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Principles for software composition 2019/20
03 - Well founded recursion, posets and denotational semantics

[Ex. 1] Define by well-founded recursion the function vars that, given an

arithmetic expression a, returns the set of identifiers that appear in a. Then,
prove by rule induction that 8a 2 Aexp, 8� 2 ⌃, 8n 2 Z

ha, �i ! n implies 8�0. ( (8y 2 vars(a). �(y) = �0
(y)) ) ha, �0i ! n ).

[Ex. 2] Define by well-founded recursion the function vars that, given a

command, returns the set of identifiers that appear on the left-hand side of

some assignment. Then, prove by rule induction that 8c 2 Com, 8�, �0 2 ⌃

hc, �i ! �0
implies 8x 62 vars(c). �(x) = �0

(x).

[Ex. 3] Consider the CPO? (}(N),✓). Prove that for any set S ✓ N:

1. the function fS : }(N) ! }(N) such that fS(X) = X \S is continuous.

2. the function gS : }(N) ! }(N) such that gS(X) = X [S is continuous.

[Ex. 4] Prove that any limit-preserving function is monotone.

[Ex. 5] Let D = {n 2 N | n > 0} [ {1} and v ✓ (D ⇥D) such that

• for any n,m 2 D \ N, we let n v m i↵ n divides m;

• for any x 2 D, we let x v 1.

Is (D,v) a CPO?? Explain.

[Ex. 6] Define two functions fi : Di ! Di over two suitable CPOs Di for

i 2 [1, 2] (not necessarily with bottom) such that

1. f1 is continuous, has fixpoints but not a least fixpoint;

2. f2 is continuous and has no fixpoint;

[Ex. 7] Let D,E be two CPO?s and f : D ! E, g : E ! D be two

continuous functions between them. Their compositions h = g � f : D ! D
and k = f � g : E ! E are known to be continuous and thus have least

fixpoints.

D
f

++
h=g�f 77 E

g
kk k=f�g

ww

Let e0 = fix(k) 2 E. Prove that g(e0) = fix(h) 2 D by showing that

1. g(e0) is a fixpoint for h, and

2. g(e0) is the least pre-fixpoint for h.

if two memories coincide on all variables
that appear in one expression, then
evaluating the expression in the two memories
give the same result
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Ex. 1, Vars

vars : Aexp ! }(Ide)

<latexit sha1_base64="yhTSxKLhmAvXEF62S7PcE8dRk9w=">AAACJnicbVDJSgNBEO1xjXGLevTSGAS9hBlRFE8uF71FMCpkQqjpVGJjz0zTXePCMP/hJ/gVXvXkTcSD4Kc4EyO41enVe1XUqxdoJS257qszNDwyOjZemihPTk3PzFbm5k9snBiBDRGr2JwFYFHJCBskSeGZNghhoPA0uNgv9NNLNFbG0THdaGyF0ItkVwqgnGpX1vwQ6FxSegnGZtv8q93Fa51xn2LuX+mVL/awg9lqu1J1a26/+F/gDUCVDarerrz5nVgkIUYkFFjb9FxNrRQMSaEwK/uJRQ3iAnrYzGEEIdpW2v8t48uJhdyFRsOl4n0Sv2+kEFp7Ewb5ZGHS/tYK8j+tmVB3q5XKSCeEkSgOkVTYP2SFkXloyDvSIBEUzpHLiAswQIRGchAiJ5M8xXKeh/f7+7/gZK3mrdc2jtarO3uDZEpskS2xFeaxTbbDDlidNZhgt+yePbBH5855cp6dl8/RIWews8B+lPP+AXVHpoY=</latexit>

vars(n) , ;
vars(x) , {x}

vars(a1 op a2) , vars(a1) [ vars(a2)

<latexit sha1_base64="rmkjJ8ol4of09zTfpcHOpqkq7c8="></latexit>

(well founded recursion by
immediate subterm relation)
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Ex. 1, Induction
P (ha,�i ! n) , 8�0. (8y 2 vars(a). �0(y) = �(y)) ) ha,�0i ! n

<latexit sha1_base64="8k9rEVEsLfte7n7k+VfD4Ko5urY="></latexit>

hn,�i ! n

<latexit sha1_base64="uDDkqqcZp9KKdvuk4DMMqmZoDws=">AAACGnicbVC7TgMxEPTxJrwClDQWEYgCRXcIBCWChhIk8pByUbTnbIIVn+9k7yGhU/6AT+AraKGiQ7Q0FPwLvpACAluNZ3Y1nolSJS35/oc3NT0zOze/sFhaWl5ZXSuvb9RtkhmBNZGoxDQjsKikxhpJUthMDUIcKWxEg/NCb9yisTLR13SXYjuGvpY9KYAc1Snvhj0DIh/moQLdV8j1fmhlP4bQfL9DSrgedsoVv+qPhv8FwRhU2HguO+XPsJuILEZNQoG1rcBPqZ2DISkUDkthZjEFMYA+thzUEKNt56M8Q76TWXC2KRouFR+R+PMih9jauzhymzHQjZ3UCvI/rZVR76SdS51mhFoURiRdxsLICiNdUci70iARFD9HLjUXYIAIjeQghCMz11zJ9RFMpv8L6gfV4LB6dHVYOT0bN7PAttg222MBO2an7IJdshoT7J49sif27D14L96r9/a9OuWNbzbZr/HevwCHPaFU</latexit>

P (hn,�i ! n) , 8�0. (8y 2 vars(n). �0(y) = �(y)) ) hn,�0i ! n

<latexit sha1_base64="6b+xoUY0iIA+0uUaAeWKyUFwywY="></latexit>

= ;

<latexit sha1_base64="Qz0CBaABwmGtIpAn73ZDr+Xx+fs=">AAAB/HicbVC7TsNAEDyHVwivACXNiQiJKrJREDRIETSUQSIPkVjR+bIJp5zPp7s1UmSFr6CFig7R8i8U/AuOcQEJU41mdrWzE2gpLLrup1NYWl5ZXSuulzY2t7Z3yrt7LRvFhkOTRzIynYBZkEJBEwVK6GgDLAwktIPx1cxvP4CxIlK3ONHgh2ykxFBwhql0d9GDUOPEAvbLFbfqZqCLxMtJheRo9MtfvUHE4xAUcsms7XquRj9hBgWXMC31Ygua8TEbQTelioVg/SRLPKVHsWUYUQ2GCkkzEX5vJCy0dhIG6WTI8N7OezPxP68b4/DcT4TSMYLis0MoJGSHLDcirQLoQBhAZLPkQIWinBmGCEZQxnkqxmk3pbQPb/77RdI6qXq16ulNrVK/zJspkgNySI6JR85InVyTBmkSThR5Is/kxXl0Xp035/1ntODkO/vkD5yPb4dplX8=</latexit>

= tt

<latexit sha1_base64="gpHEUBXAUK0Hw0iT+B3bXMqYW9A=">AAAB/nicbVC7SgNBFJ2NrxhfUUubwSBYhV1RtBGCNpYRzAOyIcxObuKQ2dlh5q4QloBfYauVndj6Kxb+i7vrFpp4qsM593LPPYGWwqLrfjqlpeWV1bXyemVjc2t7p7q717ZRbDi0eCQj0w2YBSkUtFCghK42wMJAQieYXGd+5wGMFZG6w6mGfsjGSowEZ5hK/qUfMrwPRgnibFCtuXU3B10kXkFqpEBzUP3yhxGPQ1DIJbO257ka+wkzKLiEWcWPLWjGJ2wMvZQqFoLtJ3nmGT2KLcOIajBUSJqL8HsjYaG10zBIJ7OIdt7LxP+8Xoyji34ilI4RFM8OoZCQH7LciLQMoENhAJFlyYEKRTkzDBGMoIzzVIzTdippH97894ukfVL3Tutnt6e1xlXRTJkckENyTDxyThrkhjRJi3CiyRN5Ji/Oo/PqvDnvP6Mlp9jZJ3/gfHwDKJeWag==</latexit>

by (num) hn,�0i ! n

<latexit sha1_base64="DFOahn2k8iG3OZyg5Cv+mp3EkYM=">AAACEnicbVDLSgNBEJz1GeMr6lGQwSB6kLArET0GvXiMYKKQXaR3bOPg7Owy0yuEkJuf4Fd41ZM38eoPePBfnE1y8FWnoqqb6q44U9KS7394E5NT0zOzpbny/MLi0nJlZbVt09wIbIlUpeYiBotKamyRJIUXmUFIYoXn8e1x4Z/fobEy1WfUyzBKoKvltRRATrqsbIQKdFch17uhld0EtkMzEkJKuRuo+jV/CP6XBGNSZWM0Lyuf4VUq8gQ1CQXWdgI/o6gPhqRQOCiHucUMxC10seOohgRt1B/+MeBbuQWXmqHhUvGhiN83+pBY20tiN5kA3djfXiH+53Vyuj6M+lJnOaEWRRBJ92IRZIWRriDkV9IgERSXI5eaCzBAhEZyEMKJuWus7PoIfn//l7T3akG9tn9arzaOxs2U2DrbZDssYAeswU5Yk7WYYPfskT2xZ+/Be/FevbfR6IQ33lljP+C9fwEN+p1D</latexit>

(num)
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Ex. 1, Induction
P (ha,�i ! n) , 8�0. (8y 2 vars(a). �0(y) = �(y)) ) ha,�0i ! n

<latexit sha1_base64="8k9rEVEsLfte7n7k+VfD4Ko5urY="></latexit>

by (ide)

(ide)
hx,�i ! �(x)

<latexit sha1_base64="/QYqhtnJNRGXdB4vCh9DSxajdDc=">AAACInicbVDLSgNBEJz1bXxFPXoZDEIECbui6FH04lHBaCAbQu+kE4fMzi4zvaIs+Qs/wa/wqidv4knQf3E2ycFXn2qquqmpilIlLfn+uzcxOTU9Mzs3X1pYXFpeKa+uXdokMwLrIlGJaURgUUmNdZKksJEahDhSeBX1Twr96gaNlYm+oLsUWzH0tOxKAeSodrkWdg2IfJCHCnRPIb/dCa3sxRCa0TukhI+Y6u32oF2u+DV/OPwvCMagwsZz1i5/hp1EZDFqEgqsbQZ+Sq0cDEmhcFAKM4spiD70sOmghhhtKx/mGvCtzIKzT9FwqfiQxO8XOcTW3sWR24yBru1vrSD/05oZdQ9budRpRqhFYUTSZS2MrDDSFYa8Iw0SQfFz5FJzAQaI0EgOQjgycw2WXB/B7/R/weVuLdir7Z/vVY6Ox83MsQ22yaosYAfsiJ2yM1Zngt2zR/bEnr0H78V79d5GqxPe+Gad/Rjv4wuXjKR2</latexit>

P (hx,�i ! �(x)) , 8�0. (8y 2 vars(x). �0(y) = �(y)) ) hx,�0i ! �(x)

<latexit sha1_base64="5tqzuJUi7fx+9/RXGruRtdlEDXI="></latexit>

= {x}

<latexit sha1_base64="SUp4+gDTAHfciuBnn0OXc9gII0o=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRCBqkCBrKIJGHFFvR+bIJR85n626NCFb+gRYqOkTL31DwL9jGBSRMNZrZ1c6OH0lh0LY/rdLC4tLySnm1sra+sblV3d5pmzDWHFo8lKHu+syAFApaKFBCN9LAAl9Cxx9fZn7nHrQRobrBSQRewEZKDAVnmErtczd5cKf9as2u2znoPHEKUiMFmv3qlzsIeRyAQi6ZMT3HjtBLmEbBJUwrbmwgYnzMRtBLqWIBGC/J007pQWwYhjQCTYWkuQi/NxIWGDMJ/HQyYHhrZr1M/M/rxTg88xKhohhB8ewQCgn5IcO1SGsAOhAaEFmWHKhQlDPNEEELyjhPxTjtpZL24cx+P0/aR3XnuH5yfVxrXBTNlMke2SeHxCGnpEGuSJO0CCd35Ik8kxfr0Xq13qz3n9GSVezskj+wPr4BR92TqA==</latexit>

= �0(x) = �(x)

<latexit sha1_base64="nDqYRS83At/0FlpQvPLt6liM1h4=">AAACCXicbZC7TgJREIbP4g3xhhormxOJERuyazDamBBtLDGRSwKEzB4GPOHsJefMGsmGJ/ApbLWyM7Y+hYXv4oJbKDjVl/+fycz8bqikIdv+tDILi0vLK9nV3Nr6xuZWfnunboJIC6yJQAW66YJBJX2skSSFzVAjeK7Chju8mviNe9RGBv4tjULseDDwZV8KoETq5vcu2kYOPDgqPhynmFA3X7BL9rT4PDgpFFha1W7+q90LROShT0KBMS3HDqkTgyYpFI5z7chgCGIIA2wl6IOHphNPzx/zw8gABTxEzaXiUxF/T8TgGTPy3KTTA7ozs95E/M9rRdQ/78TSDyNCX0wWkVQ4XWSElkkuyHtSIxFMLkcufS5AAxFqyUGIRIySoHJJHs7s9/NQPyk55dLpTblQuUyTybJ9dsCKzGFnrMKuWZXVmGAxe2LP7MV6tF6tN+v9pzVjpTO77E9ZH99xwZkX</latexit>

hx,�0i ! �0(x) = �(x)

<latexit sha1_base64="x900WGSOFOk//Q/jcu7+NMJaZDQ=">AAACJ3icbVDLSgNBEJz1bXxFPXoZDKKChF0f6EUQvXhUMEbIhtA7tnFwdnaZ6ZWE4If4CX6FVz15Ez148E+cTfbgq0/VVd10V0WpkpZ8/90bGh4ZHRufmCxNTc/MzpXnF85tkhmBNZGoxFxEYFFJjTWSpPAiNQhxpLAe3Rzlev0WjZWJPqNuis0Y2lpeSQHkqFZ5K1Sg2wp5ZyO0sh3DamgGREgJL6i1zjrfLxqHW+WKX/X7xf+CoAAVVtRJq/wRXiYii1GTUGBtI/BTavbAkBQK70phZjEFcQNtbDioIUbb7PXN3fGVzIJ7JUXDpeJ9Er9v9CC2thtHbjIGura/tZz8T2tkdLXX7EmdZoRa5IdIOt/5ISuMdKkhv5QGiSD/HLnUXIABIjSSgxCOzFyMJZdH8Nv9X3C+WQ22qzun25WDwyKZCbbEltkaC9guO2DH7ITVmGD37JE9sWfvwXvxXr23weiQV+wssh/lfX4Brq+kwQ==</latexit>

Assume= �0(x) = �(x)

<latexit sha1_base64="nDqYRS83At/0FlpQvPLt6liM1h4=">AAACCXicbZC7TgJREIbP4g3xhhormxOJERuyazDamBBtLDGRSwKEzB4GPOHsJefMGsmGJ/ApbLWyM7Y+hYXv4oJbKDjVl/+fycz8bqikIdv+tDILi0vLK9nV3Nr6xuZWfnunboJIC6yJQAW66YJBJX2skSSFzVAjeK7Chju8mviNe9RGBv4tjULseDDwZV8KoETq5vcu2kYOPDgqPhynmFA3X7BL9rT4PDgpFFha1W7+q90LROShT0KBMS3HDqkTgyYpFI5z7chgCGIIA2wl6IOHphNPzx/zw8gABTxEzaXiUxF/T8TgGTPy3KTTA7ozs95E/M9rRdQ/78TSDyNCX0wWkVQ4XWSElkkuyHtSIxFMLkcufS5AAxFqyUGIRIySoHJJHs7s9/NQPyk55dLpTblQuUyTybJ9dsCKzGFnrMKuWZXVmGAxe2LP7MV6tF6tN+v9pzVjpTO77E9ZH99xwZkX</latexit>
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Ex. 1, Induction

P (hai,�i ! ni) , 8�0. (8y 2 vars(ai). �
0(y) = �(y)) ) hai,�0i ! ni

<latexit sha1_base64="w8LzwufeLKCqYHXWg9+0FunMN9U="></latexit>

Assume

We want to prove

= vars(a1) [ vars(a2)

<latexit sha1_base64="/iRZ2V6TGhnGcbaVWDCY3jwFC/8=">AAACIXicbVDLSgNBEJyNrxhfUY9eBoNgDobdENGLEPTiMYKJgSSE3kmrQ2YfzPQGwpKv8BP8Cq968ibeRPwXd9ccNLFORVU3XV1uqKQh2/6wcguLS8sr+dXC2vrG5lZxe6dlgkgLbIpABbrtgkElfWySJIXtUCN4rsIbd3iR+jcj1EYG/jWNQ+x5cOfLWymAEqlfPDrjXQ/oXlI8Am0mh9B3yrwronBOr5YL/WLJrtgZ+DxxpqTEpmj0i1/dQSAiD30SCozpOHZIvRg0SaFwUuhGBkMQQ7jDTkJ98ND04uytCT+IDFDAQ9RcKp6J+HsjBs+Ysecmk2lUM+ul4n9eJ6Lb014s/TAi9EV6iKTC7JARWiZ9IR9IjUSQJkcufS5AAxFqyUGIRIySAtM+nNnv50mrWnFqleOrWql+Pm0mz/bYPjtkDjthdXbJGqzJBHtgT+yZvViP1qv1Zr3/jOas6c4u+wPr8xsCmaL4</latexit>

P (ha1 op a2,�i ! n1 op n2) , 8�0. (8y 2 vars(a1 op a2). �
0(y) = �(y)) ) ha1 op a2,�

0i ! n1 op n2

<latexit sha1_base64="h7VrIPRMQ/BX1Va5gfWb2G4x7T0="></latexit>

Assume

= (8y 2 vars(a1).�
0(y) = �(y)) ^ (8y 2 vars(a2).�

0(y) = �(y))

<latexit sha1_base64="5E6cI4MQdffUasxwlwuDhSqWKAQ="></latexit>

ha1,�0i ! n1

<latexit sha1_base64="Dum3zU8m9C1zgwnoxj5cabJ5rns=">AAACFnicbVA9SwNBEN3zM8avqKXNkiBaSLgTRUvRxjKCMYFcOObWSVyyt3fszgkS7P0J/gpbrezE1tbC/+JeTKHGVz3em2HmvThT0pLvf3hT0zOzc/OlhfLi0vLKamVt/dKmuRHYFKlKTTsGi0pqbJIkhe3MICSxwlY8OC381g0aK1N9QbcZdhPoa9mTAshJUaUaKtB9hRyiYDe0sp/Admi+pZBSrqMgqtT8uj8CnyTBmNTYGI2o8hlepSJPUJNQYG0n8DPqDsGQFArvymFuMQMxgD52HNWQoO0OR1nu+FZuwd3N0HCp+EjEnxtDSKy9TWI3mQBd279eIf7ndXLqHXWHUmc5oRbFIZIuZHHICiNdScivpEEiKD5HLjUXYIAIjeQghBNz11rZ9RH8TT9JLvfqwX794Hy/dnwybqbENlmV7bCAHbJjdsYarMkEu2eP7Ik9ew/ei/fqvX2PTnnjnQ32C977F3jCnn4=</latexit>

ha2,�0i ! n2

<latexit sha1_base64="Il80MiJBkvDOMtoXsKPWjnxPLRg=">AAACFnicbVC7TsNAEDzzDOEVoKQ5ESEoUGRHQVBG0FCCRB5SHFnrYwknzmfrbo2EIno+ga+ghYoO0dJS8C+cQwogTDWa2dXuTJwpacn3P7yp6ZnZufnSQnlxaXlltbK23rZpbgS2RKpS043BopIaWyRJYTczCEmssBNfHxd+5waNlak+p9sM+wkMtLyUAshJUWUrVKAHCjlE9b3QykECO6H5lkJKuY7qUaXq1/wR+CQJxqTKxjiNKp/hRSryBDUJBdb2Aj+j/hAMSaHwrhzmFjMQ1zDAnqMaErT94SjLHd/OLbi7GRouFR+J+HNjCIm1t0nsJhOgK/vXK8T/vF5Ol4f9odRZTqhFcYikC1kcssJIVxLyC2mQCIrPkUvNBRggQiM5COHE3LVWdn0Ef9NPkna9FjRq+2eNavNo3EyJbbIttssCdsCa7ISdshYT7J49sif27D14L96r9/Y9OuWNdzbYL3jvX3v3noA=</latexit>

by inductive hypotheses

by (op)

<latexit sha1_base64="L/XYY/4h3+HANkwh+iTwlbq1gjU="></latexit>

ha1,�i ! n1 ha2,�i ! n2

ha1 op a2,�i ! n1 op n2

<latexit sha1_base64="xwP1zAABNBIGMbxw1Vd9LfiR5d8="></latexit>

P (ha1 op a2,�i ! n1 op n2) , 8�0. (8y 2 vars(a1 op a2). �
0(y) = �(y)) ) ha1 op a2,�

0i ! n1 op n2
<latexit sha1_base64="xwP1zAABNBIGMbxw1Vd9LfiR5d8="></latexit>

P (ha1 op a2,�i ! n1 op n2) , 8�0. (8y 2 vars(a1 op a2). �
0(y) = �(y)) ) ha1 op a2,�

0i ! n1 op n2

<latexit sha1_base64="x5/TLo93CdLfUq3hGc6DK824ycg="></latexit>

ha1 op a2,�
0i ! n1 op n2



8

Principles for software composition 2019/20
03 - Well founded recursion, posets and denotational semantics

[Ex. 1] Define by well-founded recursion the function vars that, given an

arithmetic expression a, returns the set of identifiers that appear in a. Then,
prove by rule induction that 8a 2 Aexp, 8� 2 ⌃, 8n 2 Z

ha, �i ! n implies 8�0. ( (8y 2 vars(a). �(y) = �0
(y)) ) ha, �0i ! n ).

[Ex. 2] Define by well-founded recursion the function vars that, given a

command, returns the set of identifiers that appear on the left-hand side of

some assignment. Then, prove by rule induction that 8c 2 Com, 8�, �0 2 ⌃

hc, �i ! �0
implies 8x 62 vars(c). �(x) = �0

(x).

[Ex. 3] Consider the CPO? (}(N),✓). Prove that for any set S ✓ N:

1. the function fS : }(N) ! }(N) such that fS(X) = X \S is continuous.

2. the function gS : }(N) ! }(N) such that gS(X) = X [S is continuous.

[Ex. 4] Prove that any limit-preserving function is monotone.

[Ex. 5] Let D = {n 2 N | n > 0} [ {1} and v ✓ (D ⇥D) such that

• for any n,m 2 D \ N, we let n v m i↵ n divides m;

• for any x 2 D, we let x v 1.

Is (D,v) a CPO?? Explain.

[Ex. 6] Define two functions fi : Di ! Di over two suitable CPOs Di for

i 2 [1, 2] (not necessarily with bottom) such that

1. f1 is continuous, has fixpoints but not a least fixpoint;

2. f2 is continuous and has no fixpoint;

[Ex. 7] Let D,E be two CPO?s and f : D ! E, g : E ! D be two

continuous functions between them. Their compositions h = g � f : D ! D
and k = f � g : E ! E are known to be continuous and thus have least

fixpoints.

D
f

++
h=g�f 77 E

g
kk k=f�g

ww

Let e0 = fix(k) 2 E. Prove that g(e0) = fix(h) 2 D by showing that

1. g(e0) is a fixpoint for h, and

2. g(e0) is the least pre-fixpoint for h.

if a variable does not appear in an assignment
then its initial value is preserved in the final store
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Ex. 2, Vars
vars : Com ! }(Ide)

<latexit sha1_base64="LuFGi1eHpprh/K7M8gNfB6woOYI=">AAACJXicbVDLSgNBEJz1GeMr6tHLYBDiJeyKongK5qK3CCYK2RB6J20cMvtgplcJy36Hn+BXeNWTNxE8iL/iboygxj5VV3XT1eVFShqy7Tdranpmdm6+sFBcXFpeWS2trbdMGGuBTRGqUF96YFDJAJskSeFlpBF8T+GFN6jn+sUNaiPD4JyGEXZ86AfySgqgjOqWHNcHupaU3IA26RH/buuhn3KXQu7eRpVv8rSH6U63VLar9qj4JHDGoMzG1eiW3t1eKGIfAxIKjGk7dkSdBDRJoTAturHBCMQA+tjOYAA+mk4yei3l27GBzEWEmkvFRyT+3EjAN2boe9lkbtL81XLyP60d09VhJ5FBFBMGIj9EUuHokBFaZpkh70mNRJA7Ry4DLkADEWrJQYiMjLMQi1kezt/vJ0Frt+rsVffP9sq143EyBbbJtliFOeyA1dgJa7AmE+yOPbBH9mTdW8/Wi/X6NTpljXc22K+yPj4BjnGmDQ==</latexit>

vars(skip) , ;
vars(x := a) , {x}
vars(c1; c2) , vars(c1) [ vars(c2)

vars(if b then c1 else c2) , vars(c1) [ vars(c2)
vars(while b do c) , vars(c)

<latexit sha1_base64="dZaKgG46TUR7nhS19NeIOrxzcEI=">AAADo3ictVJLb9NAEN7YPIp5NAVx4rIiatVcojgqomqFVPGQkLgU1LSVslG03kySVdZrszsujSz/Jf4PB/4La+MK6kTixJxmvvlm5tvZiVIlLfb7P1qef+fuvftbD4KHjx4/2W7vPD23SWYEDEWiEnMZcQtKahiiRAWXqQEeRwououW7Mn9xBcbKRJ/hKoVxzOdazqTg6KDJTus7i2Audc6N4asiN0IVAYs5LiTmV9zYYr+Kol lulzItujTYowyN5Hqu4CvdCxjEKa4sIGONwuujN3wDP79mxRpXTMJjMRlsoDdpXcpEltImPuiu9bwRLmcFoxGjNzEuQDvE9fqDgbJQYf9HwreFVHBbxTQp5/1zWtUT9LT+oEm70+/1K6PrTlg7HVLb6aT9k00TkcWgUShu7Sjspzh23VAKJylgmYWUiyWfw8i5msdgx3l1WAXdzSzHhKZgqFS0AuHvipzH1q7iyDFL1baZK8FNuVGGs8NxLnWaIWhRDkK3oGqQFUa6iwU6lQYQeakcqNRUcMMRwUjKhXBg5k44cPsIm69fd84HvfCg9+rzQefkbb2ZLfKCvCT7JCSvyQn5SE7JkAjvuXfsvfc++Lv+J/+Lf/ab6rXqmmfklvnjX5r2KqQ=</latexit>

(well founded recursion by
immediate subterm relation)
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Ex. 2, Induction
P (hc,�i ! �0) , 8y 62 vars(c). �0(y) = �(y)

<latexit sha1_base64="gsC/xm8kT8/g32YDe38CbG2aAgI="></latexit>

= ;

<latexit sha1_base64="Qz0CBaABwmGtIpAn73ZDr+Xx+fs=">AAAB/HicbVC7TsNAEDyHVwivACXNiQiJKrJREDRIETSUQSIPkVjR+bIJp5zPp7s1UmSFr6CFig7R8i8U/AuOcQEJU41mdrWzE2gpLLrup1NYWl5ZXSuulzY2t7Z3yrt7LRvFhkOTRzIynYBZkEJBEwVK6GgDLAwktIPx1cxvP4CxIlK3ONHgh2ykxFBwhql0d9GDUOPEAvbLFbfqZqCLxMtJheRo9MtfvUHE4xAUcsms7XquRj9hBgWXMC31Ygua8TEbQTelioVg/SRLPKVHsWUYUQ2GCkkzEX5vJCy0dhIG6WTI8N7OezPxP68b4/DcT4TSMYLis0MoJGSHLDcirQLoQBhAZLPkQIWinBmGCEZQxnkqxmk3pbQPb/77RdI6qXq16ulNrVK/zJspkgNySI6JR85InVyTBmkSThR5Is/kxXl0Xp035/1ntODkO/vkD5yPb4dplX8=</latexit>

P (hskip,�i ! �) , 8y 62 vars(skip). �(y) = �(y)

<latexit sha1_base64="1emJ5KeFwiV7wLcFkwTpuLUaXhg="></latexit>

= 8y. �(y) = �(y)

<latexit sha1_base64="wG6Wk3rhlFFq2ZxFCvX80g0Hgvg=">AAACFXicbVC7SgNBFJ2NrxhfUUub0SDEJuxKRJtA0MYygnlANoS7k5s4ZPbBzF0hhNR+gl9hq5Wd2Fpb+C9u1iAaPdXhnHu59xwvUtKQbb9bmYXFpeWV7GpubX1jcyu/vdMwYawF1kWoQt3ywKCSAdZJksJWpBF8T2HTG15M/eYtaiPD4JpGEXZ8GASyLwVQInXz+xW3H2pQio9KLs+5Rg58KI6OKt+smy/YJTsF/0ucGSmwGWrd/IfbC0XsY0BCgTFtx46oMwZNUiic5NzYYARiCANsJzQAH01nnEaZ8MPYAIU8Qs2l4qmIPzfG4Bsz8r1k0ge6MfPeVPzPa8fUP+uMZRDFhIGYHiKpMD1khJZJR8h7UiMRTD9HLgMuQAMRaslBiESMk9JySR/OfPq/pHFccsqlk6tyoXo+aybL9tgBKzKHnbIqu2Q1VmeC3bEH9sierHvr2XqxXr9GM9ZsZ5f9gvX2Cd6AnZM=</latexit>

obvious

We want to prove

6.3 Equivalence Between Operational and Denotational Semantics 143

very different formalisms: on the one hand we have an inference rule system which
allows us to calculate the execution of each command; on the other hand we have a
function which associates with each command its functional meaning. So to show
the equivalence between the two semantics we will prove the following property.

Theorem 6.3. 8c 2 Com. 8s ,s 0 2 S . hc,si ! s 0 , C JcKs = s 0.

As usual we divide the proof into two parts:

Correctness: 8c 2 Com, 8s ,s 0 2 S we prove

P(hc,si ! s 0)
def
= C JcKs = s 0

Completeness: 8c 2 Com we prove

P(c) def
= 8s ,s 0 2 S . C JcKs = s 0 ) hc,si ! s 0

Notice that in this way the undefined cases are also handled for the equivalence: for
instance we have as a corollary that

hc,si 6! ) C JcKs = ?S?

since otherwise, assuming C JcKs = s 0 for some s 0 2 S , it would follow that
hc,si ! s 0. Similarly in the opposite direction:

C JcKs = ?S? ) hc,si 6!

6.3.2.1 Correctness

Let us prove the first part of Theorem 6.3. We let

P
�
hc,si ! s 0� def

= C JcKs = s 0

and prove that P(hc,si ! s 0) holds for any c 2 Com and s ,s 0 2 S .
We proceed by rule induction. So for each rule we will assume the property holds

for the premises and we will prove that the property holds for the conclusion.

skip: Let us consider the operational rule for the skip:

hskip,si ! s

We want to prove

P(hskip,si ! s)
def
= C JskipKs = s

Obviously the proposition is true by the definition of the denotational
semantics.
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Ex. 2, Induction
P (hc,�i ! �0) , 8y 62 vars(c). �0(y) = �(y)

<latexit sha1_base64="gsC/xm8kT8/g32YDe38CbG2aAgI="></latexit>

by def of

P (hx := a,�i ! �[n/x]) , 8y 62 vars(x := a). �[n/x](y) = �(y)

<latexit sha1_base64="Wgk0uLvO2Qj084LXhCzc/KUjevY=">AAACcHicbVHLbtNAFB2bVzCvtGyQWDAQISUIBRsVgZAqVbBhGSTSVsqY6GZ6E646HpuZ66qRyYeyYMMn8AWMkyxoy10dnXMfc87MKkOe0/RnFF+7fuPmrc7t5M7de/cfdHd2D31ZO41jXZrSHc/AoyGLYyY2eFw5hGJm8Gh2+rHVj87QeSrtF15WmBewsDQnDRyoaffHqK8M2IVBef5+H14qT4sClNtQiku5YSZf7avpeT5IFD tai98TNS8dGCOXypasyKoC+BtxcwbOr/rtusFQyeTCgv5ysL8hApp2e+kwXZe8CrIt6IltjabdX+qk1HWBlrUB7ydZWnHegGPSBleJqj1WoE9hgZMALRTo82ad0ko+rz0EPxU6SUauSfx3ooHC+2UxC52tEX9Za8n/aZOa5+/yhmxVM1rdHmIK4bWHvHYU4kd5Qg6ZoX05SrJSgwNmdCRB60DW4T+SkEd22f1VcPh6mO0N33ze6x182CbTEY/FM9EXmXgrDsQnMRJjocXvqBPtRLvRn/hR/CR+ummNo+3MQ3Gh4hd/AW+6u4g=</latexit>

= {x}

<latexit sha1_base64="SUp4+gDTAHfciuBnn0OXc9gII0o=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRCBqkCBrKIJGHFFvR+bIJR85n626NCFb+gRYqOkTL31DwL9jGBSRMNZrZ1c6OH0lh0LY/rdLC4tLySnm1sra+sblV3d5pmzDWHFo8lKHu+syAFApaKFBCN9LAAl9Cxx9fZn7nHrQRobrBSQRewEZKDAVnmErtczd5cKf9as2u2znoPHEKUiMFmv3qlzsIeRyAQi6ZMT3HjtBLmEbBJUwrbmwgYnzMRtBLqWIBGC/J007pQWwYhjQCTYWkuQi/NxIWGDMJ/HQyYHhrZr1M/M/rxTg88xKhohhB8ewQCgn5IcO1SGsAOhAaEFmWHKhQlDPNEEELyjhPxTjtpZL24cx+P0/aR3XnuH5yfVxrXBTNlMke2SeHxCGnpEGuSJO0CCd35Ik8kxfr0Xq13qz3n9GSVezskj+wPr4BR92TqA==</latexit>

= 8y 6= x. �[n/x](y) = �(y)

<latexit sha1_base64="O6YYM6Dx1neuiPL6B01Efhxyvkw=">AAACInicbVC7TsNAEDzzJrwClDQnIiRojI1A0CAhaCiDRB5SbKL1sQknzmdzt0ZEEX/BJ/AVtFDRISok+BecRwGEqUYzu9qdiVIlLXnehzM2PjE5NT0zW5ibX1hcKi6vVG2SGYEVkajE1COwqKTGCklSWE8NQhwprEXXJz2/dovGykSfUyfFMIa2li0pgHKpWXQPg1ZiQCneCTTe8Ds34IXAynYMjQu93bwLNztbhwMhZ81iyXO9Pvgo8YekxIYoN4tfwWUishg1CQXWNnwvpbALhqRQeF8IMospiGtoYyOnGmK0Ybef655vZBYo4SkaLhXvi/hzowuxtZ04yidjoCv71+uJ/3mNjFoHYVfqNCPUoneIpML+ISuMzAtDfikNEkHvc+RScwEGiNBIDkLkYpY3WMj78P+mHyXVHdffdffOdktHx8NmZtgaW2ebzGf77IidsjKrMMEe2BN7Zi/Oo/PqvDnvg9ExZ7izyn7B+fwG5bGi1w==</latexit>

We want to prove

�[n/x]

<latexit sha1_base64="hAsmBzK3b5NANXtCBawtNPTKKHY=">AAAB/3icbVA9TwJBEN3DL8Qv1NJmIzGxwjuD0ZJoY4mJfCRwkrllwA17e+funJEQCn+FrVZ2xtafYuF/8UAKBV/18t5M5s0LYiUtue6nk1lYXFpeya7m1tY3Nrfy2zs1GyVGYFVEKjKNACwqqbFKkhQ2YoMQBgrrQf9i7Nfv0VgZ6WsaxOiH0NOyKwVQKvktK3shNG/0UfvBb+cLbtGdgM8Tb0oKbIpKO//V6kQiCVGTUGBt03Nj8odgSAqFo1wrsRiD6EMPmynVEKL1h5PQI36QWKCIx2i4VHwi4u+NIYTWDsIgnQyBbu2sNxb/85oJdc/8odRxQqjF+BBJhZNDVhiZtoG8Iw0SwTg5cqm5AANEaCQHIVIxSevJpX14s9/Pk9px0SsVT65KhfL5tJks22P77JB57JSV2SWrsCoT7I49sWf24jw6r86b8/4zmnGmO7vsD5yPb2XNloA=</latexit>

ha,�i ! n

hx := a,�i ! �[n/x]

<latexit sha1_base64="0mCoiiD7TvXT/WennqBKwBYZt3A="></latexit>
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Assume

We want to prove

P (hc2,�00i ! �0) , 8y 62 vars(c2). �
0(y) = �00(y)

<latexit sha1_base64="fHXPTAa7x+mZJ8904ceVJwoAcE8="></latexit>

P (hc1,�i ! �00) , 8y 62 vars(c1). �
00(y) = �(y)

<latexit sha1_base64="JYeMDTqvDvty8jlGMyt9ogyFlyM="></latexit>

P (hc1; c2,�i ! �0) , 8y 62 vars(c1; c2). �
0(y) = �(y)

<latexit sha1_base64="A2oiAHCx4VswwkatuAJfI6tdaq4="></latexit>

= vars(c1) [ vars(c2)

<latexit sha1_base64="qAQ5vm0UqxwD0fweL/w9Yle7l40=">AAACH3icbVDLSgNBEJyN7/iKevQyGISIEHZDRC9C0ItHBWMC2SX0jq0OmX0w0xsISz7CT/ArvOrJm3j14L+4u+agiXUqqrrp6vJjJQ3Z9qdVmptfWFxaXimvrq1vbFa2tm9MlGiBbRGpSHd9MKhkiG2SpLAba4TAV9jxB+e53xmiNjIKr2kUoxfAfSjvpADKpH7l8JS7AdCDpHQI2oxrou8cuCKJZ+TGQb9Stet2AT5LnAmpsgku+5Uv9zYSSYAhCQXG9Bw7Ji8FTVIoHJfdxGAMYgD32MtoCAEaLy2eGvP9xABFPEbNpeKFiL83UgiMGQV+NpknNdNeLv7n9RK6O/FSGcYJYSjyQyQVFoeM0DJrC/mt1EgEeXLkMuQCNBChlhyEyMQkq6+c9eFMfz9Lbhp1p1k/umpWW2eTZpbZLttjNeawY9ZiF+yStZlgj+yZvbBX68l6s96tj5/RkjXZ2WF/YH1+A2K6or4=</latexit>

= 8y 62 vars(c1) [ vars(c2). �
0(y) = �(y)

<latexit sha1_base64="Hcck12H9KAVFaqDNFNzRpIXA3rg="></latexit>

Take y 62 vars(c1) [ vars(c2)

<latexit sha1_base64="rJwS9yh7xMy5aIe2vCWFnQ1RxEc=">AAACJXicbVBNS8NAEN3Ur1q/qh69LBbBXkpSKnoUvXisYFVoSpms07p0swm7E6GE/g5/gr/Cq568ieBB/CsmNQetvtPjvRnmzQtiJS257rtTmptfWFwqL1dWVtfWN6qbW5c2SozAjohUZK4DsKikxg5JUngdG4QwUHgVjE5z/+oOjZWRvqBxjL0QhloOpADKpH7VG/s6Il9qPwS6lZTegbGTfdH36r5IYj4rN+v9as1tuFPwv8QrSI0VaPerH/5NJJIQNQkF1nY9N6ZeCoakUDip+InFGMQIhtjNqIYQbS+dvjbhe4kFiniMhkvFpyL+3EghtHYcBtlkntTOern4n9dNaHDUS6WOE0It8kMkFU4PWWFk1hnyG2mQCPLkyKXmAgwQoZEchMjEJCuxkvXhzX7/l1w2G16rcXDeqh2fFM2U2Q7bZfvMY4fsmJ2xNuswwe7ZI3tiz86D8+K8Om/foyWn2Nlmv+B8fgFwN6X2</latexit>

Since y 62 vars(c2)

<latexit sha1_base64="ACh1+hm1A2nenYjNAug0O1AIf2o=">AAACDnicbVC7TsNAEDyHVwivAB00JyIkaCI7AkEZQUMZJJIgxVG0PhY45Xy27tZIkRWJT+AraKGiQ7T8AgX/gm1SAGGq0cyudnaCWElLrvvhlGZm5+YXyouVpeWV1bXq+kbHRokR2BaRisxlABaV1NgmSQovY4MQBgq7wfA097t3aKyM9AWNYuyHcKPltRRAmTSobo18HZEvtR8C3UpK78DY8Z4YNPYH1ZpbdwvwaeJNSI1N0BpUP/2rSCQhahIKrO15bkz9FAxJoXBc8ROLMYgh3GAvoxpCtP20+GHMdxMLFPEYDZeKFyL+3EghtHYUBtlkntT+9XLxP6+X0PVxP5U6Tgi1yA+RVFgcssLIrBzkV9IgEeTJkUvNBRggQiM5CJGJSdZWJevD+/v9NOk06t5B/fD8oNY8mTRTZttsh+0xjx2xJjtjLdZmgt2zR/bEnp0H58V5dd6+R0vOZGeT/YLz/gVXH5xx</latexit>

then by ind. hyp. �0(y) = �00(y)

<latexit sha1_base64="zTdD4ALG77A4bbirpSx3wsNsXDs=">AAACCnicbZC7SgNREIbPxluMt6hgY3MwiLEJuxLRRgjaWEYwF0hCmD2ZxEPOXjhnVggxb+BT2GplJ7a+hIXv4m7cQhOn+vj/GWbmd0MlDdn2p5VZWFxaXsmu5tbWNza38ts7dRNEWmBNBCrQTRcMKuljjSQpbIYawXMVNtzhVeI37lEbGfi3NAqx48HAl30pgGKpm99rGznw4Kg4Or5IMeFuvmCX7GnxeXBSKLC0qt38V7sXiMhDn4QCY1qOHVJnDJqkUDjJtSODIYghDLAVow8ems54ev+EH0YGKOAhai4Vn4r4e2IMnjEjz407PaA7M+sl4n9eK6L+eWcs/TAi9EWyiKTC6SIjtIyDQd6TGokguRy59LkADUSoJQchYjGKk8rFeTiz389D/aTklEunN+VC5TJNJsv22QErMoedsQq7ZlVWY4I9sCf2zF6sR+vVerPef1ozVjqzy/6U9fENvP2ZNA==</latexit>

Since y 62 vars(c1)

<latexit sha1_base64="vg32YvcetWFBMBU+W2Hd266tCZ8=">AAACDnicbVC7TsNAEDzzDOEVoIPmRIQUmshGQVBG0FAGiQBSbEXrywInzmfrbh0psiLxCXwFLVR0iJZfoOBfsIMLXlONZna1sxMmSlpy3Xdnanpmdm6+slBdXFpeWa2trZ/bODUCuyJWsbkMwaKSGrskSeFlYhCiUOFFeHtc+BdDNFbG+oxGCQYRXGt5JQVQLvVrmyNfx+RL7UdAN5KyIRg7boi+t9uv1d2mOwH/S7yS1FmJTr/24Q9ikUaoSSiwtue5CQUZGJJC4bjqpxYTELdwjb2caojQBtnkhzHfSS1QzBM0XCo+EfH7RgaRtaMozCeLpPa3V4j/eb2Urg6DTOokJdSiOERS4eSQFUbm5SAfSINEUCRHLjUXYIAIjeQgRC6meVvVvA/v9/d/yfle02s1909b9fZR2UyFbbFt1mAeO2BtdsI6rMsEu2MP7JE9OffOs/PivH6NTjnlzgb7AeftE1WPnHA=</latexit>

then by ind. hyp. �00(y) = �(y)

<latexit sha1_base64="8VBk6/avqWbDdMTVV0Sv5YaZEdY=">AAACCXicbZC7SgNREIbPxluMt1WxsjkYJLEJuxLRRgjaWEYwF0hCmD2ZxEPOXjhnVghLnsCnsNXKTmx9Cgvfxc2l0OhUH/8/w8z8XqSkIcf5tDJLyyura9n13Mbm1vaOvbtXN2GsBdZEqELd9MCgkgHWSJLCZqQRfE9hwxteT/zGA2ojw+CORhF2fBgEsi8FUCp17YO2kQMfCoXi6ORyxil17bxTcqbF/4I7hzybV7Vrf7V7oYh9DEgoMKblOhF1EtAkhcJxrh0bjEAMYYCtFAPw0XSS6fljfhwboJBHqLlUfCriz4kEfGNGvpd2+kD3ZtGbiP95rZj6F51EBlFMGIjJIpIKp4uM0DLNBXlPaiSCyeXIZcAFaCBCLTkIkYpxGlQuzcNd/P4v1E9Lbrl0dlvOV67myWTZITtiReayc1ZhN6zKakywhD2xZ/ZiPVqv1pv1PmvNWPOZffarrI9vUmyZAw==</latexit>

Thus �0(y) = �(y)

<latexit sha1_base64="1T079X2Zb1fPWXinRRm9TfIZzog=">AAACCHicbZC7TgJREIbP4g3xhpfO5kRixIbsGow2JkQbS0zkkgAhs4cBTzh7yTmzJkh4AZ/CVis7Y+tbWPgu7i4Uik715f9nMjO/GyppyLY/rczC4tLySnY1t7a+sbmV396pmyDSAmsiUIFuumBQSR9rJElhM9QInquw4Q6vEr9xj9rIwL+lUYgdDwa+7EsBFEvd/F7byIEHR8XR8cUUY+rmC3bJTov/BWcGBTarajf/1e4FIvLQJ6HAmJZjh9QZgyYpFE5y7chgCGIIA2zF6IOHpjNOr5/ww8gABTxEzaXiqYg/J8bgGTPy3LjTA7oz814i/ue1Iuqfd8bSDyNCXySLSCpMFxmhZRwL8p7USATJ5cilzwVoIEItOQgRi1GcUy7Ow5n//i/UT0pOuXR6Uy5ULmfJZNk+O2BF5rAzVmHXrMpqTLAH9sSe2Yv1aL1ab9b7tDVjzWZ22a+yPr4B69GY0g==</latexit>

hc1,�i ! �00 hc2,�00i ! �0

hc1; c2,�i ! �0

<latexit sha1_base64="J5doz98aQRToc5aF0XIoyLJyz9k="></latexit>
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Assume

We want to prove

= 8y 62 vars(c1) [ vars(c2). �
0(y) = �(y)

<latexit sha1_base64="Hcck12H9KAVFaqDNFNzRpIXA3rg="></latexit>

Take y 62 vars(c1) [ vars(c2)

<latexit sha1_base64="rJwS9yh7xMy5aIe2vCWFnQ1RxEc=">AAACJXicbVBNS8NAEN3Ur1q/qh69LBbBXkpSKnoUvXisYFVoSpms07p0swm7E6GE/g5/gr/Cq568ieBB/CsmNQetvtPjvRnmzQtiJS257rtTmptfWFwqL1dWVtfWN6qbW5c2SozAjohUZK4DsKikxg5JUngdG4QwUHgVjE5z/+oOjZWRvqBxjL0QhloOpADKpH7VG/s6Il9qPwS6lZTegbGTfdH36r5IYj4rN+v9as1tuFPwv8QrSI0VaPerH/5NJJIQNQkF1nY9N6ZeCoakUDip+InFGMQIhtjNqIYQbS+dvjbhe4kFiniMhkvFpyL+3EghtHYcBtlkntTOern4n9dNaHDUS6WOE0It8kMkFU4PWWFk1hnyG2mQCPLkyKXmAgwQoZEchMjEJCuxkvXhzX7/l1w2G16rcXDeqh2fFM2U2Q7bZfvMY4fsmJ2xNuswwe7ZI3tiz86D8+K8Om/foyWn2Nlmv+B8fgFwN6X2</latexit>

Since y 62 vars(c1)

<latexit sha1_base64="vg32YvcetWFBMBU+W2Hd266tCZ8=">AAACDnicbVC7TsNAEDzzDOEVoIPmRIQUmshGQVBG0FAGiQBSbEXrywInzmfrbh0psiLxCXwFLVR0iJZfoOBfsIMLXlONZna1sxMmSlpy3Xdnanpmdm6+slBdXFpeWa2trZ/bODUCuyJWsbkMwaKSGrskSeFlYhCiUOFFeHtc+BdDNFbG+oxGCQYRXGt5JQVQLvVrmyNfx+RL7UdAN5KyIRg7boi+t9uv1d2mOwH/S7yS1FmJTr/24Q9ikUaoSSiwtue5CQUZGJJC4bjqpxYTELdwjb2caojQBtnkhzHfSS1QzBM0XCo+EfH7RgaRtaMozCeLpPa3V4j/eb2Urg6DTOokJdSiOERS4eSQFUbm5SAfSINEUCRHLjUXYIAIjeQgRC6meVvVvA/v9/d/yfle02s1909b9fZR2UyFbbFt1mAeO2BtdsI6rMsEu2MP7JE9OffOs/PivH6NTjnlzgb7AeftE1WPnHA=</latexit>

then by ind. hyp. �0(y) = �(y)

<latexit sha1_base64="1T079X2Zb1fPWXinRRm9TfIZzog=">AAACCHicbZC7TgJREIbP4g3xhpfO5kRixIbsGow2JkQbS0zkkgAhs4cBTzh7yTmzJkh4AZ/CVis7Y+tbWPgu7i4Uik715f9nMjO/GyppyLY/rczC4tLySnY1t7a+sbmV396pmyDSAmsiUIFuumBQSR9rJElhM9QInquw4Q6vEr9xj9rIwL+lUYgdDwa+7EsBFEvd/F7byIEHR8XR8cUUY+rmC3bJTov/BWcGBTarajf/1e4FIvLQJ6HAmJZjh9QZgyYpFE5y7chgCGIIA2zF6IOHpjNOr5/ww8gABTxEzaXiqYg/J8bgGTPy3LjTA7oz814i/ue1Iuqfd8bSDyNCXySLSCpMFxmhZRwL8p7USATJ5cilzwVoIEItOQgRi1GcUy7Ow5n//i/UT0pOuXR6Uy5ULmfJZNk+O2BF5rAzVmHXrMpqTLAH9sSe2Yv1aL1ab9b7tDVjzWZ22a+yPr4B69GY0g==</latexit>

P (hc1,�i ! �0) , 8y 62 vars(c1). �
0(y) = �(y)

<latexit sha1_base64="3dVjNkOElvmUu3SP+b6Ikud1TS8="></latexit>

P (hif b then c1 else c2,�i ! �0) , 8y 62 vars(if b then c1 else c2). �
0(y) = �(y)

<latexit sha1_base64="6EjpArSUD1XaG4CXKs7Pn+StL4g="></latexit>

= vars(c1) [ vars(c2)

<latexit sha1_base64="qAQ5vm0UqxwD0fweL/w9Yle7l40=">AAACH3icbVDLSgNBEJyN7/iKevQyGISIEHZDRC9C0ItHBWMC2SX0jq0OmX0w0xsISz7CT/ArvOrJm3j14L+4u+agiXUqqrrp6vJjJQ3Z9qdVmptfWFxaXimvrq1vbFa2tm9MlGiBbRGpSHd9MKhkiG2SpLAba4TAV9jxB+e53xmiNjIKr2kUoxfAfSjvpADKpH7l8JS7AdCDpHQI2oxrou8cuCKJZ+TGQb9Stet2AT5LnAmpsgku+5Uv9zYSSYAhCQXG9Bw7Ji8FTVIoHJfdxGAMYgD32MtoCAEaLy2eGvP9xABFPEbNpeKFiL83UgiMGQV+NpknNdNeLv7n9RK6O/FSGcYJYSjyQyQVFoeM0DJrC/mt1EgEeXLkMuQCNBChlhyEyMQkq6+c9eFMfz9Lbhp1p1k/umpWW2eTZpbZLttjNeawY9ZiF+yStZlgj+yZvbBX68l6s96tj5/RkjXZ2WF/YH1+A2K6or4=</latexit>

hb,�i ! tt hc1,�i ! �0

hif b then c1 else c2,�i ! �0

<latexit sha1_base64="MXXTWhsWhS+zxlyiLVkvnJWFILU="></latexit>
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We want to prove

P(hif b then c0 else c1,si ! s 0)
def
= C Jif b then c0 else c1Ks = s 0

In fact, we have

C Jif b then c0 else c1Ks = B JbKs ! C Jc0Ks ,C Jc1Ks
= true ! s 0,C Jc1Ks
= s 0

ifff: The proof for the second rule of the conditional command is completely
analogous to the previous one and thus omitted.

whff: Let us consider the rule

hb,si ! false

hwhile b do c,si ! s

We assume hb,si ! false and therefore B JbKs = false.
We want to prove

P(hwhile b do c,si ! s)
def
= C Jwhile b do cKs = s

By the fixpoint property of the denotational semantics

C Jwhile b do cKs = B JbKs ! C Jwhile b do cK⇤ (C JcKs),s
= false ! C Jwhile b do cK⇤ (C JcKs),s
= s

whtt: At last we consider the second rule of the while command:

hb,si ! true hc,si ! s 00 ⌦
while b do c,s 00↵ ! s 0

hwhile b do c,si ! s 0

We assume

• hb,si ! true and therefore B JbKs = true
• P(hc,si ! s 00)

def
= C JcKs = s 00

• P(hwhile b do c,s 00i ! s 0)
def
= C Jwhile b do cKs 00 = s 0

We want to prove

P(hwhile b do c,si ! s 0)
def
= C Jwhile b do cKs = s 0

By the definition of the denotational semantics and the inductive hypotheses
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We want to prove

obvious

P (hwhile b do c,�i ! �) , 8y 62 vars(while b do c). �(y) = �(y)

<latexit sha1_base64="+xDMmDOPKCzNdFJAB94Go5wG1M8="></latexit>

= vars(c)

<latexit sha1_base64="KYD51tGiZ1Fm3rCAB3+9n18ImVs=">AAACBXicbVC7TgJBFJ3FF+ILtLSZSEywIbsGo40J0cYSE3kkQMjd4YITZh+ZuYshG2q/wlYrO2Prd1j4L+4ihYKnOjnn3txzjxsqaci2P63Myura+kZ2M7e1vbO7ly/sN0wQaYF1EahAt1wwqKSPdZKksBVqBM9V2HRH16nfHKM2MvDvaBJi14OhLwdSACVSL1+47HhA95LiMWgzLYmTXr5ol+0Z+DJx5qTI5qj18l+dfiAiD30SCoxpO3ZI3Rg0SaFwmutEBkMQIxhiO6E+eGi68Sz6lB9HBijgIWouFZ+J+HsjBs+Yiecmk2lOs+il4n9eO6LBRTeWfhgR+iI9RFLh7JARWiadIO9LjUSQJkcufS5AAxFqyUGIRIySknJJH87i98ukcVp2KuWz20qxejVvJssO2RErMYedsyq7YTVWZ4I9sCf2zF6sR+vVerPef0Yz1nzngP2B9fEN+6KYag==</latexit>

= 8y 62 vars(c). �(y) = �(y)

<latexit sha1_base64="XS0Q6hTjbpwl10O8JfmBVmt4NNo="></latexit>
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Assume

We want to prove

Take

P (hc,�i ! �00) , 8y 62 vars(c). �00(y) = �(y)

<latexit sha1_base64="dIwbOBvfdw8Voq/pGn9Y8UPj5HY="></latexit>

P (hwhile b do c,�00i ! �0) , 8y 62 vars(while b do c). �0(y) = �00(y)

<latexit sha1_base64="yRWuZvdyBfTyNm3oX/f85KTHDOo="></latexit>

P (hwhile b do c,�i ! �0) , 8y 62 vars(while b do c). �0(y) = �(y)

<latexit sha1_base64="HnOH/H9zPeCqdJZY9nmp+q3cmMM="></latexit>

= vars(c)

<latexit sha1_base64="KYD51tGiZ1Fm3rCAB3+9n18ImVs=">AAACBXicbVC7TgJBFJ3FF+ILtLSZSEywIbsGo40J0cYSE3kkQMjd4YITZh+ZuYshG2q/wlYrO2Prd1j4L+4ihYKnOjnn3txzjxsqaci2P63Myura+kZ2M7e1vbO7ly/sN0wQaYF1EahAt1wwqKSPdZKksBVqBM9V2HRH16nfHKM2MvDvaBJi14OhLwdSACVSL1+47HhA95LiMWgzLYmTXr5ol+0Z+DJx5qTI5qj18l+dfiAiD30SCoxpO3ZI3Rg0SaFwmutEBkMQIxhiO6E+eGi68Sz6lB9HBijgIWouFZ+J+HsjBs+Yiecmk2lOs+il4n9eO6LBRTeWfhgR+iI9RFLh7JARWiadIO9LjUSQJkcufS5AAxFqyUGIRIySknJJH87i98ukcVp2KuWz20qxejVvJssO2RErMYedsyq7YTVWZ4I9sCf2zF6sR+vVerPef0Yz1nzngP2B9fEN+6KYag==</latexit>

= 8y 62 vars(c). �0(y) = �(y)

<latexit sha1_base64="+zd0Qo6nCgaDggiyOnQr9BxBZRQ="></latexit>

y 62 vars(c)

<latexit sha1_base64="cI/CaMmji/jy1A25I5ksvtOGdmU=">AAACDHicbVC7TsNAEDzzDOEVoEGiOREhhSayURCUETSUQSKAFFvR+rLAifPZultHiqzwCXwFLVR0iJZ/oOBfsIMLXlONZna1sxMmSlpy3Xdnanpmdm6+slBdXFpeWa2trZ/bODUCuyJWsbkMwaKSGrskSeFlYhCiUOFFeHtc+BdDNFbG+oxGCQYRXGt5JQVQLvVrmyNfx+RL7UdAN5KyIRg7bojdfq3uNt0J+F/ilaTOSnT6tQ9/EIs0Qk1CgbU9z00oyMCQFArHVT+1mIC4hWvs5VRDhDbIJh+M+U5qgWKeoOFS8YmI3zcyiKwdRWE+WeS0v71C/M/rpXR1GGRSJymhFsUhkgonh6wwMq8G+UAaJIIiOXKpuQADRGgkByFyMc27quZ9eL+//0vO95peq7l/2qq3j8pmKmyLbbMG89gBa7MT1mFdJtgde2CP7Mm5d56dF+f1a3TKKXc22A84b58WsZvM</latexit>

Since then by ind. hyp. �0(y) = �00(y)

<latexit sha1_base64="zTdD4ALG77A4bbirpSx3wsNsXDs=">AAACCnicbZC7SgNREIbPxluMt6hgY3MwiLEJuxLRRgjaWEYwF0hCmD2ZxEPOXjhnVggxb+BT2GplJ7a+hIXv4m7cQhOn+vj/GWbmd0MlDdn2p5VZWFxaXsmu5tbWNza38ts7dRNEWmBNBCrQTRcMKuljjSQpbIYawXMVNtzhVeI37lEbGfi3NAqx48HAl30pgGKpm99rGznw4Kg4Or5IMeFuvmCX7GnxeXBSKLC0qt38V7sXiMhDn4QCY1qOHVJnDJqkUDjJtSODIYghDLAVow8ems54ev+EH0YGKOAhai4Vn4r4e2IMnjEjz407PaA7M+sl4n9eK6L+eWcs/TAi9EWyiKTC6SIjtIyDQd6TGokguRy59LkADUSoJQchYjGKk8rFeTiz389D/aTklEunN+VC5TJNJsv22QErMoedsQq7ZlVWY4I9sCf2zF6sR+vVerPef1ozVjqzy/6U9fENvP2ZNA==</latexit>

Since then by ind. hyp. �00(y) = �(y)

<latexit sha1_base64="8VBk6/avqWbDdMTVV0Sv5YaZEdY=">AAACCXicbZC7SgNREIbPxluMt1WxsjkYJLEJuxLRRgjaWEYwF0hCmD2ZxEPOXjhnVghLnsCnsNXKTmx9Cgvfxc2l0OhUH/8/w8z8XqSkIcf5tDJLyyura9n13Mbm1vaOvbtXN2GsBdZEqELd9MCgkgHWSJLCZqQRfE9hwxteT/zGA2ojw+CORhF2fBgEsi8FUCp17YO2kQMfCoXi6ORyxil17bxTcqbF/4I7hzybV7Vrf7V7oYh9DEgoMKblOhF1EtAkhcJxrh0bjEAMYYCtFAPw0XSS6fljfhwboJBHqLlUfCriz4kEfGNGvpd2+kD3ZtGbiP95rZj6F51EBlFMGIjJIpIKp4uM0DLNBXlPaiSCyeXIZcAFaCBCLTkIkYpxGlQuzcNd/P4v1E9Lbrl0dlvOV67myWTZITtiReayc1ZhN6zKakywhD2xZ/ZiPVqv1pv1PmvNWPOZffarrI9vUmyZAw==</latexit>

Thus �0(y) = �(y)

<latexit sha1_base64="1T079X2Zb1fPWXinRRm9TfIZzog=">AAACCHicbZC7TgJREIbP4g3xhpfO5kRixIbsGow2JkQbS0zkkgAhs4cBTzh7yTmzJkh4AZ/CVis7Y+tbWPgu7i4Uik715f9nMjO/GyppyLY/rczC4tLySnY1t7a+sbmV396pmyDSAmsiUIFuumBQSR9rJElhM9QInquw4Q6vEr9xj9rIwL+lUYgdDwa+7EsBFEvd/F7byIEHR8XR8cUUY+rmC3bJTov/BWcGBTarajf/1e4FIvLQJ6HAmJZjh9QZgyYpFE5y7chgCGIIA2zF6IOHpjNOr5/ww8gABTxEzaXiqYg/J8bgGTPy3LjTA7oz814i/ue1Iuqfd8bSDyNCXySLSCpMFxmhZRwL8p7USATJ5cilzwVoIEItOQgRi1GcUy7Ow5n//i/UT0pOuXR6Uy5ULmfJZNk+O2BF5rAzVmHXrMpqTLAH9sSe2Yv1aL1ab9b7tDVjzWZ22a+yPr4B69GY0g==</latexit>

y 62 vars(c)

<latexit sha1_base64="cI/CaMmji/jy1A25I5ksvtOGdmU=">AAACDHicbVC7TsNAEDzzDOEVoEGiOREhhSayURCUETSUQSKAFFvR+rLAifPZultHiqzwCXwFLVR0iJZ/oOBfsIMLXlONZna1sxMmSlpy3Xdnanpmdm6+slBdXFpeWa2trZ/bODUCuyJWsbkMwaKSGrskSeFlYhCiUOFFeHtc+BdDNFbG+oxGCQYRXGt5JQVQLvVrmyNfx+RL7UdAN5KyIRg7bojdfq3uNt0J+F/ilaTOSnT6tQ9/EIs0Qk1CgbU9z00oyMCQFArHVT+1mIC4hWvs5VRDhDbIJh+M+U5qgWKeoOFS8YmI3zcyiKwdRWE+WeS0v71C/M/rpXR1GGRSJymhFsUhkgonh6wwMq8G+UAaJIIiOXKpuQADRGgkByFyMc27quZ9eL+//0vO95peq7l/2qq3j8pmKmyLbbMG89gBa7MT1mFdJtgde2CP7Mm5d56dF+f1a3TKKXc22A84b58WsZvM</latexit>

y 62 vars(c)

<latexit sha1_base64="cI/CaMmji/jy1A25I5ksvtOGdmU=">AAACDHicbVC7TsNAEDzzDOEVoEGiOREhhSayURCUETSUQSKAFFvR+rLAifPZultHiqzwCXwFLVR0iJZ/oOBfsIMLXlONZna1sxMmSlpy3Xdnanpmdm6+slBdXFpeWa2trZ/bODUCuyJWsbkMwaKSGrskSeFlYhCiUOFFeHtc+BdDNFbG+oxGCQYRXGt5JQVQLvVrmyNfx+RL7UdAN5KyIRg7bojdfq3uNt0J+F/ilaTOSnT6tQ9/EIs0Qk1CgbU9z00oyMCQFArHVT+1mIC4hWvs5VRDhDbIJh+M+U5qgWKeoOFS8YmI3zcyiKwdRWE+WeS0v71C/M/rpXR1GGRSJymhFsUhkgonh6wwMq8G+UAaJIIiOXKpuQADRGgkByFyMc27quZ9eL+//0vO95peq7l/2qq3j8pmKmyLbbMG89gBa7MT1mFdJtgde2CP7Mm5d56dF+f1a3TKKXc22A84b58WsZvM</latexit>

= vars(c)

<latexit sha1_base64="KYD51tGiZ1Fm3rCAB3+9n18ImVs=">AAACBXicbVC7TgJBFJ3FF+ILtLSZSEywIbsGo40J0cYSE3kkQMjd4YITZh+ZuYshG2q/wlYrO2Prd1j4L+4ihYKnOjnn3txzjxsqaci2P63Myura+kZ2M7e1vbO7ly/sN0wQaYF1EahAt1wwqKSPdZKksBVqBM9V2HRH16nfHKM2MvDvaBJi14OhLwdSACVSL1+47HhA95LiMWgzLYmTXr5ol+0Z+DJx5qTI5qj18l+dfiAiD30SCoxpO3ZI3Rg0SaFwmutEBkMQIxhiO6E+eGi68Sz6lB9HBijgIWouFZ+J+HsjBs+Yiecmk2lOs+il4n9eO6LBRTeWfhgR+iI9RFLh7JARWiadIO9LjUSQJkcufS5AAxFqyUGIRIySknJJH87i98ukcVp2KuWz20qxejVvJssO2RErMYedsyq7YTVWZ4I9sCf2zF6sR+vVerPef0Yz1nzngP2B9fEN+6KYag==</latexit>
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We want to prove

P(hif b then c0 else c1,si ! s 0)
def
= C Jif b then c0 else c1Ks = s 0

In fact, we have

C Jif b then c0 else c1Ks = B JbKs ! C Jc0Ks ,C Jc1Ks
= true ! s 0,C Jc1Ks
= s 0

ifff: The proof for the second rule of the conditional command is completely
analogous to the previous one and thus omitted.

whff: Let us consider the rule

hb,si ! false

hwhile b do c,si ! s

We assume hb,si ! false and therefore B JbKs = false.
We want to prove

P(hwhile b do c,si ! s)
def
= C Jwhile b do cKs = s

By the fixpoint property of the denotational semantics

C Jwhile b do cKs = B JbKs ! C Jwhile b do cK⇤ (C JcKs),s
= false ! C Jwhile b do cK⇤ (C JcKs),s
= s

whtt: At last we consider the second rule of the while command:

hb,si ! true hc,si ! s 00 ⌦
while b do c,s 00↵ ! s 0

hwhile b do c,si ! s 0

We assume

• hb,si ! true and therefore B JbKs = true
• P(hc,si ! s 00)

def
= C JcKs = s 00

• P(hwhile b do c,s 00i ! s 0)
def
= C Jwhile b do cKs 00 = s 0

We want to prove

P(hwhile b do c,si ! s 0)
def
= C Jwhile b do cKs = s 0

By the definition of the denotational semantics and the inductive hypotheses
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Principles for software composition 2019/20
03 - Well founded recursion, posets and denotational semantics

[Ex. 1] Define by well-founded recursion the function vars that, given an

arithmetic expression a, returns the set of identifiers that appear in a. Then,
prove by rule induction that 8a 2 Aexp, 8� 2 ⌃, 8n 2 Z

ha, �i ! n implies 8�0. ( (8y 2 vars(a). �(y) = �0
(y)) ) ha, �0i ! n ).

[Ex. 2] Define by well-founded recursion the function vars that, given a

command, returns the set of identifiers that appear on the left-hand side of

some assignment. Then, prove by rule induction that 8c 2 Com, 8�, �0 2 ⌃

hc, �i ! �0
implies 8x 62 vars(c). �(x) = �0

(x).

[Ex. 3] Consider the CPO? (}(N),✓). Prove that for any set S ✓ N:

1. the function fS : }(N) ! }(N) such that fS(X) = X \S is continuous.

2. the function gS : }(N) ! }(N) such that gS(X) = X [S is continuous.

[Ex. 4] Prove that any limit-preserving function is monotone.

[Ex. 5] Let D = {n 2 N | n > 0} [ {1} and v ✓ (D ⇥D) such that

• for any n,m 2 D \ N, we let n v m i↵ n divides m;

• for any x 2 D, we let x v 1.

Is (D,v) a CPO?? Explain.

[Ex. 6] Define two functions fi : Di ! Di over two suitable CPOs Di for

i 2 [1, 2] (not necessarily with bottom) such that

1. f1 is continuous, has fixpoints but not a least fixpoint;

2. f2 is continuous and has no fixpoint;

[Ex. 7] Let D,E be two CPO?s and f : D ! E, g : E ! D be two

continuous functions between them. Their compositions h = g � f : D ! D
and k = f � g : E ! E are known to be continuous and thus have least

fixpoints.

D
f

++
h=g�f 77 E

g
kk k=f�g

ww

Let e0 = fix(k) 2 E. Prove that g(e0) = fix(h) 2 D by showing that

1. g(e0) is a fixpoint for h, and

2. g(e0) is the least pre-fixpoint for h.

we omit to check monotonicity
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Ex. 3, Continuity
fS(X) = X \ S

<latexit sha1_base64="TOIFTae53DmbVQc2hRMq+YVcRyQ=">AAACBXicbVC7TgJBFJ31ifgCLW0mEhNsyK7BaGNCtLHEII8ECLk7XHDC7CMzdzWEUPsVtlrZGVu/w8J/cRe3UPBUJ+fcm3vucUMlDdn2p7W0vLK6tp7ZyG5ube/s5vJ7DRNEWmBdBCrQLRcMKuljnSQpbIUawXMVNt3RVeI371EbGfi3NA6x68HQlwMpgGKpl8sPerVi65hf8BbvCAh5rZcr2CV7Br5InJQUWIpqL/fV6Qci8tAnocCYtmOH1J2AJikUTrOdyGAIYgRDbMfUBw9NdzKLPuVHkQEKeIiaS8VnIv7emIBnzNhz40kP6M7Me4n4n9eOaHDenUg/jAh9kRwiqXB2yAgt406Q96VGIkiSI5c+F6CBCLXkIEQsRnFJ2bgPZ/77RdI4KTnl0ulNuVC5TJvJsAN2yIrMYWeswq5ZldWZYA/siT2zF+vRerXerPef0SUr3dlnf2B9fAMZnJab</latexit>

{Xi}i2N

<latexit sha1_base64="ooiS3GnnKryCUoB4hLPkVOHnXYg=">AAACDHicbVC7TsNAEDzzDOEVoEGiOREhUUU2CoIygoYKBYlApDiyzpcNrDifrbs1UmSZT+AraKGiQ7T8AwX/gh1S8JpqNLOrnZ0wUWjJdd+dqemZ2bn5ykJ1cWl5ZbW2tn5h49RI6MhYxaYbCgsKNXQISUE3MSCiUMFleHNc+pe3YCzG+pxGCfQjcaVxiFJQIQW1TT/rBujnQYY+aj8SdB2G2WmeB7W623DH4H+JNyF1NkE7qH34g1imEWiSSljb89yE+pkwhFJBXvVTC4mQN+IKegXVIgLbz8Yf5HwntYJinoDhqPhYhO8bmYisHUVhMVlGtL+9UvzP66U0POxnqJOUQMvyEKGC8SErDRbVAB+gASJRJgeOmkthBBEY5ELKQkyLrqpFH97v7/+Si72G12zsnzXrraNJMxW2xbbZLvPYAWuxE9ZmHSbZHXtgj+zJuXeenRfn9Wt0ypnsbLAfcN4+AVvzm/s=</latexit>

fS

 
[

i2N
Xi

!
=
[

i2N
fS(Xi)

<latexit sha1_base64="oAz7zAe7wtflHYtOZ5TJqoVpSc4="></latexit>

Take a chain

We need to prove

fS

 
[

i2N
Xi

!
=

 
[

i2N
Xi

!
\ S

<latexit sha1_base64="+43lq+nOZWk1yQ7G5zKcAIaWVFM=">AAACU3icjVA9T9xAEN1z+Ir5OpIyzYoTEjQnG4GSBgklDVVEBAcnnU/WeJk7RqzXq90xErLu5+UnpEiRX0ALFQ325Qq+Cl719N4bzczLrCbPUfS3FXyYm19YXPoYLq+srq23Nz6d+aJ0Cnuq0IXrZ+BRk8EeE2vsW4eQZxrPs6sfjX9+jc5TYU75xuIwh7GhESngWkrb6Sg9STSOeDvJaKxKm1aUkEly4Mssq35OJrKfUuJofM k74UH47qxMFFh5krY7UTeaQr4m8Yx0xAzHaftfclGoMkfDSoP3gziyPKzAMSmNkzApPVpQVzDGQU0N5OiH1bSIidwqPXAhLTpJWk5FfDpRQe79TZ7VyeZo/9JrxLe8Qcmjb8OKjC0ZjWoWMWmcLvLKUd0wygtyyAzN5SjJSAUOmNGRBKVqsawrD+s+4pffvyZnu914r7v/a69z+H3WzJL4IjbFtojFV3EojsSx6AklfotbcSfuW39aD0EQzP2PBq3ZzGfxDMHqI4DZtVM=</latexit>

by def

=
[

i2N
(Xi \ S)

<latexit sha1_base64="r1AE46DFYvsUeLJZp6euE9K0A7A="></latexit>

by distributivity

=
[

i2N
fS(Xi)

<latexit sha1_base64="G0jspUfZbpogVKXfmC6aNZL5u5k=">AAACGHicbVC7TsNAEDyHVwivACXNiYAETWQjEDRICBoqFASBSHFknS+bsOJ8tu7WSMjKD/AJfAUtVHSIlo6Cf8EOKXhNNZrZ1c5OmCi05LrvTmlsfGJyqjxdmZmdm1+oLi5d2Dg1EpoyVrFphcKCQg1NQlLQSgyIKFRwGV4fFf7lDRiLsT6n2wQ6kehr7KEUlEtBdW2/4ofYl2kSZOij9iNBV2GYnQwGvBecbbQC3ORBtebW3SH4X+KNSI2N0AiqH343lmkEmqQS1rY9N6FOJgyhVDCo+KmFRMhr0Yd2TrWIwHay4TcDvp5aQTFPwHBUfCjC941MRNbeRmE+WYS1v71C/M9rp9Tb62Sok5RAy+IQoYLhISsN5jUB76IBIlEkB46aS2EEERjkQspcTPPeKnkf3u/v/5KLrbq3Xd853a4dHI6aKbMVtso2mMd22QE7Zg3WZJLdsQf2yJ6ce+fZeXFev0ZLzmhnmf2A8/YJZIyfiQ==</latexit>

by def
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Ex. 3, Continuity

{Xi}i2N

<latexit sha1_base64="ooiS3GnnKryCUoB4hLPkVOHnXYg=">AAACDHicbVC7TsNAEDzzDOEVoEGiOREhUUU2CoIygoYKBYlApDiyzpcNrDifrbs1UmSZT+AraKGiQ7T8AwX/gh1S8JpqNLOrnZ0wUWjJdd+dqemZ2bn5ykJ1cWl5ZbW2tn5h49RI6MhYxaYbCgsKNXQISUE3MSCiUMFleHNc+pe3YCzG+pxGCfQjcaVxiFJQIQW1TT/rBujnQYY+aj8SdB2G2WmeB7W623DH4H+JNyF1NkE7qH34g1imEWiSSljb89yE+pkwhFJBXvVTC4mQN+IKegXVIgLbz8Yf5HwntYJinoDhqPhYhO8bmYisHUVhMVlGtL+9UvzP66U0POxnqJOUQMvyEKGC8SErDRbVAB+gASJRJgeOmkthBBEY5ELKQkyLrqpFH97v7/+Si72G12zsnzXrraNJMxW2xbbZLvPYAWuxE9ZmHSbZHXtgj+zJuXeenRfn9Wt0ypnsbLAfcN4+AVvzm/s=</latexit>

Take a chain

We need to prove

by def

gS(X) = X [ S

<latexit sha1_base64="9WG4WSfJt2ImQReQ03BKsGPIrxA=">AAACBXicbVC7TsNAEDzzDOHlQElzIkIKTWSjIGiQImgog0IeUmJZ58smnHJ+6G4NiqLUfAUtVHSIlu+g4F+wjQtImGo0s6udHS+SQqNlfRpLyyura+uFjeLm1vbOrlnaa+swVhxaPJSh6npMgxQBtFCghG6kgPmehI43vkr9zj0oLcLgFicROD4bBWIoOMNEcs3SyG1Wusf0gnZpn8cRbbpm2apaGegisXNSJjkarvnVH4Q89iFALpnWPduK0JkyhYJLmBX7sYaI8TEbQS+hAfNBO9Ms+owexZphSCNQVEiaifB7Y8p8rSe+l0z6DO/0vJeK/3m9GIfnzlQEUYwQ8PQQCgnZIc2VSDoBOhAKEFmaHKgIKGeKIYISlHGeiHFSUjHpw57/fpG0T6p2rXp6UyvXL/NmCuSAHJIKsckZqZNr0iAtwskDeSLP5MV4NF6NN+P9Z3TJyHf2yR8YH986o5aw</latexit>

gS

 
[

i2N
Xi

!
=
[

i2N
gS(Xi)

<latexit sha1_base64="qzsoNWrSF5g/hKa8+BFKrP/sLzo="></latexit>

gS

 
[

i2N
Xi

!
=

 
[

i2N
Xi

!
[ S

<latexit sha1_base64="pgKomK34JKben66OhQMagSd4YtQ=">AAACU3icjVC7TsNAELyYVzCvACXNiQgJmshGIGiQImioEAgCkeLIOh8bs+J8tu7WSMjK5/EJFBR8AS1UNNghBa+CqUYzs9rdiTKFljzvqeZMTE5Nz9Rn3bn5hcWlxvLKpU1zI6EjU5WabiQsKNTQISQF3cyASCIFV9HtUeVf3YGxmOoLus+gn4hY4wCloFIKG2EcngcKBrQZRBjLPAsLDFAHiaCbKCpOhkPeDTEwGN/Qlnvg/j vLgzLAz8NG02t5I/DfxB+TJhvjNGw8B9epzBPQJJWwtud7GfULYQilgqEb5BYyIW9FDL2SapGA7RejIoZ8I7eCUp6B4aj4SISvE4VIrL1PojJZHW1/epX4l9fLabDfL1BnOYGW1SJCBaNFVhosGwZ+jQaIRHU5cNRcCiOIwCAXUpZiXlbuln34P7//TS63W/5Oa/dsp9k+HDdTZ2tsnW0yn+2xNjtmp6zDJHtgL+yVvdUea++O40x+Rp3aeGaVfYOz8AGiLrVo</latexit>

by idempotency

=
[

i2N
(Xi [ S)

<latexit sha1_base64="gQ5hP6n1AJVH9zUSB8j742qEphE=">AAACG3icbVC7TsNAEDzzJrwClDQnIgQ0kY2CoEFC0FAhEAQixZF1vixhlfPZulsjRVY+gU/gK2ihokO0FBT8C3ZIAYGpRjO72tkJE4WWXPfDGRufmJyanpktzc0vLC6Vl1eubJwaCXUZq9g0QmFBoYY6ISloJAZEFCq4DrvHhX99B8ZirC+pl0ArEh2NNygF5VJQ3jwo+SF2ZJoEGfqo/UjQbRhmp/0+32oE6OcOv9jmQbniVt0B+F/iDUmFDXEWlD/9dizTCDRJJaxtem5CrUwYQqmgX/JTC4mQXdGBZk61iMC2ssFDfb6RWkExT8BwVHwgws+NTETW9qIwnyzy2lGvEP/zmind7Lcy1ElKoGVxiFDB4JCVBvOmgLfRAJEokgNHzaUwgggMciFlLqZ5daW8D2/0+7/kaqfq1aq757XK4dGwmRm2xtbZFvPYHjtkJ+yM1Zlk9+yRPbFn58F5cV6dt+/RMWe4s8p+wXn/Aoq3oKY=</latexit>

by def

=
[

i2N
gS(Xi)

<latexit sha1_base64="M/mzSJKVjs0vK3l8rrF/NHaYUps=">AAACGHicbVC7TsNAEDzzJrwClDQnAlJoIhsFQYOEoKFCIAiJFEfW+VjCKuezdbdGiqz8AJ/AV9BCRYdo6Sj4F+yQgtdUo5ld7eyEiUJLrvvujI1PTE5Nz8yW5uYXFpfKyyuXNk6NhIaMVWxaobCgUEODkBS0EgMiChU0w95R4TdvwViM9QX1E+hEoqvxGqWgXArKG/slP8SuTJMgQx+1Hwm6CcPsZDDg3eC82gpwiwfliltzh+B/iTciFTbCaVD+8K9imUagSSphbdtzE+pkwhBKBYOSn1pIhOyJLrRzqkUEtpMNvxnwzdQKinkChqPiQxG+b2QisrYfhflkEdb+9grxP6+d0vVeJ0OdpARaFocIFQwPWWkwrwn4FRogEkVy4Ki5FEYQgUEupMzFNO+tlPfh/f7+L7ncrnn12s5ZvXJwOGpmhq2xdVZlHttlB+yYnbIGk+yOPbBH9uTcO8/Oi/P6NTrmjHZW2Q84b59mI5+K</latexit>
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Principles for software composition 2019/20
03 - Well founded recursion, posets and denotational semantics

[Ex. 1] Define by well-founded recursion the function vars that, given an

arithmetic expression a, returns the set of identifiers that appear in a. Then,
prove by rule induction that 8a 2 Aexp, 8� 2 ⌃, 8n 2 Z

ha, �i ! n implies 8�0. ( (8y 2 vars(a). �(y) = �0
(y)) ) ha, �0i ! n ).

[Ex. 2] Define by well-founded recursion the function vars that, given a

command, returns the set of identifiers that appear on the left-hand side of

some assignment. Then, prove by rule induction that 8c 2 Com, 8�, �0 2 ⌃

hc, �i ! �0
implies 8x 62 vars(c). �(x) = �0

(x).

[Ex. 3] Consider the CPO? (}(N),✓). Prove that for any set S ✓ N:

1. the function fS : }(N) ! }(N) such that fS(X) = X \S is continuous.

2. the function gS : }(N) ! }(N) such that gS(X) = X [S is continuous.

[Ex. 4] Prove that any limit-preserving function is monotone.

[Ex. 5] Let D = {n 2 N | n > 0} [ {1} and v ✓ (D ⇥D) such that

• for any n,m 2 D \ N, we let n v m i↵ n divides m;

• for any x 2 D, we let x v 1.

Is (D,v) a CPO?? Explain.

[Ex. 6] Define two functions fi : Di ! Di over two suitable CPOs Di for

i 2 [1, 2] (not necessarily with bottom) such that

1. f1 is continuous, has fixpoints but not a least fixpoint;

2. f2 is continuous and has no fixpoint;

[Ex. 7] Let D,E be two CPO?s and f : D ! E, g : E ! D be two

continuous functions between them. Their compositions h = g � f : D ! D
and k = f � g : E ! E are known to be continuous and thus have least

fixpoints.

D
f

++
h=g�f 77 E

g
kk k=f�g

ww

Let e0 = fix(k) 2 E. Prove that g(e0) = fix(h) 2 D by showing that

1. g(e0) is a fixpoint for h, and

2. g(e0) is the least pre-fixpoint for h.
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(D,vD)

<latexit sha1_base64="Live4Qx2Oe5eCgXv2++U5D8PP9E=">AAACBXicbVC7TgJBFJ3FF+Jr0dJmIjHBxJBdg9GSKIUlJvJIgGxmhwtOmJ1dZu5qyIbar7DVys7Y+h0W/osLUih6qpNz7s099/iRFAYd58PKLC2vrK5l13Mbm1vbO3Z+t2HCWHOo81CGuuUzA1IoqKNACa1IAwt8CU1/eDn1m3egjQjVDY4j6AZsoERfcIap5Nn5YvW4Y0Ym9g0gjLzqkWcXnJIzA/1L3DkpkDlqnv3Z6YU8DkAhl8yYtutE2E2YRsElTHKd2EDE+JANoJ1SxQIw3WQWfUIPY8MwpBFoKiSdifBzI2GBMePATycDhrdm0ZuK/3ntGPvn3USoKEZQfHoIhYTZIcO1SDsB2hMaENk0OVChKGeaIYIWlHGeinFaUi7tw138/i9pnJTccun0ulyoXMybyZJ9ckCKxCVnpEKuSI3UCSf35JE8kWfrwXqxXq2379GMNd/ZI79gvX8BOg+X8g==</latexit>

(E,vE)

<latexit sha1_base64="Lk6hMY8ufjdwUK1TeoiuIJLy+28=">AAACBXicbVDLSgNBEJyNrxhfGz16GQxCBAm7EtFjUAIeI5gHJGGZnXTikNnZzUyvEpac/QqvevImXv0OD/6Lm5iDRutUVHXT1eVHUhh0nA8rs7S8srqWXc9tbG5t79j53YYJY82hzkMZ6pbPDEihoI4CJbQiDSzwJTT94eXUb96BNiJUNziOoBuwgRJ9wRmmkmfni9XjjhmZ2DeAMPKqR55dcErODPQvceekQOaoefZnpxfyOACFXDJj2q4TYTdhGgWXMMl1YgMR40M2gHZKFQvAdJNZ9Ak9jA3DkEagqZB0JsLPjYQFxowDP50MGN6aRW8q/ue1Y+yfdxOhohhB8ekhFBJmhwzXIu0EaE9oQGTT5ECFopxphghaUMZ5KsZpSbm0D3fx+7+kcVJyy6XT63KhcjFvJkv2yQEpEpeckQq5IjVSJ5zck0fyRJ6tB+vFerXevkcz1nxnj/yC9f4FPT2X9A==</latexit>

f : D ! E

<latexit sha1_base64="F8/6t4UPaQnFT4JI7ZSISsgtxiU=">AAAB+nicbVDLSgNBEJyNrxhfUY9eBoPgKexKRPEUfIDHCOYBSQizk04cMju7zPQKYc1PeNWTN/Hqz3jwX5xd96DROhVV3VR3+ZEUBl33wyksLC4trxRXS2vrG5tb5e2dlgljzaHJQxnqjs8MSKGgiQIldCINLPAltP3JReq370EbEapbnEbQD9hYiZHgDK3UGZ1d9jCkV4Nyxa26Gehf4uWkQnI0BuXP3jDkcQAKuWTGdD03wn7CNAouYVbqxQYixidsDF1LFQvA9JPs3hk9iA2zqRFoKiTNRPi5kbDAmGng28mA4Z2Z91LxP68b4+i0nwgVxQiKp0EoJGRBhmthiwA6FBoQWXo5UKEoZ5ohghaUcW7F2DZTsn1489//Ja2jqlerHt/UKvXzvJki2SP75JB45ITUyTVpkCbhRJJH8kSenQfnxXl13r5HC06+s0t+wXn/AsxEk98=</latexit>

CPO CPO limit-preserving

f

 
G

i2N
di

!
=
G

i2N
f(di)

<latexit sha1_base64="jQKu2jgu8M7RWUczaHdBR4Uf5P0="></latexit>

we want to prove monotonicity
take d vD d0

<latexit sha1_base64="j/IimgeSdcAXvAxQQAqt1HlZ5W8=">AAACBXicbVC7TgJBFJ3FF+ILtLSZSIxWZNdgtCRqYYmJPBIgZHb2ghNmH8zc0ZANtV9hq5WdsfU7LPwXl3ULBU91cs69ueceN5JCo21/Wrml5ZXVtfx6YWNza3unWNpt6tAoDg0eylC1XaZBigAaKFBCO1LAfFdCyx1dzvzWPSgtwuAWJxH0fDYMxEBwhonUL5a8rh5r42pAGPevqHfUL5btip2CLhInI2WSod4vfnW9kBsfAuSSad1x7Ah7MVMouIRpoWs0RIyP2BA6CQ2YD7oXp9Gn9NBohiGNQFEhaSrC742Y+VpPfDeZ9Bne6XlvJv7ndQwOznuxCCKDEPDZIRQS0kOaK5F0AtQTChDZLDlQEVDOFEMEJSjjPBFNUlIh6cOZ/36RNE8qTrVyelMt1y6yZvJknxyQY+KQM1Ij16ROGoSTB/JEnsmL9Wi9Wm/W+89ozsp29sgfWB/fvD+YQA==</latexit>

we want to prove f(d) vE f(d0)

<latexit sha1_base64="xgBt8zrCGif759Xk2C5xyJb/294=">AAACDHicbVDLSgNBEJyNrxhfq14EL4NBTC5hVyJ6DIrgMYJ5QLIss5NOHJx9ZKZXCCF+gl/hVU/exKv/4MF/cTfuQRPrVFR1013lRVJotKxPI7ewuLS8kl8trK1vbG6Z2ztNHcaKQ4OHMlRtj2mQIoAGCpTQjhQw35PQ8u4uUr91D0qLMLjBUQSOzwaB6AvOMJFcc69f6pVpVw917GlAGLqXNJGOyq5ZtCrWFHSe2Bkpkgx11/zq9kIe+xAgl0zrjm1F6IyZQsElTArdWEPE+B0bQCehAfNBO+Npggk9jDXDkEagqJB0KsLvjTHztR75XjLpM7zVs14q/ud1YuyfOWMRRDFCwNNDKCRMD2muRFIN0J5QgMjSz4GKgHKmGCIoQRnniRgnXRWSPuzZ9POkeVyxq5WT62qxdp41kyf75ICUiE1OSY1ckTppEE4eyBN5Ji/Go/FqvBnvP6M5I9vZJX9gfHwDVdiaFQ==</latexit>

di =

⇢
d if i = 0
d0 otherwise

<latexit sha1_base64="uhZfbexA/XcG+cTzm4kEMxGdwqk="></latexit>

let
G

i2N
di = d0

<latexit sha1_base64="Dxd6YmHrpLGvyjkD/7scqIAYNN4=">AAACF3icbVC7TsNAEDyHVzCvACXNiQhBFdkoCBqkCBoqBBIBpDiKzpclrHI+m7s1UmTlA/gEvoIWKjpES0nBv2CHFLymGs3MancnTBRa8rx3pzQxOTU9U5515+YXFpcqyyvnNk6NhKaMVWwuQ2FBoYYmISm4TAyIKFRwEfYPC//iFozFWJ/RIIF2JHoar1AKyqVOpRqE2LM3Mk06GQaog0jQdRhmx8Mh73bQ3Xe7m3nKq3kj8L/EH5MqG+OkU/kIurFMI9AklbC25XsJtTNhCKWCoRukFhIh+6IHrZxqEYFtZ6NnhnwjtYJinoDhqPhIhO8TmYisHURhnixutb+9QvzPa6V0tdfOUCcpgZbFIkIFo0VWGsxbAt5FA0SiuBw4ai6FEURgkAspczHNa3PzPvzf3/8l59s1v17bOa1XGwfjZspsja2zLeazXdZgR+yENZlkd+yBPbIn5955dl6c169oyRnPrLIfcN4+AT8cn3s=</latexit>

G

i2N
f(di) = f

 
G

i2N
di

!
= f(d0)

<latexit sha1_base64="8NIBSAPyCbqni7Xb8SxQXZJVmC0="></latexit>

hence

then

andf(d) = f(d0) vE f(d0)

<latexit sha1_base64="9WwQsfYBGFRocSoQARmxDzBHTPY=">AAACFXicbVA9SwNBEN2LXzF+RS1tVoOYNOFOItoIQREsI5gPSI5jbzOJS/Y+sjsnhJDan+CvsNXKTmytLfwv3p0pNPE183hvhpl5biiFRtP8NDILi0vLK9nV3Nr6xuZWfnunoYNIcajzQAaq5TINUvhQR4ESWqEC5rkSmu7gMvGb96C0CPxbHIVge6zvi57gDGPJye/3it0SPadxccwS7eihjlwNCEPnKhGPSk6+YJbNFHSeWFNSIFPUnPxXpxvwyAMfuWRaty0zRHvMFAouYZLrRBpCxgesD+2Y+swDbY/TVyb0MNIMAxqCokLSVITfE2PmaT3y3LjTY3inZ71E/M9rR9g7s8fCDyMEnyeLUEhIF2muRJwR0K5QgMiSy4EKn3KmGCIoQRnnsRjFoeXiPKzZ7+dJ47hsVconN5VC9WKaTJbskQNSJBY5JVVyTWqkTjh5IE/kmbwYj8ar8Wa8/7RmjOnMLvkD4+MbPXKclg==</latexit>
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Principles for software composition 2019/20
03 - Well founded recursion, posets and denotational semantics

[Ex. 1] Define by well-founded recursion the function vars that, given an

arithmetic expression a, returns the set of identifiers that appear in a. Then,
prove by rule induction that 8a 2 Aexp, 8� 2 ⌃, 8n 2 Z

ha, �i ! n implies 8�0. ( (8y 2 vars(a). �(y) = �0
(y)) ) ha, �0i ! n ).

[Ex. 2] Define by well-founded recursion the function vars that, given a

command, returns the set of identifiers that appear on the left-hand side of

some assignment. Then, prove by rule induction that 8c 2 Com, 8�, �0 2 ⌃

hc, �i ! �0
implies 8x 62 vars(c). �(x) = �0

(x).

[Ex. 3] Consider the CPO? (}(N),✓). Prove that for any set S ✓ N:

1. the function fS : }(N) ! }(N) such that fS(X) = X \S is continuous.

2. the function gS : }(N) ! }(N) such that gS(X) = X [S is continuous.

[Ex. 4] Prove that any limit-preserving function is monotone.

[Ex. 5] Let D = {n 2 N | n > 0} [ {1} and v ✓ (D ⇥D) such that

• for any n,m 2 D \ N, we let n v m i↵ n divides m;

• for any x 2 D, we let x v 1.

Is (D,v) a CPO?? Explain.

[Ex. 6] Define two functions fi : Di ! Di over two suitable CPOs Di for

i 2 [1, 2] (not necessarily with bottom) such that

1. f1 is continuous, has fixpoints but not a least fixpoint;

2. f2 is continuous and has no fixpoint;

[Ex. 7] Let D,E be two CPO?s and f : D ! E, g : E ! D be two

continuous functions between them. Their compositions h = g � f : D ! D
and k = f � g : E ! E are known to be continuous and thus have least

fixpoints.

D
f

++
h=g�f 77 E

g
kk k=f�g

ww

Let e0 = fix(k) 2 E. Prove that g(e0) = fix(h) 2 D by showing that

1. g(e0) is a fixpoint for h, and

2. g(e0) is the least pre-fixpoint for h.
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1

<latexit sha1_base64="fbRndF7K8fWB3sJR6SVVWpII3qs=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ntjao1t+7moKvEK0iNFGiNql/DccRtCAq5ZMYMPDdGP2EaBZewqAytgZjxGZvCIKWKhWD8JA+6oGfWMIxoDJoKSXMRfm8kLDRmHgbpZMjwwSx7mfifN7A4ufYToWKLoHh2CIWE/JDhWqQNAB0LDYgsSw5UKMqZZoigBWWcp6JNK6mkfXjL36+S7kXda9Qv241a86ZopkxOyCk5Jx65Ik1yR1qkQzgB8kSeyYtjnVfnzXn/GS05xc4x+QPn4xsaeJFC</latexit>

2

<latexit sha1_base64="S/lVYJXgQFDmpp56GRdqnP6D4lc=">AAAB83icbVC7TsNAEDzzDOEVoKQ5ESFRRXYUBGUEDWUikYeUWNH5sgmnnM/W3R5SZOULaKGiQ7R8EAX/gm1cQMJUo5ld7ewEsRQGXffTWVvf2NzaLu2Ud/f2Dw4rR8ddE1nNocMjGel+wAxIoaCDAiX0Yw0sDCT0gtlt5vceQRsRqXucx+CHbKrERHCGqdSujypVt+bmoKvEK0iVFGiNKl/DccRtCAq5ZMYMPDdGP2EaBZewKA+tgZjxGZvCIKWKhWD8JA+6oOfWMIxoDJoKSXMRfm8kLDRmHgbpZMjwwSx7mfifN7A4ufYToWKLoHh2CIWE/JDhWqQNAB0LDYgsSw5UKMqZZoigBWWcp6JNKymnfXjL36+Sbr3mNWqX7Ua1eVM0UyKn5IxcEI9ckSa5Iy3SIZwAeSLP5MWxzqvz5rz/jK45xc4J+QPn4xscB5FD</latexit>

5

<latexit sha1_base64="tOQfnSNKObCFWuB1HwUqlJephhw=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJRIigjaCgTiTykxIrOl0045Xy27vaQIitfQAsVHaLlgyj4F2zjAgJTjWZ2tbMTxFIYdN0Pp7S2vrG5Vd6u7Ozu7R9UD496JrKaQ5dHMtKDgBmQQkEXBUoYxBpYGEjoB/ObzO8/gDYiUne4iMEP2UyJqeAMU6nTHFdrbt3NQf8SryA1UqA9rn6OJhG3ISjkkhkz9NwY/YRpFFzCsjKyBmLG52wGw5QqFoLxkzzokp5ZwzCiMWgqJM1F+LmRsNCYRRikkyHDe7PqZeJ/3tDi9MpPhIotguLZIRQS8kOGa5E2AHQiNCCyLDlQoShnmiGCFpRxnoo2raSS9uGtfv+X9C7qXqPe7DRqreuimTI5IafknHjkkrTILWmTLuEEyCN5Is+OdV6cV+fte7TkFDvH5Bec9y8gtJFG</latexit>

4

<latexit sha1_base64="NC4TNqCJQdMhSQ7ai1BKsXytXqQ=">AAAB73icbVC7TsNAEDzzDOEVaGlOREhUkY2CoIygoQwSeUiJFa0vm3DK+WzdrZEiK19ACxUdLV9Ewb9gGxeQMNVoZlc7O0GspCXX/XTW1jc2t7YrO9Xdvf2Dw1r1qGujxAjsiEhFph+ARSU1dkiSwn5sEMJAYS+Y3eZ+7wmNlZF+oHmMfghTLSdSAGXSfXNUq7sNtwBfJV5J6qxEe1T7Go4jkYSoSSiwduC5MfkpGJJC4aI6TCzGIGYwxUFGNYRo/bQIuuBniQWKeIyGS8ULEX9vpBBaOw+DbDIEerTLXi7+5w0Smlz7qdRxQqhFfoikwuKQFUZmDSAfS4NEkCdHLjUXYIAIjeQgRCYmWSXVrA9v+ftV0r1oeM3GZb11U/ZSYSfslJ0zj12xFrtjbdZhgiF7Zi/s1UmcN+f9Z3DNKTeO2R84H9+hY5AQ</latexit>

6

<latexit sha1_base64="Dpk2iNGsFMQTDNZ6dslcF0vTVNc=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJReJQRNJSJREikxIrOl0045Xy27vaQIitfQAsVHaLlgyj4F2zjAhKmGs3samcniKUw6LqfTmlldW19o7xZ2dre2d2r7h/cm8hqDh0eyUj3AmZACgUdFCihF2tgYSChG0xvMr/7CNqISN3hLAY/ZBMlxoIzTKX2xbBac+tuDrpMvILUSIHWsPo1GEXchqCQS2ZM33Nj9BOmUXAJ88rAGogZn7IJ9FOqWAjGT/Kgc3piDcOIxqCpkDQX4fdGwkJjZmGQToYMH8yil4n/eX2L4ys/ESq2CIpnh1BIyA8ZrkXaANCR0IDIsuRAhaKcaYYIWlDGeSratJJK2oe3+P0yuT+re436ebtRa14XzZTJETkmp8Qjl6RJbkmLdAgnQJ7IM3lxrPPqvDnvP6Mlp9g5JH/gfHwDIkORRw==</latexit>

7

<latexit sha1_base64="HXr5JJQMjaGDya7KVE+4z9/RW1U=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJRUCgjaCgTiTykxIrOl0045Xy27vaQIitfQAsVHaLlgyj4F2zjAgJTjWZ2tbMTxFIYdN0Pp7S2vrG5Vd6u7Ozu7R9UD496JrKaQ5dHMtKDgBmQQkEXBUoYxBpYGEjoB/ObzO8/gDYiUne4iMEP2UyJqeAMU6nTHFdrbt3NQf8SryA1UqA9rn6OJhG3ISjkkhkz9NwY/YRpFFzCsjKyBmLG52wGw5QqFoLxkzzokp5ZwzCiMWgqJM1F+LmRsNCYRRikkyHDe7PqZeJ/3tDi9MpPhIotguLZIRQS8kOGa5E2AHQiNCCyLDlQoShnmiGCFpRxnoo2raSS9uGtfv+X9C7qXqN+2WnUWtdFM2VyQk7JOfFIk7TILWmTLuEEyCN5Is+OdV6cV+fte7TkFDvH5Bec9y8j0pFI</latexit>

8

<latexit sha1_base64="XmIpMiIccCFWPggn2CYuFHWDZtA=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJRECkjaCgTiTykxIrOl0045Xy27vaQIitfQAsVHaLlgyj4F2zjAgJTjWZ2tbMTxFIYdN0Pp7S2vrG5Vd6u7Ozu7R9UD496JrKaQ5dHMtKDgBmQQkEXBUoYxBpYGEjoB/ObzO8/gDYiUne4iMEP2UyJqeAMU6nTHFdrbt3NQf8SryA1UqA9rn6OJhG3ISjkkhkz9NwY/YRpFFzCsjKyBmLG52wGw5QqFoLxkzzokp5ZwzCiMWgqJM1F+LmRsNCYRRikkyHDe7PqZeJ/3tDitOknQsUWQfHsEAoJ+SHDtUgbADoRGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/BWv/9Lehd1r1G/7DRqreuimTI5IafknHjkirTILWmTLuEEyCN5Is+OdV6cV+fte7TkFDvH5Bec9y8lYZFJ</latexit>

9

<latexit sha1_base64="H4w7oB8oYPoh8AywCq4NN0tFzLY=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJRENBF0FAmEiGREis6XzbhlPPZuttDiqx8AS1UdIiWD6LgX7CNC0iYajSzq52dIJbCoOt+OqWV1bX1jfJmZWt7Z3evun9wbyKrOXR4JCPdC5gBKRR0UKCEXqyBhYGEbjC9yfzuI2gjInWHsxj8kE2UGAvOMJXaV8Nqza27Oegy8QpSIwVaw+rXYBRxG4JCLpkxfc+N0U+YRsElzCsDayBmfMom0E+pYiEYP8mDzumJNQwjGoOmQtJchN8bCQuNmYVBOhkyfDCLXib+5/Utji/9RKjYIiieHUIhIT9kuBZpA0BHQgMiy5IDFYpyphkiaEEZ56lo00oqaR/e4vfL5P6s7jXq5+1GrXldNFMmR+SYnBKPXJAmuSUt0iGcAHkiz+TFsc6r8+a8/4yWnGLnkPyB8/ENJvCRSg==</latexit>

10

<latexit sha1_base64="o8hPyAzKiyJV78LX9Cp6U08Mxxk=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJQBERIpsaL1ZRNOOT90t44UWfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60Siura+sb5c3K1vbO7l51/+DBhLEW2BahCnXXA4NKBtgmSQq7kUbwPYUdb3Kd+Z0paiPD4J5mEbo+jAM5kgIole4ce1Ct2XU7B18mTkFqrEBrUP3qD0MR+xiQUGBMz7EjchPQJIXCeaUfG4xATGCMvZQG4KNxkzzpnJ/EBijkEWouFc9F/L2RgG/MzPfSSR/o0Sx6mfif14tpdOkmMohiwkBkh0gqzA8ZoWVaAfKh1EgEWXLkMuACNBChlhyESMU47aSS9uEsfr9MHs7qTqN+ftuoNa+KZsrsiB2zU+awC9ZkN6zF2kywEXtiz+zFmlqv1pv1/jNasoqdQ/YH1sc3imiRfA==</latexit>

11

<latexit sha1_base64="v1zWNLm9eWNMgtwYWfpbiF0kAww=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJQBERIpsaL1ZRNOOT90t44UWfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60Siura+sb5c3K1vbO7l51/+DBhLEW2BahCnXXA4NKBtgmSQq7kUbwPYUdb3Kd+Z0paiPD4J5mEbo+jAM5kgIole4cZ1Ct2XU7B18mTkFqrEBrUP3qD0MR+xiQUGBMz7EjchPQJIXCeaUfG4xATGCMvZQG4KNxkzzpnJ/EBijkEWouFc9F/L2RgG/MzPfSSR/o0Sx6mfif14tpdOkmMohiwkBkh0gqzA8ZoWVaAfKh1EgEWXLkMuACNBChlhyESMU47aSS9uEsfr9MHs7qTqN+ftuoNa+KZsrsiB2zU+awC9ZkN6zF2kywEXtiz+zFmlqv1pv1/jNasoqdQ/YH1sc3i/eRfQ==</latexit>

12

<latexit sha1_base64="WZPE+lMkYNcYt1ov+3luYL0HkUQ=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrKjICgjaCgDIg8psaL1ZRNOOT90t44URfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60CmvrG5tbxe3Szu7e/kH58KhtwlgLbIlQhbrrgUElA2yRJIXdSCP4nsKON7lJ/c4UtZFh8ECzCF0fxoEcSQGUSPdObVCu2FU7A18lTk4qLEdzUP7qD0MR+xiQUGBMz7EjcuegSQqFi1I/NhiBmMAYewkNwEfjzrOkC34WG6CQR6i5VDwT8ffGHHxjZr6XTPpAj2bZS8X/vF5Moyt3LoMoJgxEeoikwuyQEVomFSAfSo1EkCZHLgMuQAMRaslBiESMk05KSR/O8verpF2rOvXqxV290rjOmymyE3bKzpnDLlmD3bImazHBRuyJPbMXa2q9Wm/W+89owcp3jtkfWB/fjYaRfg==</latexit>

13

<latexit sha1_base64="ePZwKhzTMv+mYZxUuhuP5gADGL8=">AAAB9HicbVC7TsNAEFyHVwivACXNiQiJKrIhCMoIGsqAyENKouh82YRTzg/drSNFVv6AFio6RMv/UPAv2MYFJEw1mtnVzo4bKmnItj+twsrq2vpGcbO0tb2zu1feP2iZINICmyJQge643KCSPjZJksJOqJF7rsK2O7lJ/fYUtZGB/0CzEPseH/tyJAWnRLp3zgflil21M7Bl4uSkAjkag/JXbxiIyEOfhOLGdB07pH7MNUmhcF7qRQZDLiZ8jN2E+txD04+zpHN2EhlOAQtRM6lYJuLvjZh7xsw8N5n0OD2aRS8V//O6EY2u+rH0w4jQF+khkgqzQ0ZomVSAbCg1EvE0OTLpM8E1J0ItGRciEaOkk1LSh7P4/TJpnVWdWvXirlapX+fNFOEIjuEUHLiEOtxCA5ogYARP8Awv1tR6td6s95/RgpXvHMIfWB/fjxWRfw==</latexit>

14

<latexit sha1_base64="vXRHvZQ+LRRoLn9ZPGKw7RxcEX4=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJQBERIpsaL1ZRNOOT90t44UWfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60Siura+sb5c3K1vbO7l51/+DBhLEW2BahCnXXA4NKBtgmSQq7kUbwPYUdb3Kd+Z0paiPD4J5mEbo+jAM5kgIole6cxqBas+t2Dr5MnILUWIHWoPrVH4Yi9jEgocCYnmNH5CagSQqF80o/NhiBmMAYeykNwEfjJnnSOT+JDVDII9RcKp6L+HsjAd+Yme+lkz7Qo1n0MvE/rxfT6NJNZBDFhIHIDpFUmB8yQsu0AuRDqZEIsuTIZcAFaCBCLTkIkYpx2kkl7cNZ/H6ZPJzVnUb9/LZRa14VzZTZETtmp8xhF6zJbliLtZlgI/bEntmLNbVerTfr/We0ZBU7h+wPrI9vkKSRgA==</latexit>

15

<latexit sha1_base64="6d0nXWBOlzh/Q6INT2UBIBp1UTk=">AAAB9HicbVC7TsNAEFyHVwivACXNiQiJKrJRIigjaCgDIg8psaLzZRNOOT90t44URfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60CmvrG5tbxe3Szu7e/kH58KhtwlgLbIlQhbrrcYNKBtgiSQq7kUbuewo73uQm9TtT1EaGwQPNInR9Pg7kSApOiXTv1Aflil21M7BV4uSkAjmag/JXfxiK2MeAhOLG9Bw7InfONUmhcFHqxwYjLiZ8jL2EBtxH486zpAt2FhtOIYtQM6lYJuLvjTn3jZn5XjLpc3o0y14q/uf1YhpduXMZRDFhINJDJBVmh4zQMqkA2VBqJOJpcmQyYIJrToRaMi5EIsZJJ6WkD2f5+1XSvqg6tWr9rlZpXOfNFOEETuEcHLiEBtxCE1ogYARP8Awv1tR6td6s95/RgpXvHMMfWB/fkjORgQ==</latexit>

16

<latexit sha1_base64="ZYPszg5wG6O1cQdFOHLw8lMH4wM=">AAAB9HicbVC7TsNAEFyHVwivACXNiQiJKrJReJQRNJQBkYeUWNH5sgmnnB+6W0eKrPwBLVR0iJb/oeBfsIMLSJhqNLOrnR0vUtKQbX9ahZXVtfWN4mZpa3tnd6+8f9AyYawFNkWoQt3xuEElA2ySJIWdSCP3PYVtb3yT+e0JaiPD4IGmEbo+HwVyKAWnVLp3Lvrlil2152DLxMlJBXI0+uWv3iAUsY8BCcWN6Tp2RG7CNUmhcFbqxQYjLsZ8hN2UBtxH4ybzpDN2EhtOIYtQM6nYXMTfGwn3jZn6Xjrpc3o0i14m/ud1YxpeuYkMopgwENkhkgrnh4zQMq0A2UBqJOJZcmQyYIJrToRaMi5EKsZpJ6W0D2fx+2XSOqs6ter5Xa1Sv86bKcIRHMMpOHAJdbiFBjRBwBCe4BlerIn1ar1Z7z+jBSvfOYQ/sD6+AZPCkYI=</latexit>

17

<latexit sha1_base64="DoNXSNdh3Hm4gwU8QgE57L+xp4s=">AAAB9HicbVC7TsNAEFyHVwivACXNiQiJKrJRUCgjaCgDIg8psaLzZRNOOT90t44URfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60CmvrG5tbxe3Szu7e/kH58KhtwlgLbIlQhbrrcYNKBtgiSQq7kUbuewo73uQm9TtT1EaGwQPNInR9Pg7kSApOiXTv1Aflil21M7BV4uSkAjmag/JXfxiK2MeAhOLG9Bw7InfONUmhcFHqxwYjLiZ8jL2EBtxH486zpAt2FhtOIYtQM6lYJuLvjTn3jZn5XjLpc3o0y14q/uf1YhpduXMZRDFhINJDJBVmh4zQMqkA2VBqJOJpcmQyYIJrToRaMi5EIsZJJ6WkD2f5+1XSvqg6terlXa3SuM6bKcIJnMI5OFCHBtxCE1ogYARP8Awv1tR6td6s95/RgpXvHMMfWB/flVGRgw==</latexit>

18

<latexit sha1_base64="JZv8K8T10aP5c+uSIKBwvwGhzS8=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrJRECkjaCgDIg8psaL1ZRNOOT90t44URfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60CmvrG5tbxe3Szu7e/kH58KhtwlgLbIlQhbrrgUElA2yRJIXdSCP4nsKON7lJ/c4UtZFh8ECzCF0fxoEcSQGUSPdOfVCu2FU7A18lTk4qLEdzUP7qD0MR+xiQUGBMz7EjcuegSQqFi1I/NhiBmMAYewkNwEfjzrOkC34WG6CQR6i5VDwT8ffGHHxjZr6XTPpAj2bZS8X/vF5Mo7o7l0EUEwYiPURSYXbICC2TCpAPpUYiSJMjlwEXoIEIteQgRCLGSSelpA9n+ftV0r6oOrXq5V2t0rjOmymyE3bKzpnDrliD3bImazHBRuyJPbMXa2q9Wm/W+89owcp3jtkfWB/fluCRhA==</latexit>

19

<latexit sha1_base64="ap0aDHuiM+lmcD6aGDnscvCc6g0=">AAAB9HicbVC7TsNAEFyHVwivACXNiQiJKrJRENBF0FAGRB5SYkXnyyaccn7obh0psvIHtFDRIVr+h4J/wQ4uIGGq0cyudna8SElDtv1pFVZW19Y3ipulre2d3b3y/kHLhLEW2BShCnXH4waVDLBJkhR2Io3c9xS2vfFN5rcnqI0MgweaRuj6fBTIoRScUuneueqXK3bVnoMtEycnFcjR6Je/eoNQxD4GJBQ3puvYEbkJ1ySFwlmpFxuMuBjzEXZTGnAfjZvMk87YSWw4hSxCzaRicxF/byTcN2bqe+mkz+nRLHqZ+J/XjWl46SYyiGLCQGSHSCqcHzJCy7QCZAOpkYhnyZHJgAmuORFqybgQqRinnZTSPpzF75dJ66zq1Krnd7VK/TpvpghHcAyn4MAF1OEWGtAEAUN4gmd4sSbWq/Vmvf+MFqx85xD+wPr4BphvkYU=</latexit>

20

<latexit sha1_base64="rKlA2xOOLl5BLSC/z1+AF1q291M=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrKjICgjaCgDIg8psaL1ZRNOOT90t44URfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60CmvrG5tbxe3Szu7e/kH58KhtwlgLbIlQhbrrgUElA2yRJIXdSCP4nsKON7lJ/c4UtZFh8ECzCF0fxoEcSQGUSPc1e1Cu2FU7A18lTk4qLEdzUP7qD0MR+xiQUGBMz7EjcuegSQqFi1I/NhiBmMAYewkNwEfjzrOkC34WG6CQR6i5VDwT8ffGHHxjZr6XTPpAj2bZS8X/vF5Moyt3LoMoJgxEeoikwuyQEVomFSAfSo1EkCZHLgMuQAMRaslBiESMk05KSR/O8verpF2rOvXqxV290rjOmymyE3bKzpnDLlmD3bImazHBRuyJPbMXa2q9Wm/W+89owcp3jtkfWB/fi/iRfQ==</latexit>

21

<latexit sha1_base64="Cd3RRMqU6bFoJ17RnT5GEwRwn/4=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrKjICgjaCgDIg8psaL1ZRNOOT90t44URfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60CmvrG5tbxe3Szu7e/kH58KhtwlgLbIlQhbrrgUElA2yRJIXdSCP4nsKON7lJ/c4UtZFh8ECzCF0fxoEcSQGUSPc1Z1Cu2FU7A18lTk4qLEdzUP7qD0MR+xiQUGBMz7EjcuegSQqFi1I/NhiBmMAYewkNwEfjzrOkC34WG6CQR6i5VDwT8ffGHHxjZr6XTPpAj2bZS8X/vF5Moyt3LoMoJgxEeoikwuyQEVomFSAfSo1EkCZHLgMuQAMRaslBiESMk05KSR/O8verpF2rOvXqxV290rjOmymyE3bKzpnDLlmD3bImazHBRuyJPbMXa2q9Wm/W+89owcp3jtkfWB/fjYeRfg==</latexit>

22

<latexit sha1_base64="iQ9vo+m02QFoI0JlEvmUP7HB+8I=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrKjICgjaCgDIg8psaL1ZRNOOT90t44URfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60CmvrG5tbxe3Szu7e/kH58KhtwlgLbIlQhbrrgUElA2yRJIXdSCP4nsKON7lJ/c4UtZFh8ECzCF0fxoEcSQGUSPe12qBcsat2Br5KnJxUWI7moPzVH4Yi9jEgocCYnmNH5M5BkxQKF6V+bDACMYEx9hIagI/GnWdJF/wsNkAhj1BzqXgm4u+NOfjGzHwvmfSBHs2yl4r/eb2YRlfuXAZRTBiI9BBJhdkhI7RMKkA+lBqJIE2OXAZcgAYi1JKDEIkYJ52Ukj6c5e9XSbtWderVi7t6pXGdN1NkJ+yUnTOHXbIGu2VN1mKCjdgTe2Yv1tR6td6s95/RgpXvHLM/sD6+AY8WkX8=</latexit>

23

<latexit sha1_base64="Z+Mz1waa0w//Rof2K2VE+aG89dM=">AAAB9HicbVC7TsNAEFyHVwivACXNiQiJKrJDEJQRNJQBkYeUWNH5sgmnnB+6W0eKovwBLVR0iJb/oeBfsI0LCEw1mtnVzo4XKWnItj+swsrq2vpGcbO0tb2zu1feP2ibMNYCWyJUoe563KCSAbZIksJupJH7nsKON7lO/c4UtZFhcE+zCF2fjwM5koJTIt3Vzgblil21M7C/xMlJBXI0B+XP/jAUsY8BCcWN6Tl2RO6ca5JC4aLUjw1GXEz4GHsJDbiPxp1nSRfsJDacQhahZlKxTMSfG3PuGzPzvWTS5/Rglr1U/M/rxTS6dOcyiGLCQKSHSCrMDhmhZVIBsqHUSMTT5MhkwATXnAi1ZFyIRIyTTkpJH87y939Ju1Z16tXz23qlcZU3U4QjOIZTcOACGnADTWiBgBE8whM8W1PrxXq13r5HC1a+cwi/YL1/AZClkYA=</latexit>

24

<latexit sha1_base64="Lax96WyMIE0rl2PKwc7V9ZiyE8s=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrKjICgjaCgDIg8psaL1ZRNOOT90t44URfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60CmvrG5tbxe3Szu7e/kH58KhtwlgLbIlQhbrrgUElA2yRJIXdSCP4nsKON7lJ/c4UtZFh8ECzCF0fxoEcSQGUSPe1+qBcsat2Br5KnJxUWI7moPzVH4Yi9jEgocCYnmNH5M5BkxQKF6V+bDACMYEx9hIagI/GnWdJF/wsNkAhj1BzqXgm4u+NOfjGzHwvmfSBHs2yl4r/eb2YRlfuXAZRTBiI9BBJhdkhI7RMKkA+lBqJIE2OXAZcgAYi1JKDEIkYJ52Ukj6c5e9XSbtWderVi7t6pXGdN1NkJ+yUnTOHXbIGu2VN1mKCjdgTe2Yv1tR6td6s95/RgpXvHLM/sD6+AZI0kYE=</latexit>

25

<latexit sha1_base64="WavOjQc2z02nP9j0O+VIb6ggeAo=">AAAB9HicbVC7TsNAEFzzDOEVoKQ5ESFRRXaUCMoIGsqAyENKrOh82YRTzg/drSNFUf6AFio6RMv/UPAv2MYFJEw1mtnVzo4XKWnItj+ttfWNza3twk5xd2//4LB0dNw2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3KT+p0paiPD4IFmEbo+HwdyJAWnRLqv1gelsl2xM7BV4uSkDDmag9JXfxiK2MeAhOLG9Bw7InfONUmhcFHsxwYjLiZ8jL2EBtxH486zpAt2HhtOIYtQM6lYJuLvjTn3jZn5XjLpc3o0y14q/uf1YhpduXMZRDFhINJDJBVmh4zQMqkA2VBqJOJpcmQyYIJrToRaMi5EIsZJJ8WkD2f5+1XSrlacWqV+Vys3rvNmCnAKZ3ABDlxCA26hCS0QMIIneIYXa2q9Wm/W+8/ompXvnMAfWB/fk8ORgg==</latexit>

26

<latexit sha1_base64="gRU/WlT3pjF/CKnPK9OQ3f37AZQ=">AAAB9HicbVC7TsNAEFzzDOEVoKQ5ESFRRXYUHmUEDWVA5CElVnS+bMIp54fu1pGiKH9ACxUdouV/KPgXbOMCEqYazexqZ8eLlDRk25/Wyura+sZmYau4vbO7t186OGyZMNYCmyJUoe543KCSATZJksJOpJH7nsK2N75J/fYEtZFh8EDTCF2fjwI5lIJTIt1XL/qlsl2xM7Bl4uSkDDka/dJXbxCK2MeAhOLGdB07InfGNUmhcF7sxQYjLsZ8hN2EBtxH486ypHN2GhtOIYtQM6lYJuLvjRn3jZn6XjLpc3o0i14q/ud1YxpeuTMZRDFhINJDJBVmh4zQMqkA2UBqJOJpcmQyYIJrToRaMi5EIsZJJ8WkD2fx+2XSqlacWuX8rlauX+fNFOAYTuAMHLiEOtxCA5ogYAhP8Awv1sR6td6s95/RFSvfOYI/sD6+AZVSkYM=</latexit>

27

<latexit sha1_base64="jiY4j5QxXFr1u5xRkCHNIN8K9+g=">AAAB9HicbVC7TsNAEFzzDOEVoKQ5ESFRRXYUFMoIGsqAyENKrOh82YRTzg/drSNFUf6AFio6RMv/UPAv2MYFJEw1mtnVzo4XKWnItj+ttfWNza3twk5xd2//4LB0dNw2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3KT+p0paiPD4IFmEbo+HwdyJAWnRLqv1gelsl2xM7BV4uSkDDmag9JXfxiK2MeAhOLG9Bw7InfONUmhcFHsxwYjLiZ8jL2EBtxH486zpAt2HhtOIYtQM6lYJuLvjTn3jZn5XjLpc3o0y14q/uf1YhpduXMZRDFhINJDJBVmh4zQMqkA2VBqJOJpcmQyYIJrToRaMi5EIsZJJ8WkD2f5+1XSrlacWuXyrlZuXOfNFOAUzuACHKhDA26hCS0QMIIneIYXa2q9Wm/W+8/ompXvnMAfWB/fluGRhA==</latexit>

28

<latexit sha1_base64="BYas2OpI7jrQAlANBUOsCrOwgsg=">AAAB9HicbVC7TsNAEFzzDOEVoKQ5ESFRRXYURMoIGsqAyENKrOh82YRTzg/drSNFUf6AFio6RMv/UPAv2MYFJEw1mtnVzo4XKWnItj+ttfWNza3twk5xd2//4LB0dNw2YawFtkSoQt31uEElA2yRJIXdSCP3PYUdb3KT+p0paiPD4IFmEbo+HwdyJAWnRLqv1gelsl2xM7BV4uSkDDmag9JXfxiK2MeAhOLG9Bw7InfONUmhcFHsxwYjLiZ8jL2EBtxH486zpAt2HhtOIYtQM6lYJuLvjTn3jZn5XjLpc3o0y14q/uf1YhrV3bkMopgwEOkhkgqzQ0ZomVSAbCg1EvE0OTIZMME1J0ItGRciEeOkk2LSh7P8/SppVytOrXJ5Vys3rvNmCnAKZ3ABDlxBA26hCS0QMIIneIYXa2q9Wm/W+8/ompXvnMAfWB/fmHCRhQ==</latexit>

29

<latexit sha1_base64="JaItvzhriWY07Uh3uRAABod335g=">AAAB9HicbVC7TsNAEFzzDOEVoKQ5ESFRRXYUBHQRNJQBkYeUWNH5sgmnnB+6W0eKovwBLVR0iJb/oeBfsI0LSJhqNLOrnR0vUtKQbX9aK6tr6xubha3i9s7u3n7p4LBlwlgLbIpQhbrjcYNKBtgkSQo7kUbuewrb3vgm9dsT1EaGwQNNI3R9PgrkUApOiXRfveqXynbFzsCWiZOTMuRo9EtfvUEoYh8DEoob03XsiNwZ1ySFwnmxFxuMuBjzEXYTGnAfjTvLks7ZaWw4hSxCzaRimYi/N2bcN2bqe8mkz+nRLHqp+J/XjWl46c5kEMWEgUgPkVSYHTJCy6QCZAOpkYinyZHJgAmuORFqybgQiRgnnRSTPpzF75dJq1pxapXzu1q5fp03U4BjOIEzcOAC6nALDWiCgCE8wTO8WBPr1Xqz3n9GV6x85wj+wPr4Bpn/kYY=</latexit>

30

<latexit sha1_base64="XoLQfCM+MagY/mKj6B9vTCUyDKA=">AAAB9HicbVC7TsNAEFyHVwivACXNiQiJKrIhCMoIGsqAyENKouh82YRTzg/drSNFVv6AFio6RMv/UPAv2MYFJEw1mtnVzo4bKmnItj+twsrq2vpGcbO0tb2zu1feP2iZINICmyJQge643KCSPjZJksJOqJF7rsK2O7lJ/fYUtZGB/0CzEPseH/tyJAWnRLo/twflil21M7Bl4uSkAjkag/JXbxiIyEOfhOLGdB07pH7MNUmhcF7qRQZDLiZ8jN2E+txD04+zpHN2EhlOAQtRM6lYJuLvjZh7xsw8N5n0OD2aRS8V//O6EY2u+rH0w4jQF+khkgqzQ0ZomVSAbCg1EvE0OTLpM8E1J0ItGRciEaOkk1LSh7P4/TJpnVWdWvXirlapX+fNFOEIjuEUHLiEOtxCA5ogYARP8Awv1tR6td6s95/RgpXvHMIfWB/fjYiRfg==</latexit>

3

<latexit sha1_base64="EmpGcePd6828sx5iPG265+SCh/w=">AAAB83icbVC7TsNAEDzzDOEVoKQ5ESFRRTYEQRlBQ5lI5CElVnS+bMIp57N1t4cUWfkCWqjoEC0fRMG/YBsXkDDVaGZXOztBLIVB1/10VlbX1jc2S1vl7Z3dvf3KwWHHRFZzaPNIRroXMANSKGijQAm9WAMLAwndYHqb+d1H0EZE6h5nMfghmygxFpxhKrUuhpWqW3Nz0GXiFaRKCjSHla/BKOI2BIVcMmP6nhujnzCNgkuYlwfWQMz4lE2gn1LFQjB+kged01NrGEY0Bk2FpLkIvzcSFhozC4N0MmT4YBa9TPzP61scX/uJULFFUDw7hEJCfshwLdIGgI6EBkSWJQcqFOVMM0TQgjLOU9GmlZTTPrzF75dJ57zm1WuXrXq1cVM0UyLH5IScEY9ckQa5I03SJpwAeSLP5MWxzqvz5rz/jK44xc4R+QPn4xsdlpFE</latexit>

…

1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

Ex. 5, divides
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Ex. 5, divides

Principles for software composition 2019/20
03 - Well founded recursion, posets and denotational semantics

[Ex. 1] Define by well-founded recursion the function vars that, given an

arithmetic expression a, returns the set of identifiers that appear in a. Then,
prove by rule induction that 8a 2 Aexp, 8� 2 ⌃, 8n 2 Z

ha, �i ! n implies 8�0. ( (8y 2 vars(a). �(y) = �0
(y)) ) ha, �0i ! n ).

[Ex. 2] Define by well-founded recursion the function vars that, given a

command, returns the set of identifiers that appear on the left-hand side of

some assignment. Then, prove by rule induction that 8c 2 Com, 8�, �0 2 ⌃

hc, �i ! �0
implies 8x 62 vars(c). �(x) = �0

(x).

[Ex. 3] Consider the CPO? (}(N),✓). Prove that for any set S ✓ N:

1. the function fS : }(N) ! }(N) such that fS(X) = X \S is continuous.

2. the function gS : }(N) ! }(N) such that gS(X) = X [S is continuous.

[Ex. 4] Prove that any limit-preserving function is monotone.

[Ex. 5] Let D = {n 2 N | n > 0} [ {1} and v ✓ (D ⇥D) such that

• for any n,m 2 D \ N, we let n v m i↵ n divides m;

• for any x 2 D, we let x v 1.

Is (D,v) a CPO?? Explain.

[Ex. 6] Define two functions fi : Di ! Di over two suitable CPOs Di for

i 2 [1, 2] (not necessarily with bottom) such that

1. f1 is continuous, has fixpoints but not a least fixpoint;

2. f2 is continuous and has no fixpoint;

[Ex. 7] Let D,E be two CPO?s and f : D ! E, g : E ! D be two

continuous functions between them. Their compositions h = g � f : D ! D
and k = f � g : E ! E are known to be continuous and thus have least

fixpoints.

D
f

++
h=g�f 77 E

g
kk k=f�g

ww

Let e0 = fix(k) 2 E. Prove that g(e0) = fix(h) 2 D by showing that

1. g(e0) is a fixpoint for h, and

2. g(e0) is the least pre-fixpoint for h.

reflexive?
d 2 D

<latexit sha1_base64="Nyn+EBfwuQg9aovq1BKLkh/NFAM=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrJREJQRUFAGiTykxIrOl004cj5bd2ukEOUfaKGiQ7T8DQX/wtm4gISpRjO72tkJYikMuu6nU1haXlldK66XNja3tnfKu3stEyWaQ5NHMtKdgBmQQkETBUroxBpYGEhoB+PL1G8/gDYiUrc4icEP2UiJoeAMrdQa9ISiV/1yxa26Gegi8XJSITka/fJXbxDxJASFXDJjup4boz9lGgWXMCv1EgMx42M2gq6lioVg/GmWdkaPEsMwojFoKiTNRPi9MWWhMZMwsJMhwzsz76Xif143weG5PxUqThAUTw+hkJAdMlwLWwPQgdCAyNLkQO3vnGmGCFpQxrkVE9tLyfbhzX+/SFonVa9WPb2pVeoXeTNFckAOyTHxyBmpk2vSIE3CyT15Is/kxXl0Xp035/1ntODkO/vkD5yPb6LVkz4=</latexit>

d 2 N

<latexit sha1_base64="XQLKDuXr73XhNfBlDEJBxOWzkNE=">AAACA3icbVC7TsNAEDyHVwiPBChpTkRIVJGNgqCMoKFCQSIPKbai82UTTjk/dLdGiqyUfAUtVHSIlg+h4F84GxeQMNVoZlc7O34shUbb/rRKK6tr6xvlzcrW9s5utba339VRojh0eCQj1feZBilC6KBACf1YAQt8CT1/epX5vQdQWkThHc5i8AI2CcVYcIZGGtaqI1eE1A0Y3vt+ejMf1up2w85Bl4lTkDop0B7WvtxRxJMAQuSSaT1w7Bi9lCkUXMK84iYaYsanbAIDQ0MWgPbSPPicHieaYURjUFRImovweyNlgdazwDeTWUK96GXif94gwfGFl4owThBCnh1CISE/pLkSphGgI6EAkWXJgZoSOFMMEZSgjHMjJqaiiunDWfx+mXRPG06zcXbbrLcui2bK5JAckRPikHPSItekTTqEk4Q8kWfyYj1ar9ab9f4zWrKKnQPyB9bHN3XAl5U=</latexit>

d divides d

<latexit sha1_base64="jOrGXRGNDtun7ur8GRBJpZKKICc=">AAACCnicbVC7TsNAEDzzDOFlQKKhOREhUUU2CoIygoYySOQhxVZ0Pm/CKeeH7taRIpM/4CtooaJDtPwEBf+CbVxAwlSjmV3t7HixFBot69NYWl5ZXVuvbFQ3t7Z3ds29/Y6OEsWhzSMZqZ7HNEgRQhsFSujFCljgSeh64+vc705AaRGFdziNwQ3YKBRDwRlm0sA89B3qBAzvVZD6YiJ80DOH+gOzZtWtAnSR2CWpkRKtgfnl+BFPAgiRS6Z137ZidFOmUHAJs6qTaIgZH7MR9DMasgC0mxb5Z/Qk0QwjGoOiQtJChN8bKQu0ngZeNplH1fNeLv7n9RMcXrqpCOMEIeT5IRQSikOaK5EVA9QXChBZnhyoCClniiGCEpRxnolJ1lQ168Oe/36RdM7qdqN+ftuoNa/KZirkiByTU2KTC9IkN6RF2oSTB/JEnsmL8Wi8Gm/G+8/oklHuHJA/MD6+AfI+mpk=</latexit>

d v d

<latexit sha1_base64="5S1HOhULGXFc5Em4gxIUJYmPYHg=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIVJGNQFBG0FAGiTykxIrO50045fzI3R5SFKXkK2ihokO0fAgF/4JtXEDCVKOZXe3s+IkUGh3n0yqtrK6tb5Q3K1vbO7tVe2+/rWOjOLR4LGPV9ZkGKSJooUAJ3UQBC30JHX98nfmdB1BaxNEdThPwQjaKxFBwhqk0sKsB7euJNr4GhAkNBnbNqTs56DJxC1IjBZoD+6sfxNyEECGXTOue6yTozZhCwSXMK32jIWF8zEbQS2nEQtDeLA8+p8dGM4xpAooKSXMRfm/MWKj1NPTTyZDhvV70MvE/r2dweOnNRJQYhIhnh1BIyA9prkTaCNBAKEBkWXKgIqKcKYYISlDGeSqatKJK2oe7+P0yaZ/W3bP6+e1ZrXFVNFMmh+SInBCXXJAGuSFN0iKcGPJEnsmL9Wi9Wm/W+89oySp2DsgfWB/fWOyXgg==</latexit>

d = 1

<latexit sha1_base64="vZE6mZnO8n/++doo234kkyAPRFE=">AAAB+nicbVC7TsNAEFyHVwivACXNiQiJKrIRCBqkCBrKIJGHlFjR+bIJp5zP1t0aKTL5CVqo6BAtP0PBv+AEF5Aw1WhmVzs7QaykJdf9dApLyyura8X10sbm1vZOeXevaaPECGyISEWmHXCLSmpskCSF7dggDwOFrWB0PfVbD2isjPQdjWP0Qz7UciAFp0xq9y+7Ug9o3CtX3Ko7A1skXk4qkKPeK391+5FIQtQkFLe247kx+Sk3JIXCSambWIy5GPEhdjKqeYjWT2d5J+wosZwiFqNhUrGZiL83Uh5aOw6DbDLkdG/nvan4n9dJaHDhp1LHCaEW00MkFc4OWWFkVgSyvjRIxKfJkUnNBDecCI1kXIhMTLJmSlkf3vz3i6R5UvVOq2e3p5XaVd5MEQ7gEI7Bg3OowQ3UoQECFDzBM7w4j86r8+a8/4wWnHxnH/7A+fgGxQSUfg==</latexit>

1 v 1

<latexit sha1_base64="xMf/5Z8L5cduJKmRPwNYS6Cuz8A=">AAACDXicbVC7TsNAEDzzDOFloEI0JyIkqshGQVBG0FAGiTykxIrOl0045Xx27tZIkRXxCXwFLVR0iJZvoOBfsJ0UkDDVaGZXuzN+JIVBx/mylpZXVtfWCxvFza3tnV17b79hwlhzqPNQhrrlMwNSKKijQAmtSAMLfAlNf3id+c0H0EaE6g7HEXgBGyjRF5xhKnXtw45QfRzTjhmZ2DeAMKJTqWuXnLKTgy4Sd0ZKZIZa1/7u9EIeB6CQS2ZM23Ui9BKmUXAJk2InNhAxPmQDaKdUsQCMl+QRJvQkNgxDGoGmQtJchN8bCQuMGQd+OhkwvDfzXib+57Vj7F96iVBRjKB4dgiFhPyQ4Vqk3QDtCQ2ILPscqFCUM80QQQvKOE/FOC2rmPbhzqdfJI2zslspn99WStWrWTMFckSOySlxyQWpkhtSI3XCySN5Ji/k1Xqy3qx362M6umTNdg7IH1ifP8JonCo=</latexit>

antisymmetric?
d1, d2 2 D

<latexit sha1_base64="gqp4AR3ihiyvbcyEjP3CM6dyZMI=">AAAB/nicbVDLSsNAFJ34rPVVdelmsAgupCSlosuiLlxWsA9oQphMbuvQyYOZG6GEgl/hVlfuxK2/4sJ/MYlZaOtZHc65l3vu8WIpNJrmp7G0vLK6tl7ZqG5ube/s1vb2ezpKFIcuj2SkBh7TIEUIXRQoYRArYIEnoe9NrnK//wBKiyi8w2kMTsDGoRgJzjCTbN+1Tn23aYuQXru1utkwC9BFYpWkTkp03NqX7Uc8CSBELpnWQ8uM0UmZQsElzKp2oiFmfMLGMMxoyALQTlpkntHjRDOMaAyKCkkLEX5vpCzQehp42WTA8F7Pe7n4nzdMcHThpCKME4SQ54dQSCgOaa5EVgZQXyhAZHlyoNnvnCmGCEpQxnkmJlk71awPa/77RdJrNqxW4+y2VW9fls1UyCE5IifEIuekTW5Ih3QJJzF5Is/kxXg0Xo034/1ndMkodw7IHxgf3zL7lSs=</latexit>

d1 v d2

<latexit sha1_base64="KQ44kh1R6u6qNpCCP0JhpMdIJmI=">AAACB3icbVC7TsNAEDyHVwgvQ0qaExESVWRHQVBG0FAGiTykxLLO50045fzI3RopsvIBfAUtVHSIls+g4F+wgwtImGo0s6udHS+WQqNlfRqltfWNza3ydmVnd2//wDw86uooURw6PJKR6ntMgxQhdFCghH6sgAWehJ43uc793gMoLaLwDmcxOAEbh2IkOMNMcs2q79p0qKc68TQgTKnvNlyzZtWtBegqsQtSIwXarvk19COeBBAil0zrgW3F6KRMoeAS5pVhoiFmfMLGMMhoyALQTroIP6eniWYY0RgUFZIuRPi9kbJA61ngZZMBw3u97OXif94gwdGlk4owThBCnh9CIWFxSHMlslaA+kIBIsuTAxUh5UwxRFCCMs4zMclqqmR92Mvfr5Juo2436+e3zVrrqmimTI7JCTkjNrkgLXJD2qRDOJmRJ/JMXoxH49V4M95/RktGsVMlf2B8fAPGG5jL</latexit>

d2 v d1

<latexit sha1_base64="HLQaH9gdpYUID6phIbq0mw90h34=">AAACB3icbVC7TsNAEDyHVwgvQ0qaExESVWRHQVBG0FAGiTykxLLO50045fzI3RopsvIBfAUtVHSIls+g4F+wgwtImGo0s6udHS+WQqNlfRqltfWNza3ydmVnd2//wDw86uooURw6PJKR6ntMgxQhdFCghH6sgAWehJ43uc793gMoLaLwDmcxOAEbh2IkOMNMcs2q7zboUE914mlAmFLftV2zZtWtBegqsQtSIwXarvk19COeBBAil0zrgW3F6KRMoeAS5pVhoiFmfMLGMMhoyALQTroIP6eniWYY0RgUFZIuRPi9kbJA61ngZZMBw3u97OXif94gwdGlk4owThBCnh9CIWFxSHMlslaA+kIBIsuTAxUh5UwxRFCCMs4zMclqqmR92Mvfr5Juo2436+e3zVrrqmimTI7JCTkjNrkgLXJD2qRDOJmRJ/JMXoxH49V4M95/RktGsVMlf2B8fAPGK5jL</latexit>

d1
?
= d2

<latexit sha1_base64="eymcUbRJv0HwlbWYnDzo/h7d7cY=">AAACC3icbVC7TsNAEDyHVwgvAwUFzYkIiSqyoyBoEBE0lEEiDymJrPNlE045n627NVJk+RP4Clqo6BAtH0HBv+AEF5Aw1WhmV7M7fiSFQcf5tApLyyura8X10sbm1vaOvbvXMmGsOTR5KEPd8ZkBKRQ0UaCETqSBBb6Etj++nvrtB9BGhOoOJxH0AzZSYig4w0zy7IOB59KeQcbHGmRymSYXKR14Vc8uOxVnBrpI3JyUSY6GZ3/1BiGPA1DIJTOm6zoR9hOmUXAJaakXG4iyFDaCbkYVC8D0k9kDKT2ODcOQRqCpkHQmwu+NhAXGTAI/mwwY3pt5byr+53VjHJ73E6GiGEHxaRAKCbMgw7XImgE6EBoQ2fRyoEJRzjRDBC0o4zwT46yqUtaHO//9ImlVK26tcnpbK9ev8maK5JAckRPikjNSJzekQZqEk5Q8kWfyYj1ar9ab9f4zWrDynX3yB9bHN75emmg=</latexit>

d1, d2 2 N

<latexit sha1_base64="IrP4jxwJqQMGKCiBtADrDWAXBKs=">AAACCXicbVDLSsNAFJ3UV62vqLhyM1gEF1KSUtFl0Y0rqWAf0JYwmdzWoZMHMzdCCf0Cv8KtrtyJW7/Chf9iErPQ1rM6nHMv99zjRlJotKxPo7S0vLK6Vl6vbGxube+Yu3sdHcaKQ5uHMlQ9l2mQIoA2CpTQixQw35XQdSdXmd99AKVFGNzhNIKhz8aBGAnOMJUc88Bz7FPPqQ9EQAc+w3vXTW5mjlm1alYOukjsglRJgZZjfg28kMc+BMgl07pvWxEOE6ZQcAmzyiDWEDE+YWPopzRgPuhhksef0eNYMwxpBIoKSXMRfm8kzNd66rvpZJZQz3uZ+J/Xj3F0MUxEEMUIAc8OoZCQH9JcibQXoJ5QgMiy5EDTEjhTDBGUoIzzVIzToippH/b894ukU6/ZjdrZbaPavCyaKZNDckROiE3OSZNckxZpE04S8kSeyYvxaLwab8b7z2jJKHb2yR8YH98WRZmC</latexit>

d1 divides d2

<latexit sha1_base64="D/jIfwsVZUzMc0nYZrXUJwtFQ3w=">AAACDnicbVC7TsNAEDyHVwgvAx00JyIkqsiOgqCMoKEMEnlIsWWdz5twyvmhu3WkyIrEJ/AVtFDRIVp+gYJ/wQ4pIGGq0cyudnb8RAqNlvVplFZW19Y3ypuVre2d3T1z/6Cj41RxaPNYxqrnMw1SRNBGgRJ6iQIW+hK6/ui68LtjUFrE0R1OEnBDNozEQHCGueSZR4FnO9QJGd6rMAvEWASgpw4NvLpnVq2aNQNdJvacVMkcLc/8coKYpyFEyCXTum9bCboZUyi4hGnFSTUkjI/YEPo5jVgI2s1mP0zpaaoZxjQBRYWkMxF+b2Qs1HoS+vlkEVYveoX4n9dPcXDpZiJKUoSIF4dQSJgd0lyJvByggVCAyIrkQEVEOVMMEZSgjPNcTPO2Knkf9uL3y6RTr9mN2vlto9q8mjdTJsfkhJwRm1yQJrkhLdImnDyQJ/JMXoxH49V4M95/RkvGfOeQ/IHx8Q1pRpvi</latexit>

d2 divides d1

<latexit sha1_base64="clnxCPgThDbuH3tyDY4tUJEgiAE=">AAACDnicbVC7TsNAEDyHVwgvAx00JyIkqsiOgqCMoKEMEnlIsWWdz5twyvmhu3WkyIrEJ/AVtFDRIVp+gYJ/wQ4pIGGq0cyudnb8RAqNlvVplFZW19Y3ypuVre2d3T1z/6Cj41RxaPNYxqrnMw1SRNBGgRJ6iQIW+hK6/ui68LtjUFrE0R1OEnBDNozEQHCGueSZR4FXd6gTMrxXYRaIsQhATx0aeLZnVq2aNQNdJvacVMkcLc/8coKYpyFEyCXTum9bCboZUyi4hGnFSTUkjI/YEPo5jVgI2s1mP0zpaaoZxjQBRYWkMxF+b2Qs1HoS+vlkEVYveoX4n9dPcXDpZiJKUoSIF4dQSJgd0lyJvByggVCAyIrkQEVEOVMMEZSgjPNcTPO2Knkf9uL3y6RTr9mN2vlto9q8mjdTJsfkhJwRm1yQJrkhLdImnDyQJ/JMXoxH49V4M95/RkvGfOeQ/IHx8Q1pXZvi</latexit>

d1  d2

<latexit sha1_base64="LxGIpPSVTe++jkBfYZAtSpCJpGk=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrKjICgjaCiDRB6SY1nn8yaccn5wt0aKrIivoIWKDtHyLRT8C7ZxAQlTjWZ2tbPjxVJoNM1Po7Kyura+Ud2sbW3v7O7V9w/6OkoUhx6PZKSGHtMgRQg9FChhGCtggSdh4E2vcn/wAEqLKLzFWQxOwCahGAvOMJNs37VGEu6p77bcesNsmgXoMrFK0iAlum79a+RHPAkgRC6Z1rZlxuikTKHgEua1UaIhZnzKJmBnNGQBaCctIs/pSaIZRjQGRYWkhQi/N1IWaD0LvGwyYHinF71c/M+zExxfOKkI4wQh5PkhFBKKQ5orkXUB1BcKEFmeHKgIKWeKIYISlHGeiUlWTi3rw1r8fpn0W02r3Ty7aTc6l2UzVXJEjskpscg56ZBr0iU9wklEnsgzeTEejVfjzXj/Ga0Y5c4h+QPj4xsEkpUc</latexit>

d2  d1

<latexit sha1_base64="YJfFwc83B5p/JE1Km+r8AhtPfU0=">AAAB/XicbVC7TsNAEDyHVwivACXNiQiJKrKjICgjaCiDRB6SY1nn8yaccn5wt0aKrIivoIWKDtHyLRT8C7ZxAQlTjWZ2tbPjxVJoNM1Po7Kyura+Ud2sbW3v7O7V9w/6OkoUhx6PZKSGHtMgRQg9FChhGCtggSdh4E2vcn/wAEqLKLzFWQxOwCahGAvOMJNs322NJNxT37XcesNsmgXoMrFK0iAlum79a+RHPAkgRC6Z1rZlxuikTKHgEua1UaIhZnzKJmBnNGQBaCctIs/pSaIZRjQGRYWkhQi/N1IWaD0LvGwyYHinF71c/M+zExxfOKkI4wQh5PkhFBKKQ5orkXUB1BcKEFmeHKgIKWeKIYISlHGeiUlWTi3rw1r8fpn0W02r3Ty7aTc6l2UzVXJEjskpscg56ZBr0iU9wklEnsgzeTEejVfjzXj/Ga0Y5c4h+QPj4xsEmpUc</latexit>

d1 = d2

<latexit sha1_base64="HljdU3mi/x/wevt1JDjrYD04de4=">AAAB+3icbVC7TsNAEDyHVwivACXNiQiJKrKjIGiQImgog0QeKLGs83kTTrmzrbs1UmTlK2ihokO0fAwF/4IdXEDCVKOZXe3s+LEUBm370yqtrK6tb5Q3K1vbO7t71f2DrokSzaHDIxnpvs8MSBFCBwVK6McamPIl9PzJde73HkEbEYV3OI3BVWwcipHgDDPpPvAcekkDr+FVa3bdnoMuE6cgNVKg7VW/hkHEEwUhcsmMGTh2jG7KNAouYVYZJgZixidsDIOMhkyBcdN54Bk9SQzDiMagqZB0LsLvjZQpY6bKzyYVwwez6OXif94gwdGFm4owThBCnh9CIWF+yHAtsiaABkIDIsuTAxUh5UwzRNCCMs4zMcmqqWR9OIvfL5Nuo+4062e3zVrrqmimTI7IMTklDjknLXJD2qRDOFHkiTyTF2tmvVpv1vvPaMkqdg7JH1gf37z5k8c=</latexit>

d1 = 1

<latexit sha1_base64="Jl8LayRaFZVfIfZu+NKuUpS6cpc=">AAAB/nicbVC7SgNBFJ2NrxhfUUubwSBYhV1RtBGCNpYRzAOyS5id3MQhs7PDzF0hhIBfYauVndj6Kxb+i7vrFpp4qsM593LPPaGWwqLrfjqlpeWV1bXyemVjc2t7p7q717ZxYji0eCxj0w2ZBSkUtFCghK42wKJQQiccX2d+5wGMFbG6w4mGIGIjJYaCM0wlf9D36CX1hRripF+tuXU3B10kXkFqpECzX/3yBzFPIlDIJbO257kagykzKLiEWcVPLGjGx2wEvZQqFoENpnnmGT1KLMOYajBUSJqL8HtjyiJrJ1GYTkYM7+28l4n/eb0EhxfBVCidICieHUIhIT9kuRFpGUAHwgAiy5IDFYpyZhgiGEEZ56mYpO1U0j68+e8XSfuk7p3Wz25Pa42ropkyOSCH5Jh45Jw0yA1pkhbhRJMn8kxenEfn1Xlz3n9GS06xs0/+wPn4BqZOlXY=</latexit>

1 v d2

<latexit sha1_base64="0H8t6DKPIMqUSijj0kOM5OMiXHg=">AAACCnicbVC7TsNAEDzzDOFlQKKhOREhUUV2FARlBA1lkMhDSqzofNmEU85n526NFIX8AV9BCxUdouUnKPgXbOMCEqYazexqZ8ePpDDoOJ/W0vLK6tp6YaO4ubW9s2vv7TdNGGsODR7KULd9ZkAKBQ0UKKEdaWCBL6Hlj65Sv3UP2ohQ3eIkAi9gQyUGgjNMpJ592BVqgBPaNWMT+wYQxrTfq/TsklN2MtBF4uakRHLUe/ZXtx/yOACFXDJjOq4ToTdlGgWXMCt2YwMR4yM2hE5CFQvAeNMs/4yexIZhSCPQVEiaifB7Y8oCYyaBn0wGDO/MvJeK/3mdGAcX3lSoKEZQPD2EQkJ2yHAtkmKA9oUGRJYmByoU5UwzRNCCMs4TMU6aKiZ9uPPfL5JmpexWy2c31VLtMm+mQI7IMTklLjknNXJN6qRBOHkgT+SZvFiP1qv1Zr3/jC5Z+c4B+QPr4xvGZZp7</latexit>

d2 = 1

<latexit sha1_base64="dEzykoyWyJsfsoms4T4PFpWwHMY=">AAAB/HicbVA9SwNBEN3zM8avqKXNYhCswl2IaCMEbSwjmA9MjjC3mcQle3vH7pwQQvwVtlrZia3/xcL/4iVeoYmverw3w7x5QaykJdf9dJaWV1bX1nMb+c2t7Z3dwt5+w0aJEVgXkYpMKwCLSmqskySFrdgghIHCZjC8mvrNBzRWRvqWRjH6IQy07EsBlEp3vW75oiN1n0bdQtEtuTPwReJlpMgy1LqFr04vEkmImoQCa9ueG5M/BkNSKJzkO4nFGMQQBthOqYYQrT+eJZ7w48QCRTxGw6XiMxF/b4whtHYUBulkCHRv572p+J/XTqh/7o+ljhNCLaaHSCqcHbLCyLQK5D1pkAimyZFLzQUYIEIjOQiRiknaTT7tw5v/fpE0yiWvUjq9qRSrl1kzOXbIjtgJ89gZq7JrVmN1JphmT+yZvTiPzqvz5rz/jC452c4B+wPn4xv2LJUj</latexit>

d2 = 1 = d1

<latexit sha1_base64="f8kQtJRLNncblqeqoPTzW86+z/c=">AAACAHicbVC7TsNAEDyHVwivACXNiQiJKrKjIGgiRdBQBok8pMRY5/MmnHI+W3drpMhKw1fQQkWHaPkTCv4Fx6SAhKlGM7va2fFjKQza9qdVWFldW98obpa2tnd298r7Bx0TJZpDm0cy0j2fGZBCQRsFSujFGljoS+j646uZ330AbUSkbnESgxuykRJDwRlm0l3g1RoDoYY4aQSe45UrdtXOQZeJMycVMkfLK38NgognISjkkhnTd+wY3ZRpFFzCtDRIDMSMj9kI+hlVLATjpnnqKT1JDMOIxqCpkDQX4fdGykJjJqGfTYYM782iNxP/8/oJDi/cVKg4QVB8dgiFhPyQ4VpkdQANhAZENksOVCjKmWaIoAVlnGdikvVTyvpwFr9fJp1a1alXz27qleblvJkiOSLH5JQ45Jw0yTVpkTbhRJMn8kxerEfr1Xqz3n9GC9Z855D8gfXxDXaGlnw=</latexit>

d1 = 1 = d2

<latexit sha1_base64="lxjL+YBHimV1yjXKYbjge0bekpE=">AAACAHicbVC7TsNAEDyHVwivACXNiQiJKrKjIGgiRdBQBok8pMRY5/MmnHI+W3drpMhKw1fQQkWHaPkTCv4Fx6SAhKlGM7va2fFjKQza9qdVWFldW98obpa2tnd298r7Bx0TJZpDm0cy0j2fGZBCQRsFSujFGljoS+j646uZ330AbUSkbnESgxuykRJDwRlm0l3gOY2BUEOcNAKv5pUrdtXOQZeJMycVMkfLK38NgognISjkkhnTd+wY3ZRpFFzCtDRIDMSMj9kI+hlVLATjpnnqKT1JDMOIxqCpkDQX4fdGykJjJqGfTYYM782iNxP/8/oJDi/cVKg4QVB8dgiFhPyQ4VpkdQANhAZENksOVCjKmWaIoAVlnGdikvVTyvpwFr9fJp1a1alXz27qleblvJkiOSLH5JQ45Jw0yTVpkTbhRJMn8kxerEfr1Xqz3n9GC9Z855D8gfXxDXZ7lnw=</latexit>

d1 = 1

<latexit sha1_base64="Jl8LayRaFZVfIfZu+NKuUpS6cpc=">AAAB/nicbVC7SgNBFJ2NrxhfUUubwSBYhV1RtBGCNpYRzAOyS5id3MQhs7PDzF0hhIBfYauVndj6Kxb+i7vrFpp4qsM593LPPaGWwqLrfjqlpeWV1bXyemVjc2t7p7q717ZxYji0eCxj0w2ZBSkUtFCghK42wKJQQiccX2d+5wGMFbG6w4mGIGIjJYaCM0wlf9D36CX1hRripF+tuXU3B10kXkFqpECzX/3yBzFPIlDIJbO257kagykzKLiEWcVPLGjGx2wEvZQqFoENpnnmGT1KLMOYajBUSJqL8HtjyiJrJ1GYTkYM7+28l4n/eb0EhxfBVCidICieHUIhIT9kuRFpGUAHwgAiy5IDFYpyZhgiGEEZ56mYpO1U0j68+e8XSfuk7p3Wz25Pa42ropkyOSCH5Jh45Jw0yA1pkhbhRJMn8kxenEfn1Xlz3n9GS06xs0/+wPn4BqZOlXY=</latexit>

d2 = 1

<latexit sha1_base64="dEzykoyWyJsfsoms4T4PFpWwHMY=">AAAB/HicbVA9SwNBEN3zM8avqKXNYhCswl2IaCMEbSwjmA9MjjC3mcQle3vH7pwQQvwVtlrZia3/xcL/4iVeoYmverw3w7x5QaykJdf9dJaWV1bX1nMb+c2t7Z3dwt5+w0aJEVgXkYpMKwCLSmqskySFrdgghIHCZjC8mvrNBzRWRvqWRjH6IQy07EsBlEp3vW75oiN1n0bdQtEtuTPwReJlpMgy1LqFr04vEkmImoQCa9ueG5M/BkNSKJzkO4nFGMQQBthOqYYQrT+eJZ7w48QCRTxGw6XiMxF/b4whtHYUBulkCHRv572p+J/XTqh/7o+ljhNCLaaHSCqcHbLCyLQK5D1pkAimyZFLzQUYIEIjOQiRiknaTT7tw5v/fpE0yiWvUjq9qRSrl1kzOXbIjtgJ89gZq7JrVmN1JphmT+yZvTiPzqvz5rz/jC452c4B+wPn4xv2LJUj</latexit>

1 v d1

<latexit sha1_base64="NyLBwUHNdh8gl2Jnwfl+kHqNZ8s=">AAACCnicbVC7TsNAEDyHVwivABINzYkIiSqyURCUETSUQSIPKbas82UTTjmfnbs1UmTyB3wFLVR0iJafoOBfcEwKSJhqNLOrnZ0glsKgbX9ahaXlldW14nppY3Nre6e8u9cyUaI5NHkkI90JmAEpFDRRoIROrIGFgYR2MLya+u170EZE6hbHMXghGyjRF5xhJvnlA1eoPo6pa0YmCQwgjGjPd/xyxa7aOegicWakQmZo+OUvtxfxJASFXDJjuo4do5cyjYJLmJTcxEDM+JANoJtRxUIwXprnn9DjxDCMaAyaCklzEX5vpCw0ZhwG2WTI8M7Me1PxP6+bYP/CS4WKEwTFp4dQSMgPGa5FVgzQntCAyKbJgQpFOdMMEbSgjPNMTLKmSlkfzvz3i6R1WnVq1bObWqV+OWumSA7JETkhDjkndXJNGqRJOHkgT+SZvFiP1qv1Zr3/jBas2c4++QPr4xvE1pp6</latexit>
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Ex. 5, divides

Principles for software composition 2019/20
03 - Well founded recursion, posets and denotational semantics

[Ex. 1] Define by well-founded recursion the function vars that, given an

arithmetic expression a, returns the set of identifiers that appear in a. Then,
prove by rule induction that 8a 2 Aexp, 8� 2 ⌃, 8n 2 Z

ha, �i ! n implies 8�0. ( (8y 2 vars(a). �(y) = �0
(y)) ) ha, �0i ! n ).

[Ex. 2] Define by well-founded recursion the function vars that, given a

command, returns the set of identifiers that appear on the left-hand side of

some assignment. Then, prove by rule induction that 8c 2 Com, 8�, �0 2 ⌃

hc, �i ! �0
implies 8x 62 vars(c). �(x) = �0

(x).

[Ex. 3] Consider the CPO? (}(N),✓). Prove that for any set S ✓ N:

1. the function fS : }(N) ! }(N) such that fS(X) = X \S is continuous.

2. the function gS : }(N) ! }(N) such that gS(X) = X [S is continuous.

[Ex. 4] Prove that any limit-preserving function is monotone.

[Ex. 5] Let D = {n 2 N | n > 0} [ {1} and v ✓ (D ⇥D) such that

• for any n,m 2 D \ N, we let n v m i↵ n divides m;

• for any x 2 D, we let x v 1.

Is (D,v) a CPO?? Explain.

[Ex. 6] Define two functions fi : Di ! Di over two suitable CPOs Di for

i 2 [1, 2] (not necessarily with bottom) such that

1. f1 is continuous, has fixpoints but not a least fixpoint;

2. f2 is continuous and has no fixpoint;

[Ex. 7] Let D,E be two CPO?s and f : D ! E, g : E ! D be two

continuous functions between them. Their compositions h = g � f : D ! D
and k = f � g : E ! E are known to be continuous and thus have least

fixpoints.

D
f

++
h=g�f 77 E

g
kk k=f�g

ww

Let e0 = fix(k) 2 E. Prove that g(e0) = fix(h) 2 D by showing that

1. g(e0) is a fixpoint for h, and

2. g(e0) is the least pre-fixpoint for h.

transitive?
d1 v d2

<latexit sha1_base64="KQ44kh1R6u6qNpCCP0JhpMdIJmI=">AAACB3icbVC7TsNAEDyHVwgvQ0qaExESVWRHQVBG0FAGiTykxLLO50045fzI3RopsvIBfAUtVHSIls+g4F+wgwtImGo0s6udHS+WQqNlfRqltfWNza3ydmVnd2//wDw86uooURw6PJKR6ntMgxQhdFCghH6sgAWehJ43uc793gMoLaLwDmcxOAEbh2IkOMNMcs2q79p0qKc68TQgTKnvNlyzZtWtBegqsQtSIwXarvk19COeBBAil0zrgW3F6KRMoeAS5pVhoiFmfMLGMMhoyALQTroIP6eniWYY0RgUFZIuRPi9kbJA61ngZZMBw3u97OXif94gwdGlk4owThBCnh9CIWFxSHMlslaA+kIBIsuTAxUh5UwxRFCCMs4zMclqqmR92Mvfr5Juo2436+e3zVrrqmimTI7JCTkjNrkgLXJD2qRDOJmRJ/JMXoxH49V4M95/RktGsVMlf2B8fAPGG5jL</latexit>

d1 divides d2

<latexit sha1_base64="D/jIfwsVZUzMc0nYZrXUJwtFQ3w=">AAACDnicbVC7TsNAEDyHVwgvAx00JyIkqsiOgqCMoKEMEnlIsWWdz5twyvmhu3WkyIrEJ/AVtFDRIVp+gYJ/wQ4pIGGq0cyudnb8RAqNlvVplFZW19Y3ypuVre2d3T1z/6Cj41RxaPNYxqrnMw1SRNBGgRJ6iQIW+hK6/ui68LtjUFrE0R1OEnBDNozEQHCGueSZR4FnO9QJGd6rMAvEWASgpw4NvLpnVq2aNQNdJvacVMkcLc/8coKYpyFEyCXTum9bCboZUyi4hGnFSTUkjI/YEPo5jVgI2s1mP0zpaaoZxjQBRYWkMxF+b2Qs1HoS+vlkEVYveoX4n9dPcXDpZiJKUoSIF4dQSJgd0lyJvByggVCAyIrkQEVEOVMMEZSgjPNcTPO2Knkf9uL3y6RTr9mN2vlto9q8mjdTJsfkhJwRm1yQJrkhLdImnDyQJ/JMXoxH49V4M95/RkvGfOeQ/IHx8Q1pRpvi</latexit>

d1 = 1

<latexit sha1_base64="Jl8LayRaFZVfIfZu+NKuUpS6cpc=">AAAB/nicbVC7SgNBFJ2NrxhfUUubwSBYhV1RtBGCNpYRzAOyS5id3MQhs7PDzF0hhIBfYauVndj6Kxb+i7vrFpp4qsM593LPPaGWwqLrfjqlpeWV1bXyemVjc2t7p7q717ZxYji0eCxj0w2ZBSkUtFCghK42wKJQQiccX2d+5wGMFbG6w4mGIGIjJYaCM0wlf9D36CX1hRripF+tuXU3B10kXkFqpECzX/3yBzFPIlDIJbO257kagykzKLiEWcVPLGjGx2wEvZQqFoENpnnmGT1KLMOYajBUSJqL8HtjyiJrJ1GYTkYM7+28l4n/eb0EhxfBVCidICieHUIhIT9kuRFpGUAHwgAiy5IDFYpyZhgiGEEZ56mYpO1U0j68+e8XSfuk7p3Wz25Pa42ropkyOSCH5Jh45Jw0yA1pkhbhRJMn8kxenEfn1Xlz3n9GS06xs0/+wPn4BqZOlXY=</latexit>

d2 = 1

<latexit sha1_base64="dEzykoyWyJsfsoms4T4PFpWwHMY=">AAAB/HicbVA9SwNBEN3zM8avqKXNYhCswl2IaCMEbSwjmA9MjjC3mcQle3vH7pwQQvwVtlrZia3/xcL/4iVeoYmverw3w7x5QaykJdf9dJaWV1bX1nMb+c2t7Z3dwt5+w0aJEVgXkYpMKwCLSmqskySFrdgghIHCZjC8mvrNBzRWRvqWRjH6IQy07EsBlEp3vW75oiN1n0bdQtEtuTPwReJlpMgy1LqFr04vEkmImoQCa9ueG5M/BkNSKJzkO4nFGMQQBthOqYYQrT+eJZ7w48QCRTxGw6XiMxF/b4whtHYUBulkCHRv572p+J/XTqh/7o+ljhNCLaaHSCqcHbLCyLQK5D1pkAimyZFLzQUYIEIjOQiRiknaTT7tw5v/fpE0yiWvUjq9qRSrl1kzOXbIjtgJ89gZq7JrVmN1JphmT+yZvTiPzqvz5rz/jC452c4B+wPn4xv2LJUj</latexit>

d1, d2, d3 2 D

<latexit sha1_base64="zMeuWqxwNl8teSBXvaSTXuY7Hcs=">AAACBHicbVA9SwNBEN2LXzF+nVraLAbBQsKdRrQMamEZwXxAchx7e5O4ZO+D3blACGn9FbZa2Ymt/8PC/+JeTKGJDwYe780wMy9IpdDoOJ9WYWl5ZXWtuF7a2Nza3rF395o6yRSHBk9kotoB0yBFDA0UKKGdKmBRIKEVDK5zvzUEpUUS3+MoBS9i/Vj0BGdoJN+2Q989Cf1TU2ddEdMb3y47FWcKukjcGSmTGeq+/dUNE55FECOXTOuO66TojZlCwSVMSt1MQ8r4gPWhY2jMItDeeHr5hB5lmmFCU1BUSDoV4ffEmEVaj6LAdEYMH/S8l4v/eZ0Me5feWMRphhDzfBEKCdNFmithIgEaCgWILL8cqPmdM8UQQQnKODdiZjIqmTzc+e8XSfO04lYr53fVcu1qlkyRHJBDckxcckFq5JbUSYNwMiRP5Jm8WI/Wq/Vmvf+0FqzZzD75A+vjGxQYlqY=</latexit>

d2 v d3

<latexit sha1_base64="tuwy5rdRLWAlpxnFyLErcMVxca8=">AAACB3icbVC7TsNAEDzzDOFlSElzIkKiiuwQBGUEDWWQyENKLOt83oRTzo/crZGiKB/AV9BCRYdo+QwK/gXbuICEqUYzu9rZ8WIpNFrWp7Gyura+sVnaKm/v7O7tmweHHR0likObRzJSPY9pkCKENgqU0IsVsMCT0PXG15nffQClRRTe4TQGJ2CjUAwFZ5hKrlnx3Tod6IlOPA0IE+q7Z65ZtWpWDrpM7IJUSYGWa34N/IgnAYTIJdO6b1sxOjOmUHAJ8/Ig0RAzPmYj6Kc0ZAFoZ5aHn9OTRDOMaAyKCklzEX5vzFig9TTw0smA4b1e9DLxP6+f4PDSmYkwThBCnh1CISE/pLkSaStAfaEAkWXJgYqQcqYYIihBGeepmKQ1ldM+7MXvl0mnXrMbtfPbRrV5VTRTIkfkmJwSm1yQJrkhLdImnEzJE3kmL8aj8Wq8Ge8/oytGsVMhf2B8fAPJSZjN</latexit>

d1
?
v d3

<latexit sha1_base64="M4ZxjXJnCeJtJDJNCOJcKy6aDeE=">AAACFXicbVC7TgJBFJ3FF+ILtbQZJSZWZFcx2km0scREHgmQzexwwQmzD+beNSEbaj/Br7DVys7YWlv4Ly5IoeCpTs65N+fe40VaIdn2p5VZWFxaXsmu5tbWNza38ts7NQxjI6EqQx2ahicQtAqgSoo0NCIDwvc01L3+1div34NBFQa3NIyg7YteoLpKCkolN7/fcR3eQhKyb0AnF6OkhQOMPQSCwYh33BM3X7CL9gR8njhTUmBTVNz8V6sTytiHgKQWiE3HjqidCENKahjlWjFClOaJHjRTGggfsJ1MXhnxwxgFhTwCw5XmExF+byTCRxz6XjrpC7rDWW8s/uc1Y+qetxMVRDFBIMdBpDRMglAalXYEvKMMEInx5cBVwKUwggiM4kLKVIzT0nJpH87s9/Okdlx0SsXTm1KhfDltJsv22AE7Yg47Y2V2zSqsyiR7YE/smb1Yj9ar9Wa9/4xmrOnOLvsD6+MbjEyfPA==</latexit>

d1, d2, d3 2 N

<latexit sha1_base64="MqYWRKNwgIgohxJMx6Rwi88Eoa0=">AAACDXicbVDLSgNBEJyNrxhfq57Ey2AQPEjYjRE9Br14kgjmAUlYZiedOGT2wUyvEJbgJ/gVXvXkTbz6DR78F2djDppY0FBUddPd5cdSaHScTyu3sLi0vJJfLaytb2xu2ds7DR0likOdRzJSLZ9pkCKEOgqU0IoVsMCX0PSHl5nfvAelRRTe4iiGbsAGoegLztBInr3X89zjnlc2ddIRIe0EDO98P70ee3bRKTkT0HniTkmRTFHz7K9OL+JJACFyybRuu06M3ZQpFFzCuNBJNMSMD9kA2oaGLADdTScvjOlhohlGNAZFhaQTEX5PpCzQehT4pjO7UM96mfif106wf95NRRgnCCHPFqGQMFmkuRImG6A9oQCRZZcDNSFwphgiKEEZ50ZMTFgFk4c7+/08aZRLbqV0elMpVi+myeTJPjkgR8QlZ6RKrkiN1AknD+SJPJMX69F6td6s95/WnDWd2SV/YH18A4kgmsw=</latexit>

d2 divides d3

<latexit sha1_base64="rVtoaiBSx/fNj+k6Sp2SNJE95ZA=">AAACDnicbVC7TsNAEDzzDOEVoIPmRIREFdkhCMoIGsogkYcUW9b5vAmnnB+6W0eKrEh8Al9BCxUdouUXKPgX7OACEqYazexqZ8eLpdBomp/G0vLK6tp6aaO8ubW9s1vZ2+/oKFEc2jySkep5TIMUIbRRoIRerIAFnoSuN7rO/e4YlBZReIeTGJyADUMxEJxhJrmVQ9+t29QOGN6rIPXFWPigpzb13TO3UjVr5gx0kVgFqZICLbfyZfsRTwIIkUumdd8yY3RSplBwCdOynWiIGR+xIfQzGrIAtJPOfpjSk0QzjGgMigpJZyL83khZoPUk8LLJPKye93LxP6+f4ODSSUUYJwghzw+hkDA7pLkSWTlAfaEAkeXJgYqQcqYYIihBGeeZmGRtlbM+rPnvF0mnXrMatfPbRrV5VTRTIkfkmJwSi1yQJrkhLdImnDyQJ/JMXoxH49V4M95/RpeMYueA/IHx8Q1se5vk</latexit>

d1 divides d3

<latexit sha1_base64="RNX5RoZ1FQmmqbwThOeQVw4tqMo=">AAACDnicbVC7TsNAEDyHVwivAB00JyIkqsiGICgjaCiDRB5SbFnn8yaccn7obh0psiLxCXwFLVR0iJZfoOBfsIMLSJhqNLOrnR0vlkKjaX4apaXlldW18nplY3Nre6e6u9fRUaI4tHkkI9XzmAYpQmijQAm9WAELPAldb3Sd+90xKC2i8A4nMTgBG4ZiIDjDTHKrB75r2dQOGN6rIPXFWPigpzb13TO3WjPr5gx0kVgFqZECLbf6ZfsRTwIIkUumdd8yY3RSplBwCdOKnWiIGR+xIfQzGrIAtJPOfpjS40QzjGgMigpJZyL83khZoPUk8LLJPKye93LxP6+f4ODSSUUYJwghzw+hkDA7pLkSWTlAfaEAkeXJgYqQcqYYIihBGeeZmGRtVbI+rPnvF0nntG416ue3jVrzqmimTA7JETkhFrkgTXJDWqRNOHkgT+SZvBiPxqvxZrz/jJaMYmef/IHx8Q1q1Zvj</latexit>

d1 v d3

<latexit sha1_base64="i/ng36pJW+LD5/L89rmJzv55J7c=">AAACB3icbVC7TsNAEDyHVwgvQ0qaExESVWRDEJQRNJRBIg8psazzeRNOOT9yt0aKonwAX0ELFR2i5TMo+Bds4wISphrN7Gpnx4ul0GhZn0ZpZXVtfaO8Wdna3tndM/cPOjpKFIc2j2Skeh7TIEUIbRQooRcrYIEnoeuNrzO/+wBKiyi8w2kMTsBGoRgKzjCVXLPquzYd6IlOPA0IE+q7Z65Zs+pWDrpM7ILUSIGWa34N/IgnAYTIJdO6b1sxOjOmUHAJ88og0RAzPmYj6Kc0ZAFoZ5aHn9PjRDOMaAyKCklzEX5vzFig9TTw0smA4b1e9DLxP6+f4PDSmYkwThBCnh1CISE/pLkSaStAfaEAkWXJgYqQcqYYIihBGeepmKQ1VdI+7MXvl0nntG436ue3jVrzqmimTA7JETkhNrkgTXJDWqRNOJmSJ/JMXoxH49V4M95/RktGsVMlf2B8fAPHqpjM</latexit>

d2 = d3 = 1

<latexit sha1_base64="NdWGDPrQ7b9G+W2yFj/idO6/OZY=">AAACAHicbVC7TsNAEDyHVwivACXNiQiJKrJDEDSRImgog0QeUmKi82UTTjmfrbs1UmSl4StooaJDtPwJBf+CbVxAYKrRzK52drxQCoO2/WEVlpZXVteK66WNza3tnfLuXscEkebQ5oEMdM9jBqRQ0EaBEnqhBuZ7Erre9DL1u/egjQjUDc5CcH02UWIsOMNEuh0Na43R8KQxEGqMs2G5YlftDPQvcXJSITlaw/LnYBTwyAeFXDJj+o4dohszjYJLmJcGkYGQ8SmbQD+hivlg3DhLPadHkWEY0BA0FZJmIvzciJlvzMz3kkmf4Z1Z9FLxP68f4fjcjYUKIwTF00MoJGSHDNciqQPoSGhAZGlyoEJRzjRDBC0o4zwRo6SfUtKHs/j9X9KpVZ169fS6Xmle5M0UyQE5JMfEIWekSa5Ii7QJJ5o8kifybD1YL9ar9fY9WrDynX3yC9b7F3b9ln4=</latexit>

1 v 1

<latexit sha1_base64="xMf/5Z8L5cduJKmRPwNYS6Cuz8A=">AAACDXicbVC7TsNAEDzzDOFloEI0JyIkqshGQVBG0FAGiTykxIrOl0045Xx27tZIkRXxCXwFLVR0iJZvoOBfsJ0UkDDVaGZXuzN+JIVBx/mylpZXVtfWCxvFza3tnV17b79hwlhzqPNQhrrlMwNSKKijQAmtSAMLfAlNf3id+c0H0EaE6g7HEXgBGyjRF5xhKnXtw45QfRzTjhmZ2DeAMKJTqWuXnLKTgy4Sd0ZKZIZa1/7u9EIeB6CQS2ZM23Ui9BKmUXAJk2InNhAxPmQDaKdUsQCMl+QRJvQkNgxDGoGmQtJchN8bCQuMGQd+OhkwvDfzXib+57Vj7F96iVBRjKB4dgiFhPyQ4Vqk3QDtCQ2ILPscqFCUM80QQQvKOE/FOC2rmPbhzqdfJI2zslspn99WStWrWTMFckSOySlxyQWpkhtSI3XCySN5Ji/k1Xqy3qx362M6umTNdg7IH1ifP8JonCo=</latexit>

d3 = 1

<latexit sha1_base64="cHp+0pLouh3LocVRapgeOiytRn0=">AAAB/HicbVC7TsNAEFzzDOEVoKQ5ESFRRTYEQYMUQUMZJPIQiRWdL5twyvls3a2Roih8BS1UdIiWf6HgX3BMCkiYajSzq52dIFbSkut+OguLS8srq7m1/PrG5tZ2YWe3bqPECKyJSEWmGXCLSmqskSSFzdggDwOFjWBwNfEbD2isjPQtDWP0Q97XsicFp1S663ZOLtpS92jYKRTdkpuBzRNvSoowRbVT+Gp3I5GEqEkobm3Lc2PyR9yQFArH+XZiMeZiwPvYSqnmIVp/lCUes8PEcopYjIZJxTIRf2+MeGjtMAzSyZDTvZ31JuJ/Xiuh3rk/kjpOCLWYHCKpMDtkhZFpFci60iARnyRHJjUT3HAiNJJxIVIxSbvJp314s9/Pk/pxySuXTm/KxcrltJkc7MMBHIEHZ1CBa6hCDQRoeIJneHEenVfnzXn/GV1wpjt78AfOxzf3wpUk</latexit>

d1 v 1

<latexit sha1_base64="KhTzARPO54RlD2blBSdjDdtRLyg=">AAACCXicbVC7TsNAEDzzDOFlQFQ0JyIkqshGQVBG0FAGiTykJLLOl0045Xx27vaQIitfwFfQQkWHaPkKCv4FO6SAhKlGM7va2QkTKQx63qeztLyyurZe2Chubm3v7Lp7+w0TW82hzmMZ61bIDEihoI4CJbQSDSwKJTTD4XXuNx9AGxGrOxwn0I3YQIm+4AwzKXAPe4HfMSNjQwMII9oRqo/jwC15ZW8Kukj8GSmRGWqB+9XpxdxGoJBLZkzb9xLspkyj4BImxY41kDA+ZANoZ1SxCEw3ncaf0BNrGMY0AU2FpFMRfm+kLDJmHIXZZMTw3sx7ufif17bYv+ymQiUWQfH8EAoJ00OGa5H1ArQnNCCyPDlQoShnmiGCFpRxnok2K6qY9eHPf79IGmdlv1I+v62UqlezZgrkiByTU+KTC1IlN6RG6oSTlDyRZ/LiPDqvzpvz/jO65Mx2DsgfOB/fYwyaUA==</latexit>

d3 = 1

<latexit sha1_base64="cHp+0pLouh3LocVRapgeOiytRn0=">AAAB/HicbVC7TsNAEFzzDOEVoKQ5ESFRRTYEQYMUQUMZJPIQiRWdL5twyvls3a2Roih8BS1UdIiWf6HgX3BMCkiYajSzq52dIFbSkut+OguLS8srq7m1/PrG5tZ2YWe3bqPECKyJSEWmGXCLSmqskSSFzdggDwOFjWBwNfEbD2isjPQtDWP0Q97XsicFp1S663ZOLtpS92jYKRTdkpuBzRNvSoowRbVT+Gp3I5GEqEkobm3Lc2PyR9yQFArH+XZiMeZiwPvYSqnmIVp/lCUes8PEcopYjIZJxTIRf2+MeGjtMAzSyZDTvZ31JuJ/Xiuh3rk/kjpOCLWYHCKpMDtkhZFpFci60iARnyRHJjUT3HAiNJJxIVIxSbvJp314s9/Pk/pxySuXTm/KxcrltJkc7MMBHIEHZ1CBa6hCDQRoeIJneHEenVfnzXn/GV1wpjt78AfOxzf3wpUk</latexit>

d1 v 1

<latexit sha1_base64="KhTzARPO54RlD2blBSdjDdtRLyg=">AAACCXicbVC7TsNAEDzzDOFlQFQ0JyIkqshGQVBG0FAGiTykJLLOl0045Xx27vaQIitfwFfQQkWHaPkKCv4FO6SAhKlGM7va2QkTKQx63qeztLyyurZe2Chubm3v7Lp7+w0TW82hzmMZ61bIDEihoI4CJbQSDSwKJTTD4XXuNx9AGxGrOxwn0I3YQIm+4AwzKXAPe4HfMSNjQwMII9oRqo/jwC15ZW8Kukj8GSmRGWqB+9XpxdxGoJBLZkzb9xLspkyj4BImxY41kDA+ZANoZ1SxCEw3ncaf0BNrGMY0AU2FpFMRfm+kLDJmHIXZZMTw3sx7ufif17bYv+ymQiUWQfH8EAoJ00OGa5H1ArQnNCCyPDlQoShnmiGCFpRxnok2K6qY9eHPf79IGmdlv1I+v62UqlezZgrkiByTU+KTC1IlN6RG6oSTlDyRZ/LiPDqvzpvz/jO65Mx2DsgfOB/fYwyaUA==</latexit>

bottom? 1

<latexit sha1_base64="fbRndF7K8fWB3sJR6SVVWpII3qs=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6ntjao1t+7moKvEK0iNFGiNql/DccRtCAq5ZMYMPDdGP2EaBZewqAytgZjxGZvCIKWKhWD8JA+6oGfWMIxoDJoKSXMRfm8kLDRmHgbpZMjwwSx7mfifN7A4ufYToWKLoHh2CIWE/JDhWqQNAB0LDYgsSw5UKMqZZoigBWWcp6JNK6mkfXjL36+S7kXda9Qv241a86ZopkxOyCk5Jx65Ik1yR1qkQzgB8kSeyYtjnVfnzXn/GS05xc4x+QPn4xsaeJFC</latexit>

divides every number and 1 v 1

<latexit sha1_base64="ZJvyjxJhqPcMl80TT8aBFHFkDVA=">AAACCHicbVC7TgJBFJ3FF+ILH53NRGJiRXYNRkuijSUm8khYQmaHC06YnV1m7pgg4Qf8Clut7Iytf2Hhv7isWyh4qpNz7s099wSxFAZd99PJLS2vrK7l1wsbm1vbO8XdvYaJrOZQ55GMdCtgBqRQUEeBElqxBhYGEprB8GrmN+9BGxGpWxzH0AnZQIm+4AwTqVs88KhvRsYGBhBG1Beqj+NuseSW3RR0kXgZKZEMtW7xy+9F3IagkEtmTNtzY+xMmEbBJUwLvjUQMz5kA2gnVLEQTGeSpp/SY2sYRjQGTYWkqQi/NyYsNGYcBslkyPDOzHsz8T+vbbF/0ZkIFVsExWeHUEhIDxmuRVIL0J7QgMhmyYEKRTnTDBG0oIzzRLRJT4WkD2/++0XSOC17lfLZTaVUvcyayZNDckROiEfOSZVckxqpE04eyBN5Ji/Oo/PqvDnvP6M5J9vZJ3/gfHwDM1CZow==</latexit>
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03 - Well founded recursion, posets and denotational semantics

[Ex. 1] Define by well-founded recursion the function vars that, given an

arithmetic expression a, returns the set of identifiers that appear in a. Then,
prove by rule induction that 8a 2 Aexp, 8� 2 ⌃, 8n 2 Z

ha, �i ! n implies 8�0. ( (8y 2 vars(a). �(y) = �0
(y)) ) ha, �0i ! n ).

[Ex. 2] Define by well-founded recursion the function vars that, given a

command, returns the set of identifiers that appear on the left-hand side of

some assignment. Then, prove by rule induction that 8c 2 Com, 8�, �0 2 ⌃

hc, �i ! �0
implies 8x 62 vars(c). �(x) = �0

(x).

[Ex. 3] Consider the CPO? (}(N),✓). Prove that for any set S ✓ N:

1. the function fS : }(N) ! }(N) such that fS(X) = X \S is continuous.

2. the function gS : }(N) ! }(N) such that gS(X) = X [S is continuous.

[Ex. 4] Prove that any limit-preserving function is monotone.

[Ex. 5] Let D = {n 2 N | n > 0} [ {1} and v ✓ (D ⇥D) such that

• for any n,m 2 D \ N, we let n v m i↵ n divides m;

• for any x 2 D, we let x v 1.

Is (D,v) a CPO?? Explain.

[Ex. 6] Define two functions fi : Di ! Di over two suitable CPOs Di for

i 2 [1, 2] (not necessarily with bottom) such that

1. f1 is continuous, has fixpoints but not a least fixpoint;

2. f2 is continuous and has no fixpoint;

[Ex. 7] Let D,E be two CPO?s and f : D ! E, g : E ! D be two

continuous functions between them. Their compositions h = g � f : D ! D
and k = f � g : E ! E are known to be continuous and thus have least

fixpoints.

D
f

++
h=g�f 77 E

g
kk k=f�g

ww

Let e0 = fix(k) 2 E. Prove that g(e0) = fix(h) 2 D by showing that

1. g(e0) is a fixpoint for h, and

2. g(e0) is the least pre-fixpoint for h.

complete?
every finite chain has a limit
infinite chains can only contain increasing natural numbers,
then the limit is 1

<latexit sha1_base64="Gl7IJD/p+X+gIue2rC6TQdTUxgo=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzmfrbo0UovwDLVR0iJa/oeBfcIwLSJhqNLOrnZ0gVtKS6346haXlldW14nppY3Nre6e8u9e0UWIENkSkItMOuEUlNTZIksJ2bJCHgcJWMLqa+a0HNFZG+pbGMfohH2o5kIJTKjW7Ug9o3CtX3KqbgS0SLycVyFHvlb+6/UgkIWoSilvb8dyY/Ak3JIXCaambWIy5GPEhdlKqeYjWn2Rpp+wosZwiFqNhUrFMxN8bEx5aOw6DdDLkdGfnvZn4n9dJaHDhT6SOE0ItZodIKswOWWFkWgOyvjRIxGfJkUnNBDecCI1kXIhUTNJeSmkf3vz3i6R5UvVOq2c3p5XaZd5MEQ7gEI7Bg3OowTXUoQEC7uEJnuHFeXRenTfn/We04OQ7+/AHzsc3e+iTyQ==</latexit>

Ex. 5, divides
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Principles for software composition 2019/20
03 - Well founded recursion, posets and denotational semantics

[Ex. 1] Define by well-founded recursion the function vars that, given an

arithmetic expression a, returns the set of identifiers that appear in a. Then,
prove by rule induction that 8a 2 Aexp, 8� 2 ⌃, 8n 2 Z

ha, �i ! n implies 8�0. ( (8y 2 vars(a). �(y) = �0
(y)) ) ha, �0i ! n ).

[Ex. 2] Define by well-founded recursion the function vars that, given a

command, returns the set of identifiers that appear on the left-hand side of

some assignment. Then, prove by rule induction that 8c 2 Com, 8�, �0 2 ⌃

hc, �i ! �0
implies 8x 62 vars(c). �(x) = �0

(x).

[Ex. 3] Consider the CPO? (}(N),✓). Prove that for any set S ✓ N:

1. the function fS : }(N) ! }(N) such that fS(X) = X \S is continuous.

2. the function gS : }(N) ! }(N) such that gS(X) = X [S is continuous.

[Ex. 4] Prove that any limit-preserving function is monotone.

[Ex. 5] Let D = {n 2 N | n > 0} [ {1} and v ✓ (D ⇥D) such that

• for any n,m 2 D \ N, we let n v m i↵ n divides m;

• for any x 2 D, we let x v 1.

Is (D,v) a CPO?? Explain.

[Ex. 6] Define two functions fi : Di ! Di over two suitable CPOs Di for

i 2 [1, 2] (not necessarily with bottom) such that

1. f1 is continuous, has fixpoints but not a least fixpoint;

2. f2 is continuous and has no fixpoint;

[Ex. 7] Let D,E be two CPO?s and f : D ! E, g : E ! D be two

continuous functions between them. Their compositions h = g � f : D ! D
and k = f � g : E ! E are known to be continuous and thus have least

fixpoints.

D
f

++
h=g�f 77 E

g
kk k=f�g

ww

Let e0 = fix(k) 2 E. Prove that g(e0) = fix(h) 2 D by showing that

1. g(e0) is a fixpoint for h, and

2. g(e0) is the least pre-fixpoint for h.
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Ex. 6, fixpoints

Principles for software composition 2019/20
03 - Well founded recursion, posets and denotational semantics

[Ex. 1] Define by well-founded recursion the function vars that, given an

arithmetic expression a, returns the set of identifiers that appear in a. Then,
prove by rule induction that 8a 2 Aexp, 8� 2 ⌃, 8n 2 Z

ha, �i ! n implies 8�0. ( (8y 2 vars(a). �(y) = �0
(y)) ) ha, �0i ! n ).

[Ex. 2] Define by well-founded recursion the function vars that, given a

command, returns the set of identifiers that appear on the left-hand side of

some assignment. Then, prove by rule induction that 8c 2 Com, 8�, �0 2 ⌃

hc, �i ! �0
implies 8x 62 vars(c). �(x) = �0

(x).

[Ex. 3] Consider the CPO? (}(N),✓). Prove that for any set S ✓ N:

1. the function fS : }(N) ! }(N) such that fS(X) = X \S is continuous.

2. the function gS : }(N) ! }(N) such that gS(X) = X [S is continuous.

[Ex. 4] Prove that any limit-preserving function is monotone.

[Ex. 5] Let D = {n 2 N | n > 0} [ {1} and v ✓ (D ⇥D) such that

• for any n,m 2 D \ N, we let n v m i↵ n divides m;

• for any x 2 D, we let x v 1.

Is (D,v) a CPO?? Explain.

[Ex. 6] Define two functions fi : Di ! Di over two suitable CPOs Di for

i 2 [1, 2] (not necessarily with bottom) such that

1. f1 is continuous, has fixpoints but not a least fixpoint;

2. f2 is continuous and has no fixpoint;

[Ex. 7] Let D,E be two CPO?s and f : D ! E, g : E ! D be two

continuous functions between them. Their compositions h = g � f : D ! D
and k = f � g : E ! E are known to be continuous and thus have least

fixpoints.

D
f

++
h=g�f 77 E

g
kk k=f�g

ww

Let e0 = fix(k) 2 E. Prove that g(e0) = fix(h) 2 D by showing that

1. g(e0) is a fixpoint for h, and

2. g(e0) is the least pre-fixpoint for h.

Let us try to find a minimal example
How many elements do we need at least?
How should they be ordered?
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Ex. 6, fixpoints

Principles for software composition 2019/20
03 - Well founded recursion, posets and denotational semantics

[Ex. 1] Define by well-founded recursion the function vars that, given an

arithmetic expression a, returns the set of identifiers that appear in a. Then,
prove by rule induction that 8a 2 Aexp, 8� 2 ⌃, 8n 2 Z

ha, �i ! n implies 8�0. ( (8y 2 vars(a). �(y) = �0
(y)) ) ha, �0i ! n ).

[Ex. 2] Define by well-founded recursion the function vars that, given a

command, returns the set of identifiers that appear on the left-hand side of

some assignment. Then, prove by rule induction that 8c 2 Com, 8�, �0 2 ⌃

hc, �i ! �0
implies 8x 62 vars(c). �(x) = �0

(x).

[Ex. 3] Consider the CPO? (}(N),✓). Prove that for any set S ✓ N:

1. the function fS : }(N) ! }(N) such that fS(X) = X \S is continuous.

2. the function gS : }(N) ! }(N) such that gS(X) = X [S is continuous.

[Ex. 4] Prove that any limit-preserving function is monotone.

[Ex. 5] Let D = {n 2 N | n > 0} [ {1} and v ✓ (D ⇥D) such that

• for any n,m 2 D \ N, we let n v m i↵ n divides m;

• for any x 2 D, we let x v 1.

Is (D,v) a CPO?? Explain.

[Ex. 6] Define two functions fi : Di ! Di over two suitable CPOs Di for

i 2 [1, 2] (not necessarily with bottom) such that

1. f1 is continuous, has fixpoints but not a least fixpoint;

2. f2 is continuous and has no fixpoint;

[Ex. 7] Let D,E be two CPO?s and f : D ! E, g : E ! D be two

continuous functions between them. Their compositions h = g � f : D ! D
and k = f � g : E ! E are known to be continuous and thus have least

fixpoints.

D
f

++
h=g�f 77 E

g
kk k=f�g

ww

Let e0 = fix(k) 2 E. Prove that g(e0) = fix(h) 2 D by showing that

1. g(e0) is a fixpoint for h, and

2. g(e0) is the least pre-fixpoint for h.

D1 = ({0, 1},=)

<latexit sha1_base64="iN92xbQoMH7coyrqhf31bQoMAJQ=">AAACA3icbVC7SgNBFJ2NrxgfWbW0GQxChBB2JaJNIKiFZQTzgCSE2clNHDI7u8zcFcKS0q+w1cpObP0QC//F3ZhCE091OOde7rnHC6Uw6DifVmZldW19I7uZ29re2c3be/tNE0SaQ4MHMtBtjxmQQkEDBUpohxqY70loeeOr1G89gDYiUHc4CaHns5ESQ8EZJlLfzl/33WqxGzsltzstVU/6dsEpOzPQZeLOSYHMUe/bX91BwCMfFHLJjOm4Toi9mGkUXMI0140MhIyP2Qg6CVXMB9OLZ8Gn9DgyDAMagqZC0pkIvzdi5hsz8b1k0md4bxa9VPzP60Q4vOjFQoURguLpIRQSZocM1yJpBOhAaEBkaXKgQlHONEMELSjjPBGjpKJc0oe7+P0yaZ6W3Ur57LZSqF3Om8mSQ3JEisQl56RGbkidNAgnEXkiz+TFerRerTfr/Wc0Y813DsgfWB/fsr6V1g==</latexit>

f1 : D1 ! D1

<latexit sha1_base64="Y31z9tDAzxYLJffgy2yeQnJNR8c=">AAACAHicbVC7TsNAEDyHVwivACXNiQiJKrJREIgqAgrKIJGHlBjrfNmEU84P3a2RIisNX0ELFR2i5U8o+BfOxgUEprnRzK5mb/xYCo22/WGVFhaXllfKq5W19Y3Nrer2TkdHieLQ5pGMVM9nGqQIoY0CJfRiBSzwJXT9yUXmd+9BaRGFNziNwQ3YOBQjwRka6XbkOWeXnjPAiJrHq9bsup2D/iVOQWqkQMurfg6GEU8CCJFLpnXfsWN0U6ZQcAmzyiDREDM+YWPoGxqyALSb5lfP6EGimcmNQVEhaS7Cz42UBVpPA99MBgzv9LyXif95/QRHp24qwjhBCHkWhEJCHqS5EqYOoEOhAJFllwMVIeVMMURQgjLOjZiYfiqmD2f+939J56juNOrH141a87xopkz2yD45JA45IU1yRVqkTThR5JE8kWfrwXqxXq2379GSVezskl+w3r8AXSyVyg==</latexit>

f1(0) = 0

<latexit sha1_base64="3FQVtHnJ9CTBz31Zc4iOP3Ssops=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESGFJrJREDRIETSUQSIPKbGi9WUTTjk/dLdGikx+ghYqOkTLz1DwL9jBBSRMNZrZ1c6OFylpyLY/raXlldW19cJGcXNre2e3tLffMmGsBTZFqELd8cCgkgE2SZLCTqQRfE9h2xtfZ377AbWRYXBHkwhdH0aBHEoBlEqdYd+p2CeXdr9Utqv2DHyRODkpsxyNfumrNwhF7GNAQoExXceOyE1AkxQKp8VebDACMYYRdlMagI/GTWZ5p/w4NkAhj1BzqfhMxN8bCfjGTHwvnfSB7s28l4n/ed2YhhduIoMoJgxEdoikwtkhI7RMi0A+kBqJIEuOXAZcgAYi1JKDEKkYp80U0z6c+e8XSeu06tSqZ7e1cv0qb6bADtkRqzCHnbM6u2EN1mSCKfbEntmL9Wi9Wm/W+8/okpXvHLA/sD6+AcsNkzs=</latexit>

f1(1) = 1

<latexit sha1_base64="xpTV26cb/MOgnHP3hks6MsDwu8U=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESGFJvKhIGiQImgog0QeUmJF58smnHI+W3drpMjkJ2ihokO0/AwF/4IdXEDCVKOZXe3s+JGSFl3301laXlldWy9sFDe3tnd2S3v7LRvGRkBThCo0HZ9bUFJDEyUq6EQGeOAraPvj68xvP4CxMtR3OInAC/hIy6EUHFOpM+yzCju5ZP1S2a26M9BFwnJSJjka/dJXbxCKOACNQnFru8yN0Eu4QSkUTIu92ELExZiPoJtSzQOwXjLLO6XHseUY0ggMlYrORPi9kfDA2kngp5MBx3s772Xif143xuGFl0gdxQhaZIdQKpgdssLItAigA2kAkWfJgUpNBTccEYykXIhUjNNmimkfbP77RdI6rbJa9ey2Vq5f5c0UyCE5IhXCyDmpkxvSIE0iiCJP5Jm8OI/Oq/PmvP+MLjn5zgH5A+fjG84ukz0=</latexit>

Discrete order: CPO
Discrete order: any function is monotone and continuous

Kleene’s theorem is not applicable: why?
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Ex. 6, fixpoints

Principles for software composition 2019/20
03 - Well founded recursion, posets and semantics

[Ex. 1] Define by well-founded recursion the function vars that, given an

arithmetic expression a, returns the set of identifiers that appear in a. Then,
prove by rule induction that 8a 2 Aexp, 8� 2 ⌃, 8n 2 Z

ha, �i ! n implies 8�0. ( (8y 2 vars(a). �(y) = �0
(y)) ) ha, �0i ! n ).

[Ex. 2] Define by well-founded recursion the function vars that, given a

command, returns the set of identifiers that appear on the left-hand side of

some assignment. Then, prove by rule induction that 8c 2 Com, 8�, �0 2 ⌃

hc, �i ! �0
implies 8x 62 vars(c). �(x) = �0

(x).

[Ex. 3] Consider the CPO? (}(N),✓). Prove that for any set S ✓ N:

1. the function fS : }(N) ! }(N) such that fS(X) = X \S is continuous.

2. the function gS : }(N) ! }(N) such that gS(X) = X [S is continuous.

[Ex. 4] Prove that any limit-preserving function is monotone.

[Ex. 5] Let D = {n 2 N | n > 0} [ {1} and v ✓ (D ⇥D) such that

• for any n,m 2 D \ N, we let n v m i↵ n divides m;

• for any x 2 D, we let x v 1.

Is (D,v) a CPO?? Explain.

[Ex. 6] Define two functions fi : Di ! Di over two suitable CPOs Di for

i 2 [1, 2] (not necessarily with bottom) such that

1. f1 is continuous, has fixpoints but not a least fixpoint;

2. f2 is continuous and has no fixpoint;

[Ex. 7] Let D,E be two CPO?s and f : D ! E, g : E ! D be two

continuous functions between them. Their compositions h = g � f : D ! D
and k = f � g : E ! E are known to be continuous and thus have least

fixpoints.

D
f

++
h=g�f 77 E

g
kk k=f�g

ww

Let e0 = fix(k) 2 E. Prove that g(e0) = fix(h) 2 D by showing that

1. g(e0) is a fixpoint for h, and

2. g(e0) is the least pre-fixpoint for h.

Let us try to find a minimal example
How many elements do we need at least?
How should they be ordered?
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Ex. 6, fixpoints

Discrete order: CPO
Discrete order: any function is monotone and continuous

Kleene’s theorem is not applicable: why?

D2 = D1 = ({0, 1},=)

<latexit sha1_base64="hlWL0OVi70l2fCsyHGkoiRPv/h4=">AAACB3icbVDLTgJBEJzFF+IL5ehlIjHBhJBdgtELCVEOHjGRRwJkMzs0OGH2kZleE7LhA/wKr3ryZrz6GR78F3dxDwrWqVLVna4uJ5BCo2l+Gpm19Y3Nrex2bmd3b/8gf3jU0X6oOLS5L33Vc5gGKTxoo0AJvUABcx0JXWd6nfjdB1Ba+N4dzgIYumziibHgDGPJzheadrXetK16aRCZZWswL9fP7HzRrJgL0FVipaRIUrTs/Ndg5PPQBQ+5ZFr3LTPAYcQUCi5hnhuEGgLGp2wC/Zh6zAU9jBbh5/Q01Ax9GoCiQtKFCL83IuZqPXOdeNJleK+XvUT8z+uHOL4cRsILQgSPJ4dQSFgc0lyJuBWgI6EAkSXJgQqPcqYYIihBGeexGMY15eI+rOXvV0mnWrFqlfPbWrFxlTaTJcfkhJSIRS5Ig9yQFmkTTmbkiTyTF+PReDXejPef0YyR7hTIHxgf3wR3lxA=</latexit>

f2 : D2 ! D2

<latexit sha1_base64="cQaIcmXcYKBMS7PAG5m1T5q3LM0=">AAACAHicbVC7SgNBFJ2NrxhfUUubwSBYhd0QUayCWlhGMA9I1mV2chOHzD6YuSuEJY1fYauVndj6Jxb+i5N1C008zRzOuZdz5/ixFBpt+9MqLC2vrK4V10sbm1vbO+XdvbaOEsWhxSMZqa7PNEgRQgsFSujGCljgS+j448uZ33kApUUU3uIkBjdgo1AMBWdopLuhVzu/8mp9jKh5vHLFrtoZ6CJxclIhOZpe+as/iHgSQIhcMq17jh2jmzKFgkuYlvqJhpjxMRtBz9CQBaDdNLt6So8SzUxuDIoKSTMRfm+kLNB6EvhmMmB4r+e9mfif10tweOamIowThJDPglBIyII0V8LUAXQgFCCy2eVARUg5UwwRlKCMcyMmpp+S6cOZ//0iadeqTr16clOvNC7yZorkgBySY+KQU9Ig16RJWoQTRZ7IM3mxHq1X6816/xktWPnOPvkD6+MbYeuVzQ==</latexit>

f2(0) = 1

<latexit sha1_base64="aX2UtblsdPkb64XASsrO90VU3+Y=">AAAB+nicbVC7TsNAEDyHVwivACXNiQgpNJEdBUGDFEFDGSTykBIrOl824ZTz2bpbI0UmP0ELFR2i5Wco+Bds4wISphrN7GpnxwulMGjbn1ZhZXVtfaO4Wdra3tndK+8fdEwQaQ5tHshA9zxmQAoFbRQooRdqYL4noetNr1O/+wDaiEDd4SwE12cTJcaCM0yk3nhYr9qnl86wXLFrdga6TJycVEiO1rD8NRgFPPJBIZfMmL5jh+jGTKPgEualQWQgZHzKJtBPqGI+GDfO8s7pSWQYBjQETYWkmQi/N2LmGzPzvWTSZ3hvFr1U/M/rRzi+cGOhwghB8fQQCgnZIcO1SIoAOhIaEFmaHKhQlDPNEEELyjhPxChpppT04Sx+v0w69ZrTqJ3dNirNq7yZIjkix6RKHHJOmuSGtEibcCLJE3kmL9aj9Wq9We8/owUr3zkkf2B9fAPOMJM9</latexit>

f2(1) = 0

<latexit sha1_base64="cCFGBq9mX5LXIjoTXZrjNbEvEwo=">AAAB+nicbVC7TsNAEDyHVwivACXNiQgpNJEdBUGDFEFDGSTykBIrOl824ZTz2bpbI0UmP0ELFR2i5Wco+Bds4wISphrN7GpnxwulMGjbn1ZhZXVtfaO4Wdra3tndK+8fdEwQaQ5tHshA9zxmQAoFbRQooRdqYL4noetNr1O/+wDaiEDd4SwE12cTJcaCM0yk3nhYrzqnl/awXLFrdga6TJycVEiO1rD8NRgFPPJBIZfMmL5jh+jGTKPgEualQWQgZHzKJtBPqGI+GDfO8s7pSWQYBjQETYWkmQi/N2LmGzPzvWTSZ3hvFr1U/M/rRzi+cGOhwghB8fQQCgnZIcO1SIoAOhIaEFmaHKhQlDPNEEELyjhPxChpppT04Sx+v0w69ZrTqJ3dNirNq7yZIjkix6RKHHJOmuSGtEibcCLJE3kmL9aj9Wq9We8/owUr3zkkf2B9fAPOM5M9</latexit>

Principles for software composition 2019/20
03 - Well founded recursion, posets and semantics

[Ex. 1] Define by well-founded recursion the function vars that, given an

arithmetic expression a, returns the set of identifiers that appear in a. Then,
prove by rule induction that 8a 2 Aexp, 8� 2 ⌃, 8n 2 Z

ha, �i ! n implies 8�0. ( (8y 2 vars(a). �(y) = �0
(y)) ) ha, �0i ! n ).

[Ex. 2] Define by well-founded recursion the function vars that, given a

command, returns the set of identifiers that appear on the left-hand side of

some assignment. Then, prove by rule induction that 8c 2 Com, 8�, �0 2 ⌃

hc, �i ! �0
implies 8x 62 vars(c). �(x) = �0

(x).

[Ex. 3] Consider the CPO? (}(N),✓). Prove that for any set S ✓ N:

1. the function fS : }(N) ! }(N) such that fS(X) = X \S is continuous.

2. the function gS : }(N) ! }(N) such that gS(X) = X [S is continuous.

[Ex. 4] Prove that any limit-preserving function is monotone.

[Ex. 5] Let D = {n 2 N | n > 0} [ {1} and v ✓ (D ⇥D) such that

• for any n,m 2 D \ N, we let n v m i↵ n divides m;

• for any x 2 D, we let x v 1.

Is (D,v) a CPO?? Explain.

[Ex. 6] Define two functions fi : Di ! Di over two suitable CPOs Di for

i 2 [1, 2] (not necessarily with bottom) such that

1. f1 is continuous, has fixpoints but not a least fixpoint;

2. f2 is continuous and has no fixpoint;

[Ex. 7] Let D,E be two CPO?s and f : D ! E, g : E ! D be two

continuous functions between them. Their compositions h = g � f : D ! D
and k = f � g : E ! E are known to be continuous and thus have least

fixpoints.

D
f

++
h=g�f 77 E

g
kk k=f�g

ww

Let e0 = fix(k) 2 E. Prove that g(e0) = fix(h) 2 D by showing that

1. g(e0) is a fixpoint for h, and

2. g(e0) is the least pre-fixpoint for h.
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Principles for software composition 2019/20
03 - Well founded recursion, posets and denotational semantics

[Ex. 1] Define by well-founded recursion the function vars that, given an

arithmetic expression a, returns the set of identifiers that appear in a. Then,
prove by rule induction that 8a 2 Aexp, 8� 2 ⌃, 8n 2 Z

ha, �i ! n implies 8�0. ( (8y 2 vars(a). �(y) = �0
(y)) ) ha, �0i ! n ).

[Ex. 2] Define by well-founded recursion the function vars that, given a

command, returns the set of identifiers that appear on the left-hand side of

some assignment. Then, prove by rule induction that 8c 2 Com, 8�, �0 2 ⌃

hc, �i ! �0
implies 8x 62 vars(c). �(x) = �0

(x).

[Ex. 3] Consider the CPO? (}(N),✓). Prove that for any set S ✓ N:

1. the function fS : }(N) ! }(N) such that fS(X) = X \S is continuous.

2. the function gS : }(N) ! }(N) such that gS(X) = X [S is continuous.

[Ex. 4] Prove that any limit-preserving function is monotone.

[Ex. 5] Let D = {n 2 N | n > 0} [ {1} and v ✓ (D ⇥D) such that

• for any n,m 2 D \ N, we let n v m i↵ n divides m;

• for any x 2 D, we let x v 1.

Is (D,v) a CPO?? Explain.

[Ex. 6] Define two functions fi : Di ! Di over two suitable CPOs Di for

i 2 [1, 2] (not necessarily with bottom) such that

1. f1 is continuous, has fixpoints but not a least fixpoint;

2. f2 is continuous and has no fixpoint;

[Ex. 7] Let D,E be two CPO?s and f : D ! E, g : E ! D be two

continuous functions between them. Their compositions h = g � f : D ! D
and k = f � g : E ! E are known to be continuous and thus have least

fixpoints.

D
f

++
h=g�f 77 E

g
kk k=f�g

ww

Let e0 = fix(k) 2 E. Prove that g(e0) = fix(h) 2 D by showing that

1. g(e0) is a fixpoint for h, and

2. g(e0) is the least pre-fixpoint for h.
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Ex. 7, composition

Principles for software composition 2019/20
03 - Well founded recursion, posets and denotational semantics

[Ex. 1] Define by well-founded recursion the function vars that, given an

arithmetic expression a, returns the set of identifiers that appear in a. Then,
prove by rule induction that 8a 2 Aexp, 8� 2 ⌃, 8n 2 Z

ha, �i ! n implies 8�0. ( (8y 2 vars(a). �(y) = �0
(y)) ) ha, �0i ! n ).

[Ex. 2] Define by well-founded recursion the function vars that, given a

command, returns the set of identifiers that appear on the left-hand side of

some assignment. Then, prove by rule induction that 8c 2 Com, 8�, �0 2 ⌃

hc, �i ! �0
implies 8x 62 vars(c). �(x) = �0

(x).

[Ex. 3] Consider the CPO? (}(N),✓). Prove that for any set S ✓ N:

1. the function fS : }(N) ! }(N) such that fS(X) = X \S is continuous.

2. the function gS : }(N) ! }(N) such that gS(X) = X [S is continuous.

[Ex. 4] Prove that any limit-preserving function is monotone.

[Ex. 5] Let D = {n 2 N | n > 0} [ {1} and v ✓ (D ⇥D) such that

• for any n,m 2 D \ N, we let n v m i↵ n divides m;

• for any x 2 D, we let x v 1.

Is (D,v) a CPO?? Explain.

[Ex. 6] Define two functions fi : Di ! Di over two suitable CPOs Di for

i 2 [1, 2] (not necessarily with bottom) such that

1. f1 is continuous, has fixpoints but not a least fixpoint;

2. f2 is continuous and has no fixpoint;

[Ex. 7] Let D,E be two CPO?s and f : D ! E, g : E ! D be two

continuous functions between them. Their compositions h = g � f : D ! D
and k = f � g : E ! E are known to be continuous and thus have least

fixpoints.

D
f

++
h=g�f 77 E

g
kk k=f�g

ww

Let e0 = fix(k) 2 E. Prove that g(e0) = fix(h) 2 D by showing that

1. g(e0) is a fixpoint for h, and

2. g(e0) is the least pre-fixpoint for h.h(g(e0)) = g(e0)

<latexit sha1_base64="DdKcO1IuMxRUx11X3L5t4h4lABY=">AAACBnicbVC7TgJBFJ3FF+ILsbSZSEygIbsGo40J0cYSE3kkQDazwwUmzM5uZu4ayYber7DVys7Y+hsW/ou7QKHgqU7OuTf33OOFUhi07S8rs7a+sbmV3c7t7O7tH+QPC00TRJpDgwcy0G2PGZBCQQMFSmiHGpjvSWh545vUbz2ANiJQ9zgJoeezoRIDwRkmkpsvjErDErh2uUyv6Jy5+aJdsWegq8RZkCJZoO7mv7v9gEc+KOSSGdNx7BB7MdMouIRprhsZCBkfsyF0EqqYD6YXz7JP6WlkGAY0BE2FpDMRfm/EzDdm4nvJpM9wZJa9VPzP60Q4uOzFQoURguLpIRQSZocM1yIpBWhfaEBkaXKgQlHONEMELSjjPBGjpKVc0oez/P0qaZ5VnGrl/K5arF0vmsmSY3JCSsQhF6RGbkmdNAgnj+SZvJBX68l6s96tj/loxlrsHJE/sD5/AP7Elno=</latexit>

we need to prove

h(g(e0)) = g(f(g(e0)))

<latexit sha1_base64="qR3w2/OfW4OVQ9Tl7TVwuj9vVNc=">AAACDHicbVDLSgNBEJyNrxhfq14EL4NB2FzCrkT0IgS9eIxgHpCEZXbS2QyZfTDTK4QQP8Gv8Konb+LVf/Dgv7hZI2hinaqruunu8mIpNNr2h5FbWl5ZXcuvFzY2t7Z3zN29ho4SxaHOIxmplsc0SBFCHQVKaMUKWOBJaHrDq6nfvAOlRRTe4iiGbsD8UPQFZ5hKrnkwsHwLXLtUohfUt/o/Vck1i3bZzkAXiTMjRTJDzTU/O7 2IJwGEyCXTuu3YMXbHTKHgEiaFTqIhZnzIfGinNGQB6O44+2BCjxPNMKIxKCokzUT4PTFmgdajwEs7A4YDPe9Nxf+8doL98+5YhHGCEPLpIhQSskWaK5FGA7QnFCCy6eVARUg5UwwRlKCM81RM0qwKaR7O/PeLpHFSdirl05tKsXo5SyZPDskRsYhDzkiVXJMaqRNO7skjeSLPxoPxYrwab9+tOWM2s0/+wHj/AjnfmCU=</latexit>

by def

= g(k(e0))

<latexit sha1_base64="a2Dsaked0wt4tb2FbRvDt+Ep45A=">AAAB/XicbVDLSsNAFJ3UV62vqks3g0VoNyWRim6EohuXFewD0lAm09s6dDIJMzdCKcWvcKsrd+LWb3Hhv5jELLT1rA7n3Ms99/iRFAZt+9MqrKyurW8UN0tb2zu7e+X9g44JY82hzUMZ6p7PDEihoI0CJfQiDSzwJXT9yXXqdx9AGxGqO5xG4AVsrMRIcIaJ5F7ScXVShYFdqw3KFbtuZ6DLxMlJheRoDcpf/WHI4wAUcsmMcR07Qm/GNAouYV7qxwYixidsDG5CFQvAeLMs8pyexIZhSCPQVEiaifB7Y8YCY6aBn0wGDO/NopeK/3lujKMLbyZUFCMonh5CISE7ZLgWSRdAh0IDIkuTAxWKcqYZImhBGeeJGCfllJI+nMXvl0nntO406me3jUrzKm+mSI7IMakSh5yTJrkhLdImnITkiTyTF+vRerXerPef0YKV7xySP7A+vgGfdZQ6</latexit>

by def

= g(e0)

<latexit sha1_base64="RGzs5bPJgnRJDFBi4/jFNIbJTwM=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESGFJrJREDRIETSUQSIPKbGi9WUTTjk/dLdGikx+ghYqOkTLz1DwL9jBBSRMNZrZ1c6OFylpyLY/raXlldW19cJGcXNre2e3tLffMmGsBTZFqELd8cCgkgE2SZLCTqQRfE9h2xtfZ377AbWRYXBHkwhdH0aBHEoBlEqdSz6qYN8+6ZfKdtWegS8SJydllqPRL331BqGIfQxIKDCm69gRuQlokkLhtNiLDUYgxjDCbkoD8NG4ySzvlB/HBijkEWouFZ+J+HsjAd+Yie+lkz7QvZn3MvE/rxvT8MJNZBDFhIHIDpFUODtkhJZpEcgHUiMRZMmRy4AL0ECEWnIQIhXjtJli2ocz//0iaZ1WnVr17LZWrl/lzRTYITtiFeawc1ZnN6zBmkwwxZ7YM3uxHq1X6816/xldsvKdA/YH1sc3BDqTYA==</latexit>

Principles for software composition 2019/20
03 - Well founded recursion, posets and denotational semantics

[Ex. 1] Define by well-founded recursion the function vars that, given an

arithmetic expression a, returns the set of identifiers that appear in a. Then,
prove by rule induction that 8a 2 Aexp, 8� 2 ⌃, 8n 2 Z

ha, �i ! n implies 8�0. ( (8y 2 vars(a). �(y) = �0
(y)) ) ha, �0i ! n ).

[Ex. 2] Define by well-founded recursion the function vars that, given a

command, returns the set of identifiers that appear on the left-hand side of

some assignment. Then, prove by rule induction that 8c 2 Com, 8�, �0 2 ⌃

hc, �i ! �0
implies 8x 62 vars(c). �(x) = �0

(x).

[Ex. 3] Consider the CPO? (}(N),✓). Prove that for any set S ✓ N:

1. the function fS : }(N) ! }(N) such that fS(X) = X \S is continuous.

2. the function gS : }(N) ! }(N) such that gS(X) = X [S is continuous.

[Ex. 4] Prove that any limit-preserving function is monotone.

[Ex. 5] Let D = {n 2 N | n > 0} [ {1} and v ✓ (D ⇥D) such that

• for any n,m 2 D \ N, we let n v m i↵ n divides m;

• for any x 2 D, we let x v 1.

Is (D,v) a CPO?? Explain.

[Ex. 6] Define two functions fi : Di ! Di over two suitable CPOs Di for

i 2 [1, 2] (not necessarily with bottom) such that

1. f1 is continuous, has fixpoints but not a least fixpoint;

2. f2 is continuous and has no fixpoint;

[Ex. 7] Let D,E be two CPO?s and f : D ! E, g : E ! D be two

continuous functions between them. Their compositions h = g � f : D ! D
and k = f � g : E ! E are known to be continuous and thus have least

fixpoints.
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Let e0 = fix(k) 2 E. Prove that g(e0) = fix(h) 2 D by showing that

1. g(e0) is a fixpoint for h, and

2. g(e0) is the least pre-fixpoint for h.

Principles for software composition 2019/20
03 - Well founded recursion, posets and denotational semantics

[Ex. 1] Define by well-founded recursion the function vars that, given an

arithmetic expression a, returns the set of identifiers that appear in a. Then,
prove by rule induction that 8a 2 Aexp, 8� 2 ⌃, 8n 2 Z

ha, �i ! n implies 8�0. ( (8y 2 vars(a). �(y) = �0
(y)) ) ha, �0i ! n ).

[Ex. 2] Define by well-founded recursion the function vars that, given a

command, returns the set of identifiers that appear on the left-hand side of

some assignment. Then, prove by rule induction that 8c 2 Com, 8�, �0 2 ⌃

hc, �i ! �0
implies 8x 62 vars(c). �(x) = �0

(x).

[Ex. 3] Consider the CPO? (}(N),✓). Prove that for any set S ✓ N:

1. the function fS : }(N) ! }(N) such that fS(X) = X \S is continuous.

2. the function gS : }(N) ! }(N) such that gS(X) = X [S is continuous.

[Ex. 4] Prove that any limit-preserving function is monotone.

[Ex. 5] Let D = {n 2 N | n > 0} [ {1} and v ✓ (D ⇥D) such that

• for any n,m 2 D \ N, we let n v m i↵ n divides m;

• for any x 2 D, we let x v 1.

Is (D,v) a CPO?? Explain.

[Ex. 6] Define two functions fi : Di ! Di over two suitable CPOs Di for

i 2 [1, 2] (not necessarily with bottom) such that

1. f1 is continuous, has fixpoints but not a least fixpoint;

2. f2 is continuous and has no fixpoint;

[Ex. 7] Let D,E be two CPO?s and f : D ! E, g : E ! D be two

continuous functions between them. Their compositions h = g � f : D ! D
and k = f � g : E ! E are known to be continuous and thus have least

fixpoints.

D
f

++
h=g�f 77 E

g
kk k=f�g

ww

Let e0 = fix(k) 2 E. Prove that g(e0) = fix(h) 2 D by showing that

1. g(e0) is a fixpoint for h, and

2. g(e0) is the least pre-fixpoint for h.

Principles for software composition 2019/20
03 - Well founded recursion, posets and denotational semantics

[Ex. 1] Define by well-founded recursion the function vars that, given an

arithmetic expression a, returns the set of identifiers that appear in a. Then,
prove by rule induction that 8a 2 Aexp, 8� 2 ⌃, 8n 2 Z

ha, �i ! n implies 8�0. ( (8y 2 vars(a). �(y) = �0
(y)) ) ha, �0i ! n ).

[Ex. 2] Define by well-founded recursion the function vars that, given a

command, returns the set of identifiers that appear on the left-hand side of

some assignment. Then, prove by rule induction that 8c 2 Com, 8�, �0 2 ⌃

hc, �i ! �0
implies 8x 62 vars(c). �(x) = �0

(x).

[Ex. 3] Consider the CPO? (}(N),✓). Prove that for any set S ✓ N:

1. the function fS : }(N) ! }(N) such that fS(X) = X \S is continuous.

2. the function gS : }(N) ! }(N) such that gS(X) = X [S is continuous.

[Ex. 4] Prove that any limit-preserving function is monotone.

[Ex. 5] Let D = {n 2 N | n > 0} [ {1} and v ✓ (D ⇥D) such that

• for any n,m 2 D \ N, we let n v m i↵ n divides m;

• for any x 2 D, we let x v 1.

Is (D,v) a CPO?? Explain.

[Ex. 6] Define two functions fi : Di ! Di over two suitable CPOs Di for

i 2 [1, 2] (not necessarily with bottom) such that

1. f1 is continuous, has fixpoints but not a least fixpoint;

2. f2 is continuous and has no fixpoint;

[Ex. 7] Let D,E be two CPO?s and f : D ! E, g : E ! D be two

continuous functions between them. Their compositions h = g � f : D ! D
and k = f � g : E ! E are known to be continuous and thus have least

fixpoints.

D
f

++
h=g�f 77 E

g
kk k=f�g

ww

Let e0 = fix(k) 2 E. Prove that g(e0) = fix(h) 2 D by showing that

1. g(e0) is a fixpoint for h, and

2. g(e0) is the least pre-fixpoint for h.



3636

Ex. 7, composition

Principles for software composition 2019/20
03 - Well founded recursion, posets and denotational semantics

[Ex. 1] Define by well-founded recursion the function vars that, given an

arithmetic expression a, returns the set of identifiers that appear in a. Then,
prove by rule induction that 8a 2 Aexp, 8� 2 ⌃, 8n 2 Z

ha, �i ! n implies 8�0. ( (8y 2 vars(a). �(y) = �0
(y)) ) ha, �0i ! n ).

[Ex. 2] Define by well-founded recursion the function vars that, given a

command, returns the set of identifiers that appear on the left-hand side of

some assignment. Then, prove by rule induction that 8c 2 Com, 8�, �0 2 ⌃

hc, �i ! �0
implies 8x 62 vars(c). �(x) = �0

(x).

[Ex. 3] Consider the CPO? (}(N),✓). Prove that for any set S ✓ N:

1. the function fS : }(N) ! }(N) such that fS(X) = X \S is continuous.

2. the function gS : }(N) ! }(N) such that gS(X) = X [S is continuous.

[Ex. 4] Prove that any limit-preserving function is monotone.

[Ex. 5] Let D = {n 2 N | n > 0} [ {1} and v ✓ (D ⇥D) such that

• for any n,m 2 D \ N, we let n v m i↵ n divides m;

• for any x 2 D, we let x v 1.

Is (D,v) a CPO?? Explain.

[Ex. 6] Define two functions fi : Di ! Di over two suitable CPOs Di for

i 2 [1, 2] (not necessarily with bottom) such that

1. f1 is continuous, has fixpoints but not a least fixpoint;

2. f2 is continuous and has no fixpoint;

[Ex. 7] Let D,E be two CPO?s and f : D ! E, g : E ! D be two

continuous functions between them. Their compositions h = g � f : D ! D
and k = f � g : E ! E are known to be continuous and thus have least

fixpoints.

D
f

++
h=g�f 77 E

g
kk k=f�g

ww

Let e0 = fix(k) 2 E. Prove that g(e0) = fix(h) 2 D by showing that

1. g(e0) is a fixpoint for h, and

2. g(e0) is the least pre-fixpoint for h.

Principles for software composition 2019/20
03 - Well founded recursion, posets and denotational semantics

[Ex. 1] Define by well-founded recursion the function vars that, given an

arithmetic expression a, returns the set of identifiers that appear in a. Then,
prove by rule induction that 8a 2 Aexp, 8� 2 ⌃, 8n 2 Z

ha, �i ! n implies 8�0. ( (8y 2 vars(a). �(y) = �0
(y)) ) ha, �0i ! n ).

[Ex. 2] Define by well-founded recursion the function vars that, given a

command, returns the set of identifiers that appear on the left-hand side of

some assignment. Then, prove by rule induction that 8c 2 Com, 8�, �0 2 ⌃

hc, �i ! �0
implies 8x 62 vars(c). �(x) = �0

(x).

[Ex. 3] Consider the CPO? (}(N),✓). Prove that for any set S ✓ N:

1. the function fS : }(N) ! }(N) such that fS(X) = X \S is continuous.

2. the function gS : }(N) ! }(N) such that gS(X) = X [S is continuous.

[Ex. 4] Prove that any limit-preserving function is monotone.

[Ex. 5] Let D = {n 2 N | n > 0} [ {1} and v ✓ (D ⇥D) such that

• for any n,m 2 D \ N, we let n v m i↵ n divides m;

• for any x 2 D, we let x v 1.

Is (D,v) a CPO?? Explain.

[Ex. 6] Define two functions fi : Di ! Di over two suitable CPOs Di for

i 2 [1, 2] (not necessarily with bottom) such that

1. f1 is continuous, has fixpoints but not a least fixpoint;

2. f2 is continuous and has no fixpoint;

[Ex. 7] Let D,E be two CPO?s and f : D ! E, g : E ! D be two

continuous functions between them. Their compositions h = g � f : D ! D
and k = f � g : E ! E are known to be continuous and thus have least

fixpoints.

D
f

++
h=g�f 77 E

g
kk k=f�g

ww

Let e0 = fix(k) 2 E. Prove that g(e0) = fix(h) 2 D by showing that

1. g(e0) is a fixpoint for h, and

2. g(e0) is the least pre-fixpoint for h.take

Principles for software composition 2019/20
03 - Well founded recursion, posets and denotational semantics

[Ex. 1] Define by well-founded recursion the function vars that, given an

arithmetic expression a, returns the set of identifiers that appear in a. Then,
prove by rule induction that 8a 2 Aexp, 8� 2 ⌃, 8n 2 Z

ha, �i ! n implies 8�0. ( (8y 2 vars(a). �(y) = �0
(y)) ) ha, �0i ! n ).

[Ex. 2] Define by well-founded recursion the function vars that, given a

command, returns the set of identifiers that appear on the left-hand side of

some assignment. Then, prove by rule induction that 8c 2 Com, 8�, �0 2 ⌃

hc, �i ! �0
implies 8x 62 vars(c). �(x) = �0

(x).

[Ex. 3] Consider the CPO? (}(N),✓). Prove that for any set S ✓ N:

1. the function fS : }(N) ! }(N) such that fS(X) = X \S is continuous.

2. the function gS : }(N) ! }(N) such that gS(X) = X [S is continuous.

[Ex. 4] Prove that any limit-preserving function is monotone.

[Ex. 5] Let D = {n 2 N | n > 0} [ {1} and v ✓ (D ⇥D) such that

• for any n,m 2 D \ N, we let n v m i↵ n divides m;

• for any x 2 D, we let x v 1.

Is (D,v) a CPO?? Explain.

[Ex. 6] Define two functions fi : Di ! Di over two suitable CPOs Di for

i 2 [1, 2] (not necessarily with bottom) such that

1. f1 is continuous, has fixpoints but not a least fixpoint;

2. f2 is continuous and has no fixpoint;

[Ex. 7] Let D,E be two CPO?s and f : D ! E, g : E ! D be two

continuous functions between them. Their compositions h = g � f : D ! D
and k = f � g : E ! E are known to be continuous and thus have least

fixpoints.

D
f

++
h=g�f 77 E

g
kk k=f�g

ww

Let e0 = fix(k) 2 E. Prove that g(e0) = fix(h) 2 D by showing that

1. g(e0) is a fixpoint for h, and

2. g(e0) is the least pre-fixpoint for h.

d wD h(d)

<latexit sha1_base64="8XgQ4rEkHqqLdWjDz4C1TTzRFII=">AAACCHicbVC7TgJBFJ3FF+JrfXQ2E4kJNmTXYLQkamGJiTwSIJvZ2QtMmN0dZu6aIOEH/ApbreyMrX9h4b+4IIWCpzo5597cc4+vpDDoOJ9WZml5ZXUtu57b2Nza3rF392omTjSHKo9lrBs+MyBFBFUUKKGhNLDQl1D3+1cTv34P2og4usOhgnbIupHoCM4wlTz7IKAtMzCJMoAw8K5prxCceHbeKTpT0EXizkiezFDx7K9WEPMkhAi5ZMY0XUdhe8Q0Ci5hnGslBhTjfdaFZkojFoJpj6bpx/Q4MQxjqkBTIelUhN8bIxYaMwz9dDJk2DPz3kT8z2sm2Lloj0SkEoSITw6hkDA9ZLgWaS1AA6EBkU2SAxUR5UwzRNCCMs5TMUl7yqV9uPPfL5LaadEtFc9uS/ny5ayZLDkkR6RAXHJOyuSGVEiVcPJAnsgzebEerVfrzXr/Gc1Ys5198gfWxzdnp5ke</latexit>

we want to prove g(e0) vD d

<latexit sha1_base64="lq29OwQNnxvwV+jOEFM4DWnDXvk=">AAACCnicbVC7TsNAEDyHVwgvAxINzYkIKTSRjYKgjICCMkjkISWWdb5swinnR+7WSFHIH/AVtFDRIVp+goJ/wTYuIDDVaGZXOzteJIVGy/owCguLS8srxdXS2vrG5pa5vdPSYaw4NHkoQ9XxmAYpAmiiQAmdSAHzPQltb3SR+u07UFqEwQ1OInB8NgzEQHCGieSae8MKuNYR7emxjj0NCGP3kvZds2xVrQz0L7FzUiY5Gq752euHPPYhQC6Z1l3bitCZMoWCS5iVerGGiPERG0I3oQHzQTvTLP+MHsaaYUgjUFRImonwc2PKfK0nvpdM+gxv9byXiv953RgHZ85UBFGMEPD0EAoJ2SHNlUiKAdoXChBZmhyoCChniiGCEpRxnohx0lQp6cOe//4vaR1X7Vr15LpWrp/nzRTJPjkgFWKTU1InV6RBmoSTe/JInsiz8WC8GK/G2/dowch3dskvGO9fgAKZsw==</latexit>

d wD h(d) = g(f(d))

<latexit sha1_base64="gqf27jxKEv0J+gsmsze2LFQPYvE=">AAACEnicbVC7SgNBFJ2Nrxhfq5aCDAYhacKuRLQRglpYRjAPSJZldnKTDJl9ZOauEEI6P8GvsNXKTmz9AQv/xc2aQhNPdTjnXu49x4uk0GhZn0ZmaXlldS27ntvY3NreMXf36jqMFYcaD2Womh7TIEUANRQooRkpYL4noeENrqZ+4x6UFmFwh6MIHJ/1AtEVnGEiueZhh7b1UMeRBoShe037hU6RXtBeoZuQomvmrZKVgi4Se0byZIaqa361OyGPfQiQS6Z1y7YidMZMoeASJrl2rCFifMB60EpowHzQzjjNMaHHsWYY0ggUFZKmIvzeGDNf65HvJZM+w76e96bif14rxu65MxZBFCMEfHoIhYT0kOZKJAUB7QgFiGz6OVARUM4UQwQlKOM8EeOksVzShz2ffpHUT0p2uXR6W85XLmfNZMkBOSIFYpMzUiE3pEpqhJMH8kSeyYvxaLwab8b7z2jGmO3skz8wPr4ByEub0g==</latexit>

f(d) wE f(g(f(d))) = k(f(d))

<latexit sha1_base64="v3Ns+4OETLA0tChDrDYjuiVUUbU=">AAACG3icbVC7TgJBFJ3FF+ILtbSZSIzQkF2D0caEaEwsMZFHAoTMDhecMPtg5q4J2fAJfoJfYauVnbG1sPBf3F22UPBUJ+fcm3vPsX0pNJrml5FZWl5ZXcuu5zY2t7Z38rt7De0FikOde9JTLZtpkMKFOgqU0PIVMMeW0LRHV7HffAClhefe4cSHrsOGrhgIzjCSevnjQbFfoh091oGvAWHcu6aD4rAYy6USvaCjGe3lC2bZTEAXiZWSAklR6+W/O32PBw64yCXTum2ZPnZDplBwCdNcJ9DgMz5iQ2hH1GUO6G6YBJrSo0Az9KgPigpJExF+b4TM0Xri2NGkw/Bez3ux+J/XDnBw3g2F6wcILo8PoZCQHNJciagpoH2hAJHFnwMVLuVMMURQgjLOIzGIqstFfVjz6RdJ46RsVcqnt5VC9TJtJksOyCEpEouckSq5ITVSJ5w8kmfyQl6NJ+PNeDc+ZqMZI93ZJ39gfP4Azp2eVQ==</latexit>

f(d)

<latexit sha1_base64="Pu2CnOHU4LxLDBSt068V+XYGzds=">AAAB9nicbVC7TsNAEDzzDOEVoKQ5ESGFJrJREJQRNJRBIg8psaL1ZZOccn7obo2IovwCLVR0iJbfoeBfsI0LSJhqNLOrnR0vUtKQbX9aK6tr6xubha3i9s7u3n7p4LBlwlgLbIpQhbrjgUElA2ySJIWdSCP4nsK2N7lJ/fYDaiPD4J6mEbo+jAI5lAIolYaVwVm/VLardga+TJyclFmORr/01RuEIvYxIKHAmK5jR+TOQJMUCufFXmwwAjGBEXYTGoCPxp1lWef8NDZAIY9Qc6l4JuLvjRn4xkx9L5n0gcZm0UvF/7xuTMMrdyaDKCYMRHqIpMLskBFaJiUgH0iNRJAmRy4DLkADEWrJQYhEjJNWikkfzuL3y6R1XnVq1Yu7Wrl+nTdTYMfshFWYwy5Znd2yBmsywcbsiT2zF+vRerXerPef0RUr3zlif2B9fAP39pJK</latexit>

is a pre-fixpoint of k

<latexit sha1_base64="MoDFKyqNGD2doFFXsHpmP79CzL8=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9G1Vrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzd03pF8</latexit>

e0

<latexit sha1_base64="UbJGp1zdUeQ4gWc/0fWOjnSGDUA=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrGh92YRTzg/drUGRlU+ghYoO0fI9FPwLtnEBCVONZna1s+NFShqy7U+rtLS8srpWXq9sbG5t71R399omjLXAlghVqLseGFQywBZJUtiNNILvKex4k6vM7zygNjIM7mgaoevDOJAjKYBS6RYH9qBas+t2Dr5InILUWIHmoPrVH4Yi9jEgocCYnmNH5CagSQqFs0o/NhiBmMAYeykNwEfjJnnUGT+KDVDII9RcKp6L+HsjAd+Yqe+lkz7QvZn3MvE/rxfT6MJNZBDFhIHIDpFUmB8yQsu0A+RDqZEIsuTIZcAFaCBCLTkIkYpxWkol7cOZ/36RtE/qzmn97Oa01rgsmimzA3bIjpnDzlmDXbMmazHBxuyJPbMX69F6td6s95/RklXs7LM/sD6+AZV9khk=</latexit>

is the least pre-fixpoint of k

<latexit sha1_base64="MoDFKyqNGD2doFFXsHpmP79CzL8=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9G1Vrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzd03pF8</latexit>

e0 vE f(d)

<latexit sha1_base64="zgUygyRp8kptuSuI1Lccu2jpNdc=">AAACCnicbVDLSsNAFJ3UV62vqODGzWAR6qYkUtFlUQSXFewD2hAm09s6dPLozI1Qav/Ar3CrK3fi1p9w4b+YxCy0elaHc+7lnnu8SAqNlvVhFBYWl5ZXiqultfWNzS1ze6elw1hxaPJQhqrjMQ1SBNBEgRI6kQLmexLa3ugi9dt3oLQIgxucROD4bBiIgeAME8k198C1aE+PdexpQBi7l3RQ6R+5ZtmqWhnoX2LnpExyNFzzs9cPeexDgFwyrbu2FaEzZQoFlzAr9WINEeMjNoRuQgPmg3amWf4ZPYw1w5BGoKiQNBPh58aU+VpPfC+Z9Bne6nkvFf/zujEOzpypCKIYIeDpIRQSskOaK5EUA7QvFCCyNDlQEVDOFEMEJSjjPBHjpKlS0oc9//1f0jqu2rXqyXWtXD/PmymSfXJAKsQmp6ROrkiDNAkn9+SRPJFn48F4MV6Nt+/RgpHv7JJfMN6/AIZfmbM=</latexit>

g(e0) vD g(f(d)) = h(d) vD d

<latexit sha1_base64="gOfJr9ntFmxAY3w9qJsGE3O4wso=">AAACJ3icbVDLTgJBEJzFF+IL9ehlIjGBC9lVjF5MiHrwiIk8EthsZocGJsw+mOk1IYQP8RP8Cq968mb04ME/cVn3oGBdulLVne4uN5RCo2l+GJml5ZXVtex6bmNza3snv7vX0EGkONR5IAPVcpkGKXyoo0AJrVAB81wJTXd4NfOb96C0CPw7HIdge6zvi57gDGPJyZ/0i+CYJdrRIx25GhBGzjXtF3vFbqlEL+ggrnNm18kXzLKZgC4SKyUFkqLm5D873YBHHvjIJdO6bZkh2hOmUHAJ01wn0hAyPmR9aMfUZx5oe5I8N6VHkWYY0BAUFZImIvyemDBP67Hnxp0ew4Ge92bif147wt65PRF+GCH4fLYIhYRkkeZKxKkB7QoFiGx2OVDhU84UQwQlKOM8FqM4xlychzX//SJpHJetSvn0tlKoXqbJZMkBOSRFYpEzUiU3pEbqhJMH8kSeyYvxaLwab8b7T2vGSGf2yR8YX98J36PR</latexit>

(by def of    )h

<latexit sha1_base64="g7fdRCEqoqpK1viieF6z/CAbQ3k=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGspEIg8psaLzZZOccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD486JrKaQ5tHMtK9gBmQQkEbBUroxRpYGEjoBrO7zO8+gjYiUg84j8EP2USJseAMU6k1HVZrbt3NQVeJV5AaKdAcVr8Go4jbEBRyyYzpe26MfsI0Ci5hURlYAzHjMzaBfkoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDh1Cx7mfif17c4vvEToWKLoHh2CIWE/JDhWqQNAB0JDYgsSw5UKMqZZoigBWWcp6JNK6mkfXjL36+SzkXdu6xftS5rjduimTI5IafknHjkmjTIPWmSNuEEyBN5Ji+OdV6dN+f9Z7TkFDvH5A+cj29wMZF5</latexit>

(by monotonicity    , def.    )f

<latexit sha1_base64="H7mM6ob8NDgJ0va0bQzoeEJeSbg=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9GVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdtE5F3</latexit>

k

<latexit sha1_base64="MoDFKyqNGD2doFFXsHpmP79CzL8=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9G1Vrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzd03pF8</latexit>

hence )

<latexit sha1_base64="U/cGJXm9nVrm+DGa9oUkW+rj1TU=">AAAB/XicbVA9TwJBEN3DL8Qv1NJmIzGxIndGoyXRxhKNfCQHIXPLABv29i67cxpyIf4KW63sjK2/xcL/4oEUCr7q5b2ZzJsXxEpact1PJ7e0vLK6ll8vbGxube8Ud/fqNkqMwJqIVGSaAVhUUmONJClsxgYhDBQ2guHVxG/co7Ey0nc0irEdQl/LnhRAmeS3bmV/QGBM9NApltyyOwVfJN6MlNgM1U7xq9WNRBKiJqHAWt9zY2qnYEgKheNCK7EYgxhCH/2MagjRttNp5DE/SixQxGM0XCo+FfH3RgqhtaMwyCZDoIGd9ybif56fUO+inUodJ4RaTA6RVDg9ZIWRWRfIu9IgEUySI5eaCzBAhEZyECITk6ycQtaHN//9IqmflL3T8tnNaalyOWsmzw7YITtmHjtnFXbNqqzGBIvYE3tmL86j8+q8Oe8/ozlntrPP/sD5+AZhAJX6</latexit>

(by mon.    , def.    , hyp.    )g

<latexit sha1_base64="rPbfdRzrpqZiPIuAZPPo8IcJhNE=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9HVVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzduopF4</latexit>

h

<latexit sha1_base64="g7fdRCEqoqpK1viieF6z/CAbQ3k=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGspEIg8psaLzZZOccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD486JrKaQ5tHMtK9gBmQQkEbBUroxRpYGEjoBrO7zO8+gjYiUg84j8EP2USJseAMU6k1HVZrbt3NQVeJV5AaKdAcVr8Go4jbEBRyyYzpe26MfsI0Ci5hURlYAzHjMzaBfkoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDh1Cx7mfif17c4vvEToWKLoHh2CIWE/JDhWqQNAB0JDYgsSw5UKMqZZoigBWWcp6JNK6mkfXjL36+SzkXdu6xftS5rjduimTI5IafknHjkmjTIPWmSNuEEyBN5Ji+OdV6dN+f9Z7TkFDvH5A+cj29wMZF5</latexit>

d

<latexit sha1_base64="L/IFEk39pfiOfa0v7iaOjXqZOhU=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJSJRB5SYkXnyyaccj5bd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7S2vrG5Vd6u7Ozu7R9UD4+6JrKaQ4dHMtL9gBmQQkEHBUroxxpYGEjoBbPbzO89gjYiUvc4j8EP2VSJieAMU6k9HlVrbt3NQVeJV5AaKdAaVb+G44jbEBRyyYwZeG6MfsI0Ci5hURlaAzHjMzaFQUoVC8H4SR50Qc+sYRjRGDQVkuYi/N5IWGjMPAzSyZDhg1n2MvE/b2Bxcu0nQsUWQfHsEAoJ+SHDtUgbADoWGhBZlhyoUJQzzRBBC8o4T0WbVlJJ+/CWv18l3Yu616hfthu15k3RTJmckFNyTjxyRZrkjrRIh3AC5Ik8kxfHOq/Om/P+M1pyip1j8gfOxzdp9ZF1</latexit>


