sk7GfgyceekyOao9eyvTj8UsY8BCQXGtF0nou4UNEmhcFboxAYjECMYYjuhAfhoutMs+YyfxAYo5BFqLhXPRPy9MQXfmInvJZM+0INZ9FLxP68d0+CyO5VBFBMGIj1EUmF2yAgtk0qQ96VGIkiTI5cBF6CBCLXkIEQixklHhaQPd/H7ZdI4K7uV8vldpVi9njeTZ0fsmJWYyy5Yld2yGqszwcbsiT2zF+vRerXerPef0Zw13zlkf2B9fAO52ZcO</latexit>

for any a 2 A

<latexit sha1_base64="s5Lu+xEgoVeg9RP6N1WRVjTjHYI=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJREJQBGsogkYeUWNH6sglHzg/drZFClH+ghYoO0fI3FPwLtnEBCVONZna1s+NFShqy7U+rsLS8srpWXC9tbG5t75R391omjLXApghVqDseGFQywCZJUtiJNILvKWx746vUbz+gNjIMbmkSoevDKJBDKYASqQU9GfCLfrliV+0MfJE4OamwHI1++as3CEXsY0BCgTFdx47InYImKRTOSr3YYARiDCPsJjQAH407zdLO+FFsgEIeoeZS8UzE3xtT8I2Z+F4y6QPdmXkvFf/zujENz92pDKKYMBDpIZIKs0NGaJnUgHwgNRJBmhx58rsADUSoJQchEjFOeiklfTjz3y+S1knVqVVPb2qV+mXeTJEdsEN2zBx2xursmjVYkwl2z57YM3uxHq1X6816/xktWPnOPvsD6+MbmWyTOA==</latexit>

complete? we will prove it later
                  (as an instance of a more general result)

(
G

i2N
fi)(a) ,

G

i2N
fi(a)

<latexit sha1_base64="h7ZM6xXE6uH+iLTFUrjkcYuv8sE="></latexit>

(flat order, limit exists)
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Monotone function
PO(D,vD)

<latexit sha1_base64="Live4Qx2Oe5eCgXv2++U5D8PP9E=">AAACBXicbVC7TgJBFJ3FF+Jr0dJmIjHBxJBdg9GSKIUlJvJIgGxmhwtOmJ1dZu5qyIbar7DVys7Y+h0W/osLUih6qpNz7s099/iRFAYd58PKLC2vrK5l13Mbm1vbO3Z+t2HCWHOo81CGuuUzA1IoqKNACa1IAwt8CU1/eDn1m3egjQjVDY4j6AZsoERfcIap5Nn5YvW4Y0Ym9g0gjLzqkWcXnJIzA/1L3DkpkDlqnv3Z6YU8DkAhl8yYtutE2E2YRsElTHKd2EDE+JANoJ1SxQIw3WQWfUIPY8MwpBFoKiSdifBzI2GBMePATycDhrdm0ZuK/3ntGPvn3USoKEZQfHoIhYTZIcO1SDsB2hMaENk0OVChKGeaIYIWlHGeinFaUi7tw138/i9pnJTccun0ulyoXMybyZJ9ckCKxCVnpEKuSI3UCSf35JE8kWfrwXqxXq2379GMNd/ZI79gvX8BOg+X8g==</latexit>

(E,vE)

<latexit sha1_base64="Lk6hMY8ufjdwUK1TeoiuIJLy+28=">AAACBXicbVDLSgNBEJyNrxhfGz16GQxCBAm7EtFjUAIeI5gHJGGZnXTikNnZzUyvEpac/QqvevImXv0OD/6Lm5iDRutUVHXT1eVHUhh0nA8rs7S8srqWXc9tbG5t79j53YYJY82hzkMZ6pbPDEihoI4CJbQiDSzwJTT94eXUb96BNiJUNziOoBuwgRJ9wRmmkmfni9XjjhmZ2DeAMPKqR55dcErODPQvceekQOaoefZnpxfyOACFXDJj2q4TYTdhGgWXMMl1YgMR40M2gHZKFQvAdJNZ9Ak9jA3DkEagqZB0JsLPjYQFxowDP50MGN6aRW8q/ue1Y+yfdxOhohhB8ekhFBJmhwzXIu0EaE9oQGTT5ECFopxphghaUMZ5KsZpSbm0D3fx+7+kcVJyy6XT63KhcjFvJkv2yQEpEpeckQq5IjVSJ5zck0fyRJ6tB+vFerXevkcz1nxnj/yC9f4FPT2X9A==</latexit>

f : D ! E

<latexit sha1_base64="gzXU4vrZR74u1nGcRxyrlaFLtFI=">AAACBHicbVDLTgJBEJzFF+Jr1aOXicTEE9k1GI0n4iPxiIk8EiCkd2hgwuwjM70YQrj6FV715M149T88+C8uKwcF61Sp6k5XlxcpachxPq3M0vLK6lp2PbexubW9Y+/uVU0Ya4EVEapQ1z0wqGSAFZKksB5pBN9TWPMGV1O/NkRtZBjc0yjClg+9QHalAEqktm13L66bWvb6BFqHD/ymbeedgpOCLxJ3RvJshnLb/mp2QhH7GJBQYEzDdSJqjUGTFAonuWZsMAIxgB42EhqAj6Y1TpNP+FFsgEIeoeZS8VTE3xtj8I0Z+V4y6QP1zbw3Ff/zGjF1z1tjGUQxYSCmh0gqTA8ZoWVSCfKO1EgE0+TIZcAFaCBCLTkIkYhx0lEu6cOd/36RVE8KbrFwelfMly5nzWTZATtkx8xlZ6zEblmZVZhgQ/bEntmL9Wi9Wm/W+89oxprt7LM/sD6+Ad1El8Y=</latexit>

PO

f

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

is monotone if 8d1, d2 2 D. d1 vD d2 ) f(d1) vE f(d2)

<latexit sha1_base64="2GmF1QKKN3NfY0Bjv9R805awums="></latexit>

Monotone = Order preserving

{di}i2N

<latexit sha1_base64="0zgwWhqo7BV5kSGmcIub7zsVnd0=">AAACDHicbVBNS8NAEN34WetX1YvgZbEInkoiFT0WvXiSClaFpoTNdqqDm03YnQglxJ/gr/CqJ2/i1f/gwf9iUnvQ6js93pth3rwwUWjJdT+cqemZ2bn5ykJ1cWl5ZbW2tn5h49RI6MhYxeYqFBYUaugQkoKrxICIQgWX4e1x6V/egbEY63MaJtCLxLXGAUpBhRTUNv2sH6CfBxn6qP1I0E0YZqd5HtTqbsMdgf8l3pjU2RjtoPbp92OZRqBJKmFt13MT6mXCEEoFedVPLSRC3opr6BZUiwhsLxt9kPOd1AqKeQKGo+IjEX5uZCKydhiFxWQZ0U56pfif101pcNjLUCcpgZblIUIFo0NWGiyqAd5HA0SiTA4cNZfCCCIwyIWUhZgWXVWLPrzJ7/+Si72G12zsnzXrraNxMxW2xbbZLvPYAWuxE9ZmHSbZPXtkT+zZeXBenFfn7Xt0yhnvbLBfcN6/AG+jnAc=</latexit>

a chain in D

<latexit sha1_base64="F8X02o7CeMcGWoYuaoxM4Nfz7Gs=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRUFAmEiGREis6XzbhlPPZuttDiqx8AS1UdIiWD6LgX7CNC0iYajSzq52dIJbCoOt+OqWV1bX1jfJmZWt7Z3evun9wbyKrOXR4JCPdC5gBKRR0UKCEXqyBhYGEbjC9zvzuI2gjInWHsxj8kE2UGAvOMJXaN8Nqza27Oegy8QpSIwVaw+rXYBRxG4JCLpkxfc+N0U+YRsElzCsDayBmfMom0E+pYiEYP8mDzumJNQwjGoOmQtJchN8bCQuNmYVBOhkyfDCLXib+5/Utji/9RKjYIiieHUIhIT9kuBZpA0BHQgMiy5IDFYpyphkiaEEZ56lo00oqaR/e4vfL5P6s7jXq5+1GrXlVNFMmR+SYnBKPXJAmuSUt0iGcAHkiz+TFsc6r8+a8/4yWnGLnkPyB8/ENOBWRVQ==</latexit>

f

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

monotone
)

<latexit sha1_base64="U/cGJXm9nVrm+DGa9oUkW+rj1TU=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxIndGoyXRxhKNfCQHIXPLABv29i67cxpyIf4KW63sjK2/xcL/4oEUCr7q5b2ZzJsXxEpact1PJ7e0vLK6ll8vbGxube8Ud/fqNkqMwJqIVGSaAVhUUmONJClsxgYhDBQ2guHVxG/co7Ey0nc0irEdQl/LnhRAmeS3bmV/QGBM9NApltyyOwVfJN6MlNgM1U7xq9WNRBKiJqHAWt9zY2qnYEgKheNCK7EYgxhCH/2MagjRttNp5DE/SixQxGM0XCo+FfH3RgqhtaMwyCZDoIGd9ybif56fUO+inUodJ4RaTA6RVDg9ZIWRWRfIu9IgEUySI5eaCzBAhEZyECITk6ycQtaHN//9IqmflL3T8tnNaalyOWsmzw7YITtmHjtnFXbNqqzGBIvYE3tmL86j8+q8Oe8/ozlntrPP/sD5+AZhAJX6</latexit>

{f(di)}i2N

<latexit sha1_base64="eOVMHOjtD2b7j+yFmx10ULGngvQ=">AAACD3icbVC7TsNAEDzzJrwClDQnIqTQRDYCQYmgoUIgkYcUR9b5sgkrzmfrbo2ELBd8Al9BCxUdouUTKPgX7JACAlONZna1sxMmCi257oczNT0zOze/sFhZWl5ZXauub7RsnBoJTRmr2HRCYUGhhiYhKegkBkQUKmiHN6el374FYzHWV3SXQC8SQ40DlIIKKahu+dmg3g9w18+DDH3UfiToOgyz8zwPqjW34Y7A/xJvTGpsjIug+un3Y5lGoEkqYW3XcxPqZcIQSgV5xU8tJELeiCF0C6pFBLaXjZ7I+U5qBcU8AcNR8ZEIPzcyEVl7F4XFZBnRTnql+J/XTWlw1MtQJymBluUhQgWjQ1YaLNoB3kcDRKJMDhw1l8IIIjDIhZSFmBZ1VYo+vMnv/5LWXsPbbxxc7teOT8bNLLAtts3qzGOH7JidsQvWZJLds0f2xJ6dB+fFeXXevkennPHOJvsF5/0LEJic3A==</latexit>

a chain in E

<latexit sha1_base64="sGTNHjdqy941zXKeJlW7mMBQBlc=">AAAB83icbVBNS8NAFNzUr1q/qh69LBbBU0mkoseiCB5bsLbQhrLZvtalm03YfSuU0F/gVU/exKs/yIP/xSTmoK1zGmbe482bIJbCoOt+OqWV1bX1jfJmZWt7Z3evun9wbyKrOXR4JCPdC5gBKRR0UKCEXqyBhYGEbjC9zvzuI2gjInWHsxj8kE2UGAvOMJXaN8Nqza27Oegy8QpSIwVaw+rXYBRxG4JCLpkxfc+N0U+YRsElzCsDayBmfMom0E+pYiEYP8mDzumJNQwjGoOmQtJchN8bCQuNmYVBOhkyfDCLXib+5/Utji/9RKjYIiieHUIhIT9kuBZpA0BHQgMiy5IDFYpyphkiaEEZ56lo00oqaR/e4vfL5P6s7jXq5+1GrXlVNFMmR+SYnBKPXJAmuSUt0iGcAHkiz+TFsc6r8+a8/4yWnGLnkPyB8/ENOaSRVg==</latexit>

When D = E

<latexit sha1_base64="++hvCoZFxwKvDxuNcLGdFz5vBuM=">AAAB9XicbVDLSsNAFJ3UV62vqks3g0VwVRKp6EYoPsBlRfuANpTJ9LYOnUzCzI1SQj/Bra7ciVu/x4X/YhKz0NazOpxzL/fc44VSGLTtT6uwsLi0vFJcLa2tb2xulbd3WiaINIcmD2SgOx4zIIWCJgqU0Ak1MN+T0PbGF6nffgBtRKDucBKC67OREkPBGSbS7eXZVb9csat2BjpPnJxUSI5Gv/zVGwQ88kEhl8yYrmOH6MZMo+ASpqVeZCBkfMxG0E2oYj4YN86iTulBZBgGNARNhaSZCL83YuYbM/G9ZNJneG9mvVT8z+tGODx1Y6HCCEHx9BAKCdkhw7VIOgA6EBoQWZocqFCUM80QQQvKOE/EKCmllPThzH4/T1pHVadWPb6pVerneTNFskf2ySFxyAmpk2vSIE3CyYg8kWfyYj1ar9ab9f4zWrDynV3yB9bHN01nkes=</latexit>

f : D ! D

<latexit sha1_base64="x/HrNPt0DSOs91vysQmOycMC+Yc=">AAACBHicbVC7TgJBFJ3FF+Jr1dJmIjGxIrsGo7EiSmGJiTwSIOTucIEJs4/M3MUQQutX2GplZ2z9Dwv/xV2kUPBUJ+fcm3vu8SIlDTnOp5VZWV1b38hu5ra2d3b37P2DmgljLbAqQhXqhgcGlQywSpIUNiKN4HsK697wJvXrI9RGhsE9jSNs+9APZE8KoETq2HbvqtzSsj8g0Dp84OWOnXcKzgx8mbhzkmdzVDr2V6sbitjHgIQCY5quE1F7ApqkUDjNtWKDEYgh9LGZ0AB8NO3JLPmUn8QGKOQRai4Vn4n4e2MCvjFj30smfaCBWfRS8T+vGVPvsj2RQRQTBiI9RFLh7JARWiaVIO9KjUSQJkcuAy5AAxFqyUGIRIyTjnJJH+7i98ukdlZwi4Xzu2K+dD1vJsuO2DE7ZS67YCV2yyqsygQbsSf2zF6sR+vVerPef0Yz1nznkP2B9fEN27WXxQ==</latexit>

D

<latexit sha1_base64="F8X02o7CeMcGWoYuaoxM4Nfz7Gs=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRUFAmEiGREis6XzbhlPPZuttDiqx8AS1UdIiWD6LgX7CNC0iYajSzq52dIJbCoOt+OqWV1bX1jfJmZWt7Z3evun9wbyKrOXR4JCPdC5gBKRR0UKCEXqyBhYGEbjC9zvzuI2gjInWHsxj8kE2UGAvOMJXaN8Nqza27Oegy8QpSIwVaw+rXYBRxG4JCLpkxfc+N0U+YRsElzCsDayBmfMom0E+pYiEYP8mDzumJNQwjGoOmQtJchN8bCQuNmYVBOhkyfDCLXib+5/Utji/9RKjYIiieHUIhIT9kuBZpA0BHQgMiy5IDFYpyphkiaEEZ56lo00oqaR/e4vfL5P6s7jXq5+1GrXlVNFMmR+SYnBKPXJAmuSUt0iGcAHkiz+TFsc6r8+a8/4yWnGLnkPyB8/ENOBWRVQ==</latexit>

we say is a function on



2929

Monotonicity illustrated

d0

<latexit sha1_base64="0Oi6EU75RhQPAbowRw4siSkZ5aA=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e3StX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE5u5rf</latexit>

d1

<latexit sha1_base64="zR3laxG5NG02zbfVSkbL2QUvITk=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e0ytX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE7Xprg</latexit>

d2

<latexit sha1_base64="evATSHwP/dQ9yUTCx+M4VXyn3io=">AAACCXicbVDLTgJBEJzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDekdGpww+8hMr5Fs+ALjVb/Dm/HqV/gZ/oG7yEHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPmiaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq8xvPaA2MgzuaByh68MwkAMpgFLptt+r9Iolu2xPwZeJMyMlNkO9V/zu9kMR+xiQUGBMx7EjchPQJIXCSaEbG4xAjGCInZQG4KNxk+mrE34SG6CQR6i5VHwq4t+NBHxjxr6XTvpA92bRy8T/vE5Mgws3kUEUEwYiCyKpcBpkhJZpB8j7UiMRZJ8jlwEXoIEIteQgRCrGaSlzR0EpN3kcT9KOnMVGlkmzUnaq5bObaql2OWsrz47YMTtlDjtnNXbN6qzBBBuyZ/bCXq0n6816tz5+R3PWbOeQzcH6/AE9AZrh</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

f(d2)

<latexit sha1_base64="Vbc2ehxpCoQJRWCKO3q9oBQWCaM=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHBC9klGD0SvXjERB4JbEjv0ODI7CMzvUay4ReMV/0Ob8ar/+Bn+AcuyEHAOlWqurs65UVKGrLtLyuzsrq2vpHdzG1t7+zu5fcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrDq4nffEBtZBjc0ihC14dBIPtSAKVSo1/sdcun3XzBLtlT8GXizEiBzVDr5r87vVDEPgYkFBjTduyI3AQ0SaFwnOvEBiMQQxhgO6UB+GjcZPrtmJ/EBijkEWouFZ+K+HcjAd+Yke+lkz7QnVn0JuJ/Xjum/oWbyCCKCQMxCSKpcBpkhJZpDch7UiMRTD5HLgMuQAMRaslBiFSM017mjoJSbvI4GqcdOYuNLJNGueRUSmc3lUL1ctZWlh2xY1ZkDjtnVXbNaqzOBLtnz+yFvVpP1pv1bn38jmas2c4hm4P1+QPbQ5u2</latexit>

f(d1)

<latexit sha1_base64="1Q/HvVqzZZIwssvS1KdDyX19bSU=">AAACDHicbVDLTgJBEJz1ifhCPXqZSEzwQnYNRo9ELx4xkUcCG9I7NDgy+8hMr5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtL2tpeWV1bT23kd/c2t7ZLeztN0wYa4F1EapQtzwwqGSAdZKksBVpBN9T2PSGVxO/+YDayDC4pVGErg+DQPalAEqlRr/U6zon3ULRLtsZ+CJxpqTIpqh1C9+dXihiHwMSCoxpO3ZEbgKapFA4zndigxGIIQywndIAfDRukn075sexAQp5hJpLxTMR/24k4Bsz8r100ge6M/PeRPzPa8fUv3ATGUQxYSAmQSQVZkFGaJnWgLwnNRLB5HPkMuACNBChlhyESMU47WXmKCjlJo+jcdqRM9/IImmclp1K+eymUqxeTtvKsUN2xErMYeesyq5ZjdWZYPfsmb2wV+vJerPerY/f0SVrunPAZmB9/gDZn5u1</latexit>

f(d0)

<latexit sha1_base64="bD6PLdK9bAENipdpyQepix7qrTs=">AAACDHicbVDLTgJBEJz1ifhCPXqZSEzwQnYNRo9ELx4xkUcCG9I7NDgy+8hMr5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtL2tpeWV1bT23kd/c2t7ZLeztN0wYa4F1EapQtzwwqGSAdZKksBVpBN9T2PSGVxO/+YDayDC4pVGErg+DQPalAEqlRr/U69on3ULRLtsZ+CJxpqTIpqh1C9+dXihiHwMSCoxpO3ZEbgKapFA4zndigxGIIQywndIAfDRukn075sexAQp5hJpLxTMR/24k4Bsz8r100ge6M/PeRPzPa8fUv3ATGUQxYSAmQSQVZkFGaJnWgLwnNRLB5HPkMuACNBChlhyESMU47WXmKCjlJo+jcdqRM9/IImmclp1K+eymUqxeTtvKsUN2xErMYeesyq5ZjdWZYPfsmb2wV+vJerPerY/f0SVrunPAZmB9/gDX+5u0</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

a chain
(by monotonicity)a chain

<latexit sha1_base64="HZzFqzMjttBkpNxXi/qNSLrljbk=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRAsoIKCgTiTykxIrOl0045Xy27vaQIitfQAsVHaLlgyj4F2zjAhKmGs3samcniKUw6LqfTmlldW19o7xZ2dre2d2r7h90TGQ1hzaPZKR7ATMghYI2CpTQizWwMJDQDaY3md99BG1EpO5xFoMfsokSY8EZplLrdlituXU3B10mXkFqpEBzWP0ajCJuQ1DIJTOm77kx+gnTKLiEeWVgDcSMT9kE+ilVLATjJ3nQOT2xhmFEY9BUSJqL8HsjYaExszBIJ0OGD2bRy8T/vL7F8ZWfCBVbBMWzQygk5IcM1yJtAOhIaEBkWXKgQlHONEMELSjjPBVtWkkl7cNb/H6ZdM7q3kXdbZ3XGtdFM2VyRI7JKfHIJWmQO9IkbcIJkCfyTF4c67w6b877z2jJKXYOyR84H983I5FS</latexit>

D
<latexit sha1_base64="h3QOX4QBBXWOAeWNBBqy7LNSSNs=">AAAB83icbVDLSsNAFJ3UV62vqks3g0VwVRIRdVkUwWUL9gFtKJPpbR06mYSZO0IJ/QK3unInbv0gF/6LScxCW8/qcM693HNPEEth0HU/ndLK6tr6RnmzsrW9s7tX3T/omMhqDm0eyUj3AmZACgVtFCihF2tgYSChG0xvMr/7CNqISN3jLAY/ZBMlxoIzTKXW7bBac+tuDrpMvILUSIHmsPo1GEXchqCQS2ZM33Nj9BOmUXAJ88rAGogZn7IJ9FOqWAjGT/Kgc3piDcOIxqCpkDQX4fdGwkJjZmGQToYMH8yil4n/eX2L4ys/ESq2CIpnh1BIyA8ZrkXaANCR0IDIsuRAhaKcaYYIWlDGeSratJJK2oe3+P0y6ZzVvYu62zqvNa6LZsrkiByTU+KRS9Igd6RJ2oQTIE/kmbw41nl13pz3n9GSU+wckj9wPr4BOLKRUw==</latexit>

E
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…

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ8 6UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

0

1

2

3

…

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

f(n) = n+ 1

<latexit sha1_base64="u4M5G0S4PLnrmm9pG4Xp6a5ynO4=">AAAB/HicbVDLSsNAFJ3UV62vqks3g0WoCCWRim6EohuXFewD21Am09s6dDIJMzdCCfUr3OrKnbj1X1z4LyYxC62e1eGce7nnHi+UwqBtf1iFhcWl5ZXiamltfWNzq7y90zZBpDm0eCAD3fWYASkUtFCghG6ogfmehI43uUz9zj1oIwJ1g9MQXJ+NlRgJzjCRbkdVdUjPqTpyBuWKXbMz0L/EyUmF5GgOyp/9YcAjHxRyyYzpOXaIbsw0Ci5hVupHBkLGJ2wMvYQq5oNx4yzxjB5EhmFAQ9BUSJqJ8HMjZr4xU99LJn2Gd2beS8X/vF6EozM3FiqMEBRPD6GQkB0yXIukCqBDoQGRpcmBCkU50wwRtKCM80SMkm5KSR/O/Pd/Sfu45tRrJ9f1SuMib6ZI9sg+qRKHnJIGuSJN0iKcKPJInsiz9WC9WK/W2/dowcp3dskvWO9f7SGT1w==</latexit>

f(1) = 1

<latexit sha1_base64="bN9/LgDt6rQ7APfwfcwxjDyaRwk=">AAACBnicbVC7TsNAEDyHVwgvE0qaExFSaCIbBUGDFEFDGSTykBIrOl824ZTz2bpbI6IoPV9BCxUdouU3KPgX7MQFJEw1mtnVzo4fSWHQcb6s3Mrq2vpGfrOwtb2zu2fvF5smjDWHBg9lqNs+MyCFggYKlNCONLDAl9DyR9ep33oAbUSo7nAcgRewoRIDwRkmUs8uDspdoQY4PqGXdM56dsmpODPQZeJmpEQy1Hv2d7cf8jgAhVwyYzquE6E3YRoFlzAtdGMDEeMjNoROQhULwHiTWfYpPY4Nw5BGoKmQdCbC740JC4wZB34yGTC8N4teKv7ndWIcXHgToaIYQfH0EAoJs0OGa5GUArQvNCCyNDlQoShnmiGCFpRxnohx0lIh6cNd/H6ZNE8rbrVydlst1a6yZvLkkByRMnHJOamRG1InDcLJI3kmL+TVerLerHfrYz6as7KdA/IH1ucPrjWYLA==</latexit>

monotone
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(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ8 6UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

0

1

2

3

…

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

f(1) = 1

<latexit sha1_base64="bN9/LgDt6rQ7APfwfcwxjDyaRwk=">AAACBnicbVC7TsNAEDyHVwgvE0qaExFSaCIbBUGDFEFDGSTykBIrOl824ZTz2bpbI6IoPV9BCxUdouU3KPgX7MQFJEw1mtnVzo4fSWHQcb6s3Mrq2vpGfrOwtb2zu2fvF5smjDWHBg9lqNs+MyCFggYKlNCONLDAl9DyR9ep33oAbUSo7nAcgRewoRIDwRkmUs8uDspdoQY4PqGXdM56dsmpODPQZeJmpEQy1Hv2d7cf8jgAhVwyYzquE6E3YRoFlzAtdGMDEeMjNoROQhULwHiTWfYpPY4Nw5BGoKmQdCbC740JC4wZB34yGTC8N4teKv7ndWIcXHgToaIYQfH0EAoJs0OGa5GUArQvNCCyNDlQoShnmiGCFpRxnohx0lIh6cNd/H6ZNE8rbrVydlst1a6yZvLkkByRMnHJOamRG1InDcLJI3kmL+TVerLerHfrYz6as7KdA/IH1ucPrjWYLA==</latexit>

f(n) = 2 · n

<latexit sha1_base64="i9mSg/93HyiIoP7wtr7ckA7n5IA=">AAACA3icbVC7TsNAEDzzDOGRACXNiQgpNJEdBUGDFEFDGSTykBIrOl824ZTz2bpbI0VWSr6CFio6RMuHUPAv2MYFJEw1mtnVzo4XSmHQtj+tldW19Y3NwlZxe2d3r1TeP+iYINIc2jyQge55zIAUCtooUEIv1MB8T0LXm16nfvcBtBGBusNZCK7PJkqMBWeYSMNyaVxVp/SS1gd8FCBNlIpdszPQZeLkpEJytIblr8Eo4JEPCrlkxvQdO0Q3ZhoFlzAvDiIDIeNTNoF+QhXzwbhxFnxOTyLDMKAhaCokzUT4vREz35iZ7yWTPsN7s+il4n9eP8LxhRsLFUYIiqeHUEjIDhmuRdII0JHQgMjS5ECFopxphghaUMZ5IkZJRcWkD2fx+2XSqdecRu3stlFpXuXNFMgROSZV4pBz0iQ3pEXahJOIPJFn8mI9Wq/Wm/X+M7pi5TuH5A+sj29H0JY2</latexit>

monotone?
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(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ8 6UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

0

1

2

3

…

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

f(1) = 1

<latexit sha1_base64="bN9/LgDt6rQ7APfwfcwxjDyaRwk=">AAACBnicbVC7TsNAEDyHVwgvE0qaExFSaCIbBUGDFEFDGSTykBIrOl824ZTz2bpbI6IoPV9BCxUdouU3KPgX7MQFJEw1mtnVzo4fSWHQcb6s3Mrq2vpGfrOwtb2zu2fvF5smjDWHBg9lqNs+MyCFggYKlNCONLDAl9DyR9ep33oAbUSo7nAcgRewoRIDwRkmUs8uDspdoQY4PqGXdM56dsmpODPQZeJmpEQy1Hv2d7cf8jgAhVwyYzquE6E3YRoFlzAtdGMDEeMjNoROQhULwHiTWfYpPY4Nw5BGoKmQdCbC740JC4wZB34yGTC8N4teKv7ndWIcXHgToaIYQfH0EAoJs0OGa5GUArQvNCCyNDlQoShnmiGCFpRxnohx0lIh6cNd/H6ZNE8rbrVydlst1a6yZvLkkByRMnHJOamRG1InDcLJI3kmL+TVerLerHfrYz6as7KdA/IH1ucPrjWYLA==</latexit>

f(n) = n/2

<latexit sha1_base64="dlNCBNTAQ0EZ9TziOvvj+rd9/hQ=">AAAB/HicbVC7TsNAEDyHVwivACXNiQgpNMGOgqBBiqChDBJ5iMSKzpdNOOV8tu7WSJEVvoIWKjpEy79Q8C/YJgUkTDWa2dXOjhdKYdC2P63c0vLK6lp+vbCxubW9U9zda5kg0hyaPJCB7njMgBQKmihQQifUwHxPQtsbX6V++wG0EYG6xUkIrs9GSgwFZ5hId8OyOqYXVJ1U+8WSXbEz0EXizEiJzNDoF796g4BHPijkkhnTdewQ3ZhpFFzCtNCLDISMj9kIuglVzAfjxlniKT2KDMOAhqCpkDQT4fdGzHxjJr6XTPoM7828l4r/ed0Ih+duLFQYISieHkIhITtkuBZJFUAHQgMiS5MDFYpyphkiaEEZ54kYJd0Ukj6c+e8XSatacWqV05taqX45ayZPDsghKROHnJE6uSYN0iScKPJEnsmL9Wi9Wm/W+89ozprt7JM/sD6+AfTwk9w=</latexit>

monotone?



3333

Exercise

0

1

2

3

…

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ8 6UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

0

1

2

3

…

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

f(1) = 1

<latexit sha1_base64="bN9/LgDt6rQ7APfwfcwxjDyaRwk=">AAACBnicbVC7TsNAEDyHVwgvE0qaExFSaCIbBUGDFEFDGSTykBIrOl824ZTz2bpbI6IoPV9BCxUdouU3KPgX7MQFJEw1mtnVzo4fSWHQcb6s3Mrq2vpGfrOwtb2zu2fvF5smjDWHBg9lqNs+MyCFggYKlNCONLDAl9DyR9ep33oAbUSo7nAcgRewoRIDwRkmUs8uDspdoQY4PqGXdM56dsmpODPQZeJmpEQy1Hv2d7cf8jgAhVwyYzquE6E3YRoFlzAtdGMDEeMjNoROQhULwHiTWfYpPY4Nw5BGoKmQdCbC740JC4wZB34yGTC8N4teKv7ndWIcXHgToaIYQfH0EAoJs0OGa5GUArQvNCCyNDlQoShnmiGCFpRxnohx0lIh6cNd/H6ZNE8rbrVydlst1a6yZvLkkByRMnHJOamRG1InDcLJI3kmL+TVerLerHfrYz6as7KdA/IH1ucPrjWYLA==</latexit>

<latexit sha1_base64="5giO3nBy2AlKFlgm/Agxf2bGKlk=">AAACA3icbVBNT8JAFNziF+IHqEcvGwkJXkhLjHoxIXrxiIkgCW3Idnnghu222X01IYSjv8KrnrwZr/4QD/4X29qDgnOazLyXN2/8SAqDtv1pFVZW19Y3ipulre2d3XJlb79rwlhz6PBQhrrnMwNSKOigQAm9SAMLfAl3/uQq9e8eQBsRqlucRuAFbKzESHCGiTSolEd1dUwvqHKpW3Npc1Cp2g07A10mTk6qJEd7UPlyhyGPA1DIJTOm79gRejOmUXAJ85IbG4gYn7Ax9BOqWADGm2XB57QWG4YhjUBTIWkmwu+NGQuMmQZ+MhkwvDeLXir+5/VjHJ17M6GiGEHx9BAKCdkhw7VIGgE6FBoQWZocqFCUM80QQQvKOE/EOKmolPThLH6/TLrNhnPasG9Oqq3LvJkiOSRHpE4cckZa5Jq0SYdwEpMn8kxerEfr1Xqz3n9GC1a+c0D+wPr4BjhTlYY=</latexit>

f(n) = n % 2

monotone?
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Exercise

0

1

2

3

…

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ8 6UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

0

1

2

3

…

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

f(n) = 2

<latexit sha1_base64="kzSVZPw6Hwv9+X4OD8dnjxf1yyU=">AAAB+nicbVC7TsNAEDyHVwivACXNiQgpNJEdBUGDFEFDGSTykBIrOl824ZTz2bpbI0UmP0ELFR2i5Wco+Bds4wISphrN7GpnxwulMGjbn1ZhZXVtfaO4Wdra3tndK+8fdEwQaQ5tHshA9zxmQAoFbRQooRdqYL4noetNr1O/+wDaiEDd4SwE12cTJcaCM0yk3riqTuklrQ/LFbtmZ6DLxMlJheRoDctfg1HAIx8UcsmM6Tt2iG7MNAouYV4aRAZCxqdsAv2EKuaDceMs75yeRIZhQEPQVEiaifB7I2a+MTPfSyZ9hvdm0UvF/7x+hOMLNxYqjBAUTw+hkJAdMlyLpAigI6EBkaXJgQpFOdMMEbSgjPNEjJJmSkkfzuL3y6RTrzmN2tlto9K8ypspkiNyTKrEIeekSW5Ii7QJJ5I8kWfyYj1ar9ab9f4zWrDynUPyB9bHN7Hjkys=</latexit>

f(1) = 3

<latexit sha1_base64="NLuAJaKTarcTRUccb+csOTFE2ps=">AAAB/3icbVC7TsNAEDyHVwivACXNiQgpNJENQdAgRdBQBok8pMSKzpdNOOV8NndrpMhKwVfQQkWHaPkUCv4F27iAwFSjmV3t7HihFAZt+8MqLCwuLa8UV0tr6xubW+XtnbYJIs2hxQMZ6K7HDEihoIUCJXRDDcz3JHS8yWXqd+5BGxGoG5yG4PpsrMRIcIaJ5I6qfaFGOD2k5/R4UK7YNTsD/UucnFRIjuag/NkfBjzyQSGXzJieY4foxkyj4BJmpX5kIGR8wsbQS6hiPhg3zkLP6EFkGAY0BE2FpJkIPzdi5hsz9b1k0md4a+a9VPzP60U4OnNjocIIQfH0EAoJ2SHDtUjaADoUGhBZmhyoUJQzzRBBC8o4T8QoqaeU9OHMf/+XtI9qTr12cl2vNC7yZopkj+yTKnHIKWmQK9IkLcLJHXkkT+TZerBerFfr7Xu0YOU7u+QXrPcvw1OVdg==</latexit>

monotone?
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Exercise

0 1

?

__ ??

<latexit sha1_base64="+lqCRrCGHBKi9+2VEeX9EhsPeGM="></latexit>

0 1

?

__ ??

<latexit sha1_base64="+lqCRrCGHBKi9+2VEeX9EhsPeGM="></latexit>

D

<latexit sha1_base64="EdiVPFPllZhf5neTyy+WQdhGBFA=">AAACB3icbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9EPXiERB4JbEjv0OCE2Udmeo1kwwcYr/od3oxXP8PP8A/cRQ4C1qlS1d3VKS9S0pBtf1m5ldW19Y38ZmFre2d3r7h/0DRhrAU2RKhC3fbAoJIBNkiSwnakEXxPYcsbXWd+6wG1kWFwR+MIXR+GgRxIAZRK9ZtesWSX7Sn4MnFmpMRmqPWK391+KGIfAxIKjOk4dkRuApqkUDgpdGODEYgRDLGT0gB8NG4yfXTCT2IDFPIINZeKT0X8u5GAb8zY99JJH+jeLHqZ+J/XiWlw6SYyiGLCQGRBJBVOg4zQMm0AeV9qJILsc+Qy4AI0EKGWHIRIxTitZO4oKOUmj+NJ2pGz2MgyaZ6VnUr5vF4pVa9mbeXZETtmp8xhF6zKblmNNZhgyJ7ZC3u1nqw36936+B3NWbOdQzYH6/MH0AGaHA==</latexit>

D

<latexit sha1_base64="EdiVPFPllZhf5neTyy+WQdhGBFA=">AAACB3icbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9EPXiERB4JbEjv0OCE2Udmeo1kwwcYr/od3oxXP8PP8A/cRQ4C1qlS1d3VKS9S0pBtf1m5ldW19Y38ZmFre2d3r7h/0DRhrAU2RKhC3fbAoJIBNkiSwnakEXxPYcsbXWd+6wG1kWFwR+MIXR+GgRxIAZRK9ZtesWSX7Sn4MnFmpMRmqPWK391+KGIfAxIKjOk4dkRuApqkUDgpdGODEYgRDLGT0gB8NG4yfXTCT2IDFPIINZeKT0X8u5GAb8zY99JJH+jeLHqZ+J/XiWlw6SYyiGLCQGRBJBVOg4zQMm0AeV9qJILsc+Qy4AI0EKGWHIRIxTitZO4oKOUmj+NJ2pGz2MgyaZ6VnUr5vF4pVa9mbeXZETtmp8xhF6zKblmNNZhgyJ7ZC3u1nqw36936+B3NWbOdQzYH6/MH0AGaHA==</latexit>

f(?) = f(0) = 0

<latexit sha1_base64="OhVbqcoLJ8BfBlK8bgyM9rq4Z14=">AAACGnicbVDLSsNAFJ34tr6iLt0MFqFuSiIV3QiiG5cKthbaUG6mNzo4eTBzIy2hfyJu9TvciVs3foZ/YFKzsNazuYdz7ovjJ0oacpxPa2Z2bn5hcWm5srK6tr5hb261TJxqgU0Rq1i3fTCoZIRNkqSwnWiE0Fd449+fF/7NA2oj4+iahgl6IdxGMpACKJd69lZQ6/ox7fMTHtScojg9u+rUnTH4NHFLUmUlLnv2V7cfizTEiIQCYzquk5CXgSYpFI4q3dRgAuIebrGT0whCNF42/n3E91IDFPMENZeKj0X8PZFBaMww9PPOEOjO/PUK8T+vk1Jw7GUySlLCSBSHSCocHzJCyzwU5H2pkQiKz5HLiAvQQIRachAiF9M8pYmloJSXDYajPCP3byLTpHVQdxv1w6tG9fSsTGuJ7bBdVmMuO2Kn7IJdsiYTbMCe2DN7sR6tV+vNev9pnbHKmW02AevjG7bFnxw=</latexit>

f(1) = 1

<latexit sha1_base64="aWA0V7QVIMyJGayEFVgJ1sB6eYE=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHBC9k1GL2YEL14xEQeCWxI79DgyOwjM71GsuEXjFf9Dm/Gq//gZ/gHLshBwDpVqrq7OuVFShqy7S8rs7S8srqWXc9tbG5t7+R39+omjLXAmghVqJseGFQywBpJUtiMNILvKWx4g6ux33hAbWQY3NIwQteHfiB7UgClUr1XdI4vnE6+YJfsCfgicaakwKaodvLf7W4oYh8DEgqMaTl2RG4CmqRQOMq1Y4MRiAH0sZXSAHw0bjL5dsSPYgMU8gg1l4pPRPy7kYBvzND30kkf6M7Me2PxP68VU+/cTWQQxYSBGAeRVDgJMkLLtAbkXamRCMafI5cBF6CBCLXkIEQqxmkvM0dBKTd5HI7Sjpz5RhZJ/aTklEunN+VC5XLaVpYdsENWZA47YxV2zaqsxgS7Z8/shb1aT9ab9W59/I5mrOnOPpuB9fkDTYebYA==</latexit>

f : D ! D

<latexit sha1_base64="x/HrNPt0DSOs91vysQmOycMC+Yc=">AAACBHicbVC7TgJBFJ3FF+Jr1dJmIjGxIrsGo7EiSmGJiTwSIOTucIEJs4/M3MUQQutX2GplZ2z9Dwv/xV2kUPBUJ+fcm3vu8SIlDTnOp5VZWV1b38hu5ra2d3b37P2DmgljLbAqQhXqhgcGlQywSpIUNiKN4HsK697wJvXrI9RGhsE9jSNs+9APZE8KoETq2HbvqtzSsj8g0Dp84OWOnXcKzgx8mbhzkmdzVDr2V6sbitjHgIQCY5quE1F7ApqkUDjNtWKDEYgh9LGZ0AB8NO3JLPmUn8QGKOQRai4Vn4n4e2MCvjFj30smfaCBWfRS8T+vGVPvsj2RQRQTBiI9RFLh7JARWiaVIO9KjUSQJkcuAy5AAxFqyUGIRIyTjnJJH+7i98ukdlZwi4Xzu2K+dD1vJsuO2DE7ZS67YCV2yyqsygQbsSf2zF6sR+vVerPef0Yz1nznkP2B9fEN27WXxQ==</latexit>

monotone?

? v 1

<latexit sha1_base64="2tAHP/qF19J+BttakedDr+CJc3c=">AAACGnicbVDLTgJBEJzFF+IL8ehlIjHxRHYNRo9ELx4xkUcCG9I7NDhh9sFMr4Fs+BPjVb/Dm/Hqxc/wD1yQg4B1qlR1d3XKi5Q0ZNtfVmZtfWNzK7ud29nd2z/IHxbqJoy1wJoIVaibHhhUMsAaSVLYjDSC7ylseIObqd94RG1kGNzTOELXh34ge1IApVInX2h7IfG2GZrYM0g45E4nX7RL9gx8lThzUmRzVDv573Y3FLGPAQkFxrQcOyI3AU1SKJzk2rHBCMQA+thKaQA+GjeZ/T7hp7EBCnmEmkvFZyL+3UjAN2bse+mkD/Rglr2p+J/Xiql35SYyiGLCQEyDSCqcBRmhZVoK8q7USATTz5HLgAvQQIRachAiFeO0pYWjoJSbjMaTtCNnuZFVUj8vOeXSxV25WLmet5Vlx+yEnTGHXbIKu2VVVmOCjdgze2Gv1pP1Zr1bH7+jGWu+c8QWYH3+AJgEoXE=</latexit>

f(?) = 0 6v 1 = f(1)

<latexit sha1_base64="c1EZGrWODnpq971aLtzaonoaz2c=">AAACLHicbVC7SgNBFJ31Gd9RS5vBKCRN2JWINkLQxjKCUSG7hLuTGx2cnd3M3BXDkh/wY8RWv8NGxNbeP3ATU/g61eGc+zxhoqQl131xJianpmdmC3PzC4tLyyvF1bUzG6dGYFPEKjYXIVhUUmOTJCm8SAxCFCo8D6+Phv75DRorY31K/QSDCC617EoBlEvt4la37IcxVfgBd7mvY/Jtz6ahRcIe93K1W/Yq7WLJrboj8L/EG5MSG6PRLn74nVikEWoSCqxteW5CQQaGpFA4mPdTiwmIa7jEVk41RGiDbPTNgG+nFijmCRouFR+J+L0jg8jafhTmlRHQlf3tDcX/vFZK3f0gkzpJCbUYLiKpcLTICiPzmJB3pEEiGF6OXGouwAARGslBiFxM89x+DAWlguy2P8gz8n4n8pec7VS9WnX3pFaqH47TKrANtsnKzGN7rM6OWYM1mWB37IE9sifn3nl2Xp23r9IJZ9yzzn7Aef8EFe2mmw==</latexit>
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Exercise

monotone?

<latexit sha1_base64="r/YSbaP9isQuiGmyZl4wkmESd/w=">AAACEHicbVC7TsNAEDyHVwivACUUJyKkREKRjXiVETRUKEjkIcVWdL5swinnB3drUGSl4RP4Clqo6BAtf0DBv2AHFxCYajSzq50dN5RCo2l+GLmZ2bn5hfxiYWl5ZXWtuL7R1EGkODR4IAPVdpkGKXxooEAJ7VAB81wJLXd4lvqtW1BaBP4VjkJwPDbwRV9whonULW6X7buwbHsMr103vhhX9qitI1cDwk2lWyyZVXMC+pdYGSmRDPVu8dPuBTzywEcumdYdywzRiZlCwSWMC3akIWR8yAbQSajPPNBOPPliTHcjzTCgISgqJJ2I8HMjZp7WI89NJtO4etpLxf+8ToT9EycWfhgh+Dw9hELC5JDmSiT1AO0JBYgsTQ5U+JQzxRBBCco4T8Qo6auQ9GFNf/+XNPer1lH18PKgVDvNmsmTLbJDysQix6RGzkmdNAgn9+SRPJFn48F4MV6Nt+/RnJHtbJJfMN6/AFxlnFs=</latexit>

(}(N),✓)
<latexit sha1_base64="HLjJ6csAxhepZTtGMLDKyAkRrPA="></latexit>

f(S) = {m 2 N | 9n 2 S,m  n }
<latexit sha1_base64="r/YSbaP9isQuiGmyZl4wkmESd/w=">AAACEHicbVC7TsNAEDyHVwivACUUJyKkREKRjXiVETRUKEjkIcVWdL5swinnB3drUGSl4RP4Clqo6BAtf0DBv2AHFxCYajSzq50dN5RCo2l+GLmZ2bn5hfxiYWl5ZXWtuL7R1EGkODR4IAPVdpkGKXxooEAJ7VAB81wJLXd4lvqtW1BaBP4VjkJwPDbwRV9whonULW6X7buwbHsMr103vhhX9qitI1cDwk2lWyyZVXMC+pdYGSmRDPVu8dPuBTzywEcumdYdywzRiZlCwSWMC3akIWR8yAbQSajPPNBOPPliTHcjzTCgISgqJJ2I8HMjZp7WI89NJtO4etpLxf+8ToT9EycWfhgh+Dw9hELC5JDmSiT1AO0JBYgsTQ5U+JQzxRBBCco4T8Qo6auQ9GFNf/+XNPer1lH18PKgVDvNmsmTLbJDysQix6RGzkmdNAgn9+SRPJFn48F4MV6Nt+/RnJHtbJJfMN6/AFxlnFs=</latexit>

(}(N),✓)
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Exercise

monotone?

<latexit sha1_base64="r/YSbaP9isQuiGmyZl4wkmESd/w=">AAACEHicbVC7TsNAEDyHVwivACUUJyKkREKRjXiVETRUKEjkIcVWdL5swinnB3drUGSl4RP4Clqo6BAtf0DBv2AHFxCYajSzq50dN5RCo2l+GLmZ2bn5hfxiYWl5ZXWtuL7R1EGkODR4IAPVdpkGKXxooEAJ7VAB81wJLXd4lvqtW1BaBP4VjkJwPDbwRV9whonULW6X7buwbHsMr103vhhX9qitI1cDwk2lWyyZVXMC+pdYGSmRDPVu8dPuBTzywEcumdYdywzRiZlCwSWMC3akIWR8yAbQSajPPNBOPPliTHcjzTCgISgqJJ2I8HMjZp7WI89NJtO4etpLxf+8ToT9EycWfhgh+Dw9hELC5JDmSiT1AO0JBYgsTQ5U+JQzxRBBCco4T8Qo6auQ9GFNf/+XNPer1lH18PKgVDvNmsmTLbJDysQix6RGzkmdNAgn9+SRPJFn48F4MV6Nt+/RnJHtbJJfMN6/AFxlnFs=</latexit>

(}(N),✓)
<latexit sha1_base64="r/YSbaP9isQuiGmyZl4wkmESd/w=">AAACEHicbVC7TsNAEDyHVwivACUUJyKkREKRjXiVETRUKEjkIcVWdL5swinnB3drUGSl4RP4Clqo6BAtf0DBv2AHFxCYajSzq50dN5RCo2l+GLmZ2bn5hfxiYWl5ZXWtuL7R1EGkODR4IAPVdpkGKXxooEAJ7VAB81wJLXd4lvqtW1BaBP4VjkJwPDbwRV9whonULW6X7buwbHsMr103vhhX9qitI1cDwk2lWyyZVXMC+pdYGSmRDPVu8dPuBTzywEcumdYdywzRiZlCwSWMC3akIWR8yAbQSajPPNBOPPliTHcjzTCgISgqJJ2I8HMjZp7WI89NJtO4etpLxf+8ToT9EycWfhgh+Dw9hELC5JDmSiT1AO0JBYgsTQ5U+JQzxRBBCco4T8Qo6auQ9GFNf/+XNPer1lH18PKgVDvNmsmTLbJDysQix6RGzkmdNAgn9+SRPJFn48F4MV6Nt+/RnJHtbJJfMN6/AFxlnFs=</latexit>

(}(N),✓)
<latexit sha1_base64="QXrGjKD/x7hpMWyW1Co4TJfuQpM="></latexit>

f(S) = {m 2 N | 8n 2 S, n < m }
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Composition
TH. Any composition of monotone functions is monotone

PO
(D,vD)

<latexit sha1_base64="Live4Qx2Oe5eCgXv2++U5D8PP9E=">AAACBXicbVC7TgJBFJ3FF+Jr0dJmIjHBxJBdg9GSKIUlJvJIgGxmhwtOmJ1dZu5qyIbar7DVys7Y+h0W/osLUih6qpNz7s099/iRFAYd58PKLC2vrK5l13Mbm1vbO3Z+t2HCWHOo81CGuuUzA1IoqKNACa1IAwt8CU1/eDn1m3egjQjVDY4j6AZsoERfcIap5Nn5YvW4Y0Ym9g0gjLzqkWcXnJIzA/1L3DkpkDlqnv3Z6YU8DkAhl8yYtutE2E2YRsElTHKd2EDE+JANoJ1SxQIw3WQWfUIPY8MwpBFoKiSdifBzI2GBMePATycDhrdm0ZuK/3ntGPvn3USoKEZQfHoIhYTZIcO1SDsB2hMaENk0OVChKGeaIYIWlHGeinFaUi7tw138/i9pnJTccun0ulyoXMybyZJ9ckCKxCVnpEKuSI3UCSf35JE8kWfrwXqxXq2379GMNd/ZI79gvX8BOg+X8g==</latexit>

(E,vE)

<latexit sha1_base64="Lk6hMY8ufjdwUK1TeoiuIJLy+28=">AAACBXicbVDLSgNBEJyNrxhfGz16GQxCBAm7EtFjUAIeI5gHJGGZnXTikNnZzUyvEpac/QqvevImXv0OD/6Lm5iDRutUVHXT1eVHUhh0nA8rs7S8srqWXc9tbG5t79j53YYJY82hzkMZ6pbPDEihoI4CJbQiDSzwJTT94eXUb96BNiJUNziOoBuwgRJ9wRmmkmfni9XjjhmZ2DeAMPKqR55dcErODPQvceekQOaoefZnpxfyOACFXDJj2q4TYTdhGgWXMMl1YgMR40M2gHZKFQvAdJNZ9Ak9jA3DkEagqZB0JsLPjYQFxowDP50MGN6aRW8q/ue1Y+yfdxOhohhB8ekhFBJmhwzXIu0EaE9oQGTT5ECFopxphghaUMZ5KsZpSbm0D3fx+7+kcVJyy6XT63KhcjFvJkv2yQEpEpeckQq5IjVSJ5zck0fyRJ6tB+vFerXevkcz1nxnj/yC9f4FPT2X9A==</latexit>

f : D ! E

<latexit sha1_base64="gzXU4vrZR74u1nGcRxyrlaFLtFI=">AAACBHicbVDLTgJBEJzFF+Jr1aOXicTEE9k1GI0n4iPxiIk8EiCkd2hgwuwjM70YQrj6FV715M149T88+C8uKwcF61Sp6k5XlxcpachxPq3M0vLK6lp2PbexubW9Y+/uVU0Ya4EVEapQ1z0wqGSAFZKksB5pBN9TWPMGV1O/NkRtZBjc0yjClg+9QHalAEqktm13L66bWvb6BFqHD/ymbeedgpOCLxJ3RvJshnLb/mp2QhH7GJBQYEzDdSJqjUGTFAonuWZsMAIxgB42EhqAj6Y1TpNP+FFsgEIeoeZS8VTE3xtj8I0Z+V4y6QP1zbw3Ff/zGjF1z1tjGUQxYSCmh0gqTA8ZoWVSCfKO1EgE0+TIZcAFaCBCLTkIkYhx0lEu6cOd/36RVE8KbrFwelfMly5nzWTZATtkx8xlZ6zEblmZVZhgQ/bEntmL9Wi9Wm/W+89oxprt7LM/sD6+Ad1El8Y=</latexit>

PO monotone

(F,vF )

<latexit sha1_base64="LfDsQKXrgeE3V/mJ3lrXV4RpabM=">AAACBXicbVDLSgNBEJyNrxhfGz16GQxCBAm7EtFjUAgeI5gHJGGZnXTikNnZzUyvEpac/QqvevImXv0OD/6Lm5iDRutUVHXT1eVHUhh0nA8rs7S8srqWXc9tbG5t79j53YYJY82hzkMZ6pbPDEihoI4CJbQiDSzwJTT94eXUb96BNiJUNziOoBuwgRJ9wRmmkmfni9XjjhmZ2DeAMPKqR55dcErODPQvceekQOaoefZnpxfyOACFXDJj2q4TYTdhGgWXMMl1YgMR40M2gHZKFQvAdJNZ9Ak9jA3DkEagqZB0JsLPjYQFxowDP50MGN6aRW8q/ue1Y+yfdxOhohhB8ekhFBJmhwzXIu0EaE9oQGTT5ECFopxphghaUMZ5KsZpSbm0D3fx+7+kcVJyy6XT63KhcjFvJkv2yQEpEpeckQq5IjVSJ5zck0fyRJ6tB+vFerXevkcz1nxnj/yC9f4FQGuX9g==</latexit>

PO
g : E ! F

<latexit sha1_base64="joAZ0v+I3Nz0dKt45GtOJHAoFLM=">AAACBHicbVDLTgJBEJzFF+Jr1aOXicTEE9k1GI0notF4xEQeCRDSOzQwYfaRmV4MIVz9Cq968ma8+h8e/BeXlYOCdapUdaery4uUNOQ4n1ZmaXlldS27ntvY3NresXf3qiaMtcCKCFWo6x4YVDLACklSWI80gu8prHmDq6lfG6I2MgzuaRRhy4deILtSACVS27Z7F9dNLXt9Aq3DB37TtvNOwUnBF4k7I3k2Q7ltfzU7oYh9DEgoMKbhOhG1xqBJCoWTXDM2GIEYQA8bCQ3AR9Map8kn/Cg2QCGPUHOpeCri740x+MaMfC+Z9IH6Zt6biv95jZi6562xDKKYMBDTQyQVpoeM0DKpBHlHaiSCaXLkMuACNBChlhyESMQ46SiX9OHOf79IqicFt1g4vSvmS5ezZrLsgB2yY+ayM1Zit6zMKkywIXtiz+zFerRerTfr/Wc0Y8129tkfWB/f4g2XyQ==</latexit>

monotone )

<latexit sha1_base64="U/cGJXm9nVrm+DGa9oUkW+rj1TU=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxIndGoyXRxhKNfCQHIXPLABv29i67cxpyIf4KW63sjK2/xcL/4oEUCr7q5b2ZzJsXxEpact1PJ7e0vLK6ll8vbGxube8Ud/fqNkqMwJqIVGSaAVhUUmONJClsxgYhDBQ2guHVxG/co7Ey0nc0irEdQl/LnhRAmeS3bmV/QGBM9NApltyyOwVfJN6MlNgM1U7xq9WNRBKiJqHAWt9zY2qnYEgKheNCK7EYgxhCH/2MagjRttNp5DE/SixQxGM0XCo+FfH3RgqhtaMwyCZDoIGd9ybif56fUO+inUodJ4RaTA6RVDg9ZIWRWRfIu9IgEUySI5eaCzBAhEZyECITk6ycQtaHN//9IqmflL3T8tnNaalyOWsmzw7YITtmHjtnFXbNqqzGBIvYE3tmL86j8+q8Oe8/ozlntrPP/sD5+AZhAJX6</latexit>

h = g � f : D ! F

<latexit sha1_base64="SDWPPmYn2u0t744FvnbyDRUHvZ4=">AAACDXicbVDLSgNBEJyNrxhfq57Ey2AQPIVdiSiCEFTEYwTzgCSE3kknGTL7YKZXCSH4CX6FVz15E69+gwf/xU3MQRPrVFR1013lRUoacpxPKzU3v7C4lF7OrKyurW/Ym1tlE8ZaYEmEKtRVDwwqGWCJJCmsRhrB9xRWvN7FyK/coTYyDG6pH2HDh04g21IAJVLT3umedepCasHbp5d1LTtdAq3De37VtLNOzhmDzxJ3QrJsgmLT/qq3QhH7GJBQYEzNdSJqDECTFAqHmXpsMALRgw7WEhqAj6YxGEcY8v3YAIU8Qs2l4mMRf28MwDem73vJpA/UNdPeSPzPq8XUPmkMZBDFhIEYHSKpcHzICC2TbpC3pEYiGH2OXAZcgAYi1JKDEIkYJ2Vlkj7c6fSzpHyYc/O5o5t8tnA+aSbNdtkeO2AuO2YFds2KrMQEe2BP7Jm9WI/Wq/Vmvf+MpqzJzjb7A+vjG1q2m0o=</latexit>

monotone

proof. we need to prove 8x, y 2 D. x vD y ) h(x) vF h(y)

<latexit sha1_base64="Om0x4zY2WGSF9yJ1cwAq7QPJE9I="></latexit>

x vD y

<latexit sha1_base64="xzkOx1QVjKo01u9hNE2LoelpIIg=">AAACBXicbVC7TsNAEDyHVwgvB0qaExESVWSjICgjoKAMEnlIiWWdL5twyvmRuzUQWan5Clqo6BAt30HBv2AHF5Aw1WhmVzs7XiSFRsv6NApLyyura8X10sbm1vaOWd5t6TBWHJo8lKHqeEyDFAE0UaCETqSA+Z6Etje6yPz2HSgtwuAGJxE4PhsGYiA4w1RyzfJDT4917GlAGLuXdFJyzYpVtWagi8TOSYXkaLjmV68f8tiHALlkWndtK0InYQoFlzAt9WINEeMjNoRuSgPmg3aSWfQpPYw1w5BGoKiQdCbC742E+VpPfC+d9Bne6nkvE//zujEOzpxEBFGMEPDsEAoJs0OaK5F2ArQvFCCyLDlQEVDOFEMEJSjjPBXjtKSsD3v++0XSOq7aterJda1SP8+bKZJ9ckCOiE1OSZ1ckQZpEk7uyRN5Ji/Go/FqvBnvP6MFI9/ZI39gfHwD0EiYTA==</latexit>

take

then f(x) vE f(y)

<latexit sha1_base64="0r3laxaPLINxAj8ZaYGDRwUoV/A=">AAACC3icbVC7TgJBFJ3FF+Jr1cLCZiIxgYbsGoyWRGNiiYk8EiBkdrjghNkHM3eMhPAJfoWtVnbG1o+w8F/cXSkUPNXJOffm3nO8SAqNjvNpZZaWV1bXsuu5jc2t7R17d6+uQ6M41HgoQ9X0mAYpAqihQAnNSAHzPQkNb3iZ+I17UFqEwS2OI+j4bBCIvuAMY6lrH/QLD8W2HmnjaUAYda9ovzAu5rp23ik5KegicWckT2aodu2vdi/kxocAuWRat1wnws6EKRRcwjTXNhoixodsAK2YBswH3ZmkAab02GiGIY1AUSFpKsLvjQnztR77XjzpM7zT814i/ue1DPbPOxMRRAYh4MkhFBLSQ5orETcDtCcUILLkc6AioJwphghKUMZ5LJq4qqQPdz79IqmflNxy6fSmnK9czJrJkkNyRArEJWekQq5JldQIJ1PyRJ7Ji/VovVpv1vvPaMaa7eyTP7A+vgEPs5n3</latexit>

because    is monotonef

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

then g(f(x)) vF g(f(y))

<latexit sha1_base64="m4BMo91oTbsSfMyCUu+ojfAQHno=">AAACEXicbVDLSgNBEJyNrxhfqx5FGAxCcgm7EtFjUBCPEcwDkiXMTjpxcPaRmV4xhJz8BL/Cq568iVe/wIP/4u66B02sU1HVTXeVG0qh0bI+jdzC4tLySn61sLa+sbllbu80dRApDg0eyEC1XaZBCh8aKFBCO1TAPFdCy709T/zWHSgtAv8axyE4Hhv6YiA4w1jqmfvD0qB0Xy539UhHrgaEUe+CJuK4XC70zKJVsVLQeWJnpEgy1HvmV7cf8MgDH7lkWndsK0RnwhQKLmFa6EYaQsZv2RA6MfWZB9qZpDGm9DDSDAMagqJC0lSE3xsT5mk99tx40mN4o2e9RPzP60Q4OHUmwg8jBJ8nh1BISA9prkTcD9C+UIDIks+BCp9yphgiKEEZ57EYxYUlfdiz6edJ86hiVyvHV9Vi7SxrJk/2yAEpEZuckBq5JHXSIJw8kCfyTF6MR+PVeDPef0ZzRrazS/7A+PgGW6qbpA==</latexit>

because    is monotoneg

<latexit sha1_base64="rPbfdRzrpqZiPIuAZPPo8IcJhNE=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9HVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzduopF4</latexit>

=

<latexit sha1_base64="eI98TI2cnvvZzgQ9DvZBHuwz+dw=">AAAB83icbVBNS8NAFNzUr1q/qh69LBbBU0mkoheh6MVjC9YW2lA229e6dLMJu2+FEvoLvOrJm3j1B3nwv5jEHLR1TsPMe7x5E8RSGHTdT6e0srq2vlHerGxt7+zuVfcP7k1kNYcOj2SkewEzIIWCDgqU0Is1sDCQ0A2mN5nffQRtRKTucBaDH7KJEmPBGaZS+2pYrbl1NwddJl5BaqRAa1j9GowibkNQyCUzpu+5MfoJ0yi4hHllYA3EjE/ZBPopVSwE4yd50Dk9sYZhRGPQVEiai/B7I2GhMbMwSCdDhg9m0cvE/7y+xfGlnwgVWwTFs0MoJOSHDNcibQDoSGhAZFlyoEJRzjRDBC0o4zwVbVpJJe3DW/x+mdyf1b1G/bzdqDWvi2bK5Igck1PikQvSJLekRTqEEyBP5Jm8ONZ5dd6c95/RklPsHJI/cD6+AS0skU4=</latexit>

=

<latexit sha1_base64="eI98TI2cnvvZzgQ9DvZBHuwz+dw=">AAAB83icbVBNS8NAFNzUr1q/qh69LBbBU0mkoheh6MVjC9YW2lA229e6dLMJu2+FEvoLvOrJm3j1B3nwv5jEHLR1TsPMe7x5E8RSGHTdT6e0srq2vlHerGxt7+zuVfcP7k1kNYcOj2SkewEzIIWCDgqU0Is1sDCQ0A2mN5nffQRtRKTucBaDH7KJEmPBGaZS+2pYrbl1NwddJl5BaqRAa1j9GowibkNQyCUzpu+5MfoJ0yi4hHllYA3EjE/ZBPopVSwE4yd50Dk9sYZhRGPQVEiai/B7I2GhMbMwSCdDhg9m0cvE/7y+xfGlnwgVWwTFs0MoJOSHDNcibQDoSGhAZFlyoEJRzjRDBC0o4zwVbVpJJe3DW/x+mdyf1b1G/bzdqDWvi2bK5Igck1PikQvSJLekRTqEEyBP5Jm8ONZ5dd6c95/RklPsHJI/cD6+AS0skU4=</latexit>

h(x)

<latexit sha1_base64="rTbVa+hj+GtKre7kVCPPAQk/7cs=">AAAB9nicbVC7TsNAEDyHVwivACXNiQgpNJGNgqCMoKEMEnlIiRWdL5vklPPZulujRFZ+gRYqOkTL71DwL9jGBSRMNZrZ1c6OF0ph0LY/rcLa+sbmVnG7tLO7t39QPjxqmyDSHFo8kIHuesyAFApaKFBCN9TAfE9Cx5vepn7nEbQRgXrAeQiuz8ZKjARnmEqT6ux8UK7YNTsDXSVOTiokR3NQ/uoPAx75oJBLZkzPsUN0Y6ZRcAmLUj8yEDI+ZWPoJVQxH4wbZ1kX9CwyDAMagqZC0kyE3xsx842Z+14y6TOcmGUvFf/zehGOrt1YqDBCUDw9hEJCdshwLZISgA6FBkSWJgcqFOVMM0TQgjLOEzFKWiklfTjL36+S9kXNqdcu7+uVxk3eTJGckFNSJQ65Ig1yR5qkRTiZkCfyTF6smfVqvVnvP6MFK985Jn9gfXwDGmmSYA==</latexit>

h(y)

<latexit sha1_base64="SyFeM7BpamAsFAjU1YcVMBgXHCE=">AAAB9nicbVC7TsNAEFzzDOEVoKQ5ESGFJrJREJQRNJRBIg8psaLzZZOccn7obo2IovwCLVR0iJbfoeBfsI0LSJhqNLOrnR0vUtKQbX9aK6tr6xubha3i9s7u3n7p4LBlwlgLbIpQhbrjcYNKBtgkSQo7kUbuewrb3uQm9dsPqI0Mg3uaRuj6fBTIoRScUmlcmZ71S2W7amdgy8TJSRlyNPqlr94gFLGPAQnFjek6dkTujGuSQuG82IsNRlxM+Ai7CQ24j8adZVnn7DQ2nEIWoWZSsUzE3xsz7hsz9b1k0uc0NoteKv7ndWMaXrkzGUQxYSDSQyQVZoeM0DIpAdlAaiTiaXJkMmCCa06EWjIuRCLGSSvFpA9n8ftl0jqvOrXqxV2tXL/OmynAMZxABRy4hDrcQgOaIGAMT/AML9aj9Wq9We8/oytWvnMEf2B9fAMb+ZJh</latexit>

we want to prove h(x) vF h(y)

<latexit sha1_base64="qsjT9IR1a07xm/1MRRYNFl5Ui2Q=">AAACC3icbVC7TgJBFJ31ifhCLSxsJhITaMiuwWhJNDGWmMgjAUJmhwtMmH0wc8dINnyCX2GrlZ2x9SMs/Bd3cQsFT3Vyzr259xw3lEKjbX9aS8srq2vrmY3s5tb2zm5ub7+uA6M41HggA9V0mQYpfKihQAnNUAHzXAkNd3SV+I17UFoE/h1OQuh4bOCLvuAMY6mbOxwWHoq0rcfauBoQxt1rOixMit1c3i7ZM9BF4qQkT1JUu7mvdi/gxgMfuWRatxw7xE7EFAouYZptGw0h4yM2gFZMfeaB7kSzAFN6YjTDgIagqJB0JsLvjYh5Wk88N570GA71vJeI/3ktg/2LTiT80CD4PDmEQsLskOZKxM0A7QkFiCz5HKjwKWeKIYISlHEeiyauKhv34cynXyT105JTLp3dlvOVy7SZDDkix6RAHHJOKuSGVEmNcDIlT+SZvFiP1qv1Zr3/jC5Z6c4B+QPr4xs1n5oS</latexit>
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Continuous function
CPO(D,vD)

<latexit sha1_base64="Live4Qx2Oe5eCgXv2++U5D8PP9E=">AAACBXicbVC7TgJBFJ3FF+Jr0dJmIjHBxJBdg9GSKIUlJvJIgGxmhwtOmJ1dZu5qyIbar7DVys7Y+h0W/osLUih6qpNz7s099/iRFAYd58PKLC2vrK5l13Mbm1vbO3Z+t2HCWHOo81CGuuUzA1IoqKNACa1IAwt8CU1/eDn1m3egjQjVDY4j6AZsoERfcIap5Nn5YvW4Y0Ym9g0gjLzqkWcXnJIzA/1L3DkpkDlqnv3Z6YU8DkAhl8yYtutE2E2YRsElTHKd2EDE+JANoJ1SxQIw3WQWfUIPY8MwpBFoKiSdifBzI2GBMePATycDhrdm0ZuK/3ntGPvn3USoKEZQfHoIhYTZIcO1SDsB2hMaENk0OVChKGeaIYIWlHGeinFaUi7tw138/i9pnJTccun0ulyoXMybyZJ9ckCKxCVnpEKuSI3UCSf35JE8kWfrwXqxXq2379GMNd/ZI79gvX8BOg+X8g==</latexit>

(E,vE)

<latexit sha1_base64="Lk6hMY8ufjdwUK1TeoiuIJLy+28=">AAACBXicbVDLSgNBEJyNrxhfGz16GQxCBAm7EtFjUAIeI5gHJGGZnXTikNnZzUyvEpac/QqvevImXv0OD/6Lm5iDRutUVHXT1eVHUhh0nA8rs7S8srqWXc9tbG5t79j53YYJY82hzkMZ6pbPDEihoI4CJbQiDSzwJTT94eXUb96BNiJUNziOoBuwgRJ9wRmmkmfni9XjjhmZ2DeAMPKqR55dcErODPQvceekQOaoefZnpxfyOACFXDJj2q4TYTdhGgWXMMl1YgMR40M2gHZKFQvAdJNZ9Ak9jA3DkEagqZB0JsLPjYQFxowDP50MGN6aRW8q/ue1Y+yfdxOhohhB8ekhFBJmhwzXIu0EaE9oQGTT5ECFopxphghaUMZ5KsZpSbm0D3fx+7+kcVJyy6XT63KhcjFvJkv2yQEpEpeckQq5IjVSJ5zck0fyRJ6tB+vFerXevkcz1nxnj/yC9f4FPT2X9A==</latexit>

f : D ! E

<latexit sha1_base64="gzXU4vrZR74u1nGcRxyrlaFLtFI=">AAACBHicbVDLTgJBEJzFF+Jr1aOXicTEE9k1GI0n4iPxiIk8EiCkd2hgwuwjM70YQrj6FV715M149T88+C8uKwcF61Sp6k5XlxcpachxPq3M0vLK6lp2PbexubW9Y+/uVU0Ya4EVEapQ1z0wqGSAFZKksB5pBN9TWPMGV1O/NkRtZBjc0yjClg+9QHalAEqktm13L66bWvb6BFqHD/ymbeedgpOCLxJ3RvJshnLb/mp2QhH7GJBQYEzDdSJqjUGTFAonuWZsMAIxgB42EhqAj6Y1TpNP+FFsgEIeoeZS8VTE3xtj8I0Z+V4y6QP1zbw3Ff/zGjF1z1tjGUQxYSCmh0gqTA8ZoWVSCfKO1EgE0+TIZcAFaCBCLTkIkYhx0lEu6cOd/36RVE8KbrFwelfMly5nzWTZATtkx8xlZ6zEblmZVZhgQ/bEntmL9Wi9Wm/W+89oxprt7LM/sD6+Ad1El8Y=</latexit>

CPO

f

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

is continuous if

Continuous = limit preserving

monotone

8{di}i2N. f

 
G

i2N
di

!
=
G

i2N
f(di)

<latexit sha1_base64="Nwh+Si8HWR2ROH7WvKy0StyJSYw="></latexit>

limit in limit in
D

<latexit sha1_base64="EdiVPFPllZhf5neTyy+WQdhGBFA=">AAACB3icbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9EPXiERB4JbEjv0OCE2Udmeo1kwwcYr/od3oxXP8PP8A/cRQ4C1qlS1d3VKS9S0pBtf1m5ldW19Y38ZmFre2d3r7h/0DRhrAU2RKhC3fbAoJIBNkiSwnakEXxPYcsbXWd+6wG1kWFwR+MIXR+GgRxIAZRK9ZtesWSX7Sn4MnFmpMRmqPWK391+KGIfAxIKjOk4dkRuApqkUDgpdGODEYgRDLGT0gB8NG4yfXTCT2IDFPIINZeKT0X8u5GAb8zY99JJH+jeLHqZ+J/XiWlw6SYyiGLCQGRBJBVOg4zQMm0AeV9qJILsc+Qy4AI0EKGWHIRIxTitZO4oKOUmj+NJ2pGz2MgyaZ6VnUr5vF4pVa9mbeXZETtmp8xhF6zKblmNNZhgyJ7ZC3u1nqw36936+B3NWbOdQzYH6/MH0AGaHA==</latexit>

E

<latexit sha1_base64="rgH0dPHaPhFWRHg30BS+kRd0Kbw=">AAACB3icbVDLSgNBEJyNrxhfUY9eBoPgKexKRI9BETwmYB6QLKF30olDZh/M9IphyQeIV/0Ob+LVz/Az/AN3Yw4msU5FVXdXU16kpCHb/rJyK6tr6xv5zcLW9s7uXnH/oGnCWAtsiFCFuu2BQSUDbJAkhe1II/iewpY3us781gNqI8PgjsYRuj4MAzmQAiiV6je9Ysku21PwZeLMSInNUOsVv7v9UMQ+BiQUGNNx7IjcBDRJoXBS6MYGIxAjGGInpQH4aNxk+uiEn8QGKOQRai4Vn4r4dyMB35ix76WTPtC9WfQy8T+vE9Pg0k1kEMWEgciCSCqcBhmhZdoA8r7USATZ58hlwAVoIEItOQiRinFaydxRUMpNHseTtCNnsZFl0jwrO5Xyeb1Sql7N2sqzI3bMTpnDLliV3bIaazDBkD2zF/ZqPVlv1rv18Tuas2Y7h2wO1ucP0aSaHQ==</latexit>

chain
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Continuity illustrated

d0

<latexit sha1_base64="0Oi6EU75RhQPAbowRw4siSkZ5aA=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e3StX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE5u5rf</latexit>

d1

<latexit sha1_base64="zR3laxG5NG02zbfVSkbL2QUvITk=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e0ytX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE7Xprg</latexit>

d2

<latexit sha1_base64="evATSHwP/dQ9yUTCx+M4VXyn3io=">AAACCXicbVDLTgJBEJzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDekdGpww+8hMr5Fs+ALjVb/Dm/HqV/gZ/oG7yEHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPmiaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq8xvPaA2MgzuaByh68MwkAMpgFLptt+r9Iolu2xPwZeJMyMlNkO9V/zu9kMR+xiQUGBMx7EjchPQJIXCSaEbG4xAjGCInZQG4KNxk+mrE34SG6CQR6i5VHwq4t+NBHxjxr6XTvpA92bRy8T/vE5Mgws3kUEUEwYiCyKpcBpkhJZpB8j7UiMRZJ8jlwEXoIEIteQgRCrGaSlzR0EpN3kcT9KOnMVGlkmzUnaq5bObaql2OWsrz47YMTtlDjtnNXbN6qzBBBuyZ/bCXq0n6816tz5+R3PWbOeQzcH6/AE9AZrh</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

G

i2N
di

<latexit sha1_base64="H5Ij+glvVUstqgJWLxLoJF8ud7o=">AAACJnicbVBNS9xQFH3RqlM/x3YplEcHwdWQiKJL0U1XZQRHhUkIN2+u48WXl/jejTiE7PwxpVv7O9xJcedf8B80mc6ias/qcM79PEmuybHvP3kzsx/m5hdaHxeXlldW19rrn05dVliFfZXpzJ4n4FCTwT4TazzPLUKaaDxLro4a/+wGraPMnPA4xyiFkaELUsC1FLe/hAmN3LUq8rikkEyYAl8mSfm9quQwprjd8bv+BPI9CaakI6boxe2XcJipIkXDSoNzg8DPOSrBMimN1WJYOMxBXcEIBzU1kKKLyskfldwsHHAmc7SStJyI+G9HCalz4zSpK5sz3VuvEf/nDQq+2I9KMnnBaFSziEnjZJFTluqAUA7JIjM0l6MkIxVYYEZLEpSqxaJO7NVQ0Doqb8dVnVHwNpH35HS7G+x0d493OgeH07RaYkN8FVsiEHviQHwTPdEXStyJn+Je/PJ+eA/eo/f7b+mMN+35LF7Be/4DeCmnNA==</latexit>

f

 
G

i2N
di

!

<latexit sha1_base64="PesldY3irc/eYuyibo/BVZoRzNE="></latexit>

G

i2N
f(di)

<latexit sha1_base64="AlJYnZO7HQbII/cPKXnWw4H3LWA="></latexit>

f(d2)

<latexit sha1_base64="Vbc2ehxpCoQJRWCKO3q9oBQWCaM=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHBC9klGD0SvXjERB4JbEjv0ODI7CMzvUay4ReMV/0Ob8ar/+Bn+AcuyEHAOlWqurs65UVKGrLtLyuzsrq2vpHdzG1t7+zu5fcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrDq4nffEBtZBjc0ihC14dBIPtSAKVSo1/sdcun3XzBLtlT8GXizEiBzVDr5r87vVDEPgYkFBjTduyI3AQ0SaFwnOvEBiMQQxhgO6UB+GjcZPrtmJ/EBijkEWouFZ+K+HcjAd+Yke+lkz7QnVn0JuJ/Xjum/oWbyCCKCQMxCSKpcBpkhJZpDch7UiMRTD5HLgMuQAMRaslBiFSM017mjoJSbvI4GqcdOYuNLJNGueRUSmc3lUL1ctZWlh2xY1ZkDjtnVXbNaqzOBLtnz+yFvVpP1pv1bn38jmas2c4hm4P1+QPbQ5u2</latexit>

f(d1)

<latexit sha1_base64="1Q/HvVqzZZIwssvS1KdDyX19bSU=">AAACDHicbVDLTgJBEJz1ifhCPXqZSEzwQnYNRo9ELx4xkUcCG9I7NDgy+8hMr5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtL2tpeWV1bT23kd/c2t7ZLeztN0wYa4F1EapQtzwwqGSAdZKksBVpBN9T2PSGVxO/+YDayDC4pVGErg+DQPalAEqlRr/U6zon3ULRLtsZ+CJxpqTIpqh1C9+dXihiHwMSCoxpO3ZEbgKapFA4zndigxGIIQywndIAfDRukn075sexAQp5hJpLxTMR/24k4Bsz8r100ge6M/PeRPzPa8fUv3ATGUQxYSAmQSQVZkFGaJnWgLwnNRLB5HPkMuACNBChlhyESMU47WXmKCjlJo+jcdqRM9/IImmclp1K+eymUqxeTtvKsUN2xErMYeesyq5ZjdWZYPfsmb2wV+vJerPerY/f0SVrunPAZmB9/gDZn5u1</latexit>

f(d0)

<latexit sha1_base64="bD6PLdK9bAENipdpyQepix7qrTs=">AAACDHicbVDLTgJBEJz1ifhCPXqZSEzwQnYNRo9ELx4xkUcCG9I7NDgy+8hMr5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtL2tpeWV1bT23kd/c2t7ZLeztN0wYa4F1EapQtzwwqGSAdZKksBVpBN9T2PSGVxO/+YDayDC4pVGErg+DQPalAEqlRr/U69on3ULRLtsZ+CJxpqTIpqh1C9+dXihiHwMSCoxpO3ZEbgKapFA4zndigxGIIQywndIAfDRukn075sexAQp5hJpLxTMR/24k4Bsz8r100ge6M/PeRPzPa8fUv3ATGUQxYSAmQSQVZkFGaJnWgLwnNRLB5HPkMuACNBChlhyESMU47WXmKCjlJo+jcdqRM9/IImmclp1K+eymUqxeTtvKsUN2xErMYeesyq5ZjdWZYPfsmb2wV+vJerPerY/f0SVrunPAZmB9/gDX+5u0</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

lub

u.b.
(by monotonicity)

a chain
(by monotonicity)a chain

lub

=?
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Continuity illustrated

d0

<latexit sha1_base64="0Oi6EU75RhQPAbowRw4siSkZ5aA=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e3StX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE5u5rf</latexit>

d1

<latexit sha1_base64="zR3laxG5NG02zbfVSkbL2QUvITk=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e0ytX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE7Xprg</latexit>

d2

<latexit sha1_base64="evATSHwP/dQ9yUTCx+M4VXyn3io=">AAACCXicbVDLTgJBEJzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDekdGpww+8hMr5Fs+ALjVb/Dm/HqV/gZ/oG7yEHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPmiaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq8xvPaA2MgzuaByh68MwkAMpgFLptt+r9Iolu2xPwZeJMyMlNkO9V/zu9kMR+xiQUGBMx7EjchPQJIXCSaEbG4xAjGCInZQG4KNxk+mrE34SG6CQR6i5VHwq4t+NBHxjxr6XTvpA92bRy8T/vE5Mgws3kUEUEwYiCyKpcBpkhJZpB8j7UiMRZJ8jlwEXoIEIteQgRCrGaSlzR0EpN3kcT9KOnMVGlkmzUnaq5bObaql2OWsrz47YMTtlDjtnNXbN6qzBBBuyZ/bCXq0n6816tz5+R3PWbOeQzcH6/AE9AZrh</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

G

i2N
di

<latexit sha1_base64="H5Ij+glvVUstqgJWLxLoJF8ud7o=">AAACJnicbVBNS9xQFH3RqlM/x3YplEcHwdWQiKJL0U1XZQRHhUkIN2+u48WXl/jejTiE7PwxpVv7O9xJcedf8B80mc6ias/qcM79PEmuybHvP3kzsx/m5hdaHxeXlldW19rrn05dVliFfZXpzJ4n4FCTwT4TazzPLUKaaDxLro4a/+wGraPMnPA4xyiFkaELUsC1FLe/hAmN3LUq8rikkEyYAl8mSfm9quQwprjd8bv+BPI9CaakI6boxe2XcJipIkXDSoNzg8DPOSrBMimN1WJYOMxBXcEIBzU1kKKLyskfldwsHHAmc7SStJyI+G9HCalz4zSpK5sz3VuvEf/nDQq+2I9KMnnBaFSziEnjZJFTluqAUA7JIjM0l6MkIxVYYEZLEpSqxaJO7NVQ0Doqb8dVnVHwNpH35HS7G+x0d493OgeH07RaYkN8FVsiEHviQHwTPdEXStyJn+Je/PJ+eA/eo/f7b+mMN+35LF7Be/4DeCmnNA==</latexit>

f

 
G

i2N
di

!

<latexit sha1_base64="PesldY3irc/eYuyibo/BVZoRzNE="></latexit>

G

i2N
f(di)

<latexit sha1_base64="AlJYnZO7HQbII/cPKXnWw4H3LWA="></latexit>

f(d2)

<latexit sha1_base64="Vbc2ehxpCoQJRWCKO3q9oBQWCaM=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHBC9klGD0SvXjERB4JbEjv0ODI7CMzvUay4ReMV/0Ob8ar/+Bn+AcuyEHAOlWqurs65UVKGrLtLyuzsrq2vpHdzG1t7+zu5fcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrDq4nffEBtZBjc0ihC14dBIPtSAKVSo1/sdcun3XzBLtlT8GXizEiBzVDr5r87vVDEPgYkFBjTduyI3AQ0SaFwnOvEBiMQQxhgO6UB+GjcZPrtmJ/EBijkEWouFZ+K+HcjAd+Yke+lkz7QnVn0JuJ/Xjum/oWbyCCKCQMxCSKpcBpkhJZpDch7UiMRTD5HLgMuQAMRaslBiFSM017mjoJSbvI4GqcdOYuNLJNGueRUSmc3lUL1ctZWlh2xY1ZkDjtnVXbNaqzOBLtnz+yFvVpP1pv1bn38jmas2c4hm4P1+QPbQ5u2</latexit>

f(d1)

<latexit sha1_base64="1Q/HvVqzZZIwssvS1KdDyX19bSU=">AAACDHicbVDLTgJBEJz1ifhCPXqZSEzwQnYNRo9ELx4xkUcCG9I7NDgy+8hMr5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtL2tpeWV1bT23kd/c2t7ZLeztN0wYa4F1EapQtzwwqGSAdZKksBVpBN9T2PSGVxO/+YDayDC4pVGErg+DQPalAEqlRr/U6zon3ULRLtsZ+CJxpqTIpqh1C9+dXihiHwMSCoxpO3ZEbgKapFA4zndigxGIIQywndIAfDRukn075sexAQp5hJpLxTMR/24k4Bsz8r100ge6M/PeRPzPa8fUv3ATGUQxYSAmQSQVZkFGaJnWgLwnNRLB5HPkMuACNBChlhyESMU47WXmKCjlJo+jcdqRM9/IImmclp1K+eymUqxeTtvKsUN2xErMYeesyq5ZjdWZYPfsmb2wV+vJerPerY/f0SVrunPAZmB9/gDZn5u1</latexit>

f(d0)

<latexit sha1_base64="bD6PLdK9bAENipdpyQepix7qrTs=">AAACDHicbVDLTgJBEJz1ifhCPXqZSEzwQnYNRo9ELx4xkUcCG9I7NDgy+8hMr5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtL2tpeWV1bT23kd/c2t7ZLeztN0wYa4F1EapQtzwwqGSAdZKksBVpBN9T2PSGVxO/+YDayDC4pVGErg+DQPalAEqlRr/U69on3ULRLtsZ+CJxpqTIpqh1C9+dXihiHwMSCoxpO3ZEbgKapFA4zndigxGIIQywndIAfDRukn075sexAQp5hJpLxTMR/24k4Bsz8r100ge6M/PeRPzPa8fUv3ATGUQxYSAmQSQVZkFGaJnWgLwnNRLB5HPkMuACNBChlhyESMU47WXmKCjlJo+jcdqRM9/IImmclp1K+eymUqxeTtvKsUN2xErMYeesyq5ZjdWZYPfsmb2wV+vJerPerY/f0SVrunPAZmB9/gDX+5u0</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

follows from
monotonicity
(and CPO)

a chain

lub

=?

G

i2N
f(di) vE f

 
G

i2N
di

!

<latexit sha1_base64="Gchini5P5broaJYXQedlKrcMvlI="></latexit>
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Continuity illustrated

d0

<latexit sha1_base64="0Oi6EU75RhQPAbowRw4siSkZ5aA=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e3StX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE5u5rf</latexit>

d1

<latexit sha1_base64="zR3laxG5NG02zbfVSkbL2QUvITk=">AAACCXicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drRGRlS9AtPAddIiWr+Az+AMc44IkTDWa2d1ZjRcpaci2v6zC0vLK6lpxvbSxubW9U97da5ow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrqZ+6wG1kWFwR+MIXR+GgRxIAZRKt/2e0ytX7KqdgS8SJycVlqPeK393+6GIfQxIKDCm49gRuQlokkLhpNSNDUYgRjDETkoD8NG4SfbqhB/FBijkEWouFc9E/LuRgG/M2PfSSR/o3sx7U/E/rxPT4MJNZBDFhIGYBpFUmAUZoWXaAfK+1EgE08+Ry4AL0ECEWnIQIhXjtJSZo6CUmzyOJ2lHznwji6R5UnVOq2c3p5XaZd5WkR2wQ3bMHHbOauya1VmDCTZkz+yFvVpP1pv1bn38jhasfGefzcD6/AE7Xprg</latexit>

d2

<latexit sha1_base64="evATSHwP/dQ9yUTCx+M4VXyn3io=">AAACCXicbVDLTgJBEJzFF+IL9ehlIjHxRHYJRo9ELx4xyiOBDekdGpww+8hMr5Fs+ALjVb/Dm/HqV/gZ/oG7yEHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPmiaMtcCGCFWo2x4YVDLABklS2I40gu8pbHmjq8xvPaA2MgzuaByh68MwkAMpgFLptt+r9Iolu2xPwZeJMyMlNkO9V/zu9kMR+xiQUGBMx7EjchPQJIXCSaEbG4xAjGCInZQG4KNxk+mrE34SG6CQR6i5VHwq4t+NBHxjxr6XTvpA92bRy8T/vE5Mgws3kUEUEwYiCyKpcBpkhJZpB8j7UiMRZJ8jlwEXoIEIteQgRCrGaSlzR0EpN3kcT9KOnMVGlkmzUnaq5bObaql2OWsrz47YMTtlDjtnNXbN6qzBBBuyZ/bCXq0n6816tz5+R3PWbOeQzcH6/AE9AZrh</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

G

i2N
di

<latexit sha1_base64="H5Ij+glvVUstqgJWLxLoJF8ud7o=">AAACJnicbVBNS9xQFH3RqlM/x3YplEcHwdWQiKJL0U1XZQRHhUkIN2+u48WXl/jejTiE7PwxpVv7O9xJcedf8B80mc6ias/qcM79PEmuybHvP3kzsx/m5hdaHxeXlldW19rrn05dVliFfZXpzJ4n4FCTwT4TazzPLUKaaDxLro4a/+wGraPMnPA4xyiFkaELUsC1FLe/hAmN3LUq8rikkEyYAl8mSfm9quQwprjd8bv+BPI9CaakI6boxe2XcJipIkXDSoNzg8DPOSrBMimN1WJYOMxBXcEIBzU1kKKLyskfldwsHHAmc7SStJyI+G9HCalz4zSpK5sz3VuvEf/nDQq+2I9KMnnBaFSziEnjZJFTluqAUA7JIjM0l6MkIxVYYEZLEpSqxaJO7NVQ0Doqb8dVnVHwNpH35HS7G+x0d493OgeH07RaYkN8FVsiEHviQHwTPdEXStyJn+Je/PJ+eA/eo/f7b+mMN+35LF7Be/4DeCmnNA==</latexit>

f

 
G

i2N
di

!

<latexit sha1_base64="PesldY3irc/eYuyibo/BVZoRzNE="></latexit>

G

i2N
f(di)

<latexit sha1_base64="AlJYnZO7HQbII/cPKXnWw4H3LWA="></latexit>

f(d2)

<latexit sha1_base64="Vbc2ehxpCoQJRWCKO3q9oBQWCaM=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHBC9klGD0SvXjERB4JbEjv0ODI7CMzvUay4ReMV/0Ob8ar/+Bn+AcuyEHAOlWqurs65UVKGrLtLyuzsrq2vpHdzG1t7+zu5fcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrDq4nffEBtZBjc0ihC14dBIPtSAKVSo1/sdcun3XzBLtlT8GXizEiBzVDr5r87vVDEPgYkFBjTduyI3AQ0SaFwnOvEBiMQQxhgO6UB+GjcZPrtmJ/EBijkEWouFZ+K+HcjAd+Yke+lkz7QnVn0JuJ/Xjum/oWbyCCKCQMxCSKpcBpkhJZpDch7UiMRTD5HLgMuQAMRaslBiFSM017mjoJSbvI4GqcdOYuNLJNGueRUSmc3lUL1ctZWlh2xY1ZkDjtnVXbNaqzOBLtnz+yFvVpP1pv1bn38jmas2c4hm4P1+QPbQ5u2</latexit>

f(d1)

<latexit sha1_base64="1Q/HvVqzZZIwssvS1KdDyX19bSU=">AAACDHicbVDLTgJBEJz1ifhCPXqZSEzwQnYNRo9ELx4xkUcCG9I7NDgy+8hMr5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtL2tpeWV1bT23kd/c2t7ZLeztN0wYa4F1EapQtzwwqGSAdZKksBVpBN9T2PSGVxO/+YDayDC4pVGErg+DQPalAEqlRr/U6zon3ULRLtsZ+CJxpqTIpqh1C9+dXihiHwMSCoxpO3ZEbgKapFA4zndigxGIIQywndIAfDRukn075sexAQp5hJpLxTMR/24k4Bsz8r100ge6M/PeRPzPa8fUv3ATGUQxYSAmQSQVZkFGaJnWgLwnNRLB5HPkMuACNBChlhyESMU47WXmKCjlJo+jcdqRM9/IImmclp1K+eymUqxeTtvKsUN2xErMYeesyq5ZjdWZYPfsmb2wV+vJerPerY/f0SVrunPAZmB9/gDZn5u1</latexit>

f(d0)

<latexit sha1_base64="bD6PLdK9bAENipdpyQepix7qrTs=">AAACDHicbVDLTgJBEJz1ifhCPXqZSEzwQnYNRo9ELx4xkUcCG9I7NDgy+8hMr5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtL2tpeWV1bT23kd/c2t7ZLeztN0wYa4F1EapQtzwwqGSAdZKksBVpBN9T2PSGVxO/+YDayDC4pVGErg+DQPalAEqlRr/U69on3ULRLtsZ+CJxpqTIpqh1C9+dXihiHwMSCoxpO3ZEbgKapFA4zndigxGIIQywndIAfDRukn075sexAQp5hJpLxTMR/24k4Bsz8r100ge6M/PeRPzPa8fUv3ATGUQxYSAmQSQVZkFGaJnWgLwnNRLB5HPkMuACNBChlhyESMU47WXmKCjlJo+jcdqRM9/IImmclp1K+eymUqxeTtvKsUN2xErMYeesyq5ZjdWZYPfsmb2wV+vJerPerY/f0SVrunPAZmB9/gDX+5u0</latexit>

...

<latexit sha1_base64="zmTqNKmK38Q94h+HwpWuuP7+B3Y=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCG9I7NDgy+8hML5Fs+AXjVb/Dm/HqP/gZ/oHLykHAOlWqurs65UVKGrLtLyu3srq2vpHfLGxt7+zuFfcPGiaMtcC6CFWoWx4YVDLAOklS2Io0gu8pbHrD66nfHKE2MgzuaByh68MgkH0pgFKp0Rn1QjLdYsku2xn4MnFmpMRmqHWL351eKGIfAxIKjGk7dkRuApqkUDgpdGKDEYghDLCd0gB8NG6SfTvhJ7EBCnmEmkvFMxH/biTgGzP2vXTSB7o3i95U/M9rx9S/dBMZRDFhIKZBJBVmQUZomdaAvCc1EsH0c+Qy4AI0EKGWHIRIxTjtZe4oKOUmj+NJ2pGz2MgyaZyVnUr5/LZSql7N2sqzI3bMTpnDLliV3bAaqzPBHtgze2Gv1pP1Zr1bH7+jOWu2c8jmYH3+AEtpnJY=</latexit>

a chain

lub

=?

G

i2N
f(di)

?
wE f

 
G

i2N
di

!

<latexit sha1_base64="b+OzhPleEY31RPNWTtMSeP/tCoM="></latexit>

continuity
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Example

0

1

2

3

…

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ8 6UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

0

1

2

3

…

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

f(n) = n+ 1

<latexit sha1_base64="u4M5G0S4PLnrmm9pG4Xp6a5ynO4=">AAAB/HicbVDLSsNAFJ3UV62vqks3g0WoCCWRim6EohuXFewD21Am09s6dDIJMzdCCfUr3OrKnbj1X1z4LyYxC62e1eGce7nnHi+UwqBtf1iFhcWl5ZXiamltfWNzq7y90zZBpDm0eCAD3fWYASkUtFCghG6ogfmehI43uUz9zj1oIwJ1g9MQXJ+NlRgJzjCRbkdVdUjPqTpyBuWKXbMz0L/EyUmF5GgOyp/9YcAjHxRyyYzpOXaIbsw0Ci5hVupHBkLGJ2wMvYQq5oNx4yzxjB5EhmFAQ9BUSJqJ8HMjZr4xU99LJn2Gd2beS8X/vF6EozM3FiqMEBRPD6GQkB0yXIukCqBDoQGRpcmBCkU50wwRtKCM80SMkm5KSR/O/Pd/Sfu45tRrJ9f1SuMib6ZI9sg+qRKHnJIGuSJN0iKcKPJInsiz9WC9WK/W2/dowcp3dskvWO9f7SGT1w==</latexit>

f(1) = 1

<latexit sha1_base64="bN9/LgDt6rQ7APfwfcwxjDyaRwk=">AAACBnicbVC7TsNAEDyHVwgvE0qaExFSaCIbBUGDFEFDGSTykBIrOl824ZTz2bpbI6IoPV9BCxUdouU3KPgX7MQFJEw1mtnVzo4fSWHQcb6s3Mrq2vpGfrOwtb2zu2fvF5smjDWHBg9lqNs+MyCFggYKlNCONLDAl9DyR9ep33oAbUSo7nAcgRewoRIDwRkmUs8uDspdoQY4PqGXdM56dsmpODPQZeJmpEQy1Hv2d7cf8jgAhVwyYzquE6E3YRoFlzAtdGMDEeMjNoROQhULwHiTWfYpPY4Nw5BGoKmQdCbC740JC4wZB34yGTC8N4teKv7ndWIcXHgToaIYQfH0EAoJs0OGa5GUArQvNCCyNDlQoShnmiGCFpRxnohx0lIh6cNd/H6ZNE8rbrVydlst1a6yZvLkkByRMnHJOamRG1InDcLJI3kmL+TVerLerHfrYz6as7KdA/IH1ucPrjWYLA==</latexit>

continuous
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…

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ8 6UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

0

1

2

3

…

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

f(1) = 1

<latexit sha1_base64="bN9/LgDt6rQ7APfwfcwxjDyaRwk=">AAACBnicbVC7TsNAEDyHVwgvE0qaExFSaCIbBUGDFEFDGSTykBIrOl824ZTz2bpbI6IoPV9BCxUdouU3KPgX7MQFJEw1mtnVzo4fSWHQcb6s3Mrq2vpGfrOwtb2zu2fvF5smjDWHBg9lqNs+MyCFggYKlNCONLDAl9DyR9ep33oAbUSo7nAcgRewoRIDwRkmUs8uDspdoQY4PqGXdM56dsmpODPQZeJmpEQy1Hv2d7cf8jgAhVwyYzquE6E3YRoFlzAtdGMDEeMjNoROQhULwHiTWfYpPY4Nw5BGoKmQdCbC740JC4wZB34yGTC8N4teKv7ndWIcXHgToaIYQfH0EAoJs0OGa5GUArQvNCCyNDlQoShnmiGCFpRxnohx0lIh6cNd/H6ZNE8rbrVydlst1a6yZvLkkByRMnHJOamRG1InDcLJI3kmL+TVerLerHfrYz6as7KdA/IH1ucPrjWYLA==</latexit>

continuous?

f(n) = 2 · n

<latexit sha1_base64="i9mSg/93HyiIoP7wtr7ckA7n5IA=">AAACA3icbVC7TsNAEDzzDOGRACXNiQgpNJEdBUGDFEFDGSTykBIrOl824ZTz2bpbI0VWSr6CFio6RMuHUPAv2MYFJEw1mtnVzo4XSmHQtj+tldW19Y3NwlZxe2d3r1TeP+iYINIc2jyQge55zIAUCtooUEIv1MB8T0LXm16nfvcBtBGBusNZCK7PJkqMBWeYSMNyaVxVp/SS1gd8FCBNlIpdszPQZeLkpEJytIblr8Eo4JEPCrlkxvQdO0Q3ZhoFlzAvDiIDIeNTNoF+QhXzwbhxFnxOTyLDMKAhaCokzUT4vREz35iZ7yWTPsN7s+il4n9eP8LxhRsLFUYIiqeHUEjIDhmuRdII0JHQgMjS5ECFopxphghaUMZ5IkZJRcWkD2fx+2XSqdecRu3stlFpXuXNFMgROSZV4pBz0iQ3pEXahJOIPJFn8mI9Wq/Wm/X+M7pi5TuH5A+sj29H0JY2</latexit>
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(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ8 6UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

0

1

2

3

…

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

f(1) = 1

<latexit sha1_base64="bN9/LgDt6rQ7APfwfcwxjDyaRwk=">AAACBnicbVC7TsNAEDyHVwgvE0qaExFSaCIbBUGDFEFDGSTykBIrOl824ZTz2bpbI6IoPV9BCxUdouU3KPgX7MQFJEw1mtnVzo4fSWHQcb6s3Mrq2vpGfrOwtb2zu2fvF5smjDWHBg9lqNs+MyCFggYKlNCONLDAl9DyR9ep33oAbUSo7nAcgRewoRIDwRkmUs8uDspdoQY4PqGXdM56dsmpODPQZeJmpEQy1Hv2d7cf8jgAhVwyYzquE6E3YRoFlzAtdGMDEeMjNoROQhULwHiTWfYpPY4Nw5BGoKmQdCbC740JC4wZB34yGTC8N4teKv7ndWIcXHgToaIYQfH0EAoJs0OGa5GUArQvNCCyNDlQoShnmiGCFpRxnohx0lIh6cNd/H6ZNE8rbrVydlst1a6yZvLkkByRMnHJOamRG1InDcLJI3kmL+TVerLerHfrYz6as7KdA/IH1ucPrjWYLA==</latexit>

continuous?

f(n) = n/2

<latexit sha1_base64="dlNCBNTAQ0EZ9TziOvvj+rd9/hQ=">AAAB/HicbVC7TsNAEDyHVwivACXNiQgpNMGOgqBBiqChDBJ5iMSKzpdNOOV8tu7WSJEVvoIWKjpEy79Q8C/YJgUkTDWa2dXOjhdKYdC2P63c0vLK6lp+vbCxubW9U9zda5kg0hyaPJCB7njMgBQKmihQQifUwHxPQtsbX6V++wG0EYG6xUkIrs9GSgwFZ5hId8OyOqYXVJ1U+8WSXbEz0EXizEiJzNDoF796g4BHPijkkhnTdewQ3ZhpFFzCtNCLDISMj9kIuglVzAfjxlniKT2KDMOAhqCpkDQT4fdGzHxjJr6XTPoM7828l4r/ed0Ih+duLFQYISieHkIhITtkuBZJFUAHQgMiS5MDFYpyphkiaEEZ54kYJd0Ukj6c+e8XSatacWqV05taqX45ayZPDsghKROHnJE6uSYN0iScKPJEnsmL9Wi9Wm/W+89ozprt7JM/sD6+AfTwk9w=</latexit>
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monotone function, not continuous(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ8 6UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

0

1

2

3

…

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

f(x) =

⇢
0 if x 2 N
1 if x = 1

<latexit sha1_base64="+Fx1YzUr65WhKvWwUpf1eGFFbjg="></latexit>

di = 2 · i

<latexit sha1_base64="TBldCt0Fz8Y5mjn7fWaSNZ/g9fM=">AAACAHicbVC7TsNAEDzzDOEVoKQ5ESFRRXYUBA1SBA1lkMhDSkx0Pm/CKeezdbdGiqw0fAUtVHSIlj+h4F+wjQtImGo0s6udHS+SwqBtf1pLyyura+uljfLm1vbObmVvv2PCWHNo81CGuucxA1IoaKNACb1IAws8CV1vcpX53QfQRoTqFqcRuAEbKzESnGEq3flDQS9ofcD9EKkYVqp2zc5BF4lTkCop0BpWvgZ+yOMAFHLJjOk7doRuwjQKLmFWHsQGIsYnbAz9lCoWgHGTPPWMHseGYUgj0FRImovweyNhgTHTwEsnA4b3Zt7LxP+8foyjczcRKooRFM8OoZCQHzJci7QOoL7QgMiy5ECFopxphghaUMZ5KsZpP+W0D2f++0XSqdecRu30plFtXhbNlMghOSInxCFnpEmuSYu0CSeaPJFn8mI9Wq/Wm/X+M7pkFTsH5A+sj2+sUJX9</latexit>

G

i2N
di = 1

<latexit sha1_base64="ddYF7c9LENvPZJKnXttuEaHyIIY=">AAACG3icbVC7TsNAEDzzJrwClDQnIgRVZKMgaJAiaKgQSAQixZF1vmzCivPZ3K2RIiufwCfwFbRQ0SFaCgr+BTukgMBUo5ld7eyEiUJLrvvhTExOTc/Mzs2XFhaXllfKq2uXNk6NhIaMVWyaobCgUEODkBQ0EwMiChVchTfHhX91B8ZirC+on0A7Ej2NXZSCcikob/sh9uytTJMgQx+1Hwm6DsPsdDDgnQD5Ic/FLvWDcsWtukPwv8QbkQob4Swof/qdWKYRaJJKWNvy3ITamTCEUsGg5KcWEiFvRA9aOdUiAtvOhg8N+FZqBcU8AcNR8aEIPzcyEVnbj8J8sshrx71C/M9rpdQ9aGeok5RAy+IQoYLhISsN5k0B76ABIlEkB46aS2EEERjkQspcTPPqSnkf3vj3f8nlbtWrVffOa5X60aiZObbBNtkO89g+q7MTdsYaTLJ79sie2LPz4Lw4r87b9+iEM9pZZ7/gvH8BZ6ehyg==</latexit>

f

 
G

i2N
di

!
= f(1) = 1

<latexit sha1_base64="eG41R1umIsfgpljf8uCju4nV6zg="></latexit>

f(di) = 0

<latexit sha1_base64="nBKedN2VWT2SmtoXs00B0csk1WI=">AAAB/HicbVC7TsNAEDyHVwivACXNiQgpNJGNgqBBiqChDBJ5iMSKzpdNOOV8tu7WSJEVvoIWKjpEy79Q8C/YxgUkTDWa2dXOjhdKYdC2P63C0vLK6lpxvbSxubW9U97da5sg0hxaPJCB7nrMgBQKWihQQjfUwHxPQsebXKV+5wG0EYG6xWkIrs/GSowEZ5hId6PqcCCO6QW1B+WKXbMz0EXi5KRCcjQH5a/+MOCRDwq5ZMb0HDtEN2YaBZcwK/UjAyHjEzaGXkIV88G4cZZ4Ro8iwzCgIWgqJM1E+L0RM9+Yqe8lkz7DezPvpeJ/Xi/C0bkbCxVGCIqnh1BIyA4ZrkVSBdCh0IDI0uRAhaKcaYYIWlDGeSJGSTelpA9n/vtF0j6pOfXa6U290rjMmymSA3JIqsQhZ6RBrkmTtAgnijyRZ/JiPVqv1pv1/jNasPKdffIH1sc3JvqT+w==</latexit>

G

i2N
f(di) =

G

i2N
0 = 0

<latexit sha1_base64="moQzWdYASsDxXjZjj4Bo+TlkYJY=">AAACNXicdVC7TsNAEDyHd3gFKGlOREihiWwEggaJR0OFQCKAFEfW+bIJq5zP5m6NhKx8D5/AV9CCKOgQLb+AHVIAgalGM7Pa3QkThZZc98UpjY1PTE5Nz5Rn5+YXFitLyxc2To2EhoxVbK5CYUGhhgYhKbhKDIgoVHAZ9o4K//IWjMVYn9NdAq1IdDV2UArKpaBy4IfYtTcyTYIMfdR+JOg6DLOTfr9Tawe4wff4/xGX77lBperW3QH4KPGGpMqGOA0qr347lmkEmqQS1jY9N6FWJgyhVNAv+6mFRMie6EIzp1pEYFvZ4NU+X0+toJgnYDgqPhDh+0QmImvvojBPFmfa314h/uU1U+rstjLUSUqgZbGIUMFgkZUG8w6Bt9EAkSguB46aS2EEERjkQspcTPNSy3kf3u/vR8nFZt3bqm+fbVX3D4fNTLNVtsZqzGM7bJ8ds1PWYJLds0f2xJ6dB+fVeXPev6IlZzizwn7A+fgEGiSsWQ==</latexit>
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Exercise

continuous?

<latexit sha1_base64="r/YSbaP9isQuiGmyZl4wkmESd/w=">AAACEHicbVC7TsNAEDyHVwivACUUJyKkREKRjXiVETRUKEjkIcVWdL5swinnB3drUGSl4RP4Clqo6BAtf0DBv2AHFxCYajSzq50dN5RCo2l+GLmZ2bn5hfxiYWl5ZXWtuL7R1EGkODR4IAPVdpkGKXxooEAJ7VAB81wJLXd4lvqtW1BaBP4VjkJwPDbwRV9whonULW6X7buwbHsMr103vhhX9qitI1cDwk2lWyyZVXMC+pdYGSmRDPVu8dPuBTzywEcumdYdywzRiZlCwSWMC3akIWR8yAbQSajPPNBOPPliTHcjzTCgISgqJJ2I8HMjZp7WI89NJtO4etpLxf+8ToT9EycWfhgh+Dw9hELC5JDmSiT1AO0JBYgsTQ5U+JQzxRBBCco4T8Qo6auQ9GFNf/+XNPer1lH18PKgVDvNmsmTLbJDysQix6RGzkmdNAgn9+SRPJFn48F4MV6Nt+/RnJHtbJJfMN6/AFxlnFs=</latexit>

(}(N),✓)
<latexit sha1_base64="HLjJ6csAxhepZTtGMLDKyAkRrPA="></latexit>

f(S) = {m 2 N | 9n 2 S,m  n }
<latexit sha1_base64="r/YSbaP9isQuiGmyZl4wkmESd/w=">AAACEHicbVC7TsNAEDyHVwivACUUJyKkREKRjXiVETRUKEjkIcVWdL5swinnB3drUGSl4RP4Clqo6BAtf0DBv2AHFxCYajSzq50dN5RCo2l+GLmZ2bn5hfxiYWl5ZXWtuL7R1EGkODR4IAPVdpkGKXxooEAJ7VAB81wJLXd4lvqtW1BaBP4VjkJwPDbwRV9whonULW6X7buwbHsMr103vhhX9qitI1cDwk2lWyyZVXMC+pdYGSmRDPVu8dPuBTzywEcumdYdywzRiZlCwSWMC3akIWR8yAbQSajPPNBOPPliTHcjzTCgISgqJJ2I8HMjZp7WI89NJtO4etpLxf+8ToT9EycWfhgh+Dw9hELC5JDmSiT1AO0JBYgsTQ5U+JQzxRBBCco4T8Qo6auQ9GFNf/+XNPer1lH18PKgVDvNmsmTLbJDysQix6RGzkmdNAgn9+SRPJFn48F4MV6Nt+/RnJHtbJJfMN6/AFxlnFs=</latexit>

(}(N),✓)



4949

Exercise

continuous?

<latexit sha1_base64="r/YSbaP9isQuiGmyZl4wkmESd/w=">AAACEHicbVC7TsNAEDyHVwivACUUJyKkREKRjXiVETRUKEjkIcVWdL5swinnB3drUGSl4RP4Clqo6BAtf0DBv2AHFxCYajSzq50dN5RCo2l+GLmZ2bn5hfxiYWl5ZXWtuL7R1EGkODR4IAPVdpkGKXxooEAJ7VAB81wJLXd4lvqtW1BaBP4VjkJwPDbwRV9whonULW6X7buwbHsMr103vhhX9qitI1cDwk2lWyyZVXMC+pdYGSmRDPVu8dPuBTzywEcumdYdywzRiZlCwSWMC3akIWR8yAbQSajPPNBOPPliTHcjzTCgISgqJJ2I8HMjZp7WI89NJtO4etpLxf+8ToT9EycWfhgh+Dw9hELC5JDmSiT1AO0JBYgsTQ5U+JQzxRBBCco4T8Qo6auQ9GFNf/+XNPer1lH18PKgVDvNmsmTLbJDysQix6RGzkmdNAgn9+SRPJFn48F4MV6Nt+/RnJHtbJJfMN6/AFxlnFs=</latexit>

(}(N),✓)
<latexit sha1_base64="r/YSbaP9isQuiGmyZl4wkmESd/w=">AAACEHicbVC7TsNAEDyHVwivACUUJyKkREKRjXiVETRUKEjkIcVWdL5swinnB3drUGSl4RP4Clqo6BAtf0DBv2AHFxCYajSzq50dN5RCo2l+GLmZ2bn5hfxiYWl5ZXWtuL7R1EGkODR4IAPVdpkGKXxooEAJ7VAB81wJLXd4lvqtW1BaBP4VjkJwPDbwRV9whonULW6X7buwbHsMr103vhhX9qitI1cDwk2lWyyZVXMC+pdYGSmRDPVu8dPuBTzywEcumdYdywzRiZlCwSWMC3akIWR8yAbQSajPPNBOPPliTHcjzTCgISgqJJ2I8HMjZp7WI89NJtO4etpLxf+8ToT9EycWfhgh+Dw9hELC5JDmSiT1AO0JBYgsTQ5U+JQzxRBBCco4T8Qo6auQ9GFNf/+XNPer1lH18PKgVDvNmsmTLbJDysQix6RGzkmdNAgn9+SRPJFn48F4MV6Nt+/RnJHtbJJfMN6/AFxlnFs=</latexit>

(}(N),✓)
<latexit sha1_base64="V3Iu8f8Ru7ZiFZXJr5hzam/1JVU="></latexit>

f(S) =

⇢
S if S finite
N otherwise
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Lemma
(D,vD)

<latexit sha1_base64="Live4Qx2Oe5eCgXv2++U5D8PP9E=">AAACBXicbVC7TgJBFJ3FF+Jr0dJmIjHBxJBdg9GSKIUlJvJIgGxmhwtOmJ1dZu5qyIbar7DVys7Y+h0W/osLUih6qpNz7s099/iRFAYd58PKLC2vrK5l13Mbm1vbO3Z+t2HCWHOo81CGuuUzA1IoqKNACa1IAwt8CU1/eDn1m3egjQjVDY4j6AZsoERfcIap5Nn5YvW4Y0Ym9g0gjLzqkWcXnJIzA/1L3DkpkDlqnv3Z6YU8DkAhl8yYtutE2E2YRsElTHKd2EDE+JANoJ1SxQIw3WQWfUIPY8MwpBFoKiSdifBzI2GBMePATycDhrdm0ZuK/3ntGPvn3USoKEZQfHoIhYTZIcO1SDsB2hMaENk0OVChKGeaIYIWlHGeinFaUi7tw138/i9pnJTccun0ulyoXMybyZJ9ckCKxCVnpEKuSI3UCSf35JE8kWfrwXqxXq2379GMNd/ZI79gvX8BOg+X8g==</latexit>

CPO
no infinite chains

(E,vE)

<latexit sha1_base64="Lk6hMY8ufjdwUK1TeoiuIJLy+28=">AAACBXicbVDLSgNBEJyNrxhfGz16GQxCBAm7EtFjUAIeI5gHJGGZnXTikNnZzUyvEpac/QqvevImXv0OD/6Lm5iDRutUVHXT1eVHUhh0nA8rs7S8srqWXc9tbG5t79j53YYJY82hzkMZ6pbPDEihoI4CJbQiDSzwJTT94eXUb96BNiJUNziOoBuwgRJ9wRmmkmfni9XjjhmZ2DeAMPKqR55dcErODPQvceekQOaoefZnpxfyOACFXDJj2q4TYTdhGgWXMMl1YgMR40M2gHZKFQvAdJNZ9Ak9jA3DkEagqZB0JsLPjYQFxowDP50MGN6aRW8q/ue1Y+yfdxOhohhB8ekhFBJmhwzXIu0EaE9oQGTT5ECFopxphghaUMZ5KsZpSbm0D3fx+7+kcVJyy6XT63KhcjFvJkv2yQEpEpeckQq5IjVSJ5zck0fyRJ6tB+vFerXevkcz1nxnj/yC9f4FPT2X9A==</latexit>

PO

f : D ! E

<latexit sha1_base64="gzXU4vrZR74u1nGcRxyrlaFLtFI=">AAACBHicbVDLTgJBEJzFF+Jr1aOXicTEE9k1GI0n4iPxiIk8EiCkd2hgwuwjM70YQrj6FV715M149T88+C8uKwcF61Sp6k5XlxcpachxPq3M0vLK6lp2PbexubW9Y+/uVU0Ya4EVEapQ1z0wqGSAFZKksB5pBN9TWPMGV1O/NkRtZBjc0yjClg+9QHalAEqktm13L66bWvb6BFqHD/ymbeedgpOCLxJ3RvJshnLb/mp2QhH7GJBQYEzDdSJqjUGTFAonuWZsMAIxgB42EhqAj6Y1TpNP+FFsgEIeoeZS8VTE3xtj8I0Z+V4y6QP1zbw3Ff/zGjF1z1tjGUQxYSCmh0gqTA8ZoWVSCfKO1EgE0+TIZcAFaCBCLTkIkYhx0lEu6cOd/36RVE8KbrFwelfMly5nzWTZATtkx8xlZ6zEblmZVZhgQ/bEntmL9Wi9Wm/W+89oxprt7LM/sD6+Ad1El8Y=</latexit>

monotone
)

<latexit sha1_base64="U/cGJXm9nVrm+DGa9oUkW+rj1TU=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxIndGoyXRxhKNfCQHIXPLABv29i67cxpyIf4KW63sjK2/xcL/4oEUCr7q5b2ZzJsXxEpact1PJ7e0vLK6ll8vbGxube8Ud/fqNkqMwJqIVGSaAVhUUmONJClsxgYhDBQ2guHVxG/co7Ey0nc0irEdQl/LnhRAmeS3bmV/QGBM9NApltyyOwVfJN6MlNgM1U7xq9WNRBKiJqHAWt9zY2qnYEgKheNCK7EYgxhCH/2MagjRttNp5DE/SixQxGM0XCo+FfH3RgqhtaMwyCZDoIGd9ybif56fUO+inUodJ4RaTA6RVDg9ZIWRWRfIu9IgEUySI5eaCzBAhEZyECITk6ycQtaHN//9IqmflL3T8tnNaalyOWsmzw7YITtmHjtnFXbNqqzGBIvYE3tmL86j8+q8Oe8/ozlntrPP/sD5+AZhAJX6</latexit>

f

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

continuous

proof. Take a chain {di}i2N

<latexit sha1_base64="0zgwWhqo7BV5kSGmcIub7zsVnd0=">AAACDHicbVBNS8NAEN34WetX1YvgZbEInkoiFT0WvXiSClaFpoTNdqqDm03YnQglxJ/gr/CqJ2/i1f/gwf9iUnvQ6js93pth3rwwUWjJdT+cqemZ2bn5ykJ1cWl5ZbW2tn5h49RI6MhYxeYqFBYUaugQkoKrxICIQgWX4e1x6V/egbEY63MaJtCLxLXGAUpBhRTUNv2sH6CfBxn6qP1I0E0YZqd5HtTqbsMdgf8l3pjU2RjtoPbp92OZRqBJKmFt13MT6mXCEEoFedVPLSRC3opr6BZUiwhsLxt9kPOd1AqKeQKGo+IjEX5uZCKydhiFxWQZ0U56pfif101pcNjLUCcpgZblIUIFo0NWGiyqAd5HA0SiTA4cNZfCCCIwyIWUhZgWXVWLPrzJ7/+Si72G12zsnzXrraNxMxW2xbbZLvPYAWuxE9ZmHSbZPXtkT+zZeXBenFfn7Xt0yhnvbLBfcN6/AG+jnAc=</latexit>

{di}i2N

<latexit sha1_base64="0zgwWhqo7BV5kSGmcIub7zsVnd0=">AAACDHicbVBNS8NAEN34WetX1YvgZbEInkoiFT0WvXiSClaFpoTNdqqDm03YnQglxJ/gr/CqJ2/i1f/gwf9iUnvQ6js93pth3rwwUWjJdT+cqemZ2bn5ykJ1cWl5ZbW2tn5h49RI6MhYxeYqFBYUaugQkoKrxICIQgWX4e1x6V/egbEY63MaJtCLxLXGAUpBhRTUNv2sH6CfBxn6qP1I0E0YZqd5HtTqbsMdgf8l3pjU2RjtoPbp92OZRqBJKmFt13MT6mXCEEoFedVPLSRC3opr6BZUiwhsLxt9kPOd1AqKeQKGo+IjEX5uZCKydhiFxWQZ0U56pfif101pcNjLUCcpgZblIUIFo0NWGiyqAd5HA0SiTA4cNZfCCCIwyIWUhZgWXVWLPrzJ7/+Si72G12zsnzXrraNxMxW2xbbZLvPYAWuxE9ZmHSbZPXtkT+zZeXBenFfn7Xt0yhnvbLBfcN6/AG+jnAc=</latexit>

is finite )

<latexit sha1_base64="U/cGJXm9nVrm+DGa9oUkW+rj1TU=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxIndGoyXRxhKNfCQHIXPLABv29i67cxpyIf4KW63sjK2/xcL/4oEUCr7q5b2ZzJsXxEpact1PJ7e0vLK6ll8vbGxube8Ud/fqNkqMwJqIVGSaAVhUUmONJClsxgYhDBQ2guHVxG/co7Ey0nc0irEdQl/LnhRAmeS3bmV/QGBM9NApltyyOwVfJN6MlNgM1U7xq9WNRBKiJqHAWt9zY2qnYEgKheNCK7EYgxhCH/2MagjRttNp5DE/SixQxGM0XCo+FfH3RgqhtaMwyCZDoIGd9ybif56fUO+inUodJ4RaTA6RVDg9ZIWRWRfIu9IgEUySI5eaCzBAhEZyECITk6ycQtaHN//9IqmflL3T8tnNaalyOWsmzw7YITtmHjtnFXbNqqzGBIvYE3tmL86j8+q8Oe8/ozlntrPP/sD5+AZhAJX6</latexit>

9k 2 N.
G

i2N
di = dk

<latexit sha1_base64="Hop21GBilH/xZdjx40EO7a27NwI="></latexit>

)

<latexit sha1_base64="U/cGJXm9nVrm+DGa9oUkW+rj1TU=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxIndGoyXRxhKNfCQHIXPLABv29i67cxpyIf4KW63sjK2/xcL/4oEUCr7q5b2ZzJsXxEpact1PJ7e0vLK6ll8vbGxube8Ud/fqNkqMwJqIVGSaAVhUUmONJClsxgYhDBQ2guHVxG/co7Ey0nc0irEdQl/LnhRAmeS3bmV/QGBM9NApltyyOwVfJN6MlNgM1U7xq9WNRBKiJqHAWt9zY2qnYEgKheNCK7EYgxhCH/2MagjRttNp5DE/SixQxGM0XCo+FfH3RgqhtaMwyCZDoIGd9ybif56fUO+inUodJ4RaTA6RVDg9ZIWRWRfIu9IgEUySI5eaCzBAhEZyECITk6ycQtaHN//9IqmflL3T8tnNaalyOWsmzw7YITtmHjtnFXbNqqzGBIvYE3tmL86j8+q8Oe8/ozlntrPP/sD5+AZhAJX6</latexit>

{f(di)}i2N

<latexit sha1_base64="eOVMHOjtD2b7j+yFmx10ULGngvQ=">AAACD3icbVC7TsNAEDzzJrwClDQnIqTQRDYCQYmgoUIgkYcUR9b5sgkrzmfrbo2ELBd8Al9BCxUdouUTKPgX7JACAlONZna1sxMmCi257oczNT0zOze/sFhZWl5ZXauub7RsnBoJTRmr2HRCYUGhhiYhKegkBkQUKmiHN6el374FYzHWV3SXQC8SQ40DlIIKKahu+dmg3g9w18+DDH3UfiToOgyz8zwPqjW34Y7A/xJvTGpsjIug+un3Y5lGoEkqYW3XcxPqZcIQSgV5xU8tJELeiCF0C6pFBLaXjZ7I+U5qBcU8AcNR8ZEIPzcyEVl7F4XFZBnRTnql+J/XTWlw1MtQJymBluUhQgWjQ1YaLNoB3kcDRKJMDhw1l8IIIjDIhZSFmBZ1VYo+vMnv/5LWXsPbbxxc7teOT8bNLLAtts3qzGOH7JidsQvWZJLds0f2xJ6dB+fFeXXevkennPHOJvsF5/0LEJic3A==</latexit>

is finite )

<latexit sha1_base64="U/cGJXm9nVrm+DGa9oUkW+rj1TU=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxIndGoyXRxhKNfCQHIXPLABv29i67cxpyIf4KW63sjK2/xcL/4oEUCr7q5b2ZzJsXxEpact1PJ7e0vLK6ll8vbGxube8Ud/fqNkqMwJqIVGSaAVhUUmONJClsxgYhDBQ2guHVxG/co7Ey0nc0irEdQl/LnhRAmeS3bmV/QGBM9NApltyyOwVfJN6MlNgM1U7xq9WNRBKiJqHAWt9zY2qnYEgKheNCK7EYgxhCH/2MagjRttNp5DE/SixQxGM0XCo+FfH3RgqhtaMwyCZDoIGd9ybif56fUO+inUodJ4RaTA6RVDg9ZIWRWRfIu9IgEUySI5eaCzBAhEZyECITk6ycQtaHN//9IqmflL3T8tnNaalyOWsmzw7YITtmHjtnFXbNqqzGBIvYE3tmL86j8+q8Oe8/ozlntrPP/sD5+AZhAJX6</latexit>

G

i2N
f(di) = f(dk) = f

 
G

i2N
di

!

<latexit sha1_base64="d0+PyNc1/AdgiG2ufJCp1N+X3Fo="></latexit>
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Composition
TH. Any composition of continuous functions is continuous

CPO
(D,vD)

<latexit sha1_base64="Live4Qx2Oe5eCgXv2++U5D8PP9E=">AAACBXicbVC7TgJBFJ3FF+Jr0dJmIjHBxJBdg9GSKIUlJvJIgGxmhwtOmJ1dZu5qyIbar7DVys7Y+h0W/osLUih6qpNz7s099/iRFAYd58PKLC2vrK5l13Mbm1vbO3Z+t2HCWHOo81CGuuUzA1IoqKNACa1IAwt8CU1/eDn1m3egjQjVDY4j6AZsoERfcIap5Nn5YvW4Y0Ym9g0gjLzqkWcXnJIzA/1L3DkpkDlqnv3Z6YU8DkAhl8yYtutE2E2YRsElTHKd2EDE+JANoJ1SxQIw3WQWfUIPY8MwpBFoKiSdifBzI2GBMePATycDhrdm0ZuK/3ntGPvn3USoKEZQfHoIhYTZIcO1SDsB2hMaENk0OVChKGeaIYIWlHGeinFaUi7tw138/i9pnJTccun0ulyoXMybyZJ9ckCKxCVnpEKuSI3UCSf35JE8kWfrwXqxXq2379GMNd/ZI79gvX8BOg+X8g==</latexit>

(E,vE)

<latexit sha1_base64="Lk6hMY8ufjdwUK1TeoiuIJLy+28=">AAACBXicbVDLSgNBEJyNrxhfGz16GQxCBAm7EtFjUAIeI5gHJGGZnXTikNnZzUyvEpac/QqvevImXv0OD/6Lm5iDRutUVHXT1eVHUhh0nA8rs7S8srqWXc9tbG5t79j53YYJY82hzkMZ6pbPDEihoI4CJbQiDSzwJTT94eXUb96BNiJUNziOoBuwgRJ9wRmmkmfni9XjjhmZ2DeAMPKqR55dcErODPQvceekQOaoefZnpxfyOACFXDJj2q4TYTdhGgWXMMl1YgMR40M2gHZKFQvAdJNZ9Ak9jA3DkEagqZB0JsLPjYQFxowDP50MGN6aRW8q/ue1Y+yfdxOhohhB8ekhFBJmhwzXIu0EaE9oQGTT5ECFopxphghaUMZ5KsZpSbm0D3fx+7+kcVJyy6XT63KhcjFvJkv2yQEpEpeckQq5IjVSJ5zck0fyRJ6tB+vFerXevkcz1nxnj/yC9f4FPT2X9A==</latexit>

f : D ! E

<latexit sha1_base64="gzXU4vrZR74u1nGcRxyrlaFLtFI=">AAACBHicbVDLTgJBEJzFF+Jr1aOXicTEE9k1GI0n4iPxiIk8EiCkd2hgwuwjM70YQrj6FV715M149T88+C8uKwcF61Sp6k5XlxcpachxPq3M0vLK6lp2PbexubW9Y+/uVU0Ya4EVEapQ1z0wqGSAFZKksB5pBN9TWPMGV1O/NkRtZBjc0yjClg+9QHalAEqktm13L66bWvb6BFqHD/ymbeedgpOCLxJ3RvJshnLb/mp2QhH7GJBQYEzDdSJqjUGTFAonuWZsMAIxgB42EhqAj6Y1TpNP+FFsgEIeoeZS8VTE3xtj8I0Z+V4y6QP1zbw3Ff/zGjF1z1tjGUQxYSCmh0gqTA8ZoWVSCfKO1EgE0+TIZcAFaCBCLTkIkYhx0lEu6cOd/36RVE8KbrFwelfMly5nzWTZATtkx8xlZ6zEblmZVZhgQ/bEntmL9Wi9Wm/W+89oxprt7LM/sD6+Ad1El8Y=</latexit>

CPO continuous

(F,vF )

<latexit sha1_base64="LfDsQKXrgeE3V/mJ3lrXV4RpabM=">AAACBXicbVDLSgNBEJyNrxhfGz16GQxCBAm7EtFjUAgeI5gHJGGZnXTikNnZzUyvEpac/QqvevImXv0OD/6Lm5iDRutUVHXT1eVHUhh0nA8rs7S8srqWXc9tbG5t79j53YYJY82hzkMZ6pbPDEihoI4CJbQiDSzwJTT94eXUb96BNiJUNziOoBuwgRJ9wRmmkmfni9XjjhmZ2DeAMPKqR55dcErODPQvceekQOaoefZnpxfyOACFXDJj2q4TYTdhGgWXMMl1YgMR40M2gHZKFQvAdJNZ9Ak9jA3DkEagqZB0JsLPjYQFxowDP50MGN6aRW8q/ue1Y+yfdxOhohhB8ekhFBJmhwzXIu0EaE9oQGTT5ECFopxphghaUMZ5KsZpSbm0D3fx+7+kcVJyy6XT63KhcjFvJkv2yQEpEpeckQq5IjVSJ5zck0fyRJ6tB+vFerXevkcz1nxnj/yC9f4FQGuX9g==</latexit>

CPO
g : E ! F

<latexit sha1_base64="joAZ0v+I3Nz0dKt45GtOJHAoFLM=">AAACBHicbVDLTgJBEJzFF+Jr1aOXicTEE9k1GI0notF4xEQeCRDSOzQwYfaRmV4MIVz9Cq968ma8+h8e/BeXlYOCdapUdaery4uUNOQ4n1ZmaXlldS27ntvY3NresXf3qiaMtcCKCFWo6x4YVDLACklSWI80gu8prHmDq6lfG6I2MgzuaRRhy4deILtSACVS27Z7F9dNLXt9Aq3DB37TtvNOwUnBF4k7I3k2Q7ltfzU7oYh9DEgoMKbhOhG1xqBJCoWTXDM2GIEYQA8bCQ3AR9Map8kn/Cg2QCGPUHOpeCri740x+MaMfC+Z9IH6Zt6biv95jZi6562xDKKYMBDTQyQVpoeM0DKpBHlHaiSCaXLkMuACNBChlhyESMQ46SiX9OHOf79IqicFt1g4vSvmS5ezZrLsgB2yY+ayM1Zit6zMKkywIXtiz+zFerRerTfr/Wc0Y8129tkfWB/f4g2XyQ==</latexit>

continuous )

<latexit sha1_base64="U/cGJXm9nVrm+DGa9oUkW+rj1TU=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxIndGoyXRxhKNfCQHIXPLABv29i67cxpyIf4KW63sjK2/xcL/4oEUCr7q5b2ZzJsXxEpact1PJ7e0vLK6ll8vbGxube8Ud/fqNkqMwJqIVGSaAVhUUmONJClsxgYhDBQ2guHVxG/co7Ey0nc0irEdQl/LnhRAmeS3bmV/QGBM9NApltyyOwVfJN6MlNgM1U7xq9WNRBKiJqHAWt9zY2qnYEgKheNCK7EYgxhCH/2MagjRttNp5DE/SixQxGM0XCo+FfH3RgqhtaMwyCZDoIGd9ybif56fUO+inUodJ4RaTA6RVDg9ZIWRWRfIu9IgEUySI5eaCzBAhEZyECITk6ycQtaHN//9IqmflL3T8tnNaalyOWsmzw7YITtmHjtnFXbNqqzGBIvYE3tmL86j8+q8Oe8/ozlntrPP/sD5+AZhAJX6</latexit>

h = g � f : D ! F

<latexit sha1_base64="SDWPPmYn2u0t744FvnbyDRUHvZ4=">AAACDXicbVDLSgNBEJyNrxhfq57Ey2AQPIVdiSiCEFTEYwTzgCSE3kknGTL7YKZXCSH4CX6FVz15E69+gwf/xU3MQRPrVFR1013lRUoacpxPKzU3v7C4lF7OrKyurW/Ym1tlE8ZaYEmEKtRVDwwqGWCJJCmsRhrB9xRWvN7FyK/coTYyDG6pH2HDh04g21IAJVLT3umedepCasHbp5d1LTtdAq3De37VtLNOzhmDzxJ3QrJsgmLT/qq3QhH7GJBQYEzNdSJqDECTFAqHmXpsMALRgw7WEhqAj6YxGEcY8v3YAIU8Qs2l4mMRf28MwDem73vJpA/UNdPeSPzPq8XUPmkMZBDFhIEYHSKpcHzICC2TbpC3pEYiGH2OXAZcgAYi1JKDEIkYJ2Vlkj7c6fSzpHyYc/O5o5t8tnA+aSbNdtkeO2AuO2YFds2KrMQEe2BP7Jm9WI/Wq/Vmvf+MpqzJzjb7A+vjG1q2m0o=</latexit>

continuous

proof. take a chain {di}i2N

<latexit sha1_base64="0zgwWhqo7BV5kSGmcIub7zsVnd0=">AAACDHicbVBNS8NAEN34WetX1YvgZbEInkoiFT0WvXiSClaFpoTNdqqDm03YnQglxJ/gr/CqJ2/i1f/gwf9iUnvQ6js93pth3rwwUWjJdT+cqemZ2bn5ykJ1cWl5ZbW2tn5h49RI6MhYxeYqFBYUaugQkoKrxICIQgWX4e1x6V/egbEY63MaJtCLxLXGAUpBhRTUNv2sH6CfBxn6qP1I0E0YZqd5HtTqbsMdgf8l3pjU2RjtoPbp92OZRqBJKmFt13MT6mXCEEoFedVPLSRC3opr6BZUiwhsLxt9kPOd1AqKeQKGo+IjEX5uZCKydhiFxWQZ0U56pfif101pcNjLUCcpgZblIUIFo0NWGiyqAd5HA0SiTA4cNZfCCCIwyIWUhZgWXVWLPrzJ7/+Si72G12zsnzXrraNxMxW2xbbZLvPYAWuxE9ZmHSbZPXtkT+zZeXBenFfn7Xt0yhnvbLBfcN6/AG+jnAc=</latexit>

we need to prove h

 
G

i2N
di

!
=
G

i2N
h(di)

<latexit sha1_base64="Ix3P7X7krBjyIkt9uTHx4fJpswY="></latexit>

h

 
G

i2N
di

!
= g

 
f

 
G

i2N
di

!!

<latexit sha1_base64="9mDSBFpitckrG1v+gY7OYOoV7x0=">AAACXniclVBNS8NAEN3Gr1q/ql4EL4tF0EtJRNGLUPTiSRSsCk0Jm+00Hd1s4u5EkND/6NWD4K/wqkmt4NfFd3q8eY+ZeWGq0JLrPlWcicmp6ZnqbG1ufmFxqb68cmmTzEhoy0Ql5joUFhRqaBOSguvUgIhDBVfh7XE5v7oHYzHRF/SQQjcWkcY+SkGFFNRvBr6CPm35IUb2TmZpkKOP2o8FDcIwPx0OeS9A32A0oO3aYS36sP f/kfoMB/WG23RH4L+JNyYNNsZZUH/2e4nMYtAklbC247kpdXNhCKWCYc3PLKRC3ooIOgXVIgbbzUedDPlmZgUlPAXDUfGRCF8TuYitfYjDwllebX/OSvGvWSej/kE3R51mBFqWiwgVjBZZabAoG3gPDRCJ8nLgqLkURhCBQS6kLMSsaL/sw/v5/W9yudP0dpt757uN1tG4mSpbZxtsi3lsn7XYCTtjbSbZI3tlbxVWeXGmnQVn6cPqVMaZVfYNzto75HG4eQ==</latexit>

= g

 
G

i2N
f(di)

!

<latexit sha1_base64="HSlTofDyBM/S7YJZq63e7MnT7No="></latexit>

=
G

i2N
g(f(di))

<latexit sha1_base64="L1h6mEny9HmQ1vuSwSiyyrpDcWY=">AAACG3icbVC7TsNAEDzzDOEVoKQ5ESFCE9koCBokBA0VChIBpDiyzpdNWHE+m7s1ErLyCXwCX0ELFR2ipaDgX7BDCl5TjWZ2tbMTJgotue67MzY+MTk1XZopz87NLyxWlpbPbJwaCS0Zq9hchMKCQg0tQlJwkRgQUajgPLw6LPzzGzAWY31Ktwl0ItHX2EMpKJeCysZe2Q+xb69lmgQZ+qj9SNBlGGbHgwHv13q1boCbm+WgUnXr7hD8L/FGpMpGaAaVD78byzQCTVIJa9uem1AnE4ZQKhiU/dRCIuSV6EM7p1pEYDvZ8KEBX0+toJgnYDgqPhTh+0YmImtvozCfLNLa314h/ue1U+rtdjLUSUqgZXGIUMHwkJUG86aAd9EAkSiSA0fNpTCCCAxyIWUupnl1RR/e7+//krOtuteob580qvsHo2ZKbJWtsRrz2A7bZ0esyVpMsjv2wB7Zk3PvPDsvzuvX6Jgz2llhP+C8fQJdiaCH</latexit>

=
G

i2N
h(di)

<latexit sha1_base64="b2CwtG/T/EjB4s4/TSmNpxMJIb0=">AAACGHicbVC7TsNAEDzzJrwClDQnAhI0kY2CoEGKoKFCIBFAiiPrfNkkK85nc7dGiqz8AJ/AV9BCRYdo6Sj4F+yQgtdUo5ld7eyEiUJLrvvujI1PTE5Nz8yW5uYXFpfKyysXNk6NhIaMVWyuQmFBoYYGISm4SgyIKFRwGV4fFf7lLRiLsT6nfgKtSHQ1dlAKyqWgvHFQ8kPs2huZJkGGPmo/EtQLw+xkMOC9rXaA26WgXHGr7hD8L/FGpMJGOA3KH347lmkEmqQS1jY9N6FWJgyhVDAo+amFRMhr0YVmTrWIwLay4TcDvplaQTFPwHBUfCjC941MRNb2ozCfLKLa314h/uc1U+rstzLUSUqgZXGIUMHwkJUG85qAt9EAkSiSA0fNpTCCCAxyIWUupnlvRR/e7+//koudqler7p7VKvXDUTMzbI2tsy3msT1WZ8fslDWYZHfsgT2yJ+feeXZenNev0TFntLPKfsB5+wSpdJ+z</latexit>
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Repeated application
f : D ! D

<latexit sha1_base64="x/HrNPt0DSOs91vysQmOycMC+Yc=">AAACBHicbVC7TgJBFJ3FF+Jr1dJmIjGxIrsGo7EiSmGJiTwSIOTucIEJs4/M3MUQQutX2GplZ2z9Dwv/xV2kUPBUJ+fcm3vu8SIlDTnOp5VZWV1b38hu5ra2d3b37P2DmgljLbAqQhXqhgcGlQywSpIUNiKN4HsK697wJvXrI9RGhsE9jSNs+9APZE8KoETq2HbvqtzSsj8g0Dp84OWOnXcKzgx8mbhzkmdzVDr2V6sbitjHgIQCY5quE1F7ApqkUDjNtWKDEYgh9LGZ0AB8NO3JLPmUn8QGKOQRai4Vn4n4e2MCvjFj30smfaCBWfRS8T+vGVPvsj2RQRQTBiI9RFLh7JARWiaVIO9KjUSQJkcuAy5AAxFqyUGIRIyTjnJJH+7i98ukdlZwi4Xzu2K+dD1vJsuO2DE7ZS67YCV2yyqsygQbsSf2zF6sR+vVerPef0Yz1nznkP2B9fEN27WXxQ==</latexit>

fn(d) =

n timesz }| {
f(· · · (f(d)) · · · )

<latexit sha1_base64="bl2FIKLASlw5p7RAV7fsmRoTrzI="></latexit>

fn : D ! D

<latexit sha1_base64="4vCZptgV9upFay/9ymbKsDN1RVQ=">AAACCnicbVC7TsNAEDyHVwivABINzYkIiSqyURCICkEKSpAIICUmWh+bcMr5bN2tQcjkD/gKWqjoEC0/QcG/4AQXkDDVaGZXOztBrKQl1/10ChOTU9MzxdnS3PzC4lJ5eeXcRokR2BCRisxlABaV1NggSQovY4MQBgovgt7RwL+4RWNlpM/oPkY/hK6WHSmAMqldXutcpbq/z+u8ZWT3hsCY6I7X2+WKW3WH4OPEy0mF5Thpl79a15FIQtQkFFjb9NyY/BQMSaGwX2olFmMQPehiM6MaQrR+Oszf55uJBYp4jIZLxYci/t5IIbT2PgyyyRDoxo56A/E/r5lQZ89PpY4TQi0Gh0gqHB6ywsisGOTX0iARDJIjl5oLMECERnIQIhOTrKlS1oc3+v04Od+uerXqzmmtcnCYN1Nk62yDbTGP7bIDdsxOWIMJ9sCe2DN7cR6dV+fNef8ZLTj5zir7A+fjGwaAmgU=</latexit>

<latexit sha1_base64="jT60Jx8oR50pJoI7YyZ9mgMVpgc="></latexit>

f0(d)
M
= d

<latexit sha1_base64="+rYT1udSoW/H0f3Rsuj38EWSQfE="></latexit>

fn+1(d)
M
= f(fn(d))
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Lemma
f : D ! D

<latexit sha1_base64="x/HrNPt0DSOs91vysQmOycMC+Yc=">AAACBHicbVC7TgJBFJ3FF+Jr1dJmIjGxIrsGo7EiSmGJiTwSIOTucIEJs4/M3MUQQutX2GplZ2z9Dwv/xV2kUPBUJ+fcm3vu8SIlDTnOp5VZWV1b38hu5ra2d3b37P2DmgljLbAqQhXqhgcGlQywSpIUNiKN4HsK697wJvXrI9RGhsE9jSNs+9APZE8KoETq2HbvqtzSsj8g0Dp84OWOnXcKzgx8mbhzkmdzVDr2V6sbitjHgIQCY5quE1F7ApqkUDjNtWKDEYgh9LGZ0AB8NO3JLPmUn8QGKOQRai4Vn4n4e2MCvjFj30smfaCBWfRS8T+vGVPvsj2RQRQTBiI9RFLh7JARWiaVIO9KjUSQJkcuAy5AAxFqyUGIRIyTjnJJH+7i98ukdlZwi4Xzu2K+dD1vJsuO2DE7ZS67YCV2yyqsygQbsSf2zF6sR+vVerPef0Yz1nznkP2B9fEN27WXxQ==</latexit>

(D,v)

<latexit sha1_base64="GGJJck8RyptN80jdmB4mmRYGsZM=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLohaWmMgjAUJmhwtOmJ1dZu6YEELpV9hqZWds/RAL/8VdpFD0VCfn3Jt77gliKQx63oeTWVpeWV3Lruc2Nre28+7Obt1EVnOo8UhGuhkwA1IoqKFACc1YAwsDCY1geJn6jXvQRkTqFscxdEI2UKIvOMNE6rr54tVx24yMDQwgjI66bsEreTPQv8SfkwKZo9p1P9u9iNsQFHLJjGn5XoydCdMouIRprm0NxIwP2QBaCVUsBNOZzIJP6aE1DCMag6ZC0pkIPzcmLDRmHAbJZMjwzix6qfif17LYP+9MhIotguLpIRQSZocM1yJpBGhPaEBkaXKgQlHONEMELSjjPBFtUlEu6cNf/P4vqZ+U/HLp9KZcqFzMm8mSfXJAisQnZ6RCrkmV1AgnljySJ/LsPDgvzqvz9j2aceY7e+QXnPcv5gSXOw==</latexit>

PO?

<latexit sha1_base64="7ikv4Vy4fM2xQgZw56+vqXJaVNc=">AAAB+3icbVC7TsNAEDyHVwivACXNiQSJKrIRCMoIGjqCRB4osaLzZRNOuTtbd2ukKMpX0EJFh2j5GAr+Bdu4gISpRjO72tkJIiksuu6nU1haXlldK66XNja3tnfKu3stG8aGQ5OHMjSdgFmQQkMTBUroRAaYCiS0g/FV6rcfwVgR6jucROArNtJiKDjDRLpv3FT7vSDEar9ccWtuBrpIvJxUSI5Gv/zVG4Q8VqCRS2Zt13Mj9KfMoOASZqVebCFifMxG0E2oZgqsP80Cz+hRbBmGNAJDhaSZCL83pkxZO1FBMqkYPth5LxX/87oxDi/8qdBRjKB5egiFhOyQ5UYkTQAdCAOILE0OVGjKmWGIYARlnCdinFRTSvrw5r9fJK2TmndaO7s9qdQv82aK5IAckmPikXNSJ9ekQZqEE0WeyDN5cWbOq/PmvP+MFpx8Z5/8gfPxDYbBlEY=</latexit>

monotone )

<latexit sha1_base64="U/cGJXm9nVrm+DGa9oUkW+rj1TU=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxIndGoyXRxhKNfCQHIXPLABv29i67cxpyIf4KW63sjK2/xcL/4oEUCr7q5b2ZzJsXxEpact1PJ7e0vLK6ll8vbGxube8Ud/fqNkqMwJqIVGSaAVhUUmONJClsxgYhDBQ2guHVxG/co7Ey0nc0irEdQl/LnhRAmeS3bmV/QGBM9NApltyyOwVfJN6MlNgM1U7xq9WNRBKiJqHAWt9zY2qnYEgKheNCK7EYgxhCH/2MagjRttNp5DE/SixQxGM0XCo+FfH3RgqhtaMwyCZDoIGd9ybif56fUO+inUodJ4RaTA6RVDg9ZIWRWRfIu9IgEUySI5eaCzBAhEZyECITk6ycQtaHN//9IqmflL3T8tnNaalyOWsmzw7YITtmHjtnFXbNqqzGBIvYE3tmL86j8+q8Oe8/ozlntrPP/sD5+AZhAJX6</latexit>

{fn(?)}n2N

<latexit sha1_base64="KrKOsk/BPWkDmwovtHnmH36Tv00=">AAACEnicbVC7SgNBFJ2NrxhfUUtBBoMQm7ArES2DNlYSwTwgG8Ps5CYOmZ1dZu4KYdnOT/ArbLWyE1t/wMJ/cTem0MRTHc65l3vu8UIpDNr2p5VbWFxaXsmvFtbWNza3its7TRNEmkODBzLQbY8ZkEJBAwVKaIcamO9JaHmji8xv3YM2IlA3OA6h67OhEgPBGaZSr7jvxoNbVXa9AI/cpBcrVyjXZ3jnefFVkvSKJbtiT0DniTMlJTJFvVf8cvsBj3xQyCUzpuPYIXZjplFwCUnBjQyEjI/YEDopVcwH040nfyT0MDIMAxqCpkLSiQi/N2LmGzP2vXQyi2hmvUz8z+tEODjrxkKFEYLi2SEUEiaHDNciLQhoX2hAZFlyoEJRzjRDBC0o4zwVo7SxQtqHM/v9PGkeV5xq5eS6WqqdT5vJkz1yQMrEIaekRi5JnTQIJw/kiTyTF+vRerXerPef0Zw13dklf2B9fAOfT55A</latexit>

is a chain

proof. we need to prove 8n 2 N. fn(?) v fn+1(?)

<latexit sha1_base64="yDjSop2CK+ZAa/QRT2LDUs0v5s0="></latexit>

by mathematical induction P (n) , fn(?) v fn+1(?)

<latexit sha1_base64="PRVpfBdkkq4QIKQR6sgVN95B0ks=">AAACJ3icbZC/TgJBEMb3/Iv4D7W02UhMMCbkTjFaEm0sMRExASRz64Ab9/aO3TkTcuFBfASfwlYrO6OFhW/icVKoONWX3zeTmfn8SElLrvvuTE3PzM7N5xbyi0vLK6uFtfULG8ZGYF2EKjSXPlhUUmOdJCm8jAxC4Cts+LcnI79xh8bKUJ/TIMJ2AD0tu1IApahT2K+V9A5vkZGgewr7vHulSy0/pBTavo19i5TRRO96w2+nUyi6ZTcrPim8sSiycdU6hY/WdSjiADUJBdY2PTeidgKGpFA4zLdiixGIW+hhM5UaArTtJHtuyLdjCxTyCA2XimcQf04kEFg7CPy0MwC6sX+9EfzPa8bUPWonUkcxoRajRSQVZousMDJNDfm1NEgEo8uRS80FGCBCIzkIkcI4jTGf5uH9/X5SXOyVvUr54KxSrB6Pk8mxTbbFSsxjh6zKTlmN1Zlg9+yRPbFn58F5cV6dt+/WKWc8s8F+lfP5BU9rpTA=</latexit>

P (0) , f0(?) v f1(?)

<latexit sha1_base64="5k7RfDHswOVzFZ+uswp3hVf/rIc=">AAACJXicbZBNS8NAEIY3ftb6VfXoZbEI9VISqehR9OKxgq1CE8tkndbFzSbuToQS+jv8Cf4Kr3ryJoIH8a+Ypj34NaeX551hZt4wUdKS6747U9Mzs3PzpYXy4tLyymplbb1t49QIbIlYxeYiBItKamyRJIUXiUGIQoXn4c3xyD+/Q2NlrM9okGAQQV/LnhRAOepWvGbN3eE+GQm6r/CW9y7dmh/GlEN7a9PQIhU084Zj3q1U3bpbFP8rvImoskk1u5UP/yoWaYSahAJrO56bUJCBISkUDst+ajEBcQN97ORSQ4Q2yIrXhnw7tUAxT9BwqXgB8ftEBpG1gyjMOyOga/vbG8H/vE5KvYMgkzpJCbUYLSKpsFhkhZF5ZsivpEEiGF2OXGouwAARGslBiBymeYjlPA/v9/d/RXu37jXqe6eN6uHRJJkS22RbrMY8ts8O2QlrshYT7J49sif27Dw4L86r8zZunXImMxvsRzmfXx+UpAc=</latexit>

f0(?) = ? v f1(?)

<latexit sha1_base64="I5fnAZPGiXZ+xUyjlECL70+ZBhQ=">AAACHHicbVC7TsNAEDzzDOFloKQ5ESGFJrJREDRIETSUQSIPKXGi82UTTjk/crdGiqz8Ap/AV9BCRYdokSj4F2wnBSRMs6OZXe3uuKEUGi3ry1haXlldW89t5De3tnd2zb39ug4ixaHGAxmopss0SOFDDQVKaIYKmOdKaLjD69RvPIDSIvDvcByC47GBL/qCM0ykrlnsd6xi2w3whF7StNK2HunI1YAwov1ObE+mdtcsWCUrA10k9owUyAzVrvnd7gU88sBHLpnWLdsK0YmZQsElTPLtSEPI+JANoJVQn3mgnTj7aEKPI80woCEoKiTNRPg9ETNP67HnJp0ew3s976Xif14rwv6FEws/jBB8ni5CISFbpLkSSVRAe0IBIksvByp8ypliiKAEZZwnYpRkl0/ysOe/XyT105JdLp3dlguVq1kyOXJIjkiR2OScVMgNqZIa4eSRPJMX8mo8GW/Gu/ExbV0yZjMH5A+Mzx98PaCX</latexit>

8n 2 N. P (n) ) P (n+ 1)

<latexit sha1_base64="6KiUZtm/x9Cc6Fz64J4MwnGbikU="></latexit>

take a generic n

<latexit sha1_base64="v3374BD4BzKZKuJ1ag9kdT0om6k=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6mtRtWaW3dz0FXiFaRGCrRG1a/hOOI2BIVcMmMGnhujnzCNgktYVIbWQMz4jE1hkFLFQjB+kgdd0DNrGEY0Bk2FpLkIvzcSFhozD4N0MmT4YJa9TPzPG1icXPuJULFFUDw7hEJCfshwLdIGgI6FBkSWJQcqFOVMM0TQgjLOU9GmlVTSPrzl71dJ96LuNeqX7UateVM0UyYn5JScE49ckSa5Iy3SIZwAeSLP5MWxzqvz5rz/jJacYueY/IHz8Q15i5F/</latexit>

assume P (n) , fn(?) v fn+1(?)

<latexit sha1_base64="PRVpfBdkkq4QIKQR6sgVN95B0ks=">AAACJ3icbZC/TgJBEMb3/Iv4D7W02UhMMCbkTjFaEm0sMRExASRz64Ab9/aO3TkTcuFBfASfwlYrO6OFhW/icVKoONWX3zeTmfn8SElLrvvuTE3PzM7N5xbyi0vLK6uFtfULG8ZGYF2EKjSXPlhUUmOdJCm8jAxC4Cts+LcnI79xh8bKUJ/TIMJ2AD0tu1IApahT2K+V9A5vkZGgewr7vHulSy0/pBTavo19i5TRRO96w2+nUyi6ZTcrPim8sSiycdU6hY/WdSjiADUJBdY2PTeidgKGpFA4zLdiixGIW+hhM5UaArTtJHtuyLdjCxTyCA2XimcQf04kEFg7CPy0MwC6sX+9EfzPa8bUPWonUkcxoRajRSQVZousMDJNDfm1NEgEo8uRS80FGCBCIzkIkcI4jTGf5uH9/X5SXOyVvUr54KxSrB6Pk8mxTbbFSsxjh6zKTlmN1Zlg9+yRPbFn58F5cV6dt+/WKWc8s8F+lfP5BU9rpTA=</latexit>

we want to prove P (n+ 1) , fn+1(?) v fn+2(?)

<latexit sha1_base64="f5sI7B+SUNCXBRteHKTerPpX+ik=">AAACLXicbZDLSgNBEEV7fMb4irp00xiEiBBmRFF3QTcuIxgVkhhq2kps7OkZu2sEGfItfoJf4VZXLgR162/YiSP4qtXlniqq6oaJkpZ8/9kbGR0bn5gsTBWnZ2bn5ksLi8c2To3AhohVbE5DsKikxgZJUniaGIQoVHgSXu4P+Mk1GitjfUQ3CbYj6GnZlQLIWZ3Sbr2i14M13iIjQfcUXvHuWeasfqUVxuSAvbJpaJG+yEZOOqWyX/WHxf+KIBdllle9U3ptnccijVCTUGBtM/ATamdgSAqF/WIrtZiAuIQeNp3UEKFtZ8MX+3w1tUAxT9BwqfjQxO8TGUTW3kSh64yALuxvNjD/Y82UujvtTOokJdRisIikwuEiK4x02SE/lwaJYHA5cqm5AANEaCQHIZyZujCLLo/g9/d/xfFGNdisbh1ulmt7eTIFtsxWWIUFbJvV2AGrswYT7Jbdswf26N15T96L9/bZOuLlM0vsR3nvHy8Tpx0=</latexit>

fn(?) v fn+1(?)

<latexit sha1_base64="oGVfW5OpSGgXyh4i34JL43VBb28=">AAACF3icbVC7TgJBFJ3FF+ILtbSZSEwwJmTXYLQk2lhiIo8EFjI7XHDi7Owyc9eEbPgAP8GvsNXKzthaWvgvLguFgqc6Oefc3HuPF0ph0La/rMzS8srqWnY9t7G5tb2T392rmyDSHGo8kIFuesyAFApqKFBCM9TAfE9Cw7u/mviNB9BGBOoWRyG4Phso0RecYSJ184V+RxXbXoDHtG2GJvIMIAxpvxOrE2c8dZKUXbJT0EXizEiBzFDt5r/bvYBHPijkkhnTcuwQ3ZhpFFzCONeODISM37MBtBKqmA/GjdNnxvQoMgwDGoKmQtJUhN8TMfONGflekvQZ3pl5byL+57Ui7F+4sVBhhKD4ZBEKCekiw7VIWgLaExoQ2eRyoEJRzjRDBC0o4zwRo6S2XNKHM//9Iqmflpxy6eymXKhczprJkgNySIrEIeekQq5JldQIJ4/kmbyQV+vJerPerY9pNGPNZvbJH1ifP5b/nx4=</latexit>

f(fn(?)) v f(fn+1(?))

<latexit sha1_base64="atqebLe1ZHn4ldutS9VZY8Qa484=">AAACHXicbVDLTgJBEJzFF+IL9ehlIjGBmJBdg9Ej0YtHTOSRAJLZocEJs7PLTK8J2fANfoJf4VVP3oxX48F/cRf3oGCdKlXd6a5yAykM2vanlVlaXlldy67nNja3tnfyu3sN44eaQ5370tctlxmQQkEdBUpoBRqY50pouqPLxG/egzbCVzc4CaDrsaESA8EZxlIvXxoUB7eq2HF9LJVox4xN6BpAGNPEiNSxM03NXr5gl+0Z6CJxUlIgKWq9/Fen7/PQA4VcMmPajh1gN2IaBZcwzXVCAwHjIzaEdkwV88B0o1mkKT0KDUOfBqCpkHQmwu+NiHnGTDw3nvQY3pl5LxH/89ohDs67kVBBiKB4cgiFhNkhw7WIuwLaFxoQWfI5UKEoZ5ohghaUcR6LYVxeLu7DmU+/SBonZadSPr2uFKoXaTNZckAOSZE45IxUyRWpkTrh5IE8kWfyYj1ar9ab9f4zmrHSnX3yB9bHN/RLoMg=</latexit>

+

<latexit sha1_base64="Q1F58jqIZhLpEK3suppwyN0eSjY=">AAAB/HicbVA9TwJBEN3DL8Qv1NJmIzGxIncGoyVRC0tM5CMCIXPLgBv29i67cxJC8FfYamVnbP0vFv4X75BCwVe9vDeTefP8SElLrvvpZJaWV1bXsuu5jc2t7Z387l7NhrERWBWhCk3DB4tKaqySJIWNyCAEvsK6P7hM/foDGitDfUujCNsB9LXsSQGUSHetq3CowZhw2MkX3KI7BV8k3owU2AyVTv6r1Q1FHKAmocDapudG1B6DISkUTnKt2GIEYgB9bCZUQ4C2PZ4mnvCj2AKFPELDpeJTEX9vjCGwdhT4yWQAdG/nvVT8z2vG1Dtvj6WOYkIt0kMkFU4PWWFkUgXyrjRIBGly5FJzAQaI0EgOQiRinHSTS/rw5r9fJLWTolcqnt6UCuWLWTNZdsAO2THz2Bkrs2tWYVUmmGZP7Jm9OI/Oq/PmvP+MZpzZzj77A+fjG5kElYo=</latexit>

fn+1(?) =

<latexit sha1_base64="SU9BHWpAe5xshr5/R1di3w4ic8w=">AAACA3icbVC7SgNBFJ2NrxgfWbW0GQxCRAi7EtFGCNpYRjAPSGKYndzEIbOzy8xdISwp/QpbrezE1g+x8F/cXVNo4qkO59zLPfd4oRQGHefTyi0tr6yu5dcLG5tb20V7Z7dpgkhzaPBABrrtMQNSKGigQAntUAPzPQktb3yV+q0H0EYE6hYnIfR8NlJiKDjDROrbxeFdrI7dabnrBXhEL/p2yak4GegicWekRGao9+2v7iDgkQ8KuWTGdFwnxF7MNAouYVroRgZCxsdsBJ2EKuaD6cVZ8Ck9jAzDgIagqZA0E+H3Rsx8Yya+l0z6DO/NvJeK/3mdCIfnvVioMEJQPD2EQkJ2yHAtkkaADoQGRJYmByoU5UwzRNCCMs4TMUoqKiR9uPPfL5LmScWtVk5vqqXa5ayZPNknB6RMXHJGauSa1EmDcBKRJ/JMXqxH69V6s95/RnPWbGeP/IH18Q36SJaj</latexit>

= fn+2(?)

<latexit sha1_base64="W71gtAhoyfKHsZmWWwRrDZ8VEqg=">AAACAHicbVC7SgNBFJ2NrxhfUUubwSBEhLAbItoIQRvLCOYBeTE7uYlDZmeXmbtCWNL4FbZa2Ymtf2Lhv7i7bqHRUx3OuZd77nEDKQza9oeVW1peWV3Lrxc2Nre2d4q7ey3jh5pDk/vS1x2XGZBCQRMFSugEGpjnSmi706vEb9+DNsJXtzgLoO+xiRJjwRnG0uBiPIjUSXVe7rk+Hg+LJbtip6B/iZOREsnQGBY/eyOfhx4o5JIZ03XsAPsR0yi4hHmhFxoIGJ+yCXRjqpgHph+lqef0KDQMfRqApkLSVISfGxHzjJl5bjzpMbwzi14i/ud1Qxyf9yOhghBB8eQQCgnpIcO1iOsAOhIaEFmSHKhQlDPNEEELyjiPxTDupxD34Sx+/5e0qhWnVjm9qZXql1kzeXJADkmZOOSM1Mk1aZAm4USTR/JEnq0H68V6td6+R3NWtrNPfsF6/wIl9JZJ</latexit>
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Towards Kleene’s theo.
(D,v)

<latexit sha1_base64="GGJJck8RyptN80jdmB4mmRYGsZM=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLohaWmMgjAUJmhwtOmJ1dZu6YEELpV9hqZWds/RAL/8VdpFD0VCfn3Jt77gliKQx63oeTWVpeWV3Lruc2Nre28+7Obt1EVnOo8UhGuhkwA1IoqKFACc1YAwsDCY1geJn6jXvQRkTqFscxdEI2UKIvOMNE6rr54tVx24yMDQwgjI66bsEreTPQv8SfkwKZo9p1P9u9iNsQFHLJjGn5XoydCdMouIRprm0NxIwP2QBaCVUsBNOZzIJP6aE1DCMag6ZC0pkIPzcmLDRmHAbJZMjwzix6qfif17LYP+9MhIotguLpIRQSZocM1yJpBGhPaEBkaXKgQlHONEMELSjjPBFtUlEu6cNf/P4vqZ+U/HLp9KZcqFzMm8mSfXJAisQnZ6RCrkmV1AgnljySJ/LsPDgvzqvz9j2aceY7e+QXnPcv5gSXOw==</latexit>

{fn(?)}n2N

<latexit sha1_base64="KrKOsk/BPWkDmwovtHnmH36Tv00=">AAACEnicbVC7SgNBFJ2NrxhfUUtBBoMQm7ArES2DNlYSwTwgG8Ps5CYOmZ1dZu4KYdnOT/ArbLWyE1t/wMJ/cTem0MRTHc65l3vu8UIpDNr2p5VbWFxaXsmvFtbWNza3its7TRNEmkODBzLQbY8ZkEJBAwVKaIcamO9JaHmji8xv3YM2IlA3OA6h67OhEgPBGaZSr7jvxoNbVXa9AI/cpBcrVyjXZ3jnefFVkvSKJbtiT0DniTMlJTJFvVf8cvsBj3xQyCUzpuPYIXZjplFwCUnBjQyEjI/YEDopVcwH040nfyT0MDIMAxqCpkLSiQi/N2LmGzP2vXQyi2hmvUz8z+tEODjrxkKFEYLi2SEUEiaHDNciLQhoX2hAZFlyoEJRzjRDBC0o4zwVo7SxQtqHM/v9PGkeV5xq5eS6WqqdT5vJkz1yQMrEIaekRi5JnTQIJw/kiTyTF+vRerXerPef0Zw13dklf2B9fAOfT55A</latexit>

when

Kleene’s fix point theorem states that 
if     is continuous, then the limit of the above chain
is the least fixpoint of

is a CPO?

<latexit sha1_base64="0eVAP1pPVndRR0pRSRwXSlriv/A=">AAAB/HicbVC7TsNAEDyHVwivACXNiQSJKrIRCMqINHQEiTxEYkXnyyaccj5bd2ukyApfQQsVHaLlXyj4F2zjAhKmGs3samfHC6UwaNufVmFpeWV1rbhe2tjc2t4p7+61TRBpDi0eyEB3PWZACgUtFCihG2pgvieh400aqd95AG1EoG5xGoLrs7ESI8EZJtJdo3ldHfS9AKuDcsWu2RnoInFyUiE5moPyV38Y8MgHhVwyY3qOHaIbM42CS5iV+pGBkPEJG0MvoYr5YNw4SzyjR5FhGNAQNBWSZiL83oiZb8zU95JJn+G9mfdS8T+vF+Howo2FCiMExdNDKCRkhwzXIqkC6FBoQGRpcqBCUc40QwQtKOM8EaOkm1LShzP//SJpn9Sc09rZzUmlfpk3UyQH5JAcE4eckzq5Ik3SIpwo8kSeyYv1aL1ab9b7z2jBynf2yR9YH98Wl5ST</latexit>

then is a chain

f

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

f

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

<latexit sha1_base64="Xcqmu3dm2X3aiNkYXfv0vvNgOBY=">AAACD3icbVC7TsNAEDzzDOFloExzIkIKTWQjBJQRNFQoSOQhxSE6XzbhlPPZulsjRZYLPoGvoIWKDtHyCRT8C3ZIAQlTjWZ2tbPjR1IYdJxPa2FxaXlltbBWXN/Y3Nq2d3abJow1hwYPZajbPjMghYIGCpTQjjSwwJfQ8kcXud+6B21EqG5wHEE3YEMlBoIzzKSeXfKSwa2q9A+9tJcoTygvYHjn+8lVmvbsslN1JqDzxJ2SMpmi3rO/vH7I4wAUcsmM6bhOhN2EaRRcQlr0YgMR4yM2hE5GFQvAdJPJEyk9iA3DkEagqZB0IsLvjYQFxowDP5vMI5pZLxf/8zoxDs66iVBRjKB4fgiFhMkhw7XI2gHaFxoQWZ4cqFCUM80QQQvKOM/EOKurmPXhzn4/T5pHVfek6lwfl2vn02YKpET2SYW45JTUyCWpkwbh5IE8kWfyYj1ar9ab9f4zumBNd/bIH1gf3x7CnOI=</latexit>

{fn(d)}n2N
not necessarily
a chain!

it must have a limit
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Pre-fixpoints
f : D ! D

<latexit sha1_base64="x/HrNPt0DSOs91vysQmOycMC+Yc=">AAACBHicbVC7TgJBFJ3FF+Jr1dJmIjGxIrsGo7EiSmGJiTwSIOTucIEJs4/M3MUQQutX2GplZ2z9Dwv/xV2kUPBUJ+fcm3vu8SIlDTnOp5VZWV1b38hu5ra2d3b37P2DmgljLbAqQhXqhgcGlQywSpIUNiKN4HsK697wJvXrI9RGhsE9jSNs+9APZE8KoETq2HbvqtzSsj8g0Dp84OWOnXcKzgx8mbhzkmdzVDr2V6sbitjHgIQCY5quE1F7ApqkUDjNtWKDEYgh9LGZ0AB8NO3JLPmUn8QGKOQRai4Vn4n4e2MCvjFj30smfaCBWfRS8T+vGVPvsj2RQRQTBiI9RFLh7JARWiaVIO9KjUSQJkcuAy5AAxFqyUGIRIyTjnJJH+7i98ukdlZwi4Xzu2K+dD1vJsuO2DE7ZS67YCV2yyqsygQbsSf2zF6sR+vVerPef0Yz1nznkP2B9fEN27WXxQ==</latexit>

(D,v)

<latexit sha1_base64="GGJJck8RyptN80jdmB4mmRYGsZM=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLohaWmMgjAUJmhwtOmJ1dZu6YEELpV9hqZWds/RAL/8VdpFD0VCfn3Jt77gliKQx63oeTWVpeWV3Lruc2Nre28+7Obt1EVnOo8UhGuhkwA1IoqKFACc1YAwsDCY1geJn6jXvQRkTqFscxdEI2UKIvOMNE6rr54tVx24yMDQwgjI66bsEreTPQv8SfkwKZo9p1P9u9iNsQFHLJjGn5XoydCdMouIRprm0NxIwP2QBaCVUsBNOZzIJP6aE1DCMag6ZC0pkIPzcmLDRmHAbJZMjwzix6qfif17LYP+9MhIotguLpIRQSZocM1yJpBGhPaEBkaXKgQlHONEMELSjjPBFtUlEu6cNf/P4vqZ+U/HLp9KZcqFzMm8mSfXJAisQnZ6RCrkmV1AgnljySJ/LsPDgvzqvz9j2aceY7e+QXnPcv5gSXOw==</latexit>

monotonePO

f(p) = p

<latexit sha1_base64="JvT9F0hiy3XZtyOxxej+6iJZXyU=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESGFJrJREDRIETSUQSIPKYmi82UTTjmfT3drpMjkJ2ihokO0/AwF/4JtXEDCVKOZXe3s+FoKi6776Swtr6yurRc2iptb2zu7pb39lg0jw6HJQxmajs8sSKGgiQIldLQBFvgS2v7kOvXbD2CsCNUdTjX0AzZWYiQ4w0TqjCr6hF5SPSiV3aqbgS4SLydlkqMxKH31hiGPAlDIJbO267ka+zEzKLiEWbEXWdCMT9gYuglVLADbj7O8M3ocWYYh1WCokDQT4fdGzAJrp4GfTAYM7+28l4r/ed0IRxf9WCgdISieHkIhITtkuRFJEUCHwgAiS5MDFYpyZhgiGEEZ54kYJc0Ukz68+e8XSeu06tWqZ7e1cv0qb6ZADskRqRCPnJM6uSEN0iScSPJEnsmL8+i8Om/O+8/okpPvHJA/cD6+ARW8k2s=</latexit>

fixpoint

Clearly any fixpoint is also a pre-fixpoint

pre-fixpoint p 2 D

<latexit sha1_base64="oxSgwzbQJ9iq2m+0avuDbZE9MuM=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRUFAGiTykxIrOl004crZPd2ukEOUfaKGiQ7T8DQX/wtm4gISpRjO72tkJlBQGXffTKSwtr6yuFddLG5tb2zvl3b2WiRPNocljGetOwAxIEUETBUroKA0sDCS0g/Fl6rcfQBsRR7c4UeCHbBSJoeAMrdRSPRHRq3654lbdDHSReDmpkByNfvmrN4h5EkKEXDJjup6r0J8yjYJLmJV6iQHF+JiNoGtpxEIw/jRLO6NHiWEYUwWaCkkzEX5vTFlozCQM7GTI8M7Me6n4n9dNcHjuT0WkEoSIp4dQSMgOGa6FrQHoQGhAZGlyoPZ3zjRDBC0o49yKie2lZPvw5r9fJK2Tqlernt7UKvWLvJkiOSCH5Jh45IzUyTVpkCbh5J48kWfy4jw6r86b8/4zWnDynX3yB87HN7XFk0o=</latexit>

f(p) v p

<latexit sha1_base64="ixQ2cABEELfoR2M7lqcZbDHB7Jo=">AAACBnicbVC7TgJBFJ3FF+ILsbSZSEywIbsGoyXRxhITeSRAyOxwwQmzu8PMHSMh9H6FrVZ2xtbfsPBf3F0pFDzVyTn35p57fCWFQdf9dDIrq2vrG9nN3Nb2zu5efr/QMJHVHOo8kpFu+cyAFCHUUaCEltLAAl9C0x9dJX7zHrQRUXiLEwXdgA1DMRCcYSz18oVBSZ3Qjhkb6xtAGFPVyxfdspuCLhNvTopkjlov/9XpR9wGECKXzJi25yrsTplGwSXMch1rQDE+YkNoxzRkAZjuNM0+o8fWMIyoAk2FpKkIvzemLDBmEvjxZMDwzix6ifif17Y4uOhORagsQsiTQygkpIcM1yIuBWhfaEBkSXKgIqScaYYIWlDGeSzauKVc3Ie3+P0yaZyWvUr57KZSrF7Om8mSQ3JESsQj56RKrkmN1AknD+SJPJMX59F5dd6c95/RjDPfOSB/4Hx8AxfLmG8=</latexit>

p 2 D

<latexit sha1_base64="oxSgwzbQJ9iq2m+0avuDbZE9MuM=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRUFAGiTykxIrOl004crZPd2ukEOUfaKGiQ7T8DQX/wtm4gISpRjO72tkJlBQGXffTKSwtr6yuFddLG5tb2zvl3b2WiRPNocljGetOwAxIEUETBUroKA0sDCS0g/Fl6rcfQBsRR7c4UeCHbBSJoeAMrdRSPRHRq3654lbdDHSReDmpkByNfvmrN4h5EkKEXDJjup6r0J8yjYJLmJV6iQHF+JiNoGtpxEIw/jRLO6NHiWEYUwWaCkkzEX5vTFlozCQM7GTI8M7Me6n4n9dNcHjuT0WkEoSIp4dQSMgOGa6FrQHoQGhAZGlyoPZ3zjRDBC0o49yKie2lZPvw5r9fJK2Tqlernt7UKvWLvJkiOSCH5Jh45IzUyTVpkCbh5J48kWfy4jw6r86b8/4zWnDynX3yB87HN7XFk0o=</latexit>
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Kleene’s theorem
f : D ! D

<latexit sha1_base64="x/HrNPt0DSOs91vysQmOycMC+Yc=">AAACBHicbVC7TgJBFJ3FF+Jr1dJmIjGxIrsGo7EiSmGJiTwSIOTucIEJs4/M3MUQQutX2GplZ2z9Dwv/xV2kUPBUJ+fcm3vu8SIlDTnOp5VZWV1b38hu5ra2d3b37P2DmgljLbAqQhXqhgcGlQywSpIUNiKN4HsK697wJvXrI9RGhsE9jSNs+9APZE8KoETq2HbvqtzSsj8g0Dp84OWOnXcKzgx8mbhzkmdzVDr2V6sbitjHgIQCY5quE1F7ApqkUDjNtWKDEYgh9LGZ0AB8NO3JLPmUn8QGKOQRai4Vn4n4e2MCvjFj30smfaCBWfRS8T+vGVPvsj2RQRQTBiI9RFLh7JARWiaVIO9KjUSQJkcuAy5AAxFqyUGIRIyTjnJJH+7i98ukdlZwi4Xzu2K+dD1vJsuO2DE7ZS67YCV2yyqsygQbsSf2zF6sR+vVerPef0Yz1nznkP2B9fEN27WXxQ==</latexit>

(D,v)

<latexit sha1_base64="GGJJck8RyptN80jdmB4mmRYGsZM=">AAACA3icbVC7TgJBFJ3FF+KDVUubicQEE0N2DUZLohaWmMgjAUJmhwtOmJ1dZu6YEELpV9hqZWds/RAL/8VdpFD0VCfn3Jt77gliKQx63oeTWVpeWV3Lruc2Nre28+7Obt1EVnOo8UhGuhkwA1IoqKFACc1YAwsDCY1geJn6jXvQRkTqFscxdEI2UKIvOMNE6rr54tVx24yMDQwgjI66bsEreTPQv8SfkwKZo9p1P9u9iNsQFHLJjGn5XoydCdMouIRprm0NxIwP2QBaCVUsBNOZzIJP6aE1DCMag6ZC0pkIPzcmLDRmHAbJZMjwzix6qfif17LYP+9MhIotguLpIRQSZocM1yJpBGhPaEBkaXKgQlHONEMELSjjPBFtUlEu6cNf/P4vqZ+U/HLp9KZcqFzMm8mSfXJAisQnZ6RCrkmV1AgnljySJ/LsPDgvzqvz9j2aceY7e+QXnPcv5gSXOw==</latexit>

continuous

let

CPO?

<latexit sha1_base64="0eVAP1pPVndRR0pRSRwXSlriv/A=">AAAB/HicbVC7TsNAEDyHVwivACXNiQSJKrIRCMqINHQEiTxEYkXnyyaccj5bd2ukyApfQQsVHaLlXyj4F2zjAhKmGs3samfHC6UwaNufVmFpeWV1rbhe2tjc2t4p7+61TRBpDi0eyEB3PWZACgUtFCihG2pgvieh400aqd95AG1EoG5xGoLrs7ESI8EZJtJdo3ldHfS9AKuDcsWu2RnoInFyUiE5moPyV38Y8MgHhVwyY3qOHaIbM42CS5iV+pGBkPEJG0MvoYr5YNw4SzyjR5FhGNAQNBWSZiL83oiZb8zU95JJn+G9mfdS8T+vF+Howo2FCiMExdNDKCRkhwzXIqkC6FBoQGRpcqBCUc40QwQtKOM8EaOkm1LShzP//SJpn9Sc09rZzUmlfpk3UyQH5JAcE4eckzq5Ik3SIpwo8kSeyYv1aL1ab9b7z2jBynf2yR9YH98Wl5ST</latexit>

fix (f) ,
G

n2N
fn(?)

<latexit sha1_base64="HnLyZGK3SXMpAzIv9A+1RNJWA5A="></latexit>

1. fix (f)

<latexit sha1_base64="z/XIcMyaqmIiES6mc1q8PEyK7qE=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIoYlsFARlBA1lkMhDSqzofFmHU84P3a0RkZWSr6CFig7R8iEU/Au2cQEJU41mdrWz40ZSaLSsT6O0srq2vlHerGxt7+xWzb39rg5jxaHDQxmqvss0SBFABwVK6EcKmO9K6LnTq8zv3YPSIgxucRaB47NJIDzBGabSyKwOfYZ3AhNPPMzr3snIrFkNKwddJnZBaqRAe2R+Dcchj30IkEum9cC2InQSplBwCfPKMNYQMT5lExikNGA+aCfJg8/pcawZhjQCRYWkuQi/NxLmaz3z3XQyi6kXvUz8zxvE6F04iQiiGCHg2SEUEvJDmiuRNgJ0LBQgsiw5UBFQzhRDBCUo4zwV47SiStqHvfj9MumeNuxm4+ymWWtdFs2UySE5InVik3PSItekTTqEk5g8kWfyYjwar8ab8f4zWjKKnQPyB8bHN5Ycl6c=</latexit>

is a fix point of f

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

2. fix (f)

<latexit sha1_base64="z/XIcMyaqmIiES6mc1q8PEyK7qE=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIoYlsFARlBA1lkMhDSqzofFmHU84P3a0RkZWSr6CFig7R8iEU/Au2cQEJU41mdrWz40ZSaLSsT6O0srq2vlHerGxt7+xWzb39rg5jxaHDQxmqvss0SBFABwVK6EcKmO9K6LnTq8zv3YPSIgxucRaB47NJIDzBGabSyKwOfYZ3AhNPPMzr3snIrFkNKwddJnZBaqRAe2R+Dcchj30IkEum9cC2InQSplBwCfPKMNYQMT5lExikNGA+aCfJg8/pcawZhjQCRYWkuQi/NxLmaz3z3XQyi6kXvUz8zxvE6F04iQiiGCHg2SEUEvJDmiuRNgJ0LBQgsiw5UBFQzhRDBCUo4zwV47SiStqHvfj9MumeNuxm4+ymWWtdFs2UySE5InVik3PSItekTTqEk5g8kWfyYjwar8ab8f4zWjKKnQPyB8bHN5Ycl6c=</latexit>

is the least pre-fixpoint of f

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

f(fix (f)) = fix (f)

<latexit sha1_base64="5W0MWGoa0CmBpBJJ7TQTgmBTrWg=">AAACGHicbVC7TsNAEDyHVwgvAyXNiYCUNJGNgqBBiqChDBJ5SEkUnS/rcOL80N0aEVn5AT6Br6CFig7R0lHwL9jGBSRMNZrZ1c6OE0qh0bI+jcLC4tLySnG1tLa+sbllbu+0dRApDi0eyEB1HaZBCh9aKFBCN1TAPEdCx7m9SP3OHSgtAv8aJyEMPDb2hSs4w0Qamgdupe8xvBEYu+J+WnGrVXpGZ6ShWbZqVgY6T+yclEmO5tD86o8CHnngI5dM655thTiImULBJUxL/UhDyPgtG0MvoT7zQA/i7JspPYw0w4CGoKiQNBPh90bMPK0nnpNMpjH1rJeK/3m9CN3TQSz8MELweXoIhYTskOZKJDUBHQkFiCxNDlT4lDPFEEEJyjhPxCjprZT0Yc9+P0/aRzW7Xju+qpcb53kzRbJH9kmF2OSENMglaZIW4eSBPJFn8mI8Gq/Gm/H+M1ow8p1d8gfGxzdaup+G</latexit>

8d 2 D. f(d) v d ) fix (f) v d

<latexit sha1_base64="Y+/kOQEO30Sm57jl+NRFZIGFj2U="></latexit>

if     is a pre-fixpoint then            is smaller thand

<latexit sha1_base64="L/IFEk39pfiOfa0v7iaOjXqZOhU=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9HlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdp9ZF1</latexit>

fix (f)

<latexit sha1_base64="z/XIcMyaqmIiES6mc1q8PEyK7qE=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIoYlsFARlBA1lkMhDSqzofFmHU84P3a0RkZWSr6CFig7R8iEU/Au2cQEJU41mdrWz40ZSaLSsT6O0srq2vlHerGxt7+xWzb39rg5jxaHDQxmqvss0SBFABwVK6EcKmO9K6LnTq8zv3YPSIgxucRaB47NJIDzBGabSyKwOfYZ3AhNPPMzr3snIrFkNKwddJnZBaqRAe2R+Dcchj30IkEum9cC2InQSplBwCfPKMNYQMT5lExikNGA+aCfJg8/pcawZhjQCRYWkuQi/NxLmaz3z3XQyi6kXvUz8zxvE6F04iQiiGCHg2SEUEvJDmiuRNgJ0LBQgsiw5UBFQzhRDBCUo4zwV47SiStqHvfj9MumeNuxm4+ymWWtdFs2UySE5InVik3PSItekTTqEk5g8kWfyYjwar8ab8f4zWjKKnQPyB8bHN5Ycl6c=</latexit>

d

<latexit sha1_base64="L/IFEk39pfiOfa0v7iaOjXqZOhU=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9HlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdp9ZF1</latexit>
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Kleene’s theorem: 1
1.

f(fix (f)) = f

 
G

n2N
fn(?)

!

<latexit sha1_base64="BWHOaOmnLKgW6d+2ZVwg/fIlt4Q=">AAACO3icbVDBTttAEF1DKSHQEuiRy6pRpeQS2RUILkgIDvSEQCIkUhyi9WacjFivze4YgSx/Ep/AV3BCIqfeql57xzY5tNB3enrvjWbmBYlCS6775Cwsflj6uFxbqa+uffq83tjYvLBxaiR0Zaxi0w+EBYUauoSkoJ8YEFGgoBdcHZV+7waMxVif010Cw0hMNIYoBRXSqHEctvxI0BQpC/E2b4XtNt+vh76CkFp+gBN7LdNklG kfdRUMguwkz3l4qQs7prZvcDKl9qjRdDtuBf6eeHPSZHOcjhozfxzLNAJNUglrB56b0DAThlAqyOt+aiER8kpMYFBQLSKww6x6OOffUiso5gkYjopXIvw9kYnI2rsoKJLlzfatV4r/8wYphXvDDHWSEmhZLiJUUC2y0mDRJPAxGiAS5eXAUXMpjCACg1xIWYhpUW296MN7+/17cvG94213ds62mweH82ZqbIt9ZS3msV12wH6wU9Zlkt2zR/bMZs6D89P55fx+jS4485kv7B84f14A4cOuMw==</latexit>

=
G

n2N
f(fn(?))

<latexit sha1_base64="ocdf7Y5JpUl2ZokaUja+hgLHoMI=">AAACHHicbVC7SgNBFJ2N7/hatbQZDEJswq5EtBGCNlYSwUQhG8PMeBOHzM6uM3cFWfYX/AS/wlYrO7EVLPwXd2MKX6c6nHMv99zDYyUtet67U5qYnJqemZ0rzy8sLi27K6ttGyVGQEtEKjLnnFlQUkMLJSo4jw2wkCs448PDwj+7AWNlpE/xNoZuyAZa9qVgmEs9t7pfDrgc2GuRxL1UB1IHIcMrztPjLOtX+xe6GvAIt7Z6bsWreSPQv8QfkwoZo9lzP4LLSCQhaBSKWdvxvRi7KTMohYKsHCQWYiaGbACdnGoWgu2mo48yuplYhhGNwVCp6EiE7xspC629DXk+WcS1v71C/M/rJNjf66ZSxwmCFsUhlApGh6wwMq8K6KU0gMiK5EClpoIZhghGUiZELiZ5d+W8D//3939Je7vm12s7J/VK42DczCxZJxukSnyySxrkiDRJiwhyRx7II3ly7p1n58V5/RotOeOdNfIDztsnTrmhrA==</latexit>

=
G

n2N
fn+1(?)

<latexit sha1_base64="D/ax1kugLGfjuPf8C0xDeVmTwjE=">AAACHXicbVDLSsNAFJ3Ud31VXboZLEJFKIlUdCOIblyJgrVCU8vM9LYOnUzizI0gId/gJ/gVbnXlTtyKC//FJHbh66wO59zLPffwSEmLrvvulMbGJyanpmfKs3PzC4uVpeVzG8ZGQFOEKjQXnFlQUkMTJSq4iAywgCto8eFh7rduwFgZ6jO8jaATsIGWfSkYZlK3srFX9rkc2GsRR91E+1L7AcMrzpPjNO1fJnrTS2s+D3GjW6m6dbcA/Uu8EamSEU66lQ+/F4o4AI1CMWvbnhthJ2EGpVCQlv3YQsTEkA2gnVHNArCdpHgppeuxZRjSCAyVihYifN9IWGDtbcCzyTyv/e3l4n9eO8b+bieROooRtMgPoVRQHLLCyKwroD1pAJHlyYFKTQUzDBGMpEyITIyz8spZH97v7/+S862616hvnzaq+wejZqbJKlkjNeKRHbJPjsgJaRJB7sgDeSRPzr3z7Lw4r1+jJWe0s0J+wHn7BHmPolM=</latexit>

by def of

by continuity

by def of

f(fix (f)) = fix (f)

<latexit sha1_base64="5W0MWGoa0CmBpBJJ7TQTgmBTrWg=">AAACGHicbVC7TsNAEDyHVwgvAyXNiYCUNJGNgqBBiqChDBJ5SEkUnS/rcOL80N0aEVn5AT6Br6CFig7R0lHwL9jGBSRMNZrZ1c6OE0qh0bI+jcLC4tLySnG1tLa+sbllbu+0dRApDi0eyEB1HaZBCh9aKFBCN1TAPEdCx7m9SP3OHSgtAv8aJyEMPDb2hSs4w0Qamgdupe8xvBEYu+J+WnGrVXpGZ6ShWbZqVgY6T+yclEmO5tD86o8CHnngI5dM655thTiImULBJUxL/UhDyPgtG0MvoT7zQA/i7JspPYw0w4CGoKiQNBPh90bMPK0nnpNMpjH1rJeK/3m9CN3TQSz8MELweXoIhYTskOZKJDUBHQkFiCxNDlT4lDPFEEEJyjhPxCjprZT0Yc9+P0/aRzW7Xju+qpcb53kzRbJH9kmF2OSENMglaZIW4eSBPJFn8mI8Gq/Gm/H+M1ow8p1d8gfGxzdaup+G</latexit>

=
G

n2N
fn(?)

<latexit sha1_base64="nUSijEfbNLZxF3gUBr6iUS8thos=">AAACG3icbVC7TsNAEDyHd3gZKGlORAhoIhsFQYOEoKFCIBGCFIfo7tiEU85nc7dGQpY/gU/gK2ihokO0FBT8C3ZIAQlTjWZ2tbPDYyUtet6nUxobn5icmp4pz87NLyy6S8sXNkqMgLqIVGQuObOgpIY6SlRwGRtgIVfQ4L2jwm/cgbEy0ud4H0MrZF0tO1IwzKW2u7FfDrjs2luRxO1UB1IHIcMbztOTLOtcpTrbDHiEW2234lW9Pugo8QekQgY4bbtfwXUkkhA0CsWsbfpejK2UGZRCQVYOEgsxEz3WhWZONQvBttL+QxldTyzDiMZgqFS0L8LvjZSF1t6HPJ8s0tphrxD/85oJdvZaqdRxgqBFcQilgv4hK4zMmwJ6LQ0gsiI5UKmpYIYhgpGUCZGLSV5dOe/DH/5+lFxsV/1adeesVjk4HDQzTVbJGtkkPtklB+SYnJI6EeSBPJFn8uI8Oq/Om/P+M1pyBjsr5A+cj2+DS6Hj</latexit>

by prefix independence of limits

fn

<latexit sha1_base64="UwZo/47MELI1ONETvDNpoXyh0uQ=">AAAB9XicbVA9TwJBEJ3DL8Qv1NJmIzGxIncGoyXRxhKjfCSAZG8ZcMPe3mV3TkMu/ARbreyMrb/Hwv/igVco+KqX92Yyb54fKWnJdT+d3NLyyupafr2wsbm1vVPc3WvYMDYC6yJUoWn53KKSGuskSWErMsgDX2HTH11O/eYDGitDfUvjCLsBH2o5kIJTKt0M7nSvWHLL7gxskXgZKUGGWq/41emHIg5Qk1Dc2rbnRtRNuCEpFE4KndhixMWID7GdUs0DtN1kFnXCjmLLKWQRGiYVm4n4eyPhgbXjwE8nA073dt6biv957ZgG591E6igm1GJ6iKTC2SErjEw7QNaXBon4NDkyqZnghhOhkYwLkYpxWkoh7cOb/36RNE7KXqV8el0pVS+yZvJwAIdwDB6cQRWuoAZ1EDCEJ3iGF+fReXXenPef0ZyT7ezDHzgf3/Ygklc=</latexit>

fix

<latexit sha1_base64="MJcyHJVgbmK1bp6fgMMAthujdWw=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sgmnnM+nuzUisiLxFbRQ0SFafoWCf8E2LiBhqtHMrnZ2Ai2FRdf9dEpLyyura+X1ysbm1vZOdXevbaPYcGjxSEamGzALUihooUAJXW2AhYGETjC5yvzOPRgrInWLUw1+yMZKjARnmEr9fsjwTmAyEg+zQbXm1t0cdJF4BamRAs1B9as/jHgcgkIumbU9z9XoJ8yg4BJmlX5sQTM+YWPopVSxEKyf5Jln9Ci2DCOqwVAhaS7C742EhdZOwyCdzDLaeS8T//N6MY4u/EQoHSMonh1CISE/ZLkRaRlAh8IAIsuSAxWKcmYYIhhBGeepGKftVNI+vPnvF0n7pO6d1s9uTmuNy6KZMjkgh+SYeOScNMg1aZIW4USTJ/JMXpxH59V5c95/RktOsbNP/sD5+AaAipah</latexit>

= fix (f)

<latexit sha1_base64="a1HBW4X+UJjid0+CCLVQ45pkrfQ=">AAACBXicbVC7TsNAEDyHVzAvB0qaExFSaCIbBUGDFEFDGSTykBIrOl/W4ZTzQ3drILJS8xW0UNEhWr6Dgn/BDikgYarRzK52drxYCo22/WkUlpZXVteK6+bG5tb2jlXabekoURyaPJKR6nhMgxQhNFGghE6sgAWehLY3usz99h0oLaLwBscxuAEbhsIXnGEm9a3SudkLGN4KTH3xMKn4R32rbFftKegicWakTGZo9K2v3iDiSQAhcsm07jp2jG7KFAouYWL2Eg0x4yM2hG5GQxaAdtNp9Ak9TDTDiMagqJB0KsLvjZQFWo8DL5vMY+p5Lxf/87oJ+mduKsI4QQh5fgiFhOkhzZXIOgE6EAoQWZ4cqAgpZ4ohghKUcZ6JSVaSmfXhzH+/SFrHVadWPbmulesXs2aKZJ8ckApxyCmpkyvSIE3CyT15Is/kxXg0Xo034/1ntGDMdvbIHxgf31OQmAI=</latexit>

by def of fix

<latexit sha1_base64="MJcyHJVgbmK1bp6fgMMAthujdWw=">AAAB/nicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sgmnnM+nuzUisiLxFbRQ0SFafoWCf8E2LiBhqtHMrnZ2Ai2FRdf9dEpLyyura+X1ysbm1vZOdXevbaPYcGjxSEamGzALUihooUAJXW2AhYGETjC5yvzOPRgrInWLUw1+yMZKjARnmEr9fsjwTmAyEg+zQbXm1t0cdJF4BamRAs1B9as/jHgcgkIumbU9z9XoJ8yg4BJmlX5sQTM+YWPopVSxEKyf5Jln9Ci2DCOqwVAhaS7C742EhdZOwyCdzDLaeS8T//N6MY4u/EQoHSMonh1CISE/ZLkRaRlAh8IAIsuSAxWKcmYYIhhBGeepGKftVNI+vPnvF0n7pO6d1s9uTmuNy6KZMjkgh+SYeOScNMg1aZIW4USTJ/JMXpxH59V5c95/RktOsbNP/sD5+AaAipah</latexit>

proof.
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Kleene’s theorem: 2
2. 8d 2 D. f(d) v d ) fix (f) v d

<latexit sha1_base64="Y+/kOQEO30Sm57jl+NRFZIGFj2U="></latexit>

we prove that any pre-fixpoint is an upper bound of the chain
{fn(?)}n2N

<latexit sha1_base64="KrKOsk/BPWkDmwovtHnmH36Tv00=">AAACEnicbVC7SgNBFJ2NrxhfUUtBBoMQm7ArES2DNlYSwTwgG8Ps5CYOmZ1dZu4KYdnOT/ArbLWyE1t/wMJ/cTem0MRTHc65l3vu8UIpDNr2p5VbWFxaXsmvFtbWNza3its7TRNEmkODBzLQbY8ZkEJBAwVKaIcamO9JaHmji8xv3YM2IlA3OA6h67OhEgPBGaZSr7jvxoNbVXa9AI/cpBcrVyjXZ3jnefFVkvSKJbtiT0DniTMlJTJFvVf8cvsBj3xQyCUzpuPYIXZjplFwCUnBjQyEjI/YEDopVcwH040nfyT0MDIMAxqCpkLSiQi/N2LmGzP2vXQyi2hmvUz8z+tEODjrxkKFEYLi2SEUEiaHDNciLQhoX2hAZFlyoEJRzjRDBC0o4zwVo7SxQtqHM/v9PGkeV5xq5eS6WqqdT5vJkz1yQMrEIaekRi5JnTQIJw/kiTyTF+vRerXerPef0Zw13dklf2B9fAOfT55A</latexit>

by definition            is the lub of the same chainfix (f)

<latexit sha1_base64="z/XIcMyaqmIiES6mc1q8PEyK7qE=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIoYlsFARlBA1lkMhDSqzofFmHU84P3a0RkZWSr6CFig7R8iEU/Au2cQEJU41mdrWz40ZSaLSsT6O0srq2vlHerGxt7+xWzb39rg5jxaHDQxmqvss0SBFABwVK6EcKmO9K6LnTq8zv3YPSIgxucRaB47NJIDzBGabSyKwOfYZ3AhNPPMzr3snIrFkNKwddJnZBaqRAe2R+Dcchj30IkEum9cC2InQSplBwCfPKMNYQMT5lExikNGA+aCfJg8/pcawZhjQCRYWkuQi/NxLmaz3z3XQyi6kXvUz8zxvE6F04iQiiGCHg2SEUEvJDmiuRNgJ0LBQgsiw5UBFQzhRDBCUo4zwV47SiStqHvfj9MumeNuxm4+ymWWtdFs2UySE5InVik3PSItekTTqEk5g8kWfyYjwar8ab8f4zWjKKnQPyB8bHN5Ycl6c=</latexit>

and thus smaller than any other upper bound

proof.
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Kleene’s theorem: 2
2. 8d 2 D. f(d) v d ) fix (f) v d

<latexit sha1_base64="Y+/kOQEO30Sm57jl+NRFZIGFj2U="></latexit>

take any d 2 D

<latexit sha1_base64="Nyn+EBfwuQg9aovq1BKLkh/NFAM=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRUFAGiTykxIrOl004cj5bd2ukEOUfaKGiQ7T8DQX/wtm4gISpRjO72tkJYikMuu6nU1haXlldK66XNja3tnfKu3stEyWaQ5NHMtKdgBmQQkETBUroxBpYGEhoB+PL1G8/gDYiUrc4icEP2UiJoeAMrdQa9ISiV/1yxa26Gegi8XJSITka/fJXbxDxJASFXDJjup4boz9lGgWXMCv1EgMx42M2gq6lioVg/GmWdkaPEsMwojFoKiTNRPi9MWWhMZMwsJMhwzsz76Xif143weG5PxUqThAUTw+hkJAdMlwLWwPQgdCAyNLkQO3vnGmGCFpQxrkVE9tLyfbhzX+/SFonVa9WPb2pVeoXeTNFckAOyTHxyBmpk2vSIE3CyT15Is/kxXl0Xp035/1ntODkO/vkD5yPb6LVkz4=</latexit>

such that f(d) v d

<latexit sha1_base64="+likPFiGh5x9bTdattWJb2/JLYk=">AAACBnicbVC7TsNAEDyHVwgvE0qaExFSaCIbBUEZQUMZJPKQEis6nzfhlPMjd2tEFKXnK2ihokO0/AYF/4JtXEDCVKOZXe3suJEUGi3r0yisrK6tbxQ3S1vbO7t75n65rcNYcWjxUIaq6zINUgTQQoESupEC5rsSOu74KvU796C0CINbnEbg+GwUiKHgDBNpYJaHVe+E9vVEx64GhAn1BmbFqlkZ6DKxc1IhOZoD86vvhTz2IUAumdY924rQmTGFgkuYl/qxhojxMRtBL6EB80E7syz7nB7HmmFII1BUSJqJ8Htjxnytp76bTPoM7/Sil4r/eb0YhxfOTARRjBDw9BAKCdkhzZVISgHqCQWILE0OVASUM8UQQQnKOE/EOGmplPRhL36/TNqnNbteO7upVxqXeTNFckiOSJXY5Jw0yDVpkhbh5IE8kWfyYjwar8ab8f4zWjDynQPyB8bHN/GgmFc=</latexit>

we prove 8n 2 N. fn(?) v d

<latexit sha1_base64="SPh1gTnwKJXlDe7UoQPw8UoJPS0="></latexit>

P (n) , fn(?) v d

<latexit sha1_base64="zzS9F47p/3z6lUWBeyJREC6e8xM=">AAACG3icbVC7TgJBFJ3FF+ILtbSZSIzYkF2D0ZJoY4mJPBJAcne44MTZ2WXmrgkhfIKf4FfYamVnbC0s/BcXpFDwVCfn3Jt7z/EjJS257qeTWlhcWl5Jr2bW1jc2t7LbO1UbxkZgRYQqNHUfLCqpsUKSFNYjgxD4Cmv+3cXYr92jsTLU1zSIsBVAT8uuFECJ1M4elvP6iDfJSNA9hf1M90bnm35IiWj7NvYtEvZ5p53NuQV3Aj5PvCnJsSnK7exXsxOKOEBNQoG1Dc+NqDUEQ1IoHGWascUIxB30sJFQDQHa1nASaMQPYgsU8ggNl4pPRPy9MYTA2kHgJ5MB0K2d9cbif14jpu5Zayh1FBNqMT5EUuHkkBVGJk0h70iDRDD+HLnUXIABIjSSgxCJGCfVZZI+vNn086R6XPCKhZOrYq50Pm0mzfbYPsszj52yErtkZVZhgj2wJ/bMXpxH59V5c95/RlPOdGeX/YHz8Q1Q1aCO</latexit>

by mathematical induction

(    is an upper bound)d

<latexit sha1_base64="L/IFEk39pfiOfa0v7iaOjXqZOhU=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9HlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdp9ZF1</latexit>

P (0) , f0(?) v d

<latexit sha1_base64="tlovtuu1TKA8+/MCHGkHJLIuZME=">AAACGnicbVC7TsNAEDzzDOEVoKQ5EYGSJrJREJQIGsogEUCKTbS+bMKJ89m5WyOhKH/AJ/AVtFDRIVoaCv4FJ7iAwFSjmV3tzoSJkpZc98OZmp6ZnZsvLBQXl5ZXVktr6+c2To3ApohVbC5DsKikxiZJUniZGIQoVHgR3hyP/ItbNFbG+ozuEgwi6GnZlQIok9qlnUbFrfpkJOiewj7vXrkVP4ypyn3bt2lokTK10y6V3Zo7Bv9LvJyUWY5Gu/Tpd2KRRqhJKLC25bkJBQMwJIXCYdFPLSYgbqCHrYxqiNAGg3GeId9OLVDMEzRcKj4W8efGACJr76Iwm4yAru2kNxL/81opdQ+CgdRJSqjF6BBJheNDVhiZFYW8Iw0Swehz5FJzAQaI0EgOQmRimjVXzPrwJtP/Jee7Na9e2zutlw+P8mYKbJNtsQrz2D47ZCeswZpMsHv2yJ7Ys/PgvDivztv36JST72ywX3DevwBJ7Z/+</latexit>

f0(?) = ? v d

<latexit sha1_base64="0gCD89Fuuwtli3bw+T7xX3lcLvc=">AAACEXicbVDLSgNBEJyNrxhfUY8iDAYhXsKuRPQiBL14jGAekKxhdtKJQ2YfmekRQsjJT/ArvOrJm3j1Czz4L+6uOWhiXbqo6qa7y4uk0Gjbn1ZmYXFpeSW7mltb39jcym/v1HVoFIcaD2Womh7TIEUANRQooRkpYL4noeENLhO/cQ9KizC4wVEErs/6gegJzjCWOvn93q1dbHshHtHzpNC2HmrjaUAY0m4nX7BLdgo6T5wpKZApqp38V7sbcuNDgFwyrVuOHaE7ZgoFlzDJtY2GiPEB60MrpgHzQbvj9I0JPTSaYUgjUFRImorwe2LMfK1Hvhd3+gzv9KyXiP95LYO9M3csgsggBDxZhEJCukhzJeJ8gHaFAkSWXA5UBJQzxRBBCco4j0UTB5aL83Bmv58n9eOSUy6dXJcLlYtpMlmyRw5IkTjklFTIFamSGuHkgTyRZ/JiPVqv1pv1/tOasaYzu+QPrI9vxcacjg==</latexit>

8n 2 N. P (n) ) P (n+ 1)

<latexit sha1_base64="5eDv+ejVDRzOQ4YsvrTweyvRIQk="></latexit>

assume P (n) , fn(?) v d

<latexit sha1_base64="zzS9F47p/3z6lUWBeyJREC6e8xM=">AAACG3icbVC7TgJBFJ3FF+ILtbSZSIzYkF2D0ZJoY4mJPBJAcne44MTZ2WXmrgkhfIKf4FfYamVnbC0s/BcXpFDwVCfn3Jt7z/EjJS257qeTWlhcWl5Jr2bW1jc2t7LbO1UbxkZgRYQqNHUfLCqpsUKSFNYjgxD4Cmv+3cXYr92jsTLU1zSIsBVAT8uuFECJ1M4elvP6iDfJSNA9hf1M90bnm35IiWj7NvYtEvZ5p53NuQV3Aj5PvCnJsSnK7exXsxOKOEBNQoG1Dc+NqDUEQ1IoHGWascUIxB30sJFQDQHa1nASaMQPYgsU8ggNl4pPRPy9MYTA2kHgJ5MB0K2d9cbif14jpu5Zayh1FBNqMT5EUuHkkBVGJk0h70iDRDD+HLnUXIABIjSSgxCJGCfVZZI+vNn086R6XPCKhZOrYq50Pm0mzfbYPsszj52yErtkZVZhgj2wJ/bMXpxH59V5c95/RlPOdGeX/YHz8Q1Q1aCO</latexit>

we want to prove P (n+ 1) , fn+1(?) v d

<latexit sha1_base64="RIA4QwJc/9CkOPzRg9pI4LOYrCY=">AAACIXicbVDLSgNBEJz1GeMr6tHLYBAiYtiViB5FLx4jmCgkMfROOnFwdnYz0yvIkq/wE/wKr3ryJt5E/BcnMQdfdSqquumuChMlLfn+mzcxOTU9M5uby88vLC4tF1ZW6zZOjcCaiFVsLkKwqKTGGklSeJEYhChUeB5eHw/98xs0Vsb6jG4TbEXQ07IrBZCT2oWdaklvB1u8SUaC7ins57uXmZMGpWYYkzNs36ahRcI+77QLRb/sj8D/kmBMimyMarvw0ezEIo1Qk1BgbSPwE2plYEgKhYN8M7WYgLiGHjYc1RChbWWjWAO+mVqgmCdouFR8JOL3jQwia2+j0E1GQFf2tzcU//MaKXUPWpnUSUqoxfAQSYWjQ1YY6fpC3pEGiWD4OXKpuQADRGgkByGcmLoC866P4Hf6v6S+Ww4q5b3TSvHwaNxMjq2zDVZiAdtnh+yEVVmNCXbHHtgje/LuvWfvxXv9Gp3wxjtr7Ae8908Zv6J6</latexit>

fn(?) v d

<latexit sha1_base64="A1pjtGCjff4WvSy96DINYgNPyN0=">AAACC3icbVC7TgJBFJ3FF+Jr1cLCZiIxwYbsGoyWRBtLTOSRAJLZ4YITZmeXmTsmhPAJfoWtVnbG1o+w8F9cVgoFT3Vyzr2595wglsKg5306maXlldW17HpuY3Nre8fd3auZyGoOVR7JSDcCZkAKBVUUKKERa2BhIKEeDK6mfv0BtBGRusVRDO2Q9ZXoCc4wkTruQe9OFVpBhCe0ZYbGBgYQhrTbcfNe0UtBF4k/I3kyQ6XjfrW6EbchKOSSGdP0vRjbY6ZRcAmTXMsaiBkfsD40E6pYCKY9TgNM6LE1DCMag6ZC0lSE3xtjFhozCoNkMmR4b+a9qfif17TYu2iPhYotguLTQygkpIcM1yJpBmhXaEBk08+BCkU50wwRtKCM80S0SVW5pA9/Pv0iqZ0W/VLx7KaUL1/OmsmSQ3JECsQn56RMrkmFVAknE/JEnsmL8+i8Om/O+89oxpnt7JM/cD6+Af+FmpI=</latexit>

f(fn(?)) v f(d)

<latexit sha1_base64="bD3dBXgpaxKzeSlLSg9tukb5Zrc=">AAACEXicbVC7TgJBFJ3FF+ILtTQmE4kJNGTXYLQk2lhiIo8EVjI73MUJs7PLzF0TQqj8BL/CVis7Y+sXWPgvLriFgqc6Oefe3HuOF0lh0LY/rczS8srqWnY9t7G5tb2T391rmDDWHOo8lKFuecyAFArqKFBCK9LAAk9C0xtcTv3mPWgjQnWDowjcgPWV8AVnmEjd/KFf9G9VseOFWCrRjhma2DOAMKR+sVfq5gt22Z6BLhInJQWSotbNf3V6IY8DUMglM6bt2BG6Y6ZRcAmTXCc2EDE+YH1oJ1SxAIw7nsWY0OPYMAxpBJoKSWci/N4Ys8CYUeAlkwHDOzPvTcX/vHaM/rk7FiqKERSfHkIhYXbIcC2SfoD2hAZENv0cqFCUM80QQQvKOE/EOCksl/ThzKdfJI2TslMpn15XCtWLtJksOSBHpEgcckaq5IrUSJ1w8kCeyDN5sR6tV+vNev8ZzVjpzj75A+vjG0kAnDw=</latexit>

fn+1(?) =

<latexit sha1_base64="SU9BHWpAe5xshr5/R1di3w4ic8w=">AAACA3icbVC7SgNBFJ2NrxgfWbW0GQxCRAi7EtFGCNpYRjAPSGKYndzEIbOzy8xdISwp/QpbrezE1g+x8F/cXVNo4qkO59zLPfd4oRQGHefTyi0tr6yu5dcLG5tb20V7Z7dpgkhzaPBABrrtMQNSKGigQAntUAPzPQktb3yV+q0H0EYE6hYnIfR8NlJiKDjDROrbxeFdrI7dabnrBXhEL/p2yak4GegicWekRGao9+2v7iDgkQ8KuWTGdFwnxF7MNAouYVroRgZCxsdsBJ2EKuaD6cVZ8Ck9jAzDgIagqZA0E+H3Rsx8Yya+l0z6DO/NvJeK/3mdCIfnvVioMEJQPD2EQkJ2yHAtkkaADoQGRJYmByoU5UwzRNCCMs4TMUoqKiR9uPPfL5LmScWtVk5vqqXa5ayZPNknB6RMXHJGauSa1EmDcBKRJ/JMXqxH69V6s95/RnPWbGeP/IH18Q36SJaj</latexit>

v d

<latexit sha1_base64="bB0qMSaMMYT6Uvka/3OTU6rmkcI=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBIg8psaLzZRNOOZ+duz2kKErBV9BCRYdo+RQK/gXbuICEqUYzu9rZCWIpDLrup1NYWV1b3yhulra2d3b3yvsHLRNZzaHJIxnpTsAMSKGgiQIldGINLAwktIPxdeq3H0AbEak7nMbgh2ykxFBwhonk98zE2MAAwoQO+uWKW3Uz0GXi5aRCcjT65a/eIOI2BIVcMmO6nhujP2MaBZcwL/WsgZjxMRtBN6GKhWD8WRZ6Tk+sYRjRGDQVkmYi/N6YsdCYaRgkkyHDe7PopeJ/Xtfi8NKfCRVbBMXTQygkZIcM1yJpA+hAaEBkaXKgQlHONEMELSjjPBFtUk8p6cNb/H6ZtM6qXq16flur1K/yZorkiByTU+KRC1InN6RBmoSTCXkiz+TFeXRenTfn/We04OQ7h+QPnI9vwOCWuQ==</latexit>

+

<latexit sha1_base64="Q1F58jqIZhLpEK3suppwyN0eSjY=">AAAB/HicbVA9TwJBEN3DL8Qv1NJmIzGxIncGoyVRC0tM5CMCIXPLgBv29i67cxJC8FfYamVnbP0vFv4X75BCwVe9vDeTefP8SElLrvvpZJaWV1bXsuu5jc2t7Z387l7NhrERWBWhCk3DB4tKaqySJIWNyCAEvsK6P7hM/foDGitDfUujCNsB9LXsSQGUSHetq3CowZhw2MkX3KI7BV8k3owU2AyVTv6r1Q1FHKAmocDapudG1B6DISkUTnKt2GIEYgB9bCZUQ4C2PZ4mnvCj2AKFPELDpeJTEX9vjCGwdhT4yWQAdG/nvVT8z2vG1Dtvj6WOYkIt0kMkFU4PWWFkUgXyrjRIBGly5FJzAQaI0EgOQiRinHSTS/rw5r9fJLWTolcqnt6UCuWLWTNZdsAO2THz2Bkrs2tWYVUmmGZP7Jm9OI/Oq/PmvP+MZpzZzj77A+fjG5kElYo=</latexit>

(monot.)(by def) (pre-fixpoint)

take a generic n

<latexit sha1_base64="v3374BD4BzKZKuJ1ag9kdT0om6k=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6mtRtWaW3dz0FXiFaRGCrRG1a/hOOI2BIVcMmMGnhujnzCNgktYVIbWQMz4jE1hkFLFQjB+kgdd0DNrGEY0Bk2FpLkIvzcSFhozD4N0MmT4YJa9TPzPG1icXPuJULFFUDw7hEJCfshwLdIGgI6FBkSWJQcqFOVMM0TQgjLOU9GmlVTSPrzl71dJ96LuNeqX7UateVM0UyYn5JScE49ckSa5Iy3SIZwAeSLP5MWxzqvz5rz/jJacYueY/IHz8Q15i5F/</latexit>
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Example
n = 2 · n

<latexit sha1_base64="obS0HZFLvX7PkA3TiL/5j0SWZm4=">AAAB/HicbVA9SwNBEN3zM8avqKXNYhCswl2IaCMEbSwjmA9MjjC3mcQle3vH7pwQQvwVtlrZia3/xcL/4iVeoYmverw3w7x5QaykJdf9dJaWV1bX1nMb+c2t7Z3dwt5+w0aJEVgXkYpMKwCLSmqskySFrdgghIHCZjC8mvrNBzRWRvqWRjH6IQy07EsBlEp3+qLcEb2IuO4Wim7JnYEvEi8jRZah1i18dXqRSELUJBRY2/bcmPwxGJJC4STfSSzGIIYwwHZKNYRo/fEs8YQfJxYo4jEaLhWfifh7YwyhtaMwSCdDoHs7703F/7x2Qv1zfyx1nBBqMT1EUuHskBVGplUg70mDRDBNjlxqLsAAERrJQYhUTNJu8mkf3vz3i6RRLnmV0ulNpVi9zJrJsUN2xE6Yx85YlV2zGqszwTR7Ys/sxXl0Xp035/1ndMnJdg7YHzgf34dhlNw=</latexit>

(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

? = 0

<latexit sha1_base64="BWmc7IDu1QTpTCER/vfmuJrFwqM=">AAAB+nicbVC7TsNAEFyHVwivACXNiQiJKrIRCBqkCBrKIJGHlFjR+bIJp5wfulsjRSY/QQsVHaLlZyj4F2zjAhKmGs3samfHi5Q0ZNufVmlpeWV1rbxe2djc2t6p7u61TRhrgS0RqlB3PW5QyQBbJElhN9LIfU9hx5tcZ37nAbWRYXBH0whdn48DOZKCUyp1+15I7JLZg2rNrts52CJxClKDAs1B9as/DEXsY0BCcWN6jh2Rm3BNUiicVfqxwYiLCR9jL6UB99G4SZ53xo5iwylkEWomFctF/L2RcN+Yqe+lkz6nezPvZeJ/Xi+m0YWbyCCKCQORHSKpMD9khJZpEciGUiMRz5IjkwETXHMi1JJxIVIxTpuppH04898vkvZJ3Tmtn92e1hpXRTNlOIBDOAYHzqEBN9CEFghQ8ATP8GI9Wq/Wm/X+M1qyip19+APr4xtyX5Ol</latexit>

CPO?

<latexit sha1_base64="0eVAP1pPVndRR0pRSRwXSlriv/A=">AAAB/HicbVC7TsNAEDyHVwivACXNiQSJKrIRCMqINHQEiTxEYkXnyyaccj5bd2ukyApfQQsVHaLlXyj4F2zjAhKmGs3samfHC6UwaNufVmFpeWV1rbhe2tjc2t4p7+61TRBpDi0eyEB3PWZACgUtFCihG2pgvieh400aqd95AG1EoG5xGoLrs7ESI8EZJtJdo3ldHfS9AKuDcsWu2RnoInFyUiE5moPyV38Y8MgHhVwyY3qOHaIbM42CS5iV+pGBkPEJG0MvoYr5YNw4SzyjR5FhGNAQNBWSZiL83oiZb8zU95JJn+G9mfdS8T+vF+Howo2FCiMExdNDKCRkhwzXIqkC6FBoQGRpcqBCUc40QwQtKOM8EaOkm1LShzP//SJpn9Sc09rZzUmlfpk3UyQH5JAcE4eckzq5Ik3SIpwo8kSeyYv1aL1ab9b7z2jBynf2yR9YH98Wl5ST</latexit>

f(n) = 2 · n

<latexit sha1_base64="4sjXxTGECPcaPpZ5fulWVAjRm+0=">AAAB/3icbVC7TsNAEDzzDOEVoKQ5ESGFJrKjIGiQImgog0QeUmJF58smnHI+m7s1UmSl4CtooaJDtHwKBf+CbVxAwlSjmV3t7HihFAZt+9NaWl5ZXVsvbBQ3t7Z3dkt7+20TRJpDiwcy0F2PGZBCQQsFSuiGGpjvSeh4k6vU7zyANiJQtzgNwfXZWImR4AwTyR1V1MlFrc+HAVI1KJXtqp2BLhInJ2WSozkoffWHAY98UMglM6bn2CG6MdMouIRZsR8ZCBmfsDH0EqqYD8aNs9AzehwZhgENQVMhaSbC742Y+cZMfS+Z9BnemXkvFf/zehGOzt1YqDBCUDw9hEJCdshwLZI2gA6FBkSWJgcqFOVMM0TQgjLOEzFK6ikmfTjz3y+Sdq3q1KunN/Vy4zJvpkAOyRGpEIeckQa5Jk3SIpzckyfyTF6sR+vVerPef0aXrHzngPyB9fENHCCVsQ==</latexit>

monotone? ok
continuous? okf(1) = 1

<latexit sha1_base64="f/uR6cdovwkhXcJG7/r6czerQHA=">AAACBHicbVC7TsNAEDyHVwgvAyXNiQgpNJGNgqBBiqChDBJ5SIkVnS+bcMr5bN2tI0VRWr6CFio6RMt/UPAv2I4LCEyzo5ld7e74kRQGHefTKqysrq1vFDdLW9s7u3v2/kHLhLHm0OShDHXHZwakUNBEgRI6kQYW+BLa/vgm9dsT0EaE6h6nEXgBGykxFJxhIvVte1jpCTXE6enVovbtslN1MtC/xM1JmeRo9O2v3iDkcQAKuW TGdF0nQm/GNAouYV7qxQYixsdsBN2EKhaA8WbZ5XN6EhuGIY1AUyFpJsLPiRkLjJkGftIZMHwwy14q/ud1YxxeejOhohhB8XQRCgnZIsO1SCIBOhAaEFl6OVChKGeaIYIWlHGeiHGSUSnJw13+/i9pnVXdWvX8rlauX+fJFMkROSYV4pILUie3pEGahJMJeSLP5MV6tF6tN+t90Vqw8plD8gvWxzf3lZfY</latexit>

f0(0) = 0

<latexit sha1_base64="5+/LQlebEuJ+UOa+Uh6d3qsR2uU=">AAAB+nicbVC7TsNAEDyHVwivACXNiQgpNNEZBUGDFEFDGSTykBITnS+bcMr5obs1UmTyE7RQ0SFafoaCf8E2LiBhqtHMrnZ23FBJg4x9WoWl5ZXVteJ6aWNza3unvLvXNkGkBbREoALddbkBJX1ooUQF3VAD91wFHXdylfqdB9BGBv4tTkNwPD725UgKjonUHd2xKju+YINyhdVYBrpI7JxUSI7moPzVHwYi8sBHobgxPZuF6MRcoxQKZqV+ZCDkYsLH0Euozz0wTpzlndGjyHAMaAiaSkUzEX5vxNwzZuq5yaTH8d7Me6n4n9eLcHTuxNIPIwRfpIdQKsgOGaFlUgTQodSAyNPkQKVPBdccEbSkXIhEjJJmSkkf9vz3i6R9UrPrtdObeqVxmTdTJAfkkFSJTc5Ig1yTJmkRQRR5Is/kxXq0Xq036/1ntGDlO/vkD6yPb8fkkzk=</latexit>

f1(0) = f(0) = 2 · 0 = 0

<latexit sha1_base64="uba1MGIubkpuII1k88N69dlYofM=">AAACDnicbVDLSgNBEJyNrxhfq970MhiEeAm7IaKXQNCLxwjmAUkMs5NOHDL7YKZXCCHgJ/gVXvXkTbz6Cx78F2fXHDSxDk1R1U13lxdJodFxPq3M0vLK6lp2PbexubW9Y+/uNXQYKw51HspQtTymQYoA6ihQQitSwHxPQtMbXSZ+8x6UFmFwg+MIuj4bBmIgOEMj9eyDwa1bcE4qA1NohZY6vB8idQx1enbeKTop6CJxZyRPZqj17K9OP+SxDwFyybRuu06E3QlTKLiEaa4Ta4gYH7EhtA0NmA+6O0l/mNLjWDMMaQSKCklTEX5PTJiv9dj3TKfP8E7Pe4n4n9eOcXDenYggihECnixCISFdpLkSJhygfaEAkSWXAxUB5UwxRFCCMs6NGJu0ciYPd/77RdIoFd1y8fS6nK9ezJLJkkNyRArEJWekSq5IjdQJJw/kiTyTF+vRerXerPef1ow1m9knf2B9fAMHvZiI</latexit>

fixpoint reached!
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Example
(N [ {1},)

<latexit sha1_base64="ILroAKqow+rb8b1NWl/RZwIHNFM=">AAACFHicbVC7SgNBFJ2NrxhfUUubwSBEkLArES2DNlYSwTwgG8Ls5CYOmZ1dZ+4KYdnWT/ArbLWyE1t7C//F3ZhCE091OOde7rnHC6UwaNufVm5hcWl5Jb9aWFvf2Nwqbu80TRBpDg0eyEC3PWZACgUNFCihHWpgvieh5Y0uMr91D9qIQN3gOISuz4ZKDARnmEq9Ii27PsNbz4uvEpdHoRu7Qg1w7CZH1JVwd9grluyKPQGdJ86UlMgU9V7xy+0HPPJBIZfMmI5jh9iNmUbBJSQFNzIQMj5iQ+ikVDEfTDeefJLQg8gwDGgImgpJJyL83oiZb8zY99LJLLaZ9TLxP68T4eCsGwsVRgiKZ4dQSJgcMlyLtCKgfaEBkWXJgQpFOdMMEbSgjPNUjNLOCmkfzuz386R5XHGqlZPraql2Pm0mT/bIPikTh5ySGrkkddIgnDyQJ/JMXqxH69V6s95/RnPWdGeX/IH18Q10t56d</latexit>

? = 0

<latexit sha1_base64="BWmc7IDu1QTpTCER/vfmuJrFwqM=">AAAB+nicbVC7TsNAEFyHVwivACXNiQiJKrIRCBqkCBrKIJGHlFjR+bIJp5wfulsjRSY/QQsVHaLlZyj4F2zjAhKmGs3samfHi5Q0ZNufVmlpeWV1rbxe2djc2t6p7u61TRhrgS0RqlB3PW5QyQBbJElhN9LIfU9hx5tcZ37nAbWRYXBH0whdn48DOZKCUyp1+15I7JLZg2rNrts52CJxClKDAs1B9as/DEXsY0BCcWN6jh2Rm3BNUiicVfqxwYiLCR9jL6UB99G4SZ53xo5iwylkEWomFctF/L2RcN+Yqe+lkz6nezPvZeJ/Xi+m0YWbyCCKCQORHSKpMD9khJZpEciGUiMRz5IjkwETXHMi1JJxIVIxTpuppH04898vkvZJ3Tmtn92e1hpXRTNlOIBDOAYHzqEBN9CEFghQ8ATP8GI9Wq/Wm/X+M1qyip19+APr4xtyX5Ol</latexit>

CPO?

<latexit sha1_base64="0eVAP1pPVndRR0pRSRwXSlriv/A=">AAAB/HicbVC7TsNAEDyHVwivACXNiQSJKrIRCMqINHQEiTxEYkXnyyaccj5bd2ukyApfQQsVHaLlXyj4F2zjAhKmGs3samfHC6UwaNufVmFpeWV1rbhe2tjc2t4p7+61TRBpDi0eyEB3PWZACgUtFCihG2pgvieh400aqd95AG1EoG5xGoLrs7ESI8EZJtJdo3ldHfS9AKuDcsWu2RnoInFyUiE5moPyV38Y8MgHhVwyY3qOHaIbM42CS5iV+pGBkPEJG0MvoYr5YNw4SzyjR5FhGNAQNBWSZiL83oiZb8zU95JJn+G9mfdS8T+vF+Howo2FCiMExdNDKCRkhwzXIqkC6FBoQGRpcqBCUc40QwQtKOM8EaOkm1LShzP//SJpn9Sc09rZzUmlfpk3UyQH5JAcE4eckzq5Ik3SIpwo8kSeyYv1aL1ab9b7z2jBynf2yR9YH98Wl5ST</latexit>

monotone? ok
continuous? ok

f0(0) = 0

<latexit sha1_base64="5+/LQlebEuJ+UOa+Uh6d3qsR2uU=">AAAB+nicbVC7TsNAEDyHVwivACXNiQgpNNEZBUGDFEFDGSTykBITnS+bcMr5obs1UmTyE7RQ0SFafoaCf8E2LiBhqtHMrnZ23FBJg4x9WoWl5ZXVteJ6aWNza3unvLvXNkGkBbREoALddbkBJX1ooUQF3VAD91wFHXdylfqdB9BGBv4tTkNwPD725UgKjonUHd2xKju+YINyhdVYBrpI7JxUSI7moPzVHwYi8sBHobgxPZuF6MRcoxQKZqV+ZCDkYsLH0Euozz0wTpzlndGjyHAMaAiaSkUzEX5vxNwzZuq5yaTH8d7Me6n4n9eLcHTuxNIPIwRfpIdQKsgOGaFlUgTQodSAyNPkQKVPBdccEbSkXIhEjJJmSkkf9vz3i6R9UrPrtdObeqVxmTdTJAfkkFSJTc5Ig1yTJmkRQRR5Is/kxXq0Xq036/1ntGDlO/vkD6yPb8fkkzk=</latexit>

n = n+ 1

<latexit sha1_base64="GuqRKAacrBTXzwo4ei2cIP4V2p4=">AAAB93icbVDLSgNBEOyNrxhfUY9eBoMgCGFXInoRgl48RjAPSJYwO+nEIbOzy0yvEJZ8g1c9eROvfo4H/8VN3ING61RUddPVFcRKWnLdD6ewtLyyulZcL21sbm3vlHf3WjZKjMCmiFRkOgG3qKTGJklS2IkN8jBQ2A7G1zO//YDGykjf0SRGP+QjLYdScMqkpr7UJ16/XHGr7hzsL/FyUoEcjX75szeIRBKiJqG4tV3PjclPuSEpFE5LvcRizMWYj7CbUc1DtH46DztlR4nlFLEYDZOKzUX8uZHy0NpJGGSTIad7u+jNxP+8bkLDCz+VOk4ItZgdIqlwfsgKI7MWkA2kQSI+S45Maia44URoJONCZGKS1VLK+vAWv/9LWqdVr1Y9u61V6ld5M0U4gEM4Bg/OoQ430IAmCJDwCE/w7EycF+fVefseLTj5zj78gvP+BarQkq4=</latexit>

f(n) = n+ 1

<latexit sha1_base64="i3fmHNqc9rcVjCtvGMfz6wS1kIg=">AAAB+nicbVDLSsNAFJ3UV62vqks3g0WoCCWRim6EohuXFewD2lAm09s6dDIJMzdCif0Jt7pyJ279GRf+i0nMQlvP6nDOvdxzjxdKYdC2P63C0vLK6lpxvbSxubW9U97da5sg0hxaPJCB7nrMgBQKWihQQjfUwHxPQsebXKd+5wG0EYG6w2kIrs/GSowEZ5hI3VFVHV+qE2dQrtg1OwNdJE5OKiRHc1D+6g8DHvmgkEtmTM+xQ3RjplFwCbNSPzIQMj5hY+glVDEfjBtneWf0KDIMAxqCpkLSTITfGzHzjZn6XjLpM7w3814q/uf1IhxduLFQYYSgeHoIhYTskOFaJEUAHQoNiCxNDlQoyplmiKAFZZwnYpQ0U0r6cOa/XyTt05pTr53d1iuNq7yZIjkgh6RKHHJOGuSGNEmLcCLJE3kmL9aj9Wq9We8/owUr39knf2B9fAM73pOD</latexit>

f1(0) = f(0) = 0 + 1 = 1

<latexit sha1_base64="MEm2snpLwcGgoPPlDqWWR/DT/50=">AAACCXicbVDLSgNBEJz1GeNrVTx5GQxCRAi7EtFLIOjFYwTzgGQNs5NOHDL7YKZXCEu+wK/wqidv4tWv8OC/OIl70MQ6NEVVN91dfiyFRsf5tBYWl5ZXVnNr+fWNza1te2e3oaNEcajzSEaq5TMNUoRQR4ESWrECFvgSmv7wauI3H0BpEYW3OIrBC9ggFH3BGRqpa+/379yic1zpm0Ir1DlxTXW7dsEpOVPQeeJmpEAy1Lr2V6cX8SSAELlkWrddJ0YvZQoFlzDOdxINMeNDNoC2oSELQHvp9PwxPUo0w4jGoKiQdCrC74mUBVqPAt90Bgzv9aw3Ef/z2gn2L7xUhHGCEPLJIhQSpos0V8LkArQnFCCyyeVARUg5UwwRlKCMcyMmJqi8ycOd/X6eNE5Lbrl0dlMuVC+zZHLkgBySInHJOamSa1IjdcJJSp7IM3mxHq1X6816/2ldsLKZPfIH1sc3FviWWw==</latexit>

f2(0) = f(f1(0)) = f(1) = 1 + 1 = 2

<latexit sha1_base64="I96GkFap3hyhj8demh5aUpfJKVg=">AAACFXicbVC7SgNBFJ31GeMramkzGoQVIeyEiDaBoI1lBJMIySbMjnd1yOyDmbuCBGs/wa+w1cpObK0t/BdnYwpfp5g5nHMv994TpEoa9Lx3Z2p6ZnZuvrBQXFxaXlktra23TZJpAS2RqESfB9yAkjG0UKKC81QDjwIFnWB4nPuda9BGJvEZ3qTgR/wylqEUHK00KG2F/arr7dZDN+wzS3ZpnYYuyz+2x+xbHZTKXsUbg/4lbELKZILmoPTRu0hEFkGMQnFjusxL0R9xjVIouC32MgMpF0N+CV1LYx6B8UfjU27pTmY4JjQFTaWiYxG+d4x4ZMxNFNjKiOOV+e3l4n9eN8Pw0B/JOM0QYpEPQqlgPMgILW1GQC+kBkSebw5UxlRwzRFBS8qFsGJmQyvaPNjv6/+SdrXCapX901q5cTRJpkA2yTZxCSMHpEFOSJO0iCB35IE8kifn3nl2XpzXr9IpZ9KzQX7AefsETrqZgQ==</latexit>

f3(0) = f(f2(0)) = f(2) = 2 + 1 = 3

<latexit sha1_base64="OwaPxQYRFh4X3fL+MuLp3v12Fgs=">AAACFXicbVC7SsRAFJ34dn1FLW1GFyGLsCSroo0g2lgquLqwG5fJ7I0OO3kwcyNIsPYT/ApbrezE1trCf3ESU/g6xczhnHu5954glUKj675bI6Nj4xOTU9O1mdm5+QV7celMJ5ni0OaJTFQnYBqkiKGNAiV0UgUsCiScB8PDwj+/BqVFEp/iTQp+xC5jEQrO0Eh9ezW82HTcxl7ohBctQxp0j4ZOq/haG555N/t23W26Jehf4lWkTioc9+2P3iDhWQQxcsm07npuin7OFAou4bbWyzSkjA/ZJXQNjVkE2s/LU27peqYZJjQFRYWkpQjfO3IWaX0TBaYyYnilf3uF+J/XzTDc9XMRpxlCzItBKCSUgzRXwmQEdCAUILJic6AippwphghKUMa5ETMTWs3k4f2+/i85azW9reb2yVZ9/6BKZoqskDXiEI/skH1yRI5Jm3ByRx7II3my7q1n68V6/SodsaqeZfID1tsnVsmZhg==</latexit>

G

n2N
fn(0) =

G

n2N
n = 1

<latexit sha1_base64="8KJB1rIgA3XXfU+TwKbBkqDY4RY="></latexit>

fixpoint

f(1) = 1

<latexit sha1_base64="f/uR6cdovwkhXcJG7/r6czerQHA=">AAACBHicbVC7TsNAEDyHVwgvAyXNiQgpNJGNgqBBiqChDBJ5SIkVnS+bcMr5bN2tI0VRWr6CFio6RMt/UPAv2I4LCEyzo5ld7e74kRQGHefTKqysrq1vFDdLW9s7u3v2/kHLhLHm0OShDHXHZwakUNBEgRI6kQYW+BLa/vgm9dsT0EaE6h6nEXgBGykxFJxhIvVte1jpCTXE6enVovbtslN1MtC/xM1JmeRo9O2v3iDkcQAKuW TGdF0nQm/GNAouYV7qxQYixsdsBN2EKhaA8WbZ5XN6EhuGIY1AUyFpJsLPiRkLjJkGftIZMHwwy14q/ud1YxxeejOhohhB8XQRCgnZIsO1SCIBOhAaEFl6OVChKGeaIYIWlHGeiHGSUSnJw13+/i9pnVXdWvX8rlauX+fJFMkROSYV4pILUie3pEGahJMJeSLP5MV6tF6tN+t90Vqw8plD8gvWxzf3lZfY</latexit>
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Example
CPO?

<latexit sha1_base64="0eVAP1pPVndRR0pRSRwXSlriv/A=">AAAB/HicbVC7TsNAEDyHVwivACXNiQSJKrIRCMqINHQEiTxEYkXnyyaccj5bd2ukyApfQQsVHaLlXyj4F2zjAhKmGs3samfHC6UwaNufVmFpeWV1rbhe2tjc2t4p7+61TRBpDi0eyEB3PWZACgUtFCihG2pgvieh400aqd95AG1EoG5xGoLrs7ESI8EZJtJdo3ldHfS9AKuDcsWu2RnoInFyUiE5moPyV38Y8MgHhVwyY3qOHaIbM42CS5iV+pGBkPEJG0MvoYr5YNw4SzyjR5FhGNAQNBWSZiL83oiZb8zU95JJn+G9mfdS8T+vF+Howo2FCiMExdNDKCRkhwzXIqkC6FBoQGRpcqBCUc40QwQtKOM8EaOkm1LShzP//SJpn9Sc09rZzUmlfpk3UyQH5JAcE4eckzq5Ik3SIpwo8kSeyYv1aL1ab9b7z2jBynf2yR9YH98Wl5ST</latexit>

monotone? ok
continuous? ok

X = X \ {1}

<latexit sha1_base64="lwmZNCMCAsMV+BxUdkGmeIJrLSk=">AAACBHicbVC7SgNBFJ2Nrxhfq5Y2g0GwCrsS0UYI2lhGMA/IhnB3chOHzD6YuRsIS1q/wlYrO7H1Pyz8FzdrCk081eGce7nnHj9W0pDjfFqFldW19Y3iZmlre2d3z94/aJoo0QIbIlKRbvtgUMkQGyRJYTvWCIGvsOWPbmZ+a4zayCi8p0mM3QCGoRxIAZRJPdtu8yve5p6AmHup6017dtmpODn4MnHnpMzmqPfsL68fiSTAkIQCYzquE1M3BU1SKJyWvMRgDGIEQ+xkNIQATTfNk0/5SWKAIh6j5lLxXMTfGykExkwCP5sMgB7MojcT//M6CQ0uu6kM44QwFLNDJBXmh4zQMqsEeV9qJIJZcuQy5AI0EKGWHITIxCTrqJT14S5+v0yaZxW3Wjm/q5Zr1/NmiuyIHbNT5rILVmO3rM4aTLAxe2LP7MV6tF6tN+v9Z7RgzXcO2R9YH98pEJa2</latexit>

(}(N),✓)

<latexit sha1_base64="73MjE/t9eL0Ys4PhytOT8QZs9wc=">AAACD3icbVC7SgNBFJ2NrxhfUcs0g0FIQMKuRLQM2lhJBPOA7BJmJzdxcPbhzF0lLCn8BL/CVis7sfUTLPwXd+MWmniqwzn3cs89biiFRtP8NHILi0vLK/nVwtr6xuZWcXunrYNIcWjxQAaq6zINUvjQQoESuqEC5rkSOu7NWep37kBpEfhXOA7B8djIF0PBGSZSv1iq2PdhxfYYXrtufDGpHtg6cjUg3Fb7xbJZM6eg88TKSJlkaPaLX/Yg4JEHPnLJtO5ZZohOzBQKLmFSsCMNIeM3bAS9hPrMA+3E0ycmdD/SDAMagqJC0qkIvzdi5mk99txkMk2rZ71U/M/rRTg8cWLhhxGCz9NDKCRMD2muRNIO0IFQgMjS5ECFTzlTDBGUoIzzRIySugpJH9bs9/OkfViz6rWjy3q5cZo1kyclskcqxCLHpEHOSZO0CCcP5Ik8kxfj0Xg13oz3n9Gcke3skj8wPr4B/VScLw==</latexit>

? = ;

<latexit sha1_base64="9Yv7WLjVzqT7IzUOEWCCRLPEr/g=">AAACBHicbVC7TsNAEDyHVwgvAyXNiQiJKrJREDRIETSUQSIPKbai82UTTjnbp7t1pChKy1fQQkWHaPkPCv4F27iAhKlGM7va2QmUFAYd59MqrayurW+UNytb2zu7e/b+QdvEiebQ4rGMdTdgBqSIoIUCJXSVBhYGEjrB+CbzOxPQRsTRPU4V+CEbRWIoOMNU6tu2F8RIr6gHocKpAezbVafm5KDLxC1IlRRo9u0vbxDzJIQIuWTG9FxHoT9jGgWXMK94iQHF+JiNoJfSiIVg/FmefE5PEsMwpgo0FZLmIvzemLHQmGkYpJMhwwez6GXif14vweGlPxORShAinh1CISE/ZLgWaSVAB0IDIsuSAxUR5UwzRNCCMs5TMUk7qqR9uIvfL5P2Wc2t187v6tXGddFMmRyRY3JKXHJBGuSWNEmLcDIhT+SZvFiP1qv1Zr3/jJasYueQ/IH18Q3lMZfN</latexit>

f(X) = X \ {1}

<latexit sha1_base64="hq6jysJXpEwLH/G4hrWTyfN1KRk=">AAACBnicbVC7TgJBFJ31ifhCLG0mEhNsyK7BaGNCtLHERB4JS8jd4YITZh+ZuWskG3q/wlYrO2Prb1j4L+4ihYKnOjnn3txzjxcpaci2P62l5ZXVtfXcRn5za3tnt7BXbJow1gIbIlShbntgUMkAGyRJYTvSCL6nsOWNrjK/dY/ayDC4pXGEXR+GgRxIAZRKvUJxUG4f8wvedgVE3E0cd9IrlOyKPQVfJM6MlNgM9V7hy+2HIvYxIKHAmI5jR9RNQJMUCid5NzYYgRjBEDspDcBH002m2Sf8KDZAIY9Qc6n4VMTfGwn4xox9L530ge7MvJeJ/3mdmAbn3UQGUUwYiOwQSYXTQ0ZomZaCvC81EkGWHLkMuAANRKglByFSMU5byqd9OPPfL5LmScWpVk5vqqXa5ayZHDtgh6zMHHbGauya1VmDCfbAntgze7EerVfrzXr/GV2yZjv77A+sj29oQZdh</latexit>

f0(;) = ;

<latexit sha1_base64="Ij+H53hw3nIWr4ocr57Hx2Ajb9c=">AAACDnicbVDLSgNBEJyNrxhfq970MhiEeAm7EtGLEPTiMYJ5QLKG2UknDpl9MNMrhCXgJ/gVXvXkTbz6Cx78F3fXRTRap+qqbrq73FAKjZb1bhTm5hcWl4rLpZXVtfUNc3OrpYNIcWjyQAaq4zINUvjQRIESOqEC5rkS2u74PPXbt6C0CPwrnITgeGzki6HgDBOpb+4Mr61KD7wQJxrwgJ7S76Jvlq2qlYH+JXZOyiRHo29+9AYBjzzwkUumdde2QnRiplBwCdNSL9IQMj5mI+gm1GceaCfOfpjS/UgzDGgIigpJMxF+TsTM03riuUmnx/BGz3qp+J/XjXB44sTCDyMEn6eLUEjIFmmuRBIO0IFQgMjSy4EKn3KmGCIoQRnniRglaZWSPOzZ7/+S1mHVrlWPLmvl+lmeTJHskj1SITY5JnVyQRqkSTi5Iw/kkTwZ98az8WK8frUWjHxmm/yC8fYJDeGbrA==</latexit>

fixpoint reached!

f1(;) = f(;) = ; \ {1} = ;

<latexit sha1_base64="HyT2/VNcrj8cUV3eoduISC8IGlc=">AAACNHicbVDLSgNBEJyN7/iKevQyGAS9hF2J6EUIevGoYB6QjaF37OiQ2d1hplcIS37HT/ArvCoIehKvfoObNYhR61Rd1U13V6CVtOS6z05hanpmdm5+obi4tLyyWlpbb9g4MQLrIlaxaQVgUckI6yRJYUsbhDBQ2Az6JyO/eYvGyji6oIHGTgjXkexJAZRJ3VKtd+nt+BhqGlikXX7Ee5Pld8F9AZr7qecPf8rdUtmtuDn4X+KNSZmNcdYtvfpXsUhCjEgosLbtuZo6KRiSQuGw6CcWNYg+XGM7oxGEaDtp/umQbycWKOYaDZeK5yL+nEghtHYQBllnCHRjf3sj8T+vnVDvsJPKSCeEkRgtIqkwX2SFkVmEyK+kQSIYXY5cRlyAASI0koMQmZhkmRazPLzf3/8ljb2KV63sn1fLteNxMvNsk22xHeaxA1Zjp+yM1Zlgd+yBPbIn5955cd6c96/WgjOe2WATcD4+AUCsqjk=</latexit>
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Example
CPO?

<latexit sha1_base64="0eVAP1pPVndRR0pRSRwXSlriv/A=">AAAB/HicbVC7TsNAEDyHVwivACXNiQSJKrIRCMqINHQEiTxEYkXnyyaccj5bd2ukyApfQQsVHaLlXyj4F2zjAhKmGs3samfHC6UwaNufVmFpeWV1rbhe2tjc2t4p7+61TRBpDi0eyEB3PWZACgUtFCihG2pgvieh400aqd95AG1EoG5xGoLrs7ESI8EZJtJdo3ldHfS9AKuDcsWu2RnoInFyUiE5moPyV38Y8MgHhVwyY3qOHaIbM42CS5iV+pGBkPEJG0MvoYr5YNw4SzyjR5FhGNAQNBWSZiL83oiZb8zU95JJn+G9mfdS8T+vF+Howo2FCiMExdNDKCRkhwzXIqkC6FBoQGRpcqBCUc40QwQtKOM8EaOkm1LShzP//SJpn9Sc09rZzUmlfpk3UyQH5JAcE4eckzq5Ik3SIpwo8kSeyYv1aL1ab9b7z2jBynf2yR9YH98Wl5ST</latexit>

monotone? NO

(}(N),✓)

<latexit sha1_base64="73MjE/t9eL0Ys4PhytOT8QZs9wc=">AAACD3icbVC7SgNBFJ2NrxhfUcs0g0FIQMKuRLQM2lhJBPOA7BJmJzdxcPbhzF0lLCn8BL/CVis7sfUTLPwXd+MWmniqwzn3cs89biiFRtP8NHILi0vLK/nVwtr6xuZWcXunrYNIcWjxQAaq6zINUvjQQoESuqEC5rkSOu7NWep37kBpEfhXOA7B8djIF0PBGSZSv1iq2PdhxfYYXrtufDGpHtg6cjUg3Fb7xbJZM6eg88TKSJlkaPaLX/Yg4JEHPnLJtO5ZZohOzBQKLmFSsCMNIeM3bAS9hPrMA+3E0ycmdD/SDAMagqJC0qkIvzdi5mk99txkMk2rZ71U/M/rRTg8cWLhhxGCz9NDKCRMD2muRNIO0IFQgMjS5ECFTzlTDBGUoIzzRIySugpJH9bs9/OkfViz6rWjy3q5cZo1kyclskcqxCLHpEHOSZO0CCcP5Ik8kxfj0Xg13oz3n9Gcke3skj8wPr4B/VScLw==</latexit>

? = ;

<latexit sha1_base64="9Yv7WLjVzqT7IzUOEWCCRLPEr/g=">AAACBHicbVC7TsNAEDyHVwgvAyXNiQiJKrJREDRIETSUQSIPKbai82UTTjnbp7t1pChKy1fQQkWHaPkPCv4F27iAhKlGM7va2QmUFAYd59MqrayurW+UNytb2zu7e/b+QdvEiebQ4rGMdTdgBqSIoIUCJXSVBhYGEjrB+CbzOxPQRsTRPU4V+CEbRWIoOMNU6tu2F8RIr6gHocKpAezbVafm5KDLxC1IlRRo9u0vbxDzJIQIuWTG9FxHoT9jGgWXMK94iQHF+JiNoJfSiIVg/FmefE5PEsMwpgo0FZLmIvzemLHQmGkYpJMhwwez6GXif14vweGlPxORShAinh1CISE/ZLgWaSVAB0IDIsuSAxUR5UwzRNCCMs5TMUk7qqR9uIvfL5P2Wc2t187v6tXGddFMmRyRY3JKXHJBGuSWNEmLcDIhT+SZvFiP1qv1Zr3/jJasYueQ/IH18Q3lMZfN</latexit>

X = N \X

<latexit sha1_base64="A4IIF9gv1oRDrtVjq6fiFCdeBbw=">AAACDXicbVDLSsNAFJ3UV62vqCtxM1gEVyWRim6EohtXUsE+oCllMr2tQyeTMHMjlFD8BL/Cra7ciVu/wYX/YhK70NazOpxzL/fc40dSGHScT6uwsLi0vFJcLa2tb2xu2ds7TRPGmkODhzLUbZ8ZkEJBAwVKaEcaWOBLaPmjy8xv3YM2IlS3OI6gG7ChEgPBGaZSz95r03PqBQzvfD+5nngGMBAqNrTds8tOxclB54k7JWUyRb1nf3n9kMcBKOSSGdNxnQi7CdMouIRJyYsNRIyP2BA6KVUsANNN8hcm9DA2DEMagaZC0lyE3xsJC4wZB346mYU1s14m/ud1YhycdROhohhB8ewQCgn5IcO1SLsB2hcaEFmWHKhQlDPNEEELyjhPxTgtq5T24c5+P0+axxW3Wjm5qZZrF9NmimSfHJAj4pJTUiNXpE4ahJMH8kSeyYv1aL1ab9b7z2jBmu7skj+wPr4BfbCbYw==</latexit>

f(X) = N \X

<latexit sha1_base64="KGfDwuEMffxb3n1oVnnXw5wKIWw=">AAACEHicbVC7SgNBFJ2NrxhfUUstBoMQm7ArEW2EoI2VRDAPyIYwO7mJQ2Znl5m7QljS+Al+ha1WdmLrH1j4L+7GLTTxVIdz7uWee7xQCoO2/WnlFhaXllfyq4W19Y3NreL2TtMEkebQ4IEMdNtjBqRQ0ECBEtqhBuZ7Elre6DL1W/egjQjULY5D6PpsqMRAcIaJ1CvuD8rtI3pOXZ/hnefF1xPXAPpCRYa2e8WSXbGnoPPEyUiJZKj3il9uP+CRDwq5ZMZ0HDvEbsw0Ci5hUnAjAyHjIzaETkIV88F04+kXE3oYGYYBDUFTIelUhN8bMfONGfteMpmGNbNeKv7ndSIcnHVjocIIQfH0EAoJ00OGa5HUA7QvNCCyNDlQoShnmiGCFpRxnohR0lch6cOZ/X6eNI8rTrVyclMt1S6yZvJkjxyQMnHIKamRK1InDcLJA3kiz+TFerRerTfr/Wc0Z2U7u+QPrI9vHcmcOA==</latexit>

the larger     the smallerX

<latexit sha1_base64="hhkF9c1syjKFXOqeXKDM99v9J6U=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ndH1Vrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdXQZFp</latexit>

f(X)

<latexit sha1_base64="Hw2MOKozOd4MzqqZsVK/hLwO36E=">AAAB9nicbVC7TsNAEDzzDOEVoKQ5ESGFJrJREJQRNJRBIg8psaL1ZZOccn7obo2IovwCLVR0iJbfoeBfsI0LSJhqNLOrnR0vUtKQbX9aK6tr6xubha3i9s7u3n7p4LBlwlgLbIpQhbrjgUElA2ySJIWdSCP4nsK2N7lJ/fYDaiPD4J6mEbo+jAI5lAIolYaVzlm/VLardga+TJyclFmORr/01RuEIvYxIKHAmK5jR+TOQJMUCufFXmwwAjGBEXYTGoCPxp1lWef8NDZAIY9Qc6l4JuLvjRn4xkx9L5n0gcZm0UvF/7xuTMMrdyaDKCYMRHqIpMLskBFaJiUgH0iNRJAmRy4DLkADEWrJQYhEjJNWikkfzuL3y6R1XnVq1Yu7Wrl+nTdTYMfshFWYwy5Znd2yBmsywcbsiT2zF+vRerXerPef0RUr3zlif2B9fAPlNpI+</latexit>

f1(;) = f(;) = N \ ; = N

<latexit sha1_base64="54GpatRooh5zUk0fKL9UZ6XPJ4Y="></latexit>

f0(;) = ;

<latexit sha1_base64="Ij+H53hw3nIWr4ocr57Hx2Ajb9c=">AAACDnicbVDLSgNBEJyNrxhfq970MhiEeAm7EtGLEPTiMYJ5QLKG2UknDpl9MNMrhCXgJ/gVXvXkTbz6Cx78F3fXRTRap+qqbrq73FAKjZb1bhTm5hcWl4rLpZXVtfUNc3OrpYNIcWjyQAaq4zINUvjQRIESOqEC5rkS2u74PPXbt6C0CPwrnITgeGzki6HgDBOpb+4Mr61KD7wQJxrwgJ7S76Jvlq2qlYH+JXZOyiRHo29+9AYBjzzwkUumdde2QnRiplBwCdNSL9IQMj5mI+gm1GceaCfOfpjS/UgzDGgIigpJMxF+TsTM03riuUmnx/BGz3qp+J/XjXB44sTCDyMEn6eLUEjIFmmuRBIO0IFQgMjSy4EKn3KmGCIoQRnniRglaZWSPOzZ7/+S1mHVrlWPLmvl+lmeTJHskj1SITY5JnVyQRqkSTi5Iw/kkTwZ98az8WK8frUWjHxmm/yC8fYJDeGbrA==</latexit>

f2(;) = f(f1(;)) = f(N) = N \ N = ;

<latexit sha1_base64="wzIlEcihV3PAEboZ7T1W0obh3ww="></latexit>

not a chain!
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Example
CPO?

<latexit sha1_base64="0eVAP1pPVndRR0pRSRwXSlriv/A=">AAAB/HicbVC7TsNAEDyHVwivACXNiQSJKrIRCMqINHQEiTxEYkXnyyaccj5bd2ukyApfQQsVHaLlXyj4F2zjAhKmGs3samfHC6UwaNufVmFpeWV1rbhe2tjc2t4p7+61TRBpDi0eyEB3PWZACgUtFCihG2pgvieh400aqd95AG1EoG5xGoLrs7ESI8EZJtJdo3ldHfS9AKuDcsWu2RnoInFyUiE5moPyV38Y8MgHhVwyY3qOHaIbM42CS5iV+pGBkPEJG0MvoYr5YNw4SzyjR5FhGNAQNBWSZiL83oiZb8zU95JJn+G9mfdS8T+vF+Howo2FCiMExdNDKCRkhwzXIqkC6FBoQGRpcqBCUc40QwQtKOM8EaOkm1LShzP//SJpn9Sc09rZzUmlfpk3UyQH5JAcE4eckzq5Ik3SIpwo8kSeyYv1aL1ab9b7z2jBynf2yR9YH98Wl5ST</latexit>

monotone? ok
continuous? ok

(}(N),✓)

<latexit sha1_base64="73MjE/t9eL0Ys4PhytOT8QZs9wc=">AAACD3icbVC7SgNBFJ2NrxhfUcs0g0FIQMKuRLQM2lhJBPOA7BJmJzdxcPbhzF0lLCn8BL/CVis7sfUTLPwXd+MWmniqwzn3cs89biiFRtP8NHILi0vLK/nVwtr6xuZWcXunrYNIcWjxQAaq6zINUvjQQoESuqEC5rkSOu7NWep37kBpEfhXOA7B8djIF0PBGSZSv1iq2PdhxfYYXrtufDGpHtg6cjUg3Fb7xbJZM6eg88TKSJlkaPaLX/Yg4JEHPnLJtO5ZZohOzBQKLmFSsCMNIeM3bAS9hPrMA+3E0ycmdD/SDAMagqJC0qkIvzdi5mk99txkMk2rZ71U/M/rRTg8cWLhhxGCz9NDKCRMD2muRNIO0IFQgMjS5ECFTzlTDBGUoIzzRIySugpJH9bs9/OkfViz6rWjy3q5cZo1kyclskcqxCLHpEHOSZO0CCcP5Ik8kxfj0Xg13oz3n9Gcke3skj8wPr4B/VScLw==</latexit>

? = ;

<latexit sha1_base64="9Yv7WLjVzqT7IzUOEWCCRLPEr/g=">AAACBHicbVC7TsNAEDyHVwgvAyXNiQiJKrJREDRIETSUQSIPKbai82UTTjnbp7t1pChKy1fQQkWHaPkPCv4F27iAhKlGM7va2QmUFAYd59MqrayurW+UNytb2zu7e/b+QdvEiebQ4rGMdTdgBqSIoIUCJXSVBhYGEjrB+CbzOxPQRsTRPU4V+CEbRWIoOMNU6tu2F8RIr6gHocKpAezbVafm5KDLxC1IlRRo9u0vbxDzJIQIuWTG9FxHoT9jGgWXMK94iQHF+JiNoJfSiIVg/FmefE5PEsMwpgo0FZLmIvzemLHQmGkYpJMhwwez6GXif14vweGlPxORShAinh1CISE/ZLgWaSVAB0IDIsuSAxUR5UwzRNCCMs5TMUk7qqR9uIvfL5P2Wc2t187v6tXGddFMmRyRY3JKXHJBGuSWNEmLcDIhT+SZvFiP1qv1Zr3/jJasYueQ/IH18Q3lMZfN</latexit>

f0(;) = ;

<latexit sha1_base64="Ij+H53hw3nIWr4ocr57Hx2Ajb9c=">AAACDnicbVDLSgNBEJyNrxhfq970MhiEeAm7EtGLEPTiMYJ5QLKG2UknDpl9MNMrhCXgJ/gVXvXkTbz6Cx78F3fXRTRap+qqbrq73FAKjZb1bhTm5hcWl4rLpZXVtfUNc3OrpYNIcWjyQAaq4zINUvjQRIESOqEC5rkS2u74PPXbt6C0CPwrnITgeGzki6HgDBOpb+4Mr61KD7wQJxrwgJ7S76Jvlq2qlYH+JXZOyiRHo29+9AYBjzzwkUumdde2QnRiplBwCdNSL9IQMj5mI+gm1GceaCfOfpjS/UgzDGgIigpJMxF+TsTM03riuUmnx/BGz3qp+J/XjXB44sTCDyMEn6eLUEjIFmmuRBIO0IFQgMjSy4EKn3KmGCIoQRnniRglaZWSPOzZ7/+S1mHVrlWPLmvl+lmeTJHskj1SITY5JnVyQRqkSTi5Iw/kkTwZ98az8WK8frUWjHxmm/yC8fYJDeGbrA==</latexit>

fixpoint reached!

X = X [ {1}

<latexit sha1_base64="JdA2hm/0zEq5/y79Jat8vycmvWw=">AAACBHicbVC7TsNAEDyHVwgvAyXNiQiJKrJREDRIETSUQSKJpdiKzpdNOOX80N06UmSl5StooaJDtPwHBf+CbVxAwlSjmV3t7PixFBot69OorKyurW9UN2tb2zu7e+b+QVdHieLQ4ZGMlOMzDVKE0EGBEpxYAQt8CT1/cpP7vSkoLaLwHmcxeAEbh2IkOMNMGpimQ6+oQ12exNRNbXc+MOtWwypAl4ldkjop0R6YX+4w4kkAIXLJtO7bVoxeyhQKLmFecxMNMeMTNoZ+RkMWgPbSIvmcniSaYURjUFRIWojweyNlgdazwM8mA4YPetHLxf+8foKjSy8VYZwghDw/hEJCcUhzJbJKgA6FAkSWJwcqQsqZYoigBGWcZ2KSdVTL+rAXv18m3bOG3Wyc3zXrreuymSo5IsfklNjkgrTILWmTDuFkSp7IM3kxHo1X4814/xmtGOXOIfkD4+MbSMiWyg==</latexit>

f(X) = X [ {1}

<latexit sha1_base64="uNXB728EyXJTbtE0lUBE6fDNg6o=">AAACB3icbVC7TsNAEDyHVwgvQ0qaExFSaCIbBUGDFEFDGSTykGIrOl824ZTzQ3drpMjKB/AVtFDRIVo+g4J/wTYuIGGq0cyudna8SAqNlvVplFZW19Y3ypuVre2d3T1z/6Crw1hx6PBQhqrvMQ1SBNBBgRL6kQLmexJ63vQ683sPoLQIgzucReD6bBKIseAMU2loVsf1/gm9pH3q8DiiTmI786FZsxpWDrpM7ILUSIH20PxyRiGPfQiQS6b1wLYidBOmUHAJ84oTa4gYn7IJDFIaMB+0m+Th5/Q41gxDGoGiQtJchN8bCfO1nvleOukzvNeLXib+5w1iHF+4iQiiGCHg2SEUEvJDmiuRtgJ0JBQgsiw5UBFQzhRDBCUo4zwV47SmStqHvfj9MumeNuxm4+y2WWtdFc2UySE5InVik3PSIjekTTqEkxl5Is/kxXg0Xo034/1ntGQUO1XyB8bHN+Itl58=</latexit>

f1(;) = f(;) = ; [ {1} = {1}

<latexit sha1_base64="tTaWngn0tkWOY07BSqzTyF+bt18=">AAACMHicbVDLSgNBEJyNrxhfUY9eBoMQL2FXInpQCHrxGME8IBvD7KQTh8zuDjO9QljyM36CX+FVT3oQ8epXuBuDmMS6THVVNz1dnpLCoG2/WZmFxaXllexqbm19Y3Mrv71TN2GkOdR4KEPd9JgBKQKooUAJTaWB+Z6Ehje4TP3GPWgjwuAGhwraPusHoic4w0Tq5M96t07RBV/h0AAe0nPamy5/C+rySFE3dtxRKqdvJ1+wS/YYdJ44E1IgE1Q7+Xe3G/LIhwC5ZMa0HFthO2YaBZcwyrmRAcX4gPWhldCA+WDa8fjKET2IDMOQKtBUSDoW4e9EzHxjhr6XdPoM78ysl4r/ea0Ie6ftWAQqQgh4ugiFhPEiw7VI4gPaFRoQWfpzoCKgnGmGCFpQxnkiRkmeuSQPZ/b6eVI/Kjnl0vF1uVC5mCSTJXtknxSJQ05IhVyRKqkRTh7IE3kmL9aj9Wp9WJ8/rRlrMrNLpmB9fQNmUqgv</latexit>

f2(;) = f(f1(;)) = f({1}) = {1} [ {1} = {1}

<latexit sha1_base64="oD1cuYEF1Hx0nEUTYAPawxz9IWs="></latexit>
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Badge exercise

<latexit sha1_base64="OLYoLmoXTLMF5JbWyzBTnu724NE="></latexit>

let {di}i2N be a chain in D
<latexit sha1_base64="ndTneDtviQ2RsC49sFNvp5p60mQ="></latexit>

let {kj}j2N be an infinite chain in (N,)

<latexit sha1_base64="bbAobBBRjEqxznBeX0LW3calN7A=">AAACCnicbVC7TgJBFJ3FF+Jr1cTGZiKYWJFdCrUkYmFhIibySICQu8MFJ8w+MnPXhKz8gV9hq5WdsfUnLPwXF6RQ9FQn59ybe+7xIiUNOc6HlVlYXFpeya7m1tY3Nrfs7Z26CWMtsCZCFeqmBwaVDLBGkhQ2I43gewob3rAy8Rt3qI0MgxsaRdjxYRDIvhRAqdS195K26fNLJF44L3APOfBK9WrctfNO0ZmC/yXujOTZDNWu/dnuhSL2MSChwJiW60TUSUCTFArHuXZsMAIxhAG2UhqAj6aTTPOP+WFsgEIeoeZS8amIPzcS8I0Z+V466QPdmnlvIv7ntWLqn3YSGUQxYSAmh0gqnB4yQsu0GOQ9qZEIJsmRy4AL0ECEWnIQIhXjtKlc2oc7//1fUi8V3eOic13Kl89mzWTZPjtgR8xlJ6zMLliV1Zhg9+yRPbFn68F6sV6tt+/RjDXb2WW/YL1/AcX3mJc=</latexit>

Let D be a CPO

<latexit sha1_base64="64XhIUYXzR/DWd0KlsWf0hXjLhU="></latexit>

1. Prove that {dkj}j2N is a chain in D
<latexit sha1_base64="EL2dHTyxsVPoGIoX2Z1F13niKA0="></latexit>

2. Prove or disprove that
G

j2N
dkj =

G

i2N
di


