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Building models

Conceptualise your system as a Markov chain

Construct your Markov chain (infinitesimal generator matrix)

Solve your equations to derive quantitative information
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Building models

Conceptualise your system as a Markov chain

Construct your Markov chain (infinitesimal generator matrix)

Solve your equations to derive quantitative information

Monolithic approach: not suitable for complex systems
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PEPA project
the PEPA project started in Edinburgh in 1991
motivated by the performance analysis
of large computer and communication systems
exploit interplay between Process Algebras and CTMC

Process Algebras (PA): 
compositional description of complex systems, 
formal reasoning (for correctness)

CTMC:
numerical analysis

compositional construction of CTMC
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PEPA meets  CTMC
mutual influencePA CTMC

interaction designed around CTMC

design of independent components

add rates to labels cooperation between components

ease of construction

reusable sub-models

easy to understand models

space reduction techniques

functional verification

explicit interaction

quantitative measures

probabilistic model checking

actions have durations

probabilistic branching

quantitative logics
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Formal models

Introduction Compositionality: Interaction and Independence Applications and Acceptance Conclusions

Qualitative Analysis

I The labelled transition system underlying a process algebra
model can be used for functional verification e.g.: reachability
analysis, specification matching and model checking.

Will the system arrive
in a particular state?
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Jane Hillston. LFCS, University of Edinburgh.

Process Algebras for Quantitative Analysis

vsqualitative quantitative

reachability:
will the system arrive to a 
particular state?

how long will it take 
the system to arrive to a 
particular state?

(taken from Jane Hillston’s slides)
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Formal models

Introduction Compositionality: Interaction and Independence Applications and Acceptance Conclusions

Qualitative Analysis

I The labelled transition system underlying a process algebra
model can be used for functional verification e.g.: reachability
analysis, specification matching and model checking.

Will the system arrive
in a particular state?

e ee e e ehee e
- - -

?
�
��✓

��✓

-

��✓

Does system behaviour
match its specification?

e
e e e

e
-

6

-

?

�

�
�✓

⌘?
e ee e e eee e
- - -

?
�
��✓

��✓

-

��✓

Does a given property �
hold within the system?

� ⇣
⇣

⇣
⇣

⇣
⇣

⇣
⇣

P
P

P
P

P
P

P
P

e ee e e eee e
- - -

?
�
��✓

��✓

-

��✓

Jane Hillston. LFCS, University of Edinburgh.

Process Algebras for Quantitative Analysis

vsqualitative quantitative

conformance:
does system behaviour 
match its specification?

how likely is that
system behaviour will
match its specification?
does the frequency profile
of the system match
that of its specification?

Introduction Compositionality: Interaction and Independence Applications and Acceptance Conclusions

Integrated analysis

I Qualitative verification can now be complemented by
quantitative verification:

Reachability analysis

Specification matching

Model checking

How long will it take
for the system to arrive
in a particular state?

e ee e e ehee e
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With what probability
does system behaviour
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Does the “frequency
profile” of the

system match that
of the specification?
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with a given probability?
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Jane Hillston. LFCS, University of Edinburgh.

Process Algebras for Quantitative Analysis

(taken from Jane Hillston’s slides)
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Formal models

Introduction Compositionality: Interaction and Independence Applications and Acceptance Conclusions

Qualitative Analysis

I The labelled transition system underlying a process algebra
model can be used for functional verification e.g.: reachability
analysis, specification matching and model checking.
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Jane Hillston. LFCS, University of Edinburgh.

Process Algebras for Quantitative Analysis

vsqualitative quantitative

verification:
does a given property
hold within the system?

Does a given property
hold within the system
with a given probability?

How long is it until
a given probability hold?

(taken from Jane Hillston’s slides)
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PEPA workflow
Introduction Compositionality: Interaction and Independence Applications and Acceptance Conclusions

Performance Modelling using CTMC

SYSTEM MARKOV Q = 

.....
.....

.....
.....

.....

..........
.....

PROCESS

..... .....

DIAGRAM
TRANSITION

STATE

e.g. throughput, response time, utilisation

= EQUILIBRIUM PROBABILITY
DISTRIBUTIONp , p , p ,  , pN21 3

PERFORMANCE MEASURES

Jane Hillston. LFCS, University of Edinburgh.

Process Algebras for Quantitative Analysis

(taken from Jane Hillston’s slides)

Introduction Compositionality: Interaction and Independence Applications and Acceptance Conclusions

Process Algebra

I Models consist of agents which engage in actions.

↵.P
�

��*
H

HHY

action type
or name

agent/
component

I The structured operational (interleaving) semantics of the
language is used to generate a labelled transition system.

Process algebra model Labelled transition system-
SOS rules

Jane Hillston. LFCS, University of Edinburgh.

Process Algebras for Quantitative Analysis

Introduction Compositionality: Interaction and Independence Applications and Acceptance Conclusions

Performance Evaluation Process Algebra

I Models are constructed from components which engage in
activities.

(↵, r).P
�

��*
6 H

HHY

action type
or name

activity rate
(parameter of an

exponential distribution)

component/
derivative

I The language is used to generate a CTMC for performance
modelling.

PEPA
MODEL

LABELLED
TRANSITION

SYSTEM
CTMC Q- -

SOS rules state transition

diagram

Jane Hillston. LFCS, University of Edinburgh.

Process Algebras for Quantitative Analysis
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Communication style
PEPA parallel composition is based on Hoare’s CSP

CCS-style CSP-style

actions and co-actions no i/o distinction
binary synchronisation multiple cooperation
conjugate sync shared name sync

result in a silent action result in the same name

restriction hiding

parallel composition cooperation combinator

one operator parametric operator
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CSP cooperation combinator
P ⇤�

L
Q

<latexit sha1_base64="a71hWZdsxj0VlI3Di/Pc0PQ1z8Y="></latexit>

cooperation set

interleaving

P1
↵�! Q1 P2

↵�! Q2 ↵ 2 L

P1 ⇤�
L

P2
↵�! Q1 ⇤�

L
Q2

<latexit sha1_base64="LmRt3GphQXBOTRRZrjQQzfjoE6Y="></latexit>

P1
↵�! Q1 ↵ 62 L

P1 ⇤�
L

P2
↵�! Q1 ⇤�

L
P2

<latexit sha1_base64="Fxwytj1c4ygFEMkpGZuKvRnU9cE="></latexit>

P2
↵�! Q2 ↵ 62 L

P1 ⇤�
L

P2
↵�! P1 ⇤�

L
Q2

<latexit sha1_base64="voJGXJXbopvgNek3mUEcogezyiU="></latexit>

cooperation

P k Q , P ⇤�
;
Q

<latexit sha1_base64="IwipI/Ui39n2kxpAabjEgrI6i60="></latexit>

pure interleaving



PEPA
syntax and semantics

13
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PEPA syntax
P,Q ::= nil

| (↵, r).P

| P +Q

| P ⇤�
L

Q

| P/L

| C

<latexit sha1_base64="As0y3lXEdu0c0DvIGgdqABCl0vQ="></latexit>

inactive process
action prefix
choice
cooperation combinator
hiding

process constant

↵ 2 ⇤

<latexit sha1_base64="QD3PQD3YYCSyU9m7U/sRx9iHtKU="></latexit>

L ✓ ⇤

<latexit sha1_base64="//euJgJhPoXj2f/fD69zQn07Yg4="></latexit>

� = {Ci , Pi}i2I

<latexit sha1_base64="kfaKGlB4hD0GARW13pLLZs4DNNs="></latexit>

action

set of actions

set of process declarations
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PEPA LTS

a process
in its current
state

ongoing interaction
with the environment
(with other processes)
and its rate

the process
state after the
interaction

small-step semantics

P
(↵,r)���! Q

<latexit sha1_base64="DqJQK00+xgEIjjJkDfGdCxOutpw="></latexit>
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PEPA semantics (basics)
(↵, r).P

(↵,r)���! P

<latexit sha1_base64="LbsZ7ThFV1jQuA62lkk89TyhjCA="></latexit>

P2
(↵,r)���! Q

P1 + P2
(↵,r)���! Q

<latexit sha1_base64="yBvi1BGmRBAXlj9b4S/dCXClinQ="></latexit>

P1
(↵,r)���! Q

P1 + P2
(↵,r)���! Q

<latexit sha1_base64="dPGiUCf+FXYX8X5fWut1M8BsQ/U="></latexit>

C , P 2 � P
(↵,r)���! Q

C
(↵,r)���! Q

<latexit sha1_base64="S7GH6cnNSvSV5F+lZnWcBQfCsxI="></latexit>
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Example

Browser , (display ,�1).(cache,m).Browser
+ (display ,�2).(get , g).(download ,>).(rel , r).Browser

<latexit sha1_base64="+8WU/VPfTcDHS/V9ZiDSouPYc1s="></latexit>

Server , (get ,>).(download , µ).(rel ,>).Server

<latexit sha1_base64="wZAOR96PgpeeTEUGvoY2d6RXzyI="></latexit>

extremely high rate
cannot influence the overall rate
of interacting components

a local choice

<latexit sha1_base64="+I713d1TjHClbHGhCkereUAjbJs="></latexit>

taken with probability �i
�1+�2

<latexit sha1_base64="sFDY5VKgaaRlJhqtUxGlLq24lTM="></latexit>
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Hiding and interleaving

P1
(↵,r)���! Q1 ↵ 62 L

P1 ⇤�
L

P2
(↵,r)���! Q1 ⇤�

L
P2

<latexit sha1_base64="OHbu05y32ydkJaD5dPF07UMmydE="></latexit>

P2
(↵,r)���! Q2 ↵ 62 L

P1 ⇤�
L

P2
(↵,r)���! P1 ⇤�

L
Q2

<latexit sha1_base64="OCFgQ9ROLxMbKl2aKIIVIUZAVRs="></latexit>

P
(↵,r)���! Q ↵ 62 L

P/L
(↵,r)���! Q/L

<latexit sha1_base64="jIrW8wEOFDcw87GmkMHqdog0Zsg="></latexit>

P
(↵,r)���! Q ↵ 2 L

P/L
(⌧,r)���! Q/L

<latexit sha1_base64="30MZfB1gYjn5pKJz3p4U4wvud1Q="></latexit>
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Cooperation
P1

(↵,r1)����! Q1 P2
(↵,r2)����! Q2 ↵ 2 L

P1 ⇤�
L

P2
(↵,r)���! Q1 ⇤�

L
Q2

<latexit sha1_base64="8gj9NFpJHiRQMzP2/NQK1kSJz4c="></latexit>

which rate should we put here?
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Multiway synchronizationMultiway Synchronisation

F
def

= (fork , rf ).(join, rj).F
0

W1

def

= (fork , rf1 ).(doWork1 , r1 ).W
0
1

W2

def

= (fork , rf2 ).(doWork2 , r2 ).W
0
2

F 0 def

= . . . , W 0
1

def

= . . . , W 0
2

def

= . . .

System
def

=
�
F BC

{fork}
W1

� BC
{fork}

W2

F
(fork,rf )����! (join, rj)F

0
W1

(fork,rf1 )�����! (doWork1 , r1 ).W 0
1

F BC
{fork}

W1

(fork,r 0)����! (join, rj).F 0 BC
{fork}

(doWork1 , r1 ).W 0
1
⌘ LHS

LHS W2

(fork,rf2 )�����! (doWork2 , r2 ).W 0
2

F BC
{fork}

W1
BC
{fork}

W2

(fork,r 00)�����! (join, rj).F 0 BC
{fork}

(doWork1 , r1 )W 0
1
BC
{fork}

(doWork2 , r2 ).W 0
2

Tribastone (IFI LMU) Performance Modelling of Computer Systems SPA 20 / 44

(taken from Mirco Tribastone’s slides)
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Exclusive cooperationOther Communication Patterns

Premium
def

= (dwn, rp).Premium0

Basic
def

= (dwn, rb).Basic
0

S
def

= (dwn, rs).S
0

. . .

System
def

= (Premium k Basic) BC
L
S ,

L = {dwn}

P
(↵,r)���! P

0

P BC
L

Q
(↵,r)���! P 0 BC

L
Q

, ↵ 62 L

Q
(↵,r)���! Q

0

P BC
L

Q
(↵,r)���! P BC

L
Q 0

, ↵ 62 L

P
(↵,r1)���! P

0
Q

(↵,r2)���! Q
0

P BC
L

Q
(↵,R)���! P 0 BC

L
Q 0

, ↵ 2 L

R =
r1

r↵(P)
r2

r↵(Q)
min (r↵(P), r↵(Q))

Premium
(dwn,rp)�����! Premium0

Premium k Basic
(dwn,rp)�����! Premium0 k Basic S

(dwn,rs )�����! S 0

Premium k Basic BC
L

S
(dwn,rps )�����! Premium0 k Basic BC

L

S 0

System
(dwn,rps )�����! Premium0 k Basic BC

L

S 0

Basic
(dwn,rb)�����! Basic 0

Premium k Basic
(dwn,rb)�����! Premium k Basic 0 S

(dwn,rs )�����! S 0

Premium k Basic BC
L

S
(dwn,rbs )�����! Premium k Basic 0 BC

L

S 0

System
(dwn,rbs )�����! Premium k Basic 0 BC

L

S 0

System

Premium0 k Basic BC
L

S 0 Premium k Basic 0 BC
L

S 0

(dwn, rps) (dwn, rbs)

Tribastone (IFI LMU) Performance Modelling of Computer Systems SPA 21 / 44

Other Communication Patterns

Premium
def

= (dwn, rp).Premium0

Basic
def

= (dwn, rb).Basic
0

S
def

= (dwn, rs).S
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. . .

System
def
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P
(↵,r)���! P
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L

Q
(↵,r)���! P 0 BC

L
Q
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Q
(↵,r)���! Q

0

P BC
L

Q
(↵,r)���! P BC

L
Q 0

, ↵ 62 L

P
(↵,r1)���! P

0
Q

(↵,r2)���! Q
0

P BC
L

Q
(↵,R)���! P 0 BC

L
Q 0

, ↵ 2 L

R =
r1

r↵(P)
r2

r↵(Q)
min (r↵(P), r↵(Q))

Premium
(dwn,rp)�����! Premium0

Premium k Basic
(dwn,rp)�����! Premium0 k Basic S

(dwn,rs )�����! S 0

Premium k Basic BC
L

S
(dwn,rps )�����! Premium0 k Basic BC

L

S 0

System
(dwn,rps )�����! Premium0 k Basic BC

L

S 0

Basic
(dwn,rb)�����! Basic 0

Premium k Basic
(dwn,rb)�����! Premium k Basic 0 S

(dwn,rs )�����! S 0

Premium k Basic BC
L

S
(dwn,rbs )�����! Premium k Basic 0 BC

L

S 0

System
(dwn,rbs )�����! Premium k Basic 0 BC

L

S 0

System

Premium0 k Basic BC
L

S 0 Premium k Basic 0 BC
L

S 0

(dwn, rps) (dwn, rbs)

Tribastone (IFI LMU) Performance Modelling of Computer Systems SPA 21 / 44
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Which rate for sync?Introduction Compositionality: Interaction and Independence Applications and Acceptance Conclusions

Timed synchronisation

I The issue of what it means for two timed activities to
synchronise is a vexed one....

P1
r1
s 1

P2
r2
s 2

r1
s 1

r2
s 2

s = max(s  , s  )1 2

s is no longer exponentially distributed

Jane Hillston. LFCS, University of Edinburgh.

Process Algebras for Quantitative Analysis

Introduction Compositionality: Interaction and Independence Applications and Acceptance Conclusions

Timed synchronisation

I The issue of what it means for two timed activities to
synchronise is a vexed one....

P1
r1
s 1

P2
r2
s 2

r1
s 1

r2
s 2

r = r  x r1 2

TIPP: new rate is product of individual rates

Jane Hillston. LFCS, University of Edinburgh.

Process Algebras for Quantitative Analysis

Introduction Compositionality: Interaction and Independence Applications and Acceptance Conclusions

Timed synchronisation

I The issue of what it means for two timed activities to
synchronise is a vexed one....

P1
r  =?1

P2
r2
s 2

r2
s 2

r = r 2

r  =?1

EMPA: one participant is passive

Jane Hillston. LFCS, University of Edinburgh.

Process Algebras for Quantitative Analysis

Introduction Compositionality: Interaction and Independence Applications and Acceptance Conclusions

Timed synchronisation

I The issue of what it means for two timed activities to
synchronise is a vexed one....

P1
r1
s 1

P2
r2
s 2

r1
s 1

r2
s 2

1 2r = min(r  , r  )

bounded capacity: new rate is the minimum of the rates

Jane Hillston. LFCS, University of Edinburgh.

Process Algebras for Quantitative Analysis

stochastic PA differ for the treatment of
rates of synchronised actions

(taken from Jane Hillston’s slides)

PEPA’s approach
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PEPA: bounded capacity
Each component has a bounded capacity to carry out 
activities of some type, determined by the apparent rate 
for that type

cooperation cannot make a component exceed its bounded 
capacity

thus the apparent rate of a cooperation is the minimum of the 
apparent rates of the co-operands 
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PEPA: apparent rates
No component can be made to carry out an action in
cooperation faster than its own defined rate for the actions

thus shared actions proceed at the minimum of the rates in
the participating components

the apparent rates of independent actions is instead the sum 
of their rates within independent concurrent components
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PEPA: apparent rate
r↵(P ) is the observed rate of action ↵ in P

<latexit sha1_base64="l5HsZJrSwjoZTi341m+UJKwUnG8="></latexit>

P
(↵,r1)

}}

(↵,rn)

!!
Q1 · · · Qn

<latexit sha1_base64="fePtLy8A4j3Oi//YMe2ND1/2h2I="></latexit>

r↵(P ) = r1 + · · ·+ rn

<latexit sha1_base64="9oBnmuSQyPuPR+Jj3HtL3Sks48o="></latexit>
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r↵(P ) is the observed rate of action ↵ in P

<latexit sha1_base64="l5HsZJrSwjoZTi341m+UJKwUnG8="></latexit>

r↵(nil) , 0

<latexit sha1_base64="kiIEWy9lcpDLznYK1/gVDE9NSk0="></latexit>

r↵((�, r).P ) ,
⇢

r if ↵ = �
0 if ↵ 6= �

<latexit sha1_base64="G6sSF06zp2hLpIX/kswXcAsQGAo="></latexit>

r↵(P/L) ,
⇢

r↵(P ) if ↵ 62 L
0 if ↵ 2 L

<latexit sha1_base64="2MfjXdErL2G5jX/VdxjGr9Yq9Ww="></latexit>

r↵(P ⇤�
L

Q) ,
⇢

r↵(P ) + r↵(Q) if ↵ 62 L
min {r↵(P ), r↵(Q)} if ↵ 2 L

<latexit sha1_base64="aKpDulSNW1PQepdzp9V8F1oKt5Q="></latexit>

r↵(C) , r↵(P ) if C , P 2 �

<latexit sha1_base64="R/LZ0gryu3cflZ0SKyR/A0AJnx4="></latexit>

r↵(P +Q) , r↵(P ) + r↵(Q)

<latexit sha1_base64="M5xGsHvQj1YfT3KItmvTMzAlCDY="></latexit>

(+ is not idempotent!)

actions are 
interleaved

the slowest must
be waited for

PEPA: apparent rate
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Cooperation
P1

(↵,r1)����! Q1 P2
(↵,r2)����! Q2 ↵ 2 L

P1 ⇤�
L

P2
(↵,r)���! Q1 ⇤�

L
Q2

<latexit sha1_base64="8gj9NFpJHiRQMzP2/NQK1kSJz4c="></latexit>

r = r↵(P1 ⇤�
L

P2) ·
r1

r↵(P1)
· r2
r↵(P2)

<latexit sha1_base64="cFJoDK0IYO3PcM+mae/pvUGpCf8="></latexit>

probability of specific action (↵, ri)

<latexit sha1_base64="p/QE9ocDwPnDrot/o48ZVmIFWfw="></latexit>

among the ↵-transitions of Pi

<latexit sha1_base64="tI8foEHXycyOMmhk0p2ML0VjS4w="></latexit>

apparent rate

<latexit sha1_base64="BiqViP73pd2b/AJ4GMeTVBxT/P8=">AAAC6nicbVHNbtNAEN6YvxJ+mtIjl4UEiQNEcYUEiEsBIXEMKmkrZa1ovJ4kq+7a1u64xLL8EtwQBy4c4Cl4Dt6GdTASaTMrrUbzze/3xblWjkaj353gytVr12/s3Ozeun3n7m5v796xyworcSIzndnTGBxqleKEFGk8zS2CiTWexGdvG/zkHK1TWfqRyhwjA4tUzZUE8qFZb78Sbs4hz8FiStwCYT3r9UfD0dr4ZSdsnT5rbT zb6/wSSSYL41tIDc5Nw1FOUQWWlNRYd0XhMAd5BgucejcFgy6q1tvX/FHhgDKeo+VK83UQ/6+owDhXmthnGqClu4g1wW3YtKD5i6hSaV4QprIZRErjepCTVnlakCfKIhE0myNXKZfgKSC0ioOUPlh4njYGas/Qyq+zdRtHBmxpk62gh86zjcoE5+KoEibOVpXQYBfIB8IuE/Fg/fQyGdQ+m4/fjV93RYqfZGYMpInXrPQHTcOoEhaUw6bBUy8MrupqIF4JR36mRV2Jo9on+2Nzan8qPQX9sBZPmt7/mnvJw4sCX3aOD4bhs+HLDwf9wzet+DvsPnvIHrOQPWeH7D0bswmTrGTf2A/2M9DB5+BL8PVvatBpa/bZhgXf/wCVeuxT</latexit>

the sum of the rates of all the

<latexit sha1_base64="5S1Og8zFKF4af95DXVBfgapqnJ4=">AAAC/HicbVHLbtNAFJ2YVwmvFJZsBpJKLCCKKyRasSkgJJZBJW2ljBVdj2+SUWdsa+a6xLLMD/Ab7BALNixgwXfwN4zTIJE215J15r7vOXGulaPB4E8ruHL12vUbWzfbt27fuXuvs33/yGWFlTiSmc7sSQwOtUpxRIo0nuQWwcQaj+PTN038+AytU1n6gcocIwOzVE2VBPKuSWenEm7KaY7cFYZn59ACoWseoHXjqCed7qA/WB q/DMIV6LKVDSfbrd8iyWRhMCWpwblxOMgpqsCSkhrrtigc5iBPYYZjD1Mw6KJqeU/NdwoHlPEcLVeaL534f0UFxrnSxD7TAM3dxVjj3BQbFzTdiyqV5gVhKptBpDQuBzlplScKeaIsEkGzOXKVcgmeDkKrOEjpnYVnbm2g9mwt/Dobt3FkwJY22Rj0obNsrTLBqTishImzRSU02BnynrDzRDxafnqe9GqfzYdvh6/aIsWPMjMG0sSrWPqDxmFUCQvKYdPgmRcGF3XVEy+FIz/Toq7EYe2T/bE5rf5Uegq6YS2eNr3/NfeShxcFvgyOdvvh8/7++93uweuV+FvsIXvMnrCQvWAH7B0bshGT7DP7zn6yX8Gn4EvwNfh2nhq0VjUP2JoFP/4CL8/y2g==</latexit>

↵-transitions that P1 ⇤�
L

P2 can do

<latexit sha1_base64="nRf6k2rPFLLxukZJ3MNUzj9qJYA=">AAADDnicbVHLbtNAFJ2YVwmPprBkMxAjsaBVHCEVxKaAkFiwMCppK2Wi6GZ8k4w6Hlsz1yWR5X/gB/gNdqgLNizgA/gbxiZIpM0daXR0z32fSa6Vo17vdyu4cvXa9RtbN9u3bt+5u93ZuXfkssJKHMhMZ/ZkAg61MjggRRpPcouQTjQeT07f1PzxGVqnMvORljmOUpgZNVUSyLvGnf1SuCkPBeh8DuEuWTBO1ZTjNAfiYTyOhF saWb6v4nE/5BIMT7Jq3On29nqN8csgWoEuW1k83mmdiySTRYqGpAbnhlEvp1EJlpTUWLVF4TAHeQozHHpoIEU3KpsNK/64cEAZz9FypXnjxP8zSkidW6YTH5kCzd1FrnZu4oYFTZ+PSmXygtDIuhEpjU0jJ63yp0OeKItEUE+OXBl/AgtEaBUHKb2z8Ldca6iBcOHH2TiNoxTs0iYbSU+dZWuZCU7FYSnSSbYohQY7Q6+WnSfiYfP0PAkrH83jt/GrtjD4SWZpCiYpG9WqYTQqhQXlsC6w64XBRVWG4qVw5Hta1KU4rHywXzan1U9Lf4JuVImnde1/xb3k0UWBL4Oj/l70bO/Fh3734PVK/C32gD1iT1jE9tkBe8diNmCSfWHf2U/2K/gcfA2+Bed/Q4PWKuc+W7Pgxx86qPnF</latexit>
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Cooperation: exampleExamples

For r1, r2 positive reals,

(↵, r1).P1

(↵,r1)���! P1 (↵, r2).P2

(↵,r2)���! P2

(↵, r1).P1
BC
{↵}

(↵, r2).P2

(↵,R)���! P1
BC
{↵}

P2

,

where

R =
r1

r↵
�
(↵, r1).P1

� r2
r↵
�
(↵, r2).P2

� min
⇣
r↵
�
(↵, r1).P1

�
, r↵

�
(↵, r2).P2

�⌘

=
r1
r1

r2
r2

min(r1, r2) = min(r1, r2).

We recover the intuitive definition of the minimum between the two rates.

Tribastone (IFI LMU) Performance Modelling of Computer Systems SPA 25 / 44

(taken from Mirco Tribastone’s slides)



2929

Cooperation: example

(taken from Mirco Tribastone’s slides)

Examples

For r a positive real,

(↵, r).P1

(↵,r)���! P1 (↵,>).P2

(↵,>)���! P2

(↵, r).P1
BC
{↵}

(↵,>).P2

(↵,R)���! P1
BC
{↵}

P2

,

where

R =
r

r↵
�
(↵, r).P1

� >
r↵
�
(↵,>).P2

� min
⇣
r↵
�
(↵, r).P1

�
, r↵

�
(↵,>).P2

�⌘

=
r

r

>
> min(r ,>) = r .

We recover the intuitive definition of infinite capacity — the rate of
synchronisation is determined by the active component.

Tribastone (IFI LMU) Performance Modelling of Computer Systems SPA 26 / 44
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Apparent rates in active cooperation

(taken from Mirco Tribastone’s slides)

Apparent Rates in Active Cooperation

Cli
def

= (↵, rd).Cli
0

Ser
def

= (↵, ru).Ser
0

Sys
def

= (Cli k Cli) BC
{↵}

Ser

(↵, rd).Cli 0
(↵,rd )���! Cli 0

Cli
(↵,rd )���! Cli 0

Cli k Cli
(↵,rd )���! Cli 0 k Cli

(↵, ru).Ser 0
(↵,ru)���! Ser 0

Ser
(↵,ru)���! Ser 0

Cli k Cli BC
{↵}

Ser
(↵,R0)����! Cli 0 k Cli BC

{↵}
Ser 0

,

R 0 =
rd

rd + rd

ru
ru

min(rd + rd , ru) =
1

2
min(rd + rd , ru)

Tribastone (IFI LMU) Performance Modelling of Computer Systems SPA 31 / 44
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Apparent rates in active cooperation

(taken from Mirco Tribastone’s slides)

Apparent Rates in Active Cooperation

Cli
def

= (↵, rd).Cli
0

Ser
def

= (↵, ru).Ser
0

Sys
def

= (Cli k Cli) BC
{↵}

Ser

(↵, rd).Cli 0
(↵,rd )���! Cli 0

Cli
(↵,rd )���! Cli 0

Cli k Cli
(↵,rd )���! Cli 0 k Cli

(↵, ru).Ser 0
(↵,ru)���! Ser 0

Ser
(↵,ru)���! Ser 0

Cli k Cli BC
{↵}

Ser
(↵,R0)����! Cli 0 k Cli BC

{↵}
Ser 0

,

R 0 =
rd

rd + rd

ru
ru

min(rd + rd , ru) =
1

2
min(rd + rd , ru)

Tribastone (IFI LMU) Performance Modelling of Computer Systems SPA 31 / 44

Apparent Rates in Active Cooperation

Cli
def

= (↵, rd).Cli
0

Ser
def

= (↵, ru).Ser
0

Sys
def

= (Cli k Cli) BC
{↵}

Ser

The following derivation tree can also be proven:

(↵, rd).Cli 0
(↵,rd )���! Cli 0

Cli
(↵,rd )���! Cli 0

Cli k Cli
(↵,rd )���! Cli k Cli 0

(↵, ru).Ser 0
(↵,ru)���! Ser 0

Ser
(↵,ru)���! Ser 0

Cli k Cli BC
{↵}

Ser
(↵,R00)����! Cli k Cli 0 BC

{↵}
Ser 0

,

R 00 =
rd

rd + rd

ru
ru

min(rd + rd , ru) =
1

2
min(rd + rd , ru) = R 0

Tribastone (IFI LMU) Performance Modelling of Computer Systems SPA 32 / 44
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Apparent rates in active cooperation

(taken from Mirco Tribastone’s slides)

Apparent Rates in Active Cooperation

Cli
def

= (↵, rd).Cli
0

Ser
def

= (↵, ru).Ser
0

Sys
def

= (Cli k Cli) BC
{↵}

Ser

Cli k Cli BC
{↵}

Ser

Cli 0 k Cli BC
{↵}

Ser 0 Cli k Cli 0 BC
{↵}

Ser 0

�
↵, 1/2min(2 rd , ru)

� �
↵, 1/2min(2 rd , ru)

�

Tribastone (IFI LMU) Performance Modelling of Computer Systems SPA 33 / 44
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Careful with that cooperation set

(taken from Jane Hillston’s slides)

Multiway synchronisation

The cooperation sets can make a big di↵erence in the behaviour.

Consider the three PEPA models below and explain who will
participate in ↵ activities when they occur:

⇣
(↵, r).P BC

{↵}
(↵, s).Q

⌘
BC
{↵}

(↵, t).R

((↵, r).P k (↵, s).Q) BC
{↵}

(↵, t).R

⇣
(↵, r).P BC

{↵}
(↵, s).Q

⌘
k (↵, t).R

Jane Hillston School of Informatics The University of Edinburgh Scotland

Performance Modelling — Lecture 12(ish) PEPA Exercises
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Example

Browser , (display ,�1).(cache,m).Browser
+ (display ,�2).(get , g).(download ,>).(rel , r).Browser

<latexit sha1_base64="+8WU/VPfTcDHS/V9ZiDSouPYc1s="></latexit>

Server , (get ,>).(download , µ).(rel ,>).Server

<latexit sha1_base64="wZAOR96PgpeeTEUGvoY2d6RXzyI="></latexit>

S , (get ,>).S1
S1 , (dnd , µ).S2
S2 , (rel ,>).S

<latexit sha1_base64="Vb+Er2hQEk/1r0E7rpYUonWbLE8="></latexit>

B , (dis,�1).B1+ (dis,�2).B2
B1 , (cac,m).B
B2 , (get , g).B3
B3 , (dnd ,>).B4
B4 , (rel , r).B

<latexit sha1_base64="nqRYKLnsFoJuWlLZBa9PWAIOcIc="></latexit>
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Example
S , (get ,>).S1
S1 , (dnd , µ).S2
S2 , (rel ,>).S

<latexit sha1_base64="Vb+Er2hQEk/1r0E7rpYUonWbLE8="></latexit>

B , (dis,�1).B1+ (dis,�2).B2
B1 , (cac,m).B
B2 , (get , g).B3
B3 , (dnd ,>).B4
B4 , (rel , r).B

<latexit sha1_base64="nqRYKLnsFoJuWlLZBa9PWAIOcIc=">AAAESHicfZLNbtNAEMedpLQlfLVw5LKQgIoIUZxGAsSlFCFxDCppK2WjaL2eOKuu12Z3XBJZ+2zceQHEW3BDHJDYmICSNGEtWeOZ+c3M+j9BKoXBVutbqVzZura9s3u9euPmrdt39vbvnpok0xx6PJGJPg+YASkU9FCghPNUA4sDCWfBxZtZ/OwStBGJ+oDTFAYxi5QYCc7QuYb7pZQGEAmVM63Z1OaaS1ulMcOxGeXHljwmFL </latexit>

L = {get , dnd , rel}

<latexit sha1_base64="4lKbogJlVzYcT6s4rCl+uvAcbDo="></latexit>

B ⇤�
L

S

<latexit sha1_base64="wkF0mDWfDugrwPzNI2DcF/Hi9IQ="></latexit>

B ⇤�
L

S
(dis,�1)

11

(dis,�2)

✏✏

B1 ⇤�
L

S
(cac,m)
rr

B2 ⇤�
L

S

(get,g)

✏✏
B3 ⇤�

L
S1

(dnd,µ)

✏✏
B4 ⇤�

L
S2

(rel,r)

@@

<latexit sha1_base64="DSkMtDzBl1agqfq5eMm97scAEmo="></latexit>

independent

shared
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Example
S , (get ,>).S1
S1 , (dnd , µ).S2
S2 , (rel ,>).S

<latexit sha1_base64="Vb+Er2hQEk/1r0E7rpYUonWbLE8="></latexit>

B , (dis,�1).B1+ (dis,�2).B2
B1 , (cac,m).B
B2 , (get , g).B3
B3 , (dnd ,>).B4
B4 , (rel , r).B

<latexit sha1_base64="nqRYKLnsFoJuWlLZBa9PWAIOcIc="></latexit>

(B k B) ⇤�
L

S

<latexit sha1_base64="NoEehl76De+dYLVVa/wkbOt478w="></latexit>

L = {get , dnd , rel}

<latexit sha1_base64="4lKbogJlVzYcT6s4rCl+uvAcbDo="></latexit>

(B k B) ⇤�
L

S
(dis,�2)�����! (B2 k B) ⇤�

L
S

(dis,�2)�����! (B2 k B2) ⇤�
L

S

<latexit sha1_base64="vpCj3NeFR9LRll38xm4COZ9fZd8=">AAAD3HicvVJLb9NAELZrHiW8UjhyWUiQWqlEcVQJEJdShMSBQ1BIWilrovV6kqy6fmh33MZafAMuiCu/jAv/gp/A2g2UtumVWWk1+mbmm9F8E2ZSaOx2f7pr3pWr166v32jcvHX7zt3mxr2RTnPFYchTmaqDkGmQIoEhCpRwkClgcShhPzx8VcX3j0BpkSbvscggiNksEVPBGVpo0vy1SWOGcz01eyXNmGJSgiSn2Bahuki4eV v+BQdlgy6UmM2RKZUemxMGgSYSutym0jaP2KS3VTZOuXv/nbx3Cfuk2ep2urWRi46/dFrO0vqTDfcHjVKex5Agl0zrsd/NMDBMoeAS7Ly5hozxQzaDsXUTFoMOTC1NSR7nmmFKMlBESFKD8G+FYbHWRRzazHrG87EKXBUb5zh9FhiRZDlCwqtGKCTUjTRXwmoOJBIKEFk1ORCREG63hAhKEMa5BXN7BGcaSoawsOOsnEZjzFShopVBGzpKL6kcW2kCsyjsqiKY0oGhcZgujBVTzYC0qZpH9GH95Dxql5aC9F/3XzZoAsc8jWOWRKaWshz7gaGKCQ0VwROrFixK06YvqEbbS4E0dFDaZLuBDJc/FnYvLb+k2xX3H3J7B/551S86o17H3+k8f7fT2t1bXsS688B55Gw6vvPU2XXeOH1n6HB35H50P7tfvA/eJ++r9+0kdc1d1tx3zpj3/TfOaEhp</latexit>

(B2 k B2) ⇤�
L

S
(get,g) //

(get,g)

✏✏

(B3 k B2) ⇤�
L

S1

(B2 k B3) ⇤�
L

S1

<latexit sha1_base64="ybGPcR/4DHpXUs1R4DElogUAXwo="></latexit>

rget(B2) = g

<latexit sha1_base64="y7AVtfyjLAx8WAK4B574fudGDuo="></latexit>

rget(B2 k B2) = 2g

<latexit sha1_base64="+HzWS0jAJ5p3oss4hPjhUSWtJ8A="></latexit>

rget(S) = >

<latexit sha1_base64="a/jqI49gnt50Ipz2Rt2oFpjSYAY="></latexit>

rget((B2 k B2) ⇤�
L

S) = 2g

<latexit sha1_base64="ZnjGMzEzaHMcZPDZYOPdpZIisN8="></latexit>
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Consumer/producer

(taken from Mirco Tribastone’s slides)

Consumer/Producer in PEPA

Cons1
def

= (get, rg ).Cons2

Cons2
def

= (cons, rc).Cons1

Prod1
def

= (make, rm).Prod2

Prod2
def

= (put, rp).Prod1

Buf2
def

= (get,>).Buf1

Buf1
def

= (get,>).Buf0

+ (put,>).Buf2

Buf0
def

= (put,>).Buf1

Sys
def

= Cons1 BC
{get}

Buf2 BC
{put}

Prod1

Possible variants:

A bu↵er with n places:

Bufn
def

= (get,>).Bufn�1

Bufi
def

= (get,>).Bufi�1

+ (put,>).Bufi+1 ,

for 1  i  n � 1

Buf0
def

= (put,>).Buf1

and k consumers:

kz }| {
Cons1 k Cons1 k . . . k Cons1

BC
{get}

Bufn BC
{put}

Prod1

Tribastone (IFI LMU) Performance Modelling of Computer Systems SPA 38 / 44
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Consumer/producer

(taken from Mirco Tribastone’s slides)

Consumer/Producer in PEPA

Cons1
def

= (get, rg ).Cons2 Prod1
def

= (make, rm).Prod2
Cons2

def

= (cons, rc).Cons1 Prod2
def

= (put, rp).Prod1
Buf2

def

= (get,>).Buf1 Buf1
def

= (get,>).Buf0 + (put,>).Buf2
Buf0

def

= (put,>).Buf1 Sys
def

= Cons1 BC
{get}

Buf2 BC
{put}

Prod1

Cons1
(get,rg )����! Cons2 Buf2

(get,>)����! Buf1

Cons1 BC
{get}

Buf2
(get,rg )����! Cons2 BC

{get}
Buf1

Cons1 BC
{get}

Buf2 BC
{put}

Prod1
(get,rg )����! Cons2 BC

{get}
Buf1 BC

{put}
Prod1

Sys
(get,rg )����! Cons2 BC

{get}
Buf1 BC

{put}
Prod1

Can we prove anything else for Sys?
Tribastone (IFI LMU) Performance Modelling of Computer Systems SPA 39 / 44
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Consumer/producer

(taken from Mirco Tribastone’s slides)

Consumer/Producer in PEPA

Cons1
def

= (get, rg ).Cons2 Prod1
def

= (make, rm).Prod2
Cons2

def

= (cons, rc).Cons1 Prod2
def

= (put, rp).Prod1
Buf2

def

= (get,>).Buf1 Buf1
def

= (get,>).Buf0 + (put,>).Buf2
Buf0

def

= (put,>).Buf1 Sys
def

= Cons1 BC
{get}

Buf2 BC
{put}

Prod1

Prod1
(make,rm)������! Prod2

Cons1 BC
{get}

Buf2 BC
{get}

Prod1
(make,rm)������! Cons1 BC

{get}
Buf2 BC

{put}
Prod2

Sys
(make,rm)������! Cons1 BC

{get}
Buf2 BC

{put}
Prod2

Summarising, the following transitions were found:

Sys
(get,rg )����!Cons2 BC

{get}
Buf1 BC

{put}
Prod1

Sys
(make,rm)������!Cons1 BC

{get}
Buf2 BC

{put}
Prod2

Tribastone (IFI LMU) Performance Modelling of Computer Systems SPA 40 / 44



4040

Consumer/producer

(taken from Mirco Tribastone’s slides)

Consumer/Producer in PEPA: Complete Derivation Graph

h1, 2, 1i

h2, 1, 1i h1, 2, 2i

h1, 1, 1i h2, 1, 2i

h2, 0, 1i h1, 1, 2i

h2, 2, 1i

h2, 2, 2i

h1, 0, 1i

h1, 0, 2i

h2, 0, 2i

h2, 0, 2i h1, 2, 1i

(get, rg )

(make, rm)

(cons, rc)

(make, rm)

(get, rg )

(get, rg )
(make, rm)

(cons, rc)

(put, rp)

(cons, rc)

(make, rm)

(cons, rc)

(cons, rc)

(make, rm)

(make, rm)

(put, rp)

(cons, rc)

(put, rp)

(get, rg )

(put, rp)

Tribastone (IFI LMU) Performance Modelling of Computer Systems SPA 43 / 44

Consumer/Producer in PEPA

Cons1
def

= (get, rg ).Cons2 Prod1
def

= (make, rm).Prod2
Cons2

def

= (cons, rc).Cons1 Prod2
def

= (put, rp).Prod1
Buf2

def

= (get,>).Buf1 Buf1
def

= (get,>).Buf0 + (put,>).Buf2
Buf0

def

= (put,>).Buf1 Sys
def

= Cons1 BC
{get}

Buf2 BC
{put}

Prod1

Therefore, we still need to infer transitions for the following processes. . .

Cons1 BC
{get}

Buf2 BC
{put}

Prod2

Cons1 BC
{get}

Buf1 BC
{put}

Prod1

Cons2 BC
{get}

Buf1 BC
{put}

Prod2

. . . and all those that are found along the way.
Notice that the cooperation structure is fixed across all processes. Thus,
we may denote a state by hi , j , ki to indicate Consi BC{get}Bufj BC

{put}
Prodk .

Tribastone (IFI LMU) Performance Modelling of Computer Systems SPA 42 / 44
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Consumer/producer

(taken from Mirco Tribastone’s slides)

Consumer/Producer in PEPA

Cons1
def

= (get, rg ).Cons2 Prod1
def

= (make, rm).Prod2
Cons2

def

= (cons, rc).Cons1 Prod2
def

= (put, rp).Prod1
Buf2

def

= (get,>).Buf1 Buf1
def

= (get,>).Buf0 + (put,>).Buf2
Buf0

def

= (put,>).Buf1 Sys
def

= Cons1 BC
{get}

Buf2 BC
{put}

Prod1

Therefore, we still need to infer transitions for the following processes. . .

Cons1 BC
{get}

Buf2 BC
{put}

Prod2

Cons1 BC
{get}

Buf1 BC
{put}

Prod1

Cons2 BC
{get}

Buf1 BC
{put}

Prod2

. . . and all those that are found along the way.
Notice that the cooperation structure is fixed across all processes. Thus,
we may denote a state by hi , j , ki to indicate Consi BC{get}Bufj BC

{put}
Prodk .
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Consumer/Producer in PEPA: State-Transition Diagram

h1, 2, 1i

h2, 1, 1i h1, 2, 2i

h1, 1, 1i h2, 1, 2i

h2, 0, 1i h1, 1, 2i

h2, 2, 1i

h2, 2, 2i

h1, 0, 1i

h1, 0, 2i

h2, 0, 2i

h2, 0, 2i h1, 2, 1i

rg

rm

rc

rm

rg

rg
rm

rc

rp

rc

rm

rc

rc

rm

rm

rp

rc

rp

rg

rp
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Bus maps

(taken from Jane Hillston’s slides)

A basic PEPA model

Consider the web service previous modelled with GSPN:

A third party app receives requests from users for live bus
positioning information. It sends requests to the the Google Map
API and the TfE Bus Info API and then aggregates the results to
present a map view of the bus data which is returned to the user.

Construct a PEPA model to represent this system.

Jane Hillston School of Informatics The University of Edinburgh Scotland

Performance Modelling — Lecture 12(ish) PEPA Exercises



4343

Bus maps

(taken from Jane Hillston’s slides)

A basic PEPA model

Consider the web service previous modelled with GSPN:

A third party app receives requests from users for live bus
positioning information. It sends requests to the the Google Map
API and the TfE Bus Info API and then aggregates the results to
present a map view of the bus data which is returned to the user.

Construct a PEPA model to represent this system.

Jane Hillston School of Informatics The University of Edinburgh Scotland

Performance Modelling — Lecture 12(ish) PEPA Exercises

PEPA model

User
def
= (bus pos req, r).(bus pos resp,>).User

Map finder
def
= (bus pos req, r).(google req,�1).

(google resp,>).(bus pos resp,>).Map finder

Bus finder
def
= (bus pos req, r).(tfe req,�2).

(tfe resp,>).(bus pos resp,>).Bus finder

Google
def
= (google req,>).(google resp, µ1).Google

TfE
def
= (tfe req,>).(tfe resp, µ2).Tfe

System
def
= User BC

L

⇣
Bus finder BC

L
Map finder) BC

K
(Google k TfE )

⌘

where L = {bus pos req, bus pos resp} and
K = {google req, google resp, (tfe req,>).(tfe resp, µ2)}.

Jane Hillston School of Informatics The University of Edinburgh Scotland

Performance Modelling — Lecture 12(ish) PEPA Exercises
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SPA — From Individuals to Populations

Introduction

Stochastic Process Algebra

A simple example: processors and resources

Proc0
def
= (task1, r1).Proc1

Proc1
def
= (task2, r2).Proc0

Res0
def
= (task1, r3).Res1

Res1
def
= (reset, r4).Res0

Proc0 ⇤�
{task1}

Res0

Proc0 ⇤�
{task1}

Res0

?

(task1, R)

Proc1 ⇤�
{task1}

Res1

�

�
� 

(reset, r4)
@

@
@R

(task2, r2)

Proc1 ⇤�
{task1}

Res0
�

�

�

�

�

�

��(task2, r2)

Proc0 ⇤�
{task1}

Res1
A

A

A

A

A

A

AK (reset, r4)

R = min(r1, r3)

Q =

0

BB@

�R R 0 0
0 �(r2 + r4) r4 r2
r2 0 �r2 0
r4 0 0 �r4

1

CCA

(taken from Jane Hillston’s slides)

(

<latexit sha1_base64="rCLkm2nIuqyexPsC7ip5JGyEnW4="></latexit>

p ·Q = 0

<latexit sha1_base64="/JeOcLdFQx0d7jzg7fx4M6lqp7E=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwVRIpqAuh6MZlC/YBTSiT6W0dOkmGmRuhhIJf4VZX7sStv+LCfzGJWWjrWR3OuZd77vGVFAZt+9MqrayurW+UNytb2zu7e9X9g66JYs2hwyMZ6b7PDEgRQgcFSugrDSzwJfT86U3m9x5AGxGFdzhT4AVsEoqx4AxTyVUuH0VI2/SK2sNqza7bOegycQpSIwVaw+qXO4p4HECIXDJjBo6t0EuYRsElzCtubEAxPmUTGKQ0ZAEYL8kzz+lJbBhGVIGmQtJchN8bCQuMmQV+OhkwvDeLXib+5w1iHF94iQhVjBDy7BAKCfkhw7VIywA6EhoQWZYcqAgpZ5ohghaUcZ6KcdpOJe3DWfx+mXTP6k6jftlu1JrXRTNlckSOySlxyDlpklvSIh3CiSJP5Jm8WI/Wq/Vmvf+Mlqxi55D8gfXxDRHLlRc=</latexit>

NX

i=1

pi = 1

<latexit sha1_base64="jssSl5hYmnEKSrMBIxYsQsMml6Y=">AAACCHicbVC7TsNAEDyHVwgv8+hoTkRIVJGNIgFFpAgaKhQk8pASY50vm3DK+aG7NVKw8gN8BS1UdIiWv6DgX7BNCkiYajSzq50dL5JCo2V9GoWFxaXlleJqaW19Y3PL3N5p6TBWHJo8lKHqeEyDFAE0UaCETqSA+Z6Etje6yPz2PSgtwuAGxxE4PhsGYiA4w1Ryzb2ejn03ETV7cntFI1fQGrVds2xVrBx0nthTUiZTNFzzq9cPeexDgFwyrbu2FaGTMIWCS5iUerGGiPERG0I3pQHzQTtJnn5CD2PNMKQRKCokzUX4vZEwX+ux76WTPsM7Petl4n9eN8bBqZOIIIoRAp4dQiEhP6S5EmktQPtCASLLkgMVAeVMMURQgjLOUzFOeyqlfdiz38+T1nHFrlbOrqvl+vm0mSLZJwfkiNjkhNTJJWmQJuHkgTyRZ/JiPBqvxpvx/jNaMKY7u+QPjI9vi4qYlQ==</latexit>
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Introduction
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1

CCA

Example
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Example
(

<latexit sha1_base64="rCLkm2nIuqyexPsC7ip5JGyEnW4="></latexit>

p ·Q = 0

<latexit sha1_base64="/JeOcLdFQx0d7jzg7fx4M6lqp7E=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwVRIpqAuh6MZlC/YBTSiT6W0dOkmGmRuhhIJf4VZX7sStv+LCfzGJWWjrWR3OuZd77vGVFAZt+9MqrayurW+UNytb2zu7e9X9g66JYs2hwyMZ6b7PDEgRQgcFSugrDSzwJfT86U3m9x5AGxGFdzhT4AVsEoqx4AxTyVUuH0VI2/SK2sNqza7bOegycQpSIwVaw+qXO4p4HECIXDJjBo6t0EuYRsElzCtubEAxPmUTGKQ0ZAEYL8kzz+lJbBhGVIGmQtJchN8bCQuMmQV+OhkwvDeLXib+5w1iHF94iQhVjBDy7BAKCfkhw7VIywA6EhoQWZYcqAgpZ5ohghaUcZ6KcdpOJe3DWfx+mXTP6k6jftlu1JrXRTNlckSOySlxyDlpklvSIh3CiSJP5Jm8WI/Wq/Vmvf+Mlqxi55D8gfXxDRHLlRc=</latexit>

NX

i=1

pi = 1

<latexit sha1_base64="jssSl5hYmnEKSrMBIxYsQsMml6Y=">AAACCHicbVC7TsNAEDyHVwgv8+hoTkRIVJGNIgFFpAgaKhQk8pASY50vm3DK+aG7NVKw8gN8BS1UdIiWv6DgX7BNCkiYajSzq50dL5JCo2V9GoWFxaXlleJqaW19Y3PL3N5p6TBWHJo8lKHqeEyDFAE0UaCETqSA+Z6Etje6yPz2PSgtwuAGxxE4PhsGYiA4w1Ryzb2ejn03ETV7cntFI1fQGrVds2xVrBx0nthTUiZTNFzzq9cPeexDgFwyrbu2FaGTMIWCS5iUerGGiPERG0I3pQHzQTtJnn5CD2PNMKQRKCokzUX4vZEwX+ux76WTPsM7Petl4n9eN8bBqZOIIIoRAp4dQiEhP6S5EmktQPtCASLLkgMVAeVMMURQgjLOUzFOeyqlfdiz38+T1nHFrlbOrqvl+vm0mSLZJwfkiNjkhNTJJWmQJuHkgTyRZ/JiPBqvxpvx/jNaMKY7u+QPjI9vi4qYlQ==</latexit>

SPA — From Individuals to Populations

Introduction

Stochastic Process Algebra

A simple example: processors and resources

Proc0
def
= (task1, r1).Proc1

Proc1
def
= (task2, r2).Proc0

Res0
def
= (task1, r3).Res1

Res1
def
= (reset, r4).Res0

Proc0 ⇤�
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Res0

Proc0 ⇤�
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Res0

?
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Proc1 ⇤�
{task1}

Res1

�

�
� 

(reset, r4)
@

@
@R

(task2, r2)

Proc1 ⇤�
{task1}

Res0
�

�

�

�

�

�

��(task2, r2)

Proc0 ⇤�
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Res1
A

A

A

A

A

A
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R = min(r1, r3)

Q =

0

BB@

�R R 0 0
0 �(r2 + r4) r4 r2
r2 0 �r2 0
r4 0 0 �r4

1

CCA

r1 = 2

<latexit sha1_base64="9hBZZ7yxUcLKHIU6WKnXnf38OM0="></latexit>

r2 = 2

<latexit sha1_base64="h5iyrvAVFX+cw5e3QoQJO1Ltt7E="></latexit>

r3 = 6

<latexit sha1_base64="Ce4gjxOdCOJtzNzHM290TISvY2c="></latexit>

r4 = 8

<latexit sha1_base64="vLxOEfEzAkds098Sd12sBW73nqc="></latexit>

R = min{r1, r3} = 2

<latexit sha1_base64="oF21NHI/RVYlCcvmgs++DsSWSg8="></latexit>

p1 =
20

41

<latexit sha1_base64="OUVToc5PvGrhTQub5fv9P7g9vB4="></latexit>

p2 =
4

41

<latexit sha1_base64="o68qNWqMcxOKtKJGYfBWFob9XYk="></latexit>

p3 =
1

41

<latexit sha1_base64="ezDo5TOtgiPLms6OER/uvc77UsA="></latexit>

p4 =
16

41

<latexit sha1_base64="IFw0i6VUAE9TemW+5gpWIlymWJ0="></latexit>

R = min{r1, r3} = 2

<latexit sha1_base64="oF21NHI/RVYlCcvmgs++DsSWSg8="></latexit>
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Reward structure
C a set of PEPA components

<latexit sha1_base64="FCSkrmJXXu9MvC9Tlb9skwrC+D8="></latexit>

⇢ : C ! R a reward structure

<latexit sha1_base64="YcnKPMCEX65R1q7Agfj2jy3Wk0g="></latexit>

p a steady state distribution

<latexit sha1_base64="+PFNx92uRZoi4IJs1bsxPLT05J8="></latexit>

sometimes rewards are defined in terms of activities

<latexit sha1_base64="+J/Qk4VCn2sJXYj+Rq+Zt+k9/aY="></latexit>

⇢ : L ! R

<latexit sha1_base64="JbMTz1XB5OHo/EyksAM00z5EZkU="></latexit>

⇢(C) =
X

C
(↵,r)���!Q

⇢(↵)

<latexit sha1_base64="Cs5ap/H67cxy4dHSbSCP0cse/1U="></latexit>

R⇢ ,
X

i

pi · ⇢(Ci)

<latexit sha1_base64="xXpon+GH9q5zGs0LuWECwb4Uwd0="></latexit>
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Example: throughput
(

<latexit sha1_base64="rCLkm2nIuqyexPsC7ip5JGyEnW4="></latexit>

p ·Q = 0

<latexit sha1_base64="/JeOcLdFQx0d7jzg7fx4M6lqp7E=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwVRIpqAuh6MZlC/YBTSiT6W0dOkmGmRuhhIJf4VZX7sStv+LCfzGJWWjrWR3OuZd77vGVFAZt+9MqrayurW+UNytb2zu7e9X9g66JYs2hwyMZ6b7PDEgRQgcFSugrDSzwJfT86U3m9x5AGxGFdzhT4AVsEoqx4AxTyVUuH0VI2/SK2sNqza7bOegycQpSIwVaw+qXO4p4HECIXDJjBo6t0EuYRsElzCtubEAxPmUTGKQ0ZAEYL8kzz+lJbBhGVIGmQtJchN8bCQuMmQV+OhkwvDeLXib+5w1iHF94iQhVjBDy7BAKCfkhw7VIywA6EhoQWZYcqAgpZ5ohghaUcZ6KcdpOJe3DWfx+mXTP6k6jftlu1JrXRTNlckSOySlxyDlpklvSIh3CiSJP5Jm8WI/Wq/Vmvf+Mlqxi55D8gfXxDRHLlRc=</latexit>

NX

i=1

pi = 1

<latexit sha1_base64="jssSl5hYmnEKSrMBIxYsQsMml6Y=">AAACCHicbVC7TsNAEDyHVwgv8+hoTkRIVJGNIgFFpAgaKhQk8pASY50vm3DK+aG7NVKw8gN8BS1UdIiWv6DgX7BNCkiYajSzq50dL5JCo2V9GoWFxaXlleJqaW19Y3PL3N5p6TBWHJo8lKHqeEyDFAE0UaCETqSA+Z6Etje6yPz2PSgtwuAGxxE4PhsGYiA4w1Ryzb2ejn03ETV7cntFI1fQGrVds2xVrBx0nthTUiZTNFzzq9cPeexDgFwyrbu2FaGTMIWCS5iUerGGiPERG0I3pQHzQTtJnn5CD2PNMKQRKCokzUX4vZEwX+ux76WTPsM7Petl4n9eN8bBqZOIIIoRAp4dQiEhP6S5EmktQPtCASLLkgMVAeVMMURQgjLOUzFOeyqlfdiz38+T1nHFrlbOrqvl+vm0mSLZJwfkiNjkhNTJJWmQJuHkgTyRZ/JiPBqvxpvx/jNaMKY7u+QPjI9vi4qYlQ==</latexit>
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Introduction

Stochastic Process Algebra

A simple example: processors and resources
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�
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0 �(r2 + r4) r4 r2
r2 0 �r2 0
r4 0 0 �r4

1

CCA

p1 =
20

41

<latexit sha1_base64="OUVToc5PvGrhTQub5fv9P7g9vB4="></latexit>

p2 =
4

41

<latexit sha1_base64="o68qNWqMcxOKtKJGYfBWFob9XYk="></latexit>

p3 =
1

41

<latexit sha1_base64="ezDo5TOtgiPLms6OER/uvc77UsA="></latexit>

p4 =
16

41

<latexit sha1_base64="IFw0i6VUAE9TemW+5gpWIlymWJ0="></latexit>
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1

CCA

⇢(task i) = 1

<latexit sha1_base64="BfAztqaLhEnwTwYrF0dF4/r8qD0="></latexit>

⇢(reset) = 0

<latexit sha1_base64="pCqcDPEhAnf/VlFRLifp4aL4rQ0="></latexit>

⇢(C1) = ⇢(C2) = ⇢(C3) = 1

<latexit sha1_base64="y0iwokiV85JWCBVt0aHrlrYEhYM="></latexit>

⇢(C4) = 0

<latexit sha1_base64="NUtHHieqq+aXglsmW8BV8fAiA3c="></latexit>

C1

<latexit sha1_base64="n2MUesDA3NFx7GQFfHTxyRNdaYU=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxRHYIEbgRuXjEKI8ENmR2aHDC7CMzvRpC+ASvevJmvPo9HvwXZxETNVqnSlV3urr8WEmDrvvmZFZW19Y3spu5re2d3b38/kHbRIkW0BKRinTX5waUDKGFEhV0Yw088BV0/Ekj9Tu3oI2MwmucxuAFfBzKkRQcrXTVGLBBvuAWXddljNGUsMqZa0mtVi2xKmWpZVEgSzQH+ff+MBJJACEKxY3pMTdGb8Y1SqFgnusnBmIuJnwMPUtDHoDxZouoc3qSGI4RjUFTqehChO8bMx4YMw18OxlwvDG/vVT8y+slOKp6MxnGCUIo0kMoFSwOGaGl7QDoUGpA5GlyoDKkgmuOCFpSLoQVE1tKzvbx9TT9n7RLRVYu1i7Lhfr5spksOSLH5JQwUiF1ckGapEUEGZN78kAenTvnyXl2Xj5HM85y55D8gPP6AbJakjI=</latexit>

C2

<latexit sha1_base64="XilOTOeySHyzQaYUdzMVIFaTV7M=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxRHYIEbgRuXjEKI8ENmR2aHDC7CMzvRpC+ASvevJmvPo9HvwXZxETNVqnSlV3urr8WEmDrvvmZFZW19Y3spu5re2d3b38/kHbRIkW0BKRinTX5waUDKGFEhV0Yw088BV0/Ekj9Tu3oI2MwmucxuAFfBzKkRQcrXTVGJQG+YJbdF2XMUZTwipnriW1WrXEqpSllkWBLNEc5N/7w0gkAYQoFDemx9wYvRnXKIWCea6fGIi5mPAx9CwNeQDGmy2izulJYjhGNAZNpaILEb5vzHhgzDTw7WTA8cb89lLxL6+X4KjqzWQYJwihSA+hVLA4ZISWtgOgQ6kBkafJgcqQCq45ImhJuRBWTGwpOdvH19P0f9IuFVm5WLssF+rny2ay5Igck1PCSIXUyQVpkhYRZEzuyQN5dO6cJ+fZefkczTjLnUPyA87rB7PpkjM=</latexit>

C3

<latexit sha1_base64="IbLzl9vIl2GYtXOkzCJzPSZt+Uk=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxRHaQCNyIXDxiFDCBDZkdGpww+8hMr4YQPsGrnrwZr36PB//FWcREjdapUtWdri4/VtKg6745maXlldW17HpuY3Nreye/u9c2UaIFtESkIn3tcwNKhtBCiQquYw088BV0/HEj9Tu3oI2MwiucxOAFfBTKoRQcrXTZ6J/08wW36LouY4ymhFVOXUtqtWqJVSlLLYsCWaDZz7/3BpFIAghRKG5Ml7kxelOuUQoFs1wvMRBzMeYj6Foa8gCMN51HndGjxHCMaAyaSkXnInzfmPLAmEng28mA44357aXiX143wWHVm8owThBCkR5CqWB+yAgtbQdAB1IDIk+TA5UhFVxzRNCSciGsmNhScraPr6fp/6RdKrJysXZRLtTPFs1kyQE5JMeEkQqpk3PSJC0iyIjckwfy6Nw5T86z8/I5mnEWO/vkB5zXD7V4kjQ=</latexit>

C4

<latexit sha1_base64="zizY9Jp5gFna6mwUjrSHCBALlhM=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxRHYIEbgRuXjEKI8ENmR2aHDC7CMzvRpC+ASvevJmvPo9HvwXZxETNVqnSlV3urr8WEmDrvvmZFZW19Y3spu5re2d3b38/kHbRIkW0BKRinTX5waUDKGFEhV0Yw088BV0/Ekj9Tu3oI2MwmucxuAFfBzKkRQcrXTVGJQH+YJbdF2XMUZTwipnriW1WrXEqpSllkWBLNEc5N/7w0gkAYQoFDemx9wYvRnXKIWCea6fGIi5mPAx9CwNeQDGmy2izulJYjhGNAZNpaILEb5vzHhgzDTw7WTA8cb89lLxL6+X4KjqzWQYJwihSA+hVLA4ZISWtgOgQ6kBkafJgcqQCq45ImhJuRBWTGwpOdvH19P0f9IuFVm5WLssF+rny2ay5Igck1PCSIXUyQVpkhYRZEzuyQN5dO6cJ+fZefkczTjLnUPyA87rB7cHkjU=</latexit>

R =
20 + 4 + 1

41
=

25

41
= 61%

<latexit sha1_base64="twx8C1VL0MaS7nmExyTFCG7EKe0="></latexit>



PEPA
further considerations

48



4949

Introduction Compositionality: Interaction and Independence Applications and Acceptance Conclusions

The Importance of Being Exponential

@

@

@R

�

�

�� 

?

�

�

� 

@

@

@@R

Stop k (�, s).Stop (↵, r).Stop k Stop

Stop k Stop

(↵, r).Stop k (�, s).Stop

(�, s)

(↵, r) (�, s)

(↵, r) (�, s)

(↵, r)

We retain the expansion law of classical process algebra:

(↵, r).Stop k (�, s).Stop =

(↵, r).(�, s).(Stop k Stop) + (�, s).(↵, r).(Stop k Stop)

only if the negative exponential distribution is assumed.
Jane Hillston. LFCS, University of Edinburgh.

Process Algebras for Quantitative Analysis
(taken from Jane Hillston’s slides)

The importance of being Exp
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Model aggregation
Introduction Compositionality: Interaction and Independence Applications and Acceptance Conclusions

Aggregation and lumpability

Model aggregation: use a state-state equivalence to establish a
partition of the state space of a model, and replace
each set of states by one macro-state, i.e. take a
di↵erent stochastic representation of the same model.

A lumpable partition is the only partition of a Markov process
which preserves the Markov property.

Jane Hillston. LFCS, University of Edinburgh.

Process Algebras for Quantitative Analysis

Introduction Compositionality: Interaction and Independence Applications and Acceptance Conclusions

Aggregation and lumpability

Model aggregation: use a state-state equivalence to establish a
partition of the state space of a model, and replace
each set of states by one macro-state, i.e. take a
di↵erent stochastic representation of the same model.

A lumpable partition is the only partition of a Markov process
which preserves the Markov property.

Jane Hillston. LFCS, University of Edinburgh.

Process Algebras for Quantitative Analysis

we can exploit CTMC bisimulation to reduce the state space
(notion of lumpable partition)

it is the only equivalence that preserves the Markov property

(taken from Jane Hillston’s slides)
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Characterising e�cient solution

PEPA MODEL

MARKOV Q = 

.....
.....

.....
.....

.....

..........
.....

PROCESS

..... .....= EQUILIBRIUM PROBABILITY
DISTRIBUTIONp , p , p ,  , pN21 3

Storing and manipulating the
matrix which represents the
Markov process places limitations
on the size of model which
can be analysed.

Jane Hillston. LFCS, University of Edinburgh.

Process Algebras for Quantitative Analysis

matrix size can grow very large

(taken from Jane Hillston’s slides)
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Characterising e�cient solution

PEPA MODEL

MARKOV Q = 

.....
.....

.....
.....

.....

..........
.....

PROCESS

MARKOV Q = 

.....
.....

.....
.....

.....

..........
.....

PROCESS
MARKOV Q = 

.....
.....

.....
.....

.....

..........
.....

PROCESS

..... .....

.....

.....

(p,p,p,p,......p) (p,p,p,p,......p)

= EQUILIBRIUM PROBABILITY
DISTRIBUTIONp , p , p ,  , pN21 3

Certain structures in the matrix are
known to be amenable to efficient,
decomposed solution.

Jane Hillston. LFCS, University of Edinburgh.

Process Algebras for Quantitative Analysis

(taken from Jane Hillston’s slides)
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Characterising e�cient solution

PEPA MODEL

MARKOV Q = 

.....
.....

.....
.....

.....

..........
.....

PROCESS
MARKOV Q = 

.....
.....

.....
.....

.....

..........
.....

PROCESS
.....

.....

..... .....

.....

(p,p,p,p,......p)(p,p,p,p,......p)

= EQUILIBRIUM PROBABILITY
DISTRIBUTIONp , p , p ,  , pN21 3

PEPA

SUBMODELS

Finding the corresponding structures in the process
algebra means that these techniques can be applied
automatically, before the monolithic matrix is formed.

Jane Hillston. LFCS, University of Edinburgh.

Process Algebras for Quantitative Analysis

(taken from Jane Hillston’s slides)

lift independent structures to the PEPA model!

Compositionality
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Last badge

The final exam of a course consists of a list of 30 questions and a list of 30 answers. 
Each student has to draw a bijective correspondence between the two lists, 
linking each question to its answer. 
The teacher will assign 1 point to each correct link and 0 to each wrong link. 

Unfortunately, many students had no time to prepare for the exam, because they had a 
tight deadline to deliver a project and they will answer completely random. 

1. What is the average score for such students? 

2. Would the average score be improved by adding more questions and answers?


