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Induction on derivations



Derivations

Given a logical system R, a derivation in R, is written

d ”_R Yy
where

o either d = (—-) € R is an axiom of R;

e or d = (d1’°?°j°’d”) for some derivations d; IFg x4, ...,d,, IFr T,

such that (====2) € R is an inference rule of R.

Dgr={d|dlFgy}



Immediate subderivation

Take A = Dp

dy.....d, R
<:{ (di, b > diFpxy....d, IFRxn,<x1 u )eR}
J J

(immediate subderivation relation)

Example

EQHTL() E1—>n1 E()%no Elﬁnl
R: Y] Y]
N—n EO@E1Hn0+n1 EQ®E14>TLQ'TL1

1]—12—2 3—3 4—14

< 1—=12—2 132 —3 (Bd4d4) —7T
(1p2) — 3

2 — 2

1e2)®(3d4) — 21



Lemma

Dg, < is w.f.

Let height : Dr — N defined as:

hez'ght(T) 2o if () € R

height (dl";’d”) £ 1+ maX;c[1,,] height(d;) if di IFr 1, ...,dp IFR Ty, (xlyx”) cR

By definition, if d < d’ then height(d) < height(d’)
Any descending chain in < induces a descending chain in <

Since < is w.f., so is <



Induction on derivation
principle

Vil € R Vdy IFg @1, dy bR 2. (P(dy) Ao A P(dy)) = PSRt

vd. P(d)



Corollary

Dp, <1 is w.f.

Because <7 is the transitive closure of a w.f. relation

Example
EO — N E, — nq E() — N E, — ng

R: ’ J
N—n EO@E1Hn0+n1 EQ®E14>TLQ'TL1

1—12—2 3—3 4—141

5 1®2) —3 (B34 —7

Z

(102)® (33 4) — 21



Rule induction



Typical properties

It is very often the case that the property of a derivation
Is only concerned with the conclusion of the derivation

diFry = Pd) < Q(y)

i (dl,...,dn> 5 o)

Y

IN such cases we can avoid to mention derivations at all



Rule induction principle

we assume derivations exist
and that we can build a larger one
but don’t need to mention this fact

N

VEts € R ({a1sm} © I A Pla) A A Plan)) = P(3)

Y
Vr € IR. P(CL’)

N

I = {y IFr v}



Rule induction simplified

assuming that premises are theorems
may be not even necessary

\v/ili‘l,.:.g.,xn c R. (P(x1)AN---ANP(x,)) = Py)
Vo € Ig. P(QI’J)




Induction schemes

properties of numbers  P(n)  mathematical induction

two proof obligations: P(0) and P(n) = P(n + 1)

properties of terms P(t)  structural induction

one proof obligation for each function symbol

properties of formulas  P(F)  rule induction

one proof obligation for each inference rule
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Determinacy: two views

properties of terms P(t)  structural induction

P(c) 2 VYo,01,09. (c,0) — 01 N\ {c,0) — 09 = 01 = 03

properties of formulas  P(F)  rule induction

P((c,0) —> 01) = Vos. (¢c,0) — 09 = 01 = 09



Determinacy of commands

c :=skip | z:=a | c;c | if b then c else ¢ | while b do ¢
(a,0) — n (co,0) — " (c1,0") — o’
(skip,0) — 0 (x:=a,0) — o|n/x| (co;c1,0) — o’
(b,o) —ff (c1,0) — o’ (b,0) — tt (cp,0) — o’

(if b then ¢y else ¢;,0) — o/ (if b then ¢j else ¢1,0) — o’

(b,0) —> ff (b,o) — tt (c,0) — ¢" (while b do ¢,0”") — o’

(while b do ¢,0) — o (while b do ¢,0) — o’

P({c,0) — 1) = Vos. (¢,0) — 09 = 01 =09 Ve,0,01. P({c,0) — 01) ?



Base case

We want to prove

(skip,0) — o

P((skip, o) — o) = Vo. (skip,0) — 09 = 0 = 0
Take 09 s.t. (skip,0) — 09

We want to prove o = o9

Consider the goal (skip,o) — o3

Only the rule < is applicable, hence 09 = o

skip,0) — o



Base case

(@,0) —n We assume (a,0) — n
(x :=a,0) — og|n/x]

We want to prove

P({z :=a,0) — o[n/z]) £ Vou. (x :=a,0) — 09 = o[n/z] = 09
Take 09 s.t. (x :=a,0) — 09

We want to prove o|n/x| = o9

Consider the goal (x :=a,0) — 09

(a,0) —n
(x :=a,0) — o|n/x]

Only the rule

is applicable, hence o9 = o|m/x]
with (a,c) — m

since we assumed (a,0) — n

by determinacy of Aexp we have n = m and thus oy = olm/x| = o|n /x|
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Inductive case

(co,0) — d" (c1,0") — o’
(Co;C€1,0) — 0

We assume (inductive hypotheses)
P({cy,0) — o) = Vooi. {cg,0) — 06 = o' = g5
P({c1,0") — o') £ Vo). (¢1,0") — o, = o' = o)

We want to prove
P({cy;c1,0) — o) = Vos. (co;c1,0) — 09 = 0’ = 0
Take o9 such that <CO;61,0'> — 09

We want to prove ¢’ = o5



Inductive case (ctd)

P({cy,0) — ") = Vooi. (cg,0) — 0y = o' = o]
P((c1,0") — o) 2 Vol (¢1,0") — o, = o' =7,

Consider the goal {(cg;c1,0) — 09

(co,0) — d" {(c1,0") — o’
(co;c1,0) — o’

Only the rule is applicable

hence o5 = o7, with {(cg,0) — o4 and (c1,05) — )
By inductive hypothesis P({cy,c) — ¢"), we have ¢"” = o

and thus (¢1,0") — o5

By inductive hypothesis P({c1,0’) — ¢’), we then have ¢’ = 7}



Inductive case

(b,o) —ff (c1,0) — o’
(if b then c¢( else c¢1,0) — o’

We assume
(b,0) — fF

P((c1,0) — 0') £ Voq. (¢1,0) — 09 = 0 = 0

(inductive hypothesis)

We want to prove

P((if b then ¢ else ¢1,0) — 0') £ Voo. (if b then ¢ else ¢1,0) — 09 = o’ = o5
Take o5 such that (if b then ¢y else c¢1,0) — 09

We want to prove ¢’ = o5



Inductive case (ctd)

(b,0) — ff

P({c1,0) — o) = Voo. (c1,0) — 09 = 0’ = 09

Consider the goal (if b then c¢; else ¢;1,0) — 09

By determinacy of Bexp

(b,o) — ff {(c1,0) — o’

Is applicable
if b then ¢j else ¢1,0) — o’ PP

only the rule :

nence oy = o5, with {(c1,0) — o5

By inductive hypothesis P({c1,0) — ¢’), we then have ¢’ = ¢}, = 09
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Inductive case

(b,o) — tt (cg,0) —> o’
(if b then c¢( else ¢1,0) — o’

Analogous to the previous case and thus omitted
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Base case

(b,0) — ff
(while b do ¢,0) — o

We assume
(b,0) — ff

We want to prove

P((while b do ¢,0) —> o) £ Voo. (while b do ¢,0) — 09 = 0 = 05

Take o5 such that (while b do ¢,0) — 09

We want to prove o = o9
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Inductive case (ctd)

(b,0) — ff

Consider the goal (while b do ¢,0) — 09

By determinacy of Bexp

(b,0) — ff
(while b do ¢,0) — o

Only the rule is applicable hence 05 = o
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Inductive case

(b,o) — tt (c,0) — ¢” (while b do ¢,0”) — ¢’
(while b do ¢,0) — o’

We assume

<b, (7> — tt (inductive hypotheses)
P({c,0) — o) = Vooi. (c,0) — 05 = 0" = o)

P({(while b do ¢,¢") — ¢') = Vo). (while b do ¢, ") — o}, = o' = o}

We want to prove
P({(while b do ¢,0) — ¢') £ Voo. (while b do ¢,0) — 09 = ¢’ = 05
Take o5 such that (while b do ¢,0) — 09

We want to prove ¢’ = o5
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Inductive case (ctd)

(b, o) —> tt
P(le,o0) — o) 2Vl (¢c,0) — ! = ¢" = o

P((while b do ¢,¢") — ¢') = Vo). (while b do ¢, ") — o), = o' = o}

Consider the goal (while b do ¢,0) — 03
By determinacy of Bexp

/

only the rule (o) —tt (co) —o" (whilebdoco’) —o

(while b do ¢,0) — o’

Is applicable

nence oo = o5, with (¢,0) — ¢ and (while b do ¢, ¢)) —

By inductive hypothesis P({c,0) — ¢""), we have ¢"” = o

thus (while b do ¢, o"”) — J},
By inductive hypothesis P({while b do ¢,o”) — o')
we conclude ¢’ = ¢}, = 09
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Determinacy of commands

Ve,o,01. P({c,0) — 01)

P({¢c,0) — 01) £ Vos. (¢,0) — 09 = 01 = 09



Badge exercise

Suppose we extend the syntax of arithmetic expressions
a:=x|n|laopalx++

where x++ evaluates to the current value of x but then
iIncrement x as a side-effect

1. Redefine the operational semantics of Aexp, Bexp and
Com to take side-effects into account and discuss all
problematic issues and the subsequent design choices

2. Find two arithmetic expressions ap and a1 such that the
evaluation of apta1 is different from a1+ao, if possible
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