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Notation
<latexit sha1_base64="aMoSWAFTqSheIjrJk9AMFED0H6M="></latexit>

f : X ! (Y ! Z)

<latexit sha1_base64="kzoXVzW7ChF6egZcNyC2vTKca1A="></latexit>

8x 2 X. f(x) : Y ! Z

<latexit sha1_base64="AOqBMvY5SdoBP5ASFXnxtcihhl0="></latexit>

8x 2 X. 8y 2 Y. (f(x))(y) 2 Z
<latexit sha1_base64="1sqcaPzfHgEhDoC5Z4e6qDxiS8I="></latexit>

8x 2 X. 8y 2 Y. f x y 2 Z

<latexit sha1_base64="4OXspvf0pZTKrxQ2biUw284VxhQ="></latexit>

8x 2 X. f x : Y ! Z

<latexit sha1_base64="ZF1etrtD+wfOS8j/c3/xgzPJvAQ="></latexit>

f : X ! Y ! Z

<latexit sha1_base64="hX8L+cBP24u9q1hTeJVIRptAJGs="></latexit>

g : (X ! Y ) ! Z

<latexit sha1_base64="TG/onteGADAO+PFZvnduCa0YYzY="></latexit>

8h 2 (X ! Y ). g(h) 2 Z

<latexit sha1_base64="WHOyTLUeQO99XqNAybWo6smjZis="></latexit>g x

<latexit sha1_base64="87U0Z0xzK8KBcTTajvhtPmtF1fU="></latexit>

f h
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Notation
<latexit sha1_base64="vI4+BxI756iTj+pcSx0wu2zgK4Q="></latexit>

f : X1 ! X2 ! · · · ! Xn

<latexit sha1_base64="RYAVPLWfwl303q8Q48CuLUdLijs="></latexit>

f : X1 ! (X2 ! (· · · ! Xn))

<latexit sha1_base64="dTV/XxdHzNM1PTyepMvMsIl+lcw="></latexit>

f x1 x2 · · · xn

<latexit sha1_base64="BW5XGYlUoeutZaOGQvUrLXOxRxg="></latexit>

(((f x1) x2) · · · ) xn
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Notation
<latexit sha1_base64="KvM/4IwdlbQVWantnCflNLLz2ZE="></latexit>

f : X1 ⇥X2 ! Y
<latexit sha1_base64="nU3NINEgqtp0YIumRHIx9tEopOM="></latexit>

f : (X1 ⇥X2) ! Y

<latexit sha1_base64="n4sEb4KuoW1yy8RntmGVghXxbds="></latexit>

8x1 2 X1. 8x2 2 X2. f(x1, x2) 2 Y

<latexit sha1_base64="hftkkOTKXBK8zqGfA4rbQo3GqHU="></latexit>

f x1
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Notation

<latexit sha1_base64="LJlWBEjZhuHEBODBo9Q9pszDPlY="></latexit>

f : X ! Y
<latexit sha1_base64="ahkxo2o/eLUgj0NckROsYpFyX3Y="></latexit>

A ✓ X
<latexit sha1_base64="B65Xas0UsmIAMfpH/Ry2ModDrwY="></latexit>

f|A : A ! Y
<latexit sha1_base64="Q4sQ7cpLg6ztHiQSEd/dH2TOQDY="></latexit>

8a 2 A. f|A(a)
M
= f(a)
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Predecessors

<latexit sha1_base64="0gRJDz1QklAHEPdsefH7Ne8rPMw="></latexit>

A,� w.f.
<latexit sha1_base64="zv2CZg7AK4KwB55wG0vD67YeGjQ="></latexit>

a 2 A
<latexit sha1_base64="CKcWhmCCfspp2mRnLFhhlLRfGyA="></latexit>

bac M
= {x 2 A | x � a}



Well-founded recursion

7
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Recursive definitions
<latexit sha1_base64="jCwqqPx9GnJ7yEZbInwfH/DgJ1Q="></latexit>

AJ·K : Aexp ! M ! Z
<latexit sha1_base64="iIWkpEX3oaW9jXAOWTVEQ+af7Iw="></latexit>

AJaK� denotes the value associated to a in �

<latexit sha1_base64="MCQLooyDIE8qebTsnZKFkskc7j0="></latexit>

AJnK� M
= n

AJxK� M
= �(x)

AJa0 op a1K�
M
= AJa0K� opAJa1K�

The function is defined recursively: 
how do we know one and exactly one value is associated 
to each expression? (true)
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Recursive definitions

The function is defined recursively: 
how do we know one and exactly one value is associated 
to each expression? (false)

<latexit sha1_base64="hC9LrsawcwGnYljw70UuynTbYbY="></latexit>

N ::= 0 | s(N)
<latexit sha1_base64="ZkGspWE8RtIvSFsdOhPEffFaAkk="></latexit>

N J·K : Nexp ! N

<latexit sha1_base64="+4pidziDb3agDAN1Jhm5JIuraEs="></latexit>

N J0K M
= 0

N Js(N)K M
= 1 +N Js(s(N))K
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Well founded recursion
<latexit sha1_base64="0gRJDz1QklAHEPdsefH7Ne8rPMw="></latexit>

A,� w.f.

<latexit sha1_base64="KNFtfsdmNxKFKefcJV2l9TaGpT0="></latexit>

F
M
= {Fa : (bac ! B) ! B}a2A

<latexit sha1_base64="C+FioJ8I1BaorHZbhP9nJB+2bQk="></latexit>

8a 2 A. 8h 2 bac ! B. Fa(h) 2 B

<latexit sha1_base64="Q/97o42waKiAof4nIWnEt4RiB5s="></latexit>

TH. There exists a unique function f : A ! B such that

<latexit sha1_base64="0WWoWNRUvmWYVTWRY4dnJonGC7E="></latexit>

8a 2 A. f(a) = Fa(f|bac)
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Example
<latexit sha1_base64="lN+PZI1byKh7ypxZRDVnNwvdxYA="></latexit>N, <

<latexit sha1_base64="b+Bxt4WRYGRuoSgUJn1YK/mmUQs="></latexit>

F0 : (; ! N) ! N
<latexit sha1_base64="FHQyPdmVRZrr+SNWS6OVAyX1Kb4="></latexit>

F0 h
M
= 1

<latexit sha1_base64="24cZNBiGBmR7tNvuSWMAWGrBXSQ="></latexit>

Fn+1 : ({n} ! N) ! N
<latexit sha1_base64="wRD7bdrPSVl+IxoS6pYSzcjNGaI="></latexit>

Fn+1 h
M
= (n+ 1) · h(n)

<latexit sha1_base64="6ihdHRNIc4iswbZTbd0YzggZjw0="></latexit>

F
M
= {Fn : (bnc ! N) ! N}n2N

<latexit sha1_base64="TWi28+kvdhHxsoyRHbeseAidx/8="></latexit>

f(0) = F0f|; = 1
<latexit sha1_base64="pcerQtCF9hyl0wiMQ07ceyEHFKI="></latexit>

f(n+ 1) = Fn+1 f|{n} = (n+ 1) · f(n)
<latexit sha1_base64="Q/zNyyMSQb1thsWuw/ZfrGtVIcE="></latexit>

f(n) = n!
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Example
<latexit sha1_base64="lN+PZI1byKh7ypxZRDVnNwvdxYA="></latexit>N, <

<latexit sha1_base64="9/3TrwkuUejdkP7M27B2mATyqJ8="></latexit>

Fm M
= {Fm

n : (bnc ! N) ! N}n2N

<latexit sha1_base64="L0gP9T0TOOL2PQ8BM0kTm36bTn0="></latexit>

Fm
0 : (; ! N) ! N

<latexit sha1_base64="K0MZrZgxU7ZHdA5sxmA/KHRQ6DU="></latexit>

Fm
0 h

M
= 0

<latexit sha1_base64="l3K7EXUl9KvchYiwg8v+tE8GVmk="></latexit>

Fm
n+1 : ({n} ! N) ! N

<latexit sha1_base64="yusV/fNLP9qsz2BKsr7SYRKTbUg="></latexit>

Fm
n+1 h

M
= m+ h(n)

<latexit sha1_base64="tw86uimJHyADGCIMZBQwSyBYCiQ="></latexit>

m 2 N

<latexit sha1_base64="L0VIi8uMgiXBBIGJ1Kw4ZBr4Snc="></latexit>

fm(0) = 0
<latexit sha1_base64="mFu8klKlGYhFosD4QlAQKIgq7iY="></latexit>

fm(n+ 1) = m+ fm(n)
<latexit sha1_base64="eWx9cFSHZU1yGV8DF9Hfojs0FLI="></latexit>

fm(n) = m · n
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Ackermann function
<latexit sha1_base64="byakSzRQzX+COVPVoFO3GJfzgJA="></latexit>

ackm(0, 0)
M
= m

ackm(0, n+ 1)
M
= ackm(0, n) + 1

ackm(1, 0)
M
= 0

ackm(k + 1, n+ 1)
M
= ackm(k, ackm(k + 1, n))

ackm(k + 2, 0)
M
= 1

<latexit sha1_base64="tw86uimJHyADGCIMZBQwSyBYCiQ="></latexit>

m 2 N
<latexit sha1_base64="rgDGOamMO+yQbwj64TOX+RJ01JQ="></latexit>

ackm : N⇥ N ! N

<latexit sha1_base64="agy4nHJSn/No2fEU4LIvWoxwmaU="></latexit>

(k, n) � (k + 1, n0)
<latexit sha1_base64="yQKoDAh9T6NeDrrwubsoQeljhOE="></latexit>

(k, n) � (k, n+ 1)

<latexit sha1_base64="UFif7YES/8UBQQ2iA1Bn+AQBhgw="></latexit>N⇥ N,� lexicographic precedence relation

a computable function that is total but not primitive recursive
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Ackermann function
<latexit sha1_base64="agy4nHJSn/No2fEU4LIvWoxwmaU="></latexit>

(k, n) � (k + 1, n0)
<latexit sha1_base64="yQKoDAh9T6NeDrrwubsoQeljhOE="></latexit>

(k, n) � (k, n+ 1)

any element (k+1,n) has infinitely many predecessors

it can be the first element of infinitely many 
descending chains (of unbounded length, but finite)
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Ackermann function
<latexit sha1_base64="agy4nHJSn/No2fEU4LIvWoxwmaU="></latexit>

(k, n) � (k + 1, n0)
<latexit sha1_base64="yQKoDAh9T6NeDrrwubsoQeljhOE="></latexit>

(k, n) � (k, n+ 1)
<latexit sha1_base64="D1sFsatNAfkXC2yDpug+qhnME7M="></latexit>

�+ is w.f.

<latexit sha1_base64="QYSq/cP8nU5eAFWr656VpeBPLOQ="></latexit>

Take a non-empty set Q ✓ N⇥ N
<latexit sha1_base64="CS4lWuPkPLp4bj7ruo2kVBb7PbY="></latexit>

can we find m minimal in Q?

<latexit sha1_base64="R47NoII48RF2NUjk8FlmdQVZWU4="></latexit>

bn M
= min {n | (bk, n) 2 Q} (non-empty by def of bk)

<latexit sha1_base64="kb6cN2WQEyu9Qf8lyqGf+VRAhyg="></latexit>

bk M
= min {k | (k, n) 2 Q} (non-empty because Q 6= ?)

<latexit sha1_base64="jqeKxxbO3JWzHsswGzRC/0L4GKk="></latexit>

clearly (bk, bn) 2 Q is minimal
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Ackermann function
<latexit sha1_base64="byakSzRQzX+COVPVoFO3GJfzgJA="></latexit>

ackm(0, 0)
M
= m

ackm(0, n+ 1)
M
= ackm(0, n) + 1

ackm(1, 0)
M
= 0

ackm(k + 1, n+ 1)
M
= ackm(k, ackm(k + 1, n))

ackm(k + 2, 0)
M
= 1

<latexit sha1_base64="WdNqlo/I3DBG0miTVXQqYt9gsfc="></latexit>

ackm(0, n)
M
= m+ n

<latexit sha1_base64="96FG0YTaFPs51S5LXH0J3w5rmkE="></latexit>

n increments of base case m
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Ackermann function

<latexit sha1_base64="WdNqlo/I3DBG0miTVXQqYt9gsfc="></latexit>

ackm(0, n)
M
= m+ n

<latexit sha1_base64="byakSzRQzX+COVPVoFO3GJfzgJA="></latexit>

ackm(0, 0)
M
= m

ackm(0, n+ 1)
M
= ackm(0, n) + 1

ackm(1, 0)
M
= 0

ackm(k + 1, n+ 1)
M
= ackm(k, ackm(k + 1, n))

ackm(k + 2, 0)
M
= 1

<latexit sha1_base64="Masua+C4tcRxXoZRRLhV1CG3BIw="></latexit>

ackm(1, n+ 1)
M
= ackm(0, ackm(1, n))

<latexit sha1_base64="lgAzLPkyAfOf6X1VvgNR7Y+7mpo="></latexit>

ackm(1, n+ 1)
M
= m+ ackm(1, n)

<latexit sha1_base64="Ye2Tz6btDGHcEv4IT5DG168tw94="></latexit>

add m for n times to the base case 0
<latexit sha1_base64="T2ICl8CtYrsRmrpjJvHnpybY7hg="></latexit>

ackm(1, n)
M
= m · n
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Ackermann function
<latexit sha1_base64="byakSzRQzX+COVPVoFO3GJfzgJA="></latexit>

ackm(0, 0)
M
= m

ackm(0, n+ 1)
M
= ackm(0, n) + 1

ackm(1, 0)
M
= 0

ackm(k + 1, n+ 1)
M
= ackm(k, ackm(k + 1, n))

ackm(k + 2, 0)
M
= 1

<latexit sha1_base64="potTJ2YnGjwa4418/3tHRAg4JVo="></latexit>

ackm(2, 0)
M
= 1

ackm(2, n+ 1)
M
= ackm(1, ackm(2, n))

<latexit sha1_base64="T2ICl8CtYrsRmrpjJvHnpybY7hg="></latexit>

ackm(1, n)
M
= m · n

<latexit sha1_base64="OqXMj7zpL+At2e+hocqiuagLAGw="></latexit>

ackm(2, n+ 1)
M
= m · ackm(2, n)

<latexit sha1_base64="5Hma0NF9B+pAAMOIIozleXNDSik="></latexit>

multiplies by m for n times the base case 1
<latexit sha1_base64="UE3fhyhjNt+SJ8ttEqwhEOwuBNQ="></latexit>

ackm(2, n)
M
= mn
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Ackermann function
<latexit sha1_base64="byakSzRQzX+COVPVoFO3GJfzgJA="></latexit>

ackm(0, 0)
M
= m

ackm(0, n+ 1)
M
= ackm(0, n) + 1

ackm(1, 0)
M
= 0

ackm(k + 1, n+ 1)
M
= ackm(k, ackm(k + 1, n))

ackm(k + 2, 0)
M
= 1

<latexit sha1_base64="U93yD/OgPwdh8I4/qgNczAeSjYY="></latexit>

ackm(3, 0)
M
= 1

ackm(3, n+ 1)
M
= ackm(2, ackm(3, n))

<latexit sha1_base64="UE3fhyhjNt+SJ8ttEqwhEOwuBNQ="></latexit>

ackm(2, n)
M
= mn

<latexit sha1_base64="WZGoIvOT+4xAdFPumGincc6ldJY="></latexit>

ackm(3, n+ 1)
M
= mackm(3,n)

<latexit sha1_base64="VCSxbM3cILQlpsVvrSN2xR7rQ4U="></latexit>

n times exponentiation
<latexit sha1_base64="/3NotvDqV32HurAdfqcHIevx2eI="></latexit>

ackm(3, n)
M
= mmm···m
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Ackermann function

<latexit sha1_base64="lubj8V63OleVib+o/eb0xYxtj+8="></latexit>

ack3(0, 3)
M
= 3 + 3 = 6

ack3(1, 3)
M
= 3 · 3 = 9

ack3(2, 3)
M
= 33 = 27

ack3(3, 3)
M
= 33

3

= 327 ' 7.6 · 1012

it grows faster than any primitive recursive function
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Arithmetic expressions

<latexit sha1_base64="MCQLooyDIE8qebTsnZKFkskc7j0="></latexit>

AJnK� M
= n

AJxK� M
= �(x)

AJa0 op a1K�
M
= AJa0K� opAJa1K�

<latexit sha1_base64="lcMX1szABWCg9U1yagoBeqZccrM="></latexit>

Aexp,� <latexit sha1_base64="8P1XEXhl0qHsvxPm7AjukCLrGN0="></latexit>

ai � a0 op a1

<latexit sha1_base64="jCwqqPx9GnJ7yEZbInwfH/DgJ1Q="></latexit>

AJ·K : Aexp ! M ! Z
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Boolean expressions
<latexit sha1_base64="+DsBMHZDoudxO4jGgApMO0wz5vQ="></latexit>

Bexp,� <latexit sha1_base64="TKjkMdJZ4NtfDDshrt9o2/jb024="></latexit>

bi � b0 bop b1
<latexit sha1_base64="ukfEvtozSSlR4UON5CD0+B+4ehw="></latexit>

b � ¬b

<latexit sha1_base64="+TIQlCzW++tFilQLUbJSkMIraBw="></latexit>

BJvK� M
= v

BJa0 cmp a1K�
M
= AJa0K� cmpAJa1K�

BJ¬bK� M
= ¬BJbK�

BJb0 bop b1K�
M
= BJb0K� bop BJb1K�

<latexit sha1_base64="eGGanln3YtVFseBhdnVBC2i0kPE="></latexit>

BJ·K : Bexp ! M ! Z



Consistency of expressions
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Consistency?
<latexit sha1_base64="NPuv0j+N//lGT/NTyGGm1mYRd2I="></latexit>

?,

<latexit sha1_base64="f1VpEpe/hN5hFFZup3cnmP4Bd2o="></latexit>

8a,�, n

<latexit sha1_base64="IyOng2nDPLYqQmWxzia4soZo4Ts="></latexit>

P (a)
M
= 8�. ha,�i �! AJaK�

<latexit sha1_base64="drm1mgWLLC91wRCEk8PruSobMjk="></latexit>

8a 2 Aexp. P (a) ?

structural induction!
<latexit sha1_base64="hp+NsGEwycUJwGaExC3ZpkADlDs="></latexit>

8n 2 Z. P (n)
<latexit sha1_base64="i/IrG3YpiGcoZBeaO81/TN+BJGQ="></latexit>

8x 2 Ide. P (x)
<latexit sha1_base64="oxcHSdwR3weQdMpYd+eESj7FFu8="></latexit>

8a0, a1. P (a0) ^ P (a1) ) P (a0 op a1)
<latexit sha1_base64="ULxLh3wVO7Qi3yCisR+naeQ0ZmU="></latexit>

8a. P (a)

<latexit sha1_base64="I4eb12+rp/jxIiJ/cN1uASXMgHY="></latexit>

ha,�i �! n
<latexit sha1_base64="KxE0M7MqKEYs1dD4HUm79pwVlNM="></latexit>

AJaK� = n



2525

Base cases
<latexit sha1_base64="i/IrG3YpiGcoZBeaO81/TN+BJGQ="></latexit>

8x 2 Ide. P (x)
<latexit sha1_base64="KnAOb3X0pcMw6W1FYK1EW0ny9rc="></latexit>

take x 2 Ide

<latexit sha1_base64="IwymRT6Zf8kpjgqJCO1xzkmd/uQ="></latexit>

= �(x)
<latexit sha1_base64="4sNJgQZli9bFMHr3i+SscV/khWU=">AAACz3icbVFNb9NAEF2brxI+msIJuKxIkYqEIrtIwAWpwIVjKpG2UjaKxuuJu+p6bWbX+ZDligMXfiJ/gV/BOvGBtszp7ZsZvZ33klIr66LodxDeun3n7r2d+70HDx893u3vPTmxRUUSx7LQBZ0lYFErg2OnnMazkhDyRONpcvGl7Z8ukKwqzDe3LnGaQ2bUXElwnpr1f9bCzvkSuUFMuSt4ScUC+f7oYPVapDjH71zMCwKtub Aqy2F42RMaTKaRr95sKUHbt9CFyUhl5w6IiiUXObhzCbr+1AitEwJ5gY6vBFGHt+v7zaw/iIbRpvhNEHdgwLoazfaCtyItZJWjcVKDtZM4Kt20BnJKamx6orJYeg3IcOKhgRzttN7Y1fBXlYX2UiSuNN+Q+O9GDbm16zzxk+0F9nqvJf/Xm1Ru/mFaK1NWDo1shZzyvrRCVpLyOSBPFaFz0P4cuTJcAoFzSIqDlJ6sfDBXBK3LgdaU+qMMLmWR52DSeptNU288JtS1SCqlU4+4WHgbSHWZ+DSJ1x+bpul5m+Prpt4EJ4fD+N0wOj4cHH3uDN9hL9hLdsBi9p4dsa9sxMZMsj9BP3gWPA+Pw2V4Gf7YjoZBt/OUXanw11/AIeMy</latexit>

we need to prove P (x)
M
= 8�. hx,�i �! AJxK�

<latexit sha1_base64="5ujLXYSX+uOkeRca75BMZUFUvUA=">AAACfXicbZDPbtNAEMY35l8J/1I4chmRVuKAIjtIlAtSBReORSJtpTiKxuuJWWV3bXZnW0WW34On4QqvwNPAOuRAW+b06ZvZ/WZ+RaOV5zT9NUhu3b5z997e/eGDh48ePxntPz31dXCSZrLWtTsv0JNWlmasWNN54whNoemsWH/o+2cX5Lyq7WfeNLQwWFm1UhI5WsvRtM39ChjXZAGhIktOSTjIvaoMHsAlgayt1KEkKDbggq ZuORqnk3RbcFNkOzEWuzpZ7g9e52UtgyHLUqP38yxteNGiYyXjh8M8eGpQrrGieZQWDflFuz2ug8PgkWtoyIHSsDXp3xctGu83poiTBvmLv97rzf/15oFXbxetsk1gsrIPYqVpG+SlU5EaQakcMWO/OYGyINEhc2QEKGU0Q8R4JdCzQbdxZTzK0qWsjUFbtnlJK/ratXm/hSPd5kVQuowK8ouIwSm0VczO65gK7buu64YRc3Yd6k1xOp1kbybpp+n4+P0O+J54Ll6IlyITR+JYfBQnYiak+Ca+ix/i5+B3cpi8SiZ/R5PB7s0zcaWSoz/yRMSK</latexit>

taken a generic � we conclude by rule <latexit sha1_base64="m8r7litemvt0HOGXY35se29naAA="></latexit>

hx,�i �! �(x)

<latexit sha1_base64="hp+NsGEwycUJwGaExC3ZpkADlDs="></latexit>

8n 2 Z. P (n)
<latexit sha1_base64="jHNmLnrIIuyCjUbfh3Y5XtyrhLc="></latexit>

take n 2 Z
<latexit sha1_base64="VATBGU0qgd3j7uMlgsS/yyAGUns=">AAACz3icbVFNb9NAEF2brxI+msIJuKxIkYqEIqdIwAWpwIVjKpG2UjaKxuuJu+ru2syuE0WWKw5c+In8BX4F68QH2jKnt29m9HbeS0utnE+S31F86/adu/d27vcePHz0eLe/9+TEFRVJnMhCF3SWgkOtLE688hrPSkIwqcbT9OJL2z9dIjlV2G9+XeLMQG7VQknwgZr3f9bCLfgKuUXMuC94ScUS+f74wL4WGS7wOxeLgkBrLp zKDQwve0KDzXVYebOlBG3fQhc2J5WfeyAqVlwY8OcSdP2pEVqnBPICPbeCqMPb9f1m3h8kw2RT/CYYdWDAuhrP96K3IitkZdB6qcG56Sgp/awG8kpqbHqiclgGDchxGqAFg25Wb+xq+KvKQXspEleab0j8d6MG49zapGGyvcBd77Xk/3rTyi8+zGply8qjla2QV8GXVshJUiEH5Jki9B7anyNXlksg8B5JcZAykFUI5oqg8wZoTVk4yuJKFsaAzeptNk298ZhQ1yKtlM4C4mIZbCDVZRLSJF5/bJqmF2weXTf1Jjg5HI7eDZPjw8HR587wHfaCvWQHbMTesyP2lY3ZhEn2J+pHz6Ln8XG8ii/jH9vROOp2nrIrFf/6C3+F4xQ=</latexit>

we need to prove P (n)
M
= 8�. hn,�i �! AJnK� <latexit sha1_base64="4bUT+foV8E3xVVlfj/ysPjmdizk="></latexit>= n

<latexit sha1_base64="5ujLXYSX+uOkeRca75BMZUFUvUA=">AAACfXicbZDPbtNAEMY35l8J/1I4chmRVuKAIjtIlAtSBReORSJtpTiKxuuJWWV3bXZnW0WW34On4QqvwNPAOuRAW+b06ZvZ/WZ+RaOV5zT9NUhu3b5z997e/eGDh48ePxntPz31dXCSZrLWtTsv0JNWlmasWNN54whNoemsWH/o+2cX5Lyq7WfeNLQwWFm1UhI5WsvRtM39ChjXZAGhIktOSTjIvaoMHsAlgayt1KEkKDbggq ZuORqnk3RbcFNkOzEWuzpZ7g9e52UtgyHLUqP38yxteNGiYyXjh8M8eGpQrrGieZQWDflFuz2ug8PgkWtoyIHSsDXp3xctGu83poiTBvmLv97rzf/15oFXbxetsk1gsrIPYqVpG+SlU5EaQakcMWO/OYGyINEhc2QEKGU0Q8R4JdCzQbdxZTzK0qWsjUFbtnlJK/ratXm/hSPd5kVQuowK8ouIwSm0VczO65gK7buu64YRc3Yd6k1xOp1kbybpp+n4+P0O+J54Ll6IlyITR+JYfBQnYiak+Ca+ix/i5+B3cpi8SiZ/R5PB7s0zcaWSoz/yRMSK</latexit>

taken a generic � we conclude by rule <latexit sha1_base64="R/2xXiqU1mHGbDvmDQUdZpCoJn4="></latexit>

hn,�i �! n
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Inductive case
<latexit sha1_base64="oxcHSdwR3weQdMpYd+eESj7FFu8="></latexit>

8a0, a1. P (a0) ^ P (a1) ) P (a0 op a1)
<latexit sha1_base64="QtyVoJ4uwK/N+NdPgXwRSEUCHMQ="></latexit>

Take generic a0, a1

<latexit sha1_base64="1emhb1oX3IonMMfviNabNeGHOro=">AAACznicbVFNb9NAEF27fJTw0bRcQFxWpEhFQpFTJOCCVODCMUikrZSNovF64q66uzaz60SRZThw4S/yE/gXrBMfaMuc3r6Z2TfzJi21cj5Jfkfxzq3bd+7u3uvdf/Dw0V5//+DUFRVJnMhCF3SegkOtLE688hrPS0Iwqcaz9PJTmz9bIjlV2K9+XeLMQG7VQknwgZr3f9bCLfgKOThXGeSH4yOYq5ciwwV+42JREGjNhVO5ge H3ntBgcx2q5+rVlhS0ZYQubE4qv/BAVKy4MOAvJOj6QyO0TgnkJfq2TxB1r+0Hh828P0iGySb4TTDqwIB1MZ7vR69FVsgwr/VSh8mno6T0sxrIK6mx6YnKYRk0IMdpgBYMulm9cavhLyoHvuAlEleab0j8t6MG49zapKGy3cFdz7Xk/3LTyi/ezWply8qjla2QV8GZVshJUuEMyDNF6D20kyNXlksg8B5JcZAykFW4yxVB5w3QmrKwlMWVLIwBm9Xb+zT1xmVCXYu0UjoLiItlsIFUd5UiqPL6fdM0vWDz6LqpN8Hp8XD0Zph8OR6cfOwM32XP2HN2xEbsLTthn9mYTZhkf6K96En0NB7Hy7iJf2xL46jrecyuRPzrL+tn4t4=</latexit>

we assume P (ai)
M
= 8�. hai,�i �! AJaiK�

<latexit sha1_base64="N2J6PZgz27bdq0uHThi3U/fwYLc="></latexit>

we need to prove P (a0 op a1)
M
= 8�. ha0 op a1,�i �! AJa0 op a1K�

<latexit sha1_base64="BkhoQasFUO5XrDAMsSPBaE1tQ8E="></latexit>

= AJa0K� opAJa1K�
<latexit sha1_base64="qStW+YsiWLKzJnU1quMM10/EeJw="></latexit>

take a generic �
<latexit sha1_base64="6dBrP6jgylPRhWfK0KAYnYCE5CQ=">AAACiHicbZBNb9NAEIY35quErxaOXFZESByiyAZE20Olqlw4Fom0lbJRNF5P3FX3w+yOW0WWfw2/hiuc+DesXR9oy5xevTOjmffJK60CpemfUXLv/oOHj7Yej588ffb8xfbOy5Pgai9xLp12/iyHgFpZnJMijWeVRzC5xtP84nPXP71EH5Sz32hT4dJAadVaSaBorbYPhAZbauSwSsVUGKDzsG5c1YoprLKpCKo0IPz1jNDOll 6V5wTeuyse9yfpLO2L3xXZICZsqOPVzuiDKJysDVqSGkJYZGlFywY8KamxHYs6YAXyAkpcRGnBYFg2fc6Wv60DkOMVeq407038d6MBE8LG5HGyD3K715n/6y1qWu8tG2WrmtDK7hCpmLc7FKRXESDyQnkkgu5z5MpyCR6I0CsOUkazjkRvHAxkwG98EUNZvJLOGLBFIwpc4/e26VF71I3Ia6WLqLi4jBi8Gli7eJU3B23bjiPm7DbUu+Lk/Sz7NEu/fpwcHg3At9hr9oa9YxnbZYfsCztmcybZD/aT/WK/k3GSJrvJ/vVoMhp2XrEblRz9BQsMyRM=</latexit>

ha0 op a1,�i �! n
<latexit sha1_base64="oIu2qjSsWs0j1Hq66XsqExS+dR8=">AAACynichVHLbtQwFHXCq0x5THms2FiMkFiMRgkgYFOpgg0LFkVi2krjUXTj3Emt+hFsp6ORFbHhJ/kA/gMnnUUfSNzV0bnn+vieWzZSOJ9lv5P01u07d+/t3B/tPnj46PF478mRM63lOOdGGntSgkMpNM698BJPGougSonH5dnnvn98jtYJo7/7TYNLBbUWK8HBR6oY/2R6DdaadRH0vi4yNmUK/KnwwTQdm+oi7yiToGuJFI psypyoFTB7wTBpdG1FfeqHN2h8YHpJnv9XnhfjSTbLhqI3Qb4FE7Ktw2Ivecsqw1uF2nMJzi3yrPHLANYLLrEbsdZhA/wMalxEqEGhW4YhqY6+ah14Qxu0VEg6kHh5IoBybqPKqOxjcNd7Pfmv3qL1q4/LIHTTetS8N/IibtwbOW5FPAHSSlj0HvqfIxWacrDgPVpBgfNItvEmVwydV2A3topLaVxzoxToKrAKV/ijC8OhLMrAylbIKiLKzmMMVmzTNtGVhv2u60Yx5vx6qDfB0ZtZ/n6WfXs3Ofi0DXyHvCAvyWuSkw/kgHwhh2ROOPmT7CbPkufp19SmmzRcSNNkO/OUXKn011+uXeEC</latexit>

-n=n0 op n1 ha0,�i �! n0, ha1,�i �! n1
<latexit sha1_base64="gEBlXWzcVO9btXpQV/zUsKt6HEY="></latexit>

by inductive hypotheses, ni = AJaiK�
<latexit sha1_base64="VSP4MUxJQTPmtXRd9pNiHH25Opk="></latexit>

and thus n = n0 op n1 = AJa0K� opAJa1K�
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Recursive definitions
for divergence

<latexit sha1_base64="gigcBOA4e4130TW0gWX6zVIBEso="></latexit>

CJ·K : Com ! M ! M [ {?}

<latexit sha1_base64="fI7YMgO6hAYZoWKU/lYFVwv4+bk="></latexit>�
<latexit sha1_base64="grsBCl/3FXeeFUkRU1/eBVQ0pGY="></latexit>

�[AJaK�/x]
<latexit sha1_base64="MeKJpanCsiYB+lL2qmjF4W4Bi8M="></latexit>

CJc1K(CJc0K�) almost…

<latexit sha1_base64="Zh9WdJqiE2Yuv7s1by6O5RTp5UY=">AAAD8HicrVJNb9QwEPUmfJSUjxaOXCxWVJxWCSBArSpV9MKxSGxbab1aTZzJrrW2E2ynZRXlf3BDSJz4R/wbnHQpbEtVCTGn8RvPe+PnSUsprIvjH70gvHHz1u21O9H63Xv3H2xsPjy0RWU4DnkhC3OcgkUpNA6dcBKPS4OgUolH6Xy/rR+doLGi0B/cosSxgqkWueDgPDTZ7H1jKU6FrsEYWDS14bKJmAI34yDr/YZJmRrgc3 S0Q9O8tnNRNsyYc9yKqQIabbEMc/xIt2jE2BUcn7Z34R9b+STe4ZPk+u6rCH7NL/KG0ZSdn90MtUc8/28MpcUO+w96pzMhcVUyK1pyeg036mz5LZONfjyIu6CXk2SZ9MkyDvy/vmBZwSuF2nEJ1o6SuHRjT+cE99NErLJYemmY4sinGhTacd3tU0OfVhZcQUs0VEjagfhnRw3K2oVK/c32QfZirQX/VhtVLn8zroUuK4eat0LOe9MJWW6EX1SkmTDoHLSTIxWacjDgHBpBgXMPVn5zVwStU2AWJvOP0njKC6XAG3fmY1N3lhuUNUsrITOfUXbibTAC9NRrs8Kr0nq3aZrI25xcNPVycvh8kLwaxO9f9vfeLg1fI4/JE/KMJOQ12SPvyAEZEh6sB0mwHeyEJvwcfgm/nl0NesueR2Qlwu8/AeN5SSs=</latexit>

CJskipK� M
=

CJx := aK� M
=

CJc0; c1K�
M
=

CJif b then c0 else c1K�
M
=

CJwhile b do cK� M
=

<latexit sha1_base64="UxfuYkv/tadd/wFF0/Z3dYK26zE="></latexit>⇢
CJc0K� if BJbK�
CJc1K� otherwise

<latexit sha1_base64="Z9PKtNtvXyw6YC6+gty4DoCD5tk="></latexit>⇢
� if ¬BJbK�
CJwhile b do cK(CJcK�) otherwise

almost…
not well-founded recursion!

how do we know one solution exists? how do we know it is unique?

<latexit sha1_base64="gigcBOA4e4130TW0gWX6zVIBEso="></latexit>

CJ·K : Com ! M ! M [ {?}



2929

The general problem
<latexit sha1_base64="zMaPLTYIkoRbXc2UOeX16LKVVwI="></latexit>

f : D ! D

<latexit sha1_base64="YXnL3Tw38XxC9LGU5lTotGpgG6E="></latexit>

a fixed point of f is d 2 D such that d = f(d)

<latexit sha1_base64="O20vmE5uQfWD4zWb58AG3StQvrU="></latexit>

let Ff
M
= {d 2 D | d = f(d)} ✓ D

<latexit sha1_base64="JS9bzjeiBGqXYhArqdPoiujlp8Q=">AAADRnicbVJNb9NAEF27fBTzlcKRy4gEqUioSooECAlRgYQ4Fom0leIoWq/Hyaj22tldNwTLZ67wr/gL/AluiAMXxm6oaNM9Pb35eDNvNipSsq7f/+H5G1euXru+eSO4eev2nbudrXsHNi+NwqHK09wcRdJiShqHjlyKR4VBmUUpHkbHb5v44QkaS7n+6JYFjjM51ZSQko6pSedPqHPSMWoXVKFNwM0MIsxLtE3cvgzCCKekK3 KY0Wesg7BBUHKJgcWM1AxmyyJ3M7RoofdukoQa5xCeSKOZJT3tvT6tCSi5PP4ElNSwQOAtUDmQwBskaAzGwEzGs0EvzCRnuyqhT/V28hhC0sDNzppLHf9ro/KsKB2u1TS5qOOzVepJp9vf6bcP1sFgBbpi9fYnW97TMM5V2YykUmntaNAv3LiSxpFKG3NKi4VUx3KKI4ZaZmjHVXulGh6VVrocCjaOUmhJ/L+ikpm1yyzizGZwezHWkJfFRqVLXowr0s3WWjVCjlJshawyxOdHiMmgc7KZHIG9U9JI59AQSKWYLPk/nBO0LpNmaWJeSuOCPc3Y4iqM+TLzumqtNZhWYVRSGjNqT+oMST1l7TBnVahe1XUdsM2Di6aug4PdncGznf6H3e7em5Xhm+KBeCi2xUA8F3vivdgXQ6E86X3xvnrf/O/+T/+X//s01fdWNffFubch/gL1fQ9b</latexit>

three questions:

• under which hypotheses Ff 6= ??

• if Ff 6= ?, can we select a preferred element fix (f) 2 Ff?

• and can we compute fix (f)?
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Example
<latexit sha1_base64="o/vy2s65ouYDjonEB6k7uhRYZoQ="></latexit>

D = N
<latexit sha1_base64="vx/ii1Zq2vXhZxGuegQkWPc/1mg="></latexit>

f(n)
M
= n+ 1

<latexit sha1_base64="giKA6TKPLNaGhQKUdRZpQ01HnyI="></latexit>?
<latexit sha1_base64="RjZifFFiANz0iFgkSINJuvGnYbQ="></latexit>

f(n)
M
= n/2

<latexit sha1_base64="A9Ljkw7q8VWJVGKhH2onIcjIVPY="></latexit>

Ff

<latexit sha1_base64="wZaQhF+kARt9BTVKdUr01Ady7dY="></latexit>

{0}
<latexit sha1_base64="SmzygscBFmxFTxmp2Yu5hgIqq/I="></latexit>

{2, 4}
<latexit sha1_base64="qCsHYCAo5GDQyuDNUtsej1q+Pvo="></latexit>

f(n)
M
= n2 � 5n+ 8

<latexit sha1_base64="0hwm7qMzQBKT8IWVsAf4S1XcagY="></latexit>

f(n)
M
= n%5

<latexit sha1_base64="IEcd7WqjpLJ3+H2wMq5cBmkSWC4="></latexit>

{0, 1, 2, 3, 4}
<latexit sha1_base64="n9eS/epxiTB6ls7NZQjHazvrPuI="></latexit>

f(n)
M
=

X

i2div(n)

i

<latexit sha1_base64="9BO3iKK+RWkwYwXN/6H2Ti6OJnk="></latexit>

where div(x)
M
= {1} [ {d | 1 < d < x, x%d = 0}

<latexit sha1_base64="nV+fRXexSdoq0514pOiKiApBwmc="></latexit>

{6, 28, 496, ...} perfect numbers

<latexit sha1_base64="cu/x6bRBz5zcPKiALWiOJ+OSHfE="></latexit>

fix (f)

<latexit sha1_base64="DvfEXh6Mdv/4qUxbX62W0ZvnC3I="></latexit>

0

<latexit sha1_base64="x949BaKzVJUKrm+Sns+jhF/9jiY="></latexit>

2

<latexit sha1_base64="DvfEXh6Mdv/4qUxbX62W0ZvnC3I="></latexit>

0

<latexit sha1_base64="rie1Yv3fakOCZ4EBF9DqoWng6Sw="></latexit>

6
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Example
<latexit sha1_base64="A9Ljkw7q8VWJVGKhH2onIcjIVPY="></latexit>

Ff
<latexit sha1_base64="UqaeS460mo9ZGNkKglUIazGA470="></latexit>

D = }(N)
<latexit sha1_base64="8782vGUcBug7ZCQ4lqLTR+L0z2U="></latexit>

f(S)
M
= S \ {1}

<latexit sha1_base64="CQqLbEC46Nno7nMhZqZVhNucj8Y="></latexit>

{? , {1} }

<latexit sha1_base64="iSEtHD2z6x3gwj+osSmWBORcMo4="></latexit>

f(S)
M
= N \ S <latexit sha1_base64="giKA6TKPLNaGhQKUdRZpQ01HnyI="></latexit>?

<latexit sha1_base64="gGavZXtEvd84HDNNwLxkTYhK0fQ="></latexit>

f(S)
M
= S [ {1}

<latexit sha1_base64="pDvST57kpAbHe+DXsykQxg+Z5pU="></latexit>

{T | 1 2 T}

<latexit sha1_base64="cu/x6bRBz5zcPKiALWiOJ+OSHfE="></latexit>

fix (f)

<latexit sha1_base64="giKA6TKPLNaGhQKUdRZpQ01HnyI="></latexit>?

<latexit sha1_base64="fqmMQxYeKhcOqkOMCx3/9Kb45Rk="></latexit>

{1}

<latexit sha1_base64="gLW4pajymkEGZif92HXQr642AHI="></latexit>

f(S)
M
= {n | 9m 2 S, n  m}

<latexit sha1_base64="3QXByOqH+HqIDLyfFQvWn9gARWo="></latexit>

{[0, k] | k 2 N} [ {?,N} <latexit sha1_base64="giKA6TKPLNaGhQKUdRZpQ01HnyI="></latexit>?
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Ingredients

a partial order (to compare elements)

order preserving functions

iterative approximations

a base case

a limit solution


