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Temporal logics LrLse3. 1.1
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temporal modalities, e.g.
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Temporal logics LrLse3. 1.1

extend propositional or predicate logic by
temporal modalities, e.g.

Ly “¢p holds always”, i.e., now and forever
in the future

QOp "¢ holds now or eventually in the future”

here: two propositional temporal logics:

LTL: linear temporal logic

CTL: computation tree logic
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Linear Temporal Logic (LTL) Urise. 1
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Linear Temporal Logic (LTL) Urise. 1

p o= true| a |<p1/\<p2|ﬂ<p

where a € AP
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Linear Temporal Logic (LTL) Urise. 1

p = true| a |<p1/\902|ﬂ90| Op

where a € AP O = next
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Linear Temporal Logic (LTL) Urise. 1

p = true| a |<p1/\<,02|ﬂ<p| Og0|<,01U902

where a € AP O = next U= until
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Linear Temporal Logic (LTL) Urise. 1

p = true| a |<p1/\<,02|ﬂ<p| Og0|<,01U902

where a € AP O = next U= until

atomic
proposition a
ac AP @—0O—0O—0O—0—-0
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Linear Temporal Logic (LTL) Urise. 1

p = true| a |<p1/\<,02|ﬂ<p| Og0|<,01U902

where a € AP O = next U= until
atomic

proposition a

ac AP @—0O—0O—0O—0—-0
next operator a

Oa O—@—0—0—0—0
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Linear Temporal Logic (LTL)

LTLSF3.1-2

p = true| a |<p1/\<,02|ﬂ<p| Og0|<,01U902

U= until

where a € AP O = next
atomic
proposition a
ac AP @—0O—0O—0O—0—-0
next operator a
Oa O—@—0—0—0—0
: a a a b
until operator ~ A
aub 00 0 OO
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Derived operators in LTL LTLSF3.1-2

Q n= true|a|<p1/\<p2|—-go| Ocp|g01Ug02

derived operators:

V,—,... as usual
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Derived operators in LTL LTLSF3.1-2

p = true|a|<p1/\<p2|—-<p| O<p|<,01U902

def
derived operators: Op = trueUyp eventually

V,—,... as usual
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Derived operators in LTL LTLSF3.1-2

p = true|a|<p1/\<p2|—.<p| O‘Pl‘PlUSOz

def
derived operators: Op = trueUyp eventually

V,—,... as usual

until operator a a a b

alb @—0—8—@—0—O
eventually b
Ob O—0—0—0—0—0
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Derived operators in LTL

LTLSF3.1-2A

p = true|a|<p1/\<p2|—.<p| O‘Pl‘PlUSOz

def
derived operators: Op = trueUyp eventually

V,—,... as usual Op = —-0-¢ always

until operator a a a b
aUb 0 -0 -0 -0O—-0O

eventually b
Ob O—0—0—0—0—0
always a a a a a a

02 000000
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Next O, until U and eventually ¢ Urise3. 13
O (try_to_send — ) delivered)

try  del
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Next O, until U and eventually ¢ Urise3. 13

O (try_to_send — ) delivered)

try  del

O (try_to_send — try_to_send U delivered)

- ——0—0—0—0—0— -
try try ty del
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Next O, until U and eventually ¢ Urise3. 13
O (try_to_send — ) delivered)

try  del

O (try_to_send — try_to_send U delivered)

- ——0—0—0—0—0— -
try try ty del

O (try_ to_send — ¢ delivered)

- —@ @ @ @ @ o— -
try del
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Examples for LTL formulas LTLSFS. 1-4A

p = true|a|<p1/\<p2|—-<p| O<p|<,01U<P2

eventually always

Qp *f true U @ O ef Q-
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Examples for LTL formulas LTLSFS. 1-4A

p = true|a|<p1/\<p2|—-<p| O<p|<,01U<P2

eventually always

Qp *f true U @ O ef Q-

Examples for LTL formulas:

mutual exclusion: D(—-crit1 \ —-critg)
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Examples for LTL formulas LTLSFS. 1-4A

p = true|a|<p1/\<p2|—-<p| O<p|<,01U<P2

eventually always

Qp *f true U @ O ef Q-

Examples for LTL formulas:
mutual exclusion: D(—-crit1 \ —-critg)

railroad-crossing: D(train_is_near — gate_is_closed)
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Examples for LTL formulas LTLSFS. 1-4A

p = true|a|<p1/\<p2|—-<p| O<p|<,01U<P2

eventually always

Qp *f true U @ O ef Q-

Examples for LTL formulas:
mutual exclusion: D(—-crit1 \ —-critg)
railroad-crossing: D(train_is_near — gate_is_closed)

progress property: [(request — {response)
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Examples for LTL formulas LTLSFS. 1-4A

p = true|a|<p1/\<p2|—-<p| O<p|<,01U<P2

eventually always

Qp *f true U @ O ef Q-

Examples for LTL formulas:
mutual exclusion: D(—-crit1 \ —-critg)

railroad-crossing: train_is_near — gate_is_closed)

O
progress property: [l

(
(request — Oresponse)
traffic light: |:|(

\% O—-red)
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Infinitely often and eventually forever LTLSFS. 14

p = true|a|<p1/\<p2|—-<p| O<p|<,01U<P2

eventually Q¢ dof true U ¢

always O def Q-
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Infinitely often and eventually forever

LTLSF3.1-4

p = true|a|<p1/\<p2|—-<p| O<p|<,01U<P2

eventually Q¢ ¢ trueU 7
always O def Q-
infinitely often 0o ¢
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Infinitely often and eventually forever

LTLSF3.1-4

p = true|a|<p1/\<p2|—-<p| O<p|<,01U<P2

eventually Q¢ ¢ trueU 7
always Op = -0
infinitely often 0o ¢

e.g., unconditional fairness [crit;

strong fairness OO wait; — OOcrit;
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Infinitely often and eventually forever

LTLSF3.1-4

p = true|a|<p1/\<p2|—-<p| O<p|<,01U<P2

eventually Q¢ ¢ trueU 7
always Op = -0
infinitely often 0o ¢
eventually forever OO

e.g., unconditional fairness [crit;
strong fairness OO wait; — OOcrit;

weak fairness O0wait; — Ocrit;
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LTL-semantics LTLSF3.1-6A
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LTL-semantics LTLSF3.1-6A

interpretation of LTL formulas over traces, i.e.,
infinite words over 24P
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LTL-semantics LTLSF3.1-6A

interpretation of LTL formulas over traces, i.e.,
infinite words over 24P

formalized by a satisfaction relation |= for

e LTL formulas and
e infinite words 0 = Ag A1 Ay ... € (2Ap)w
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Semantics of LTL over infinite words

foro =ApA1 Ay ... € (2AP)w:
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Semantics of LTL over infinite words

foro =ApA1 Ay ... € (2AP)w:

o [ true
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Semantics of LTL over infinite words

foro =ApA1 Ay ... € (2AP)w:

LTLSF3.1-6

o [ true

olEa

iff Ap |= a.,.e., a€A
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Semantics of LTL over infinite words

foro =ApA1 Ay ... € (2AP)w:

o [ true
a|=a iff A0|=a,i.e.,a€Ao
oclEpiNpy iff o ando = o
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Semantics of LTL over infinite words

foro =ApA1 Ay ... € (2AP)w:

olEa

oE—p

o [ true

iff Ap |= a.,.e., a€A

oclEpiNpy iff o ando = o

iff o~
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Semantics of LTL over infinite words

foro =ApA1 Ay ... € (2AP)w:

o [ true

olEa

o
o= Oy

iff Ap |= a.,.e., a€A

oclEpiNpy iff o ando = o

iff o~
iff suffix(o,1)=A1AA;...Fp
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Semantics of LTL over infinite words

foro =ApA1Ay ... € (2AP)w:

o [ true

olEa iff ApfEa.ie,a€A
oclEpiNpy iff o ando = o
oE—p iff o~

ok Qg iff suffix(o,1)=A1AA;...Fp

o p1Uyp,y iff there exists j > 0 such that
suffix(o,j) = AjAis1 Ajy2 - .. E 2 and
suffix(o,i) = Aj A1 Aisa ... E 1 for0<i<j
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Semantics of LTL over infinite words e 1TSS

foro =ApA1Ay ... € (2AP)w:

o [ true

olEa iff ApfEa.ie,a€A
oclEpiNpy iff o ando = o
oE—p iff o~

ok Qg iff suffix(o,1)=A1AA;...Fp

o p1Uyp,y iff there exists j > 0 such that
suffix(o,j) = AjAis1 Ajy2 - .. E 2 and
suffix(o,i) = Aj A1 Aisa ... E 1 for0<i<j
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LT property of LTL formulas
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LT property of LTL formulas

interpretation of LTL formulas over traces, i.e.,
infinite words over 24P

formalized by a satisfaction relation |= for

e LTL formulas and
e infinite words 0 = Ag A1 Ay ... € (2Ap)w
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LT property of LTL formulas

interpretation of LTL formulas over traces, i.e.,
infinite words over 24P

formalized by a satisfaction relation |= for

e LTL formulas and
e infinite words 0 = Ag A1 Ay ... € (2Ap)w

LT property of formula ¢:

Words(<p) { e (2*P): 0 E ¢}
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LTL-semantics of derived operators { and [0 ..o
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LTL-semantics of derived operators { and [0 ..o

foro =ApA1 Ay ... € (2AP)w:

o= iUy, iff there exists j > 0 such that
Aj Aj_|_1 Aj.|_2 N |= %) and
A,‘A,'_|_1A,'.|_2...|=Q01 for0§i<j
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LTL-semantics of derived operators { and [0 ..o

foro =ApA1 Ay ... € (2AP)w:

o= iUy, iff there exists j > 0 such that
AiAis1Ajzr ... E @2 and
AiAif1Aigr ... E o1 for0<i<j
o Oy iff there exists j > 0 such that
AjAit1 Az - @

45 /416



LTL-semantics of derived operators { and [0 ..o

foro =ApA1 Ay ... € (2AP)w:

o= iUy, iff there exists j > 0 such that
AiAis1Ajzr ... E @2 and
AiAif1Aigr ... E o1 for0<i<j
o Oy iff there exists j > 0 such that
AjAit1 Az - @
o EOp iff for all j > 0 we have:
AjAi1 Az - E @
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LTL Semantics Over TS LTLSF3.1-LTL-WORDS-PATHS
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LT L Se m a n t i CS Ove r T S LTLSF3.1-LTL-WORDS-PATHS

given a TS T = (S, Act, —, Sp, AP, L)
define satisfaction relation |= for
e LTL formulas over AP

e the maximal path fragments and states of 7
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LT L Se m a n t i CS Ove r T S LTLSF3.1-LTL-WORDS-PATHS

given a TS T = (S, Act, —, Sp, AP, L)
define satisfaction relation |= for
e LTL formulas over AP

e the maximal path fragments and states of 7

assumption: T has no terminal states, i.e.,
all maximal path fragments in 7 are infinite
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LTL Semantics Over paths Of TS LTLSF3.1-LTL-WORDS-PATHS
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LTL Semantics Over paths Of TS LTLSF3.1-LTL-WORDS-PATHS

given: TS T = (S, Act,—,Sp, AP, L)
without terminal states
LTL formula ¢ over AP
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LTL Semantics Over paths Of TS LTLSF3.1-LTL-WORDS-PATHS

given: TS T = (S, Act,—,Sp, AP, L)
without terminal states
LTL formula ¢ over AP

interpretation of ¢ over infinite path fragments

T =55%...F¢ iff trace(r) ¢
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LTL Semantics Over paths Of TS LTLSF3.1-LTL-WORDS-PATHS

given: TS T = (S, Act,—,Sp, AP, L)
without terminal states
LTL formula ¢ over AP

interpretation of ¢ over infinite path fragments

T=58%...F¢ iff trace(r) ¢
iff trace(mw) € Words(y)
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LTL Semantics Over paths Of TS LTLSF3.1-LTL-WORDS-PATHS

given: TS T = (S, Act,—,Sp, AP, L)
without terminal states
LTL formula ¢ over AP

interpretation of ¢ over infinite path fragments

T=58%...F¢ iff trace(r) ¢
iff trace(mw) € Words(y)

remind: LT property of an LTL formula:
Words(p) = {o € (2*F)" : o |= ¢}
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Example: LTL-semantics over paths

(Sl To)——(1)
a8 & {ab)

LTLSF3.1-9

AP = {a, b}



Example: LTL-semantics over paths LTLSF3.1-0

(0 Ts——2) AP = {a, b}
{a} o {a, b}

pathm=55199%9%...
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Example: LTL-semantics over paths LTLSF3.1-0

(0 Ts——2) AP = {a, b}
{a} o {a, b}

pathm =ss1 95 9s... trace(r)={a}o{a, b}*

TlEa
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Example: LTL-semantics over paths LTLSF3.1-0

(0 Ts——2) AP = {a, b}
{a} o {a, b}

pathm =ss1 95 9s... trace(r)={a}o{a, b}*

w = a, but w £ b as L(sp) = {a}
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Example: LTL-semantics over paths LTLSF3.1-0

() Tsv——2D AP = {a, b}

{a} g {ab}
pathm =ss1 95 9s... trace(r)={a}o{a, b}*
w = a, but w £ b as L(sp) = {a}

™= O(~aA-b)
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Example: LTL-semantics over paths LTLSF3.1-0

() Tsv——2D AP = {a, b}

{a} g {ab}
pathm =ss1 95 9s... trace(r)={a}o{a, b}*
w = a, but w £ b as L(sp) = {a}

7= OQ(—aA-b) as L(s1)) = @
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Example: LTL-semantics over paths LTLSF3.1-0

() Tsv——2D AP = {a, b}

{a} g {ab}

pathm =ss1 95 9s... trace(r)={a}o{a, b}*
w = a, but w £ b as L(sp) = {a}
7= OQ(—aA-b) as L(s1)) = @

= O O (aAb)
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Example: LTL-semantics over paths LTLSF3.1-0

() Tsv——2D AP = {a, b}

{a} g {ab}
pathm =ss1 95 9s... trace(r)={a}o{a, b}*
w = a, but w £ b as L(sp) = {a}
7= OQ(—aA-b) as L(s1)) = @

T O O (aAb) as L(sy) = {a, b}
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Example: LTL-semantics over paths LTLSF3.1-0

(Sl To)——(1)
a8 & {ab)

pathm=55199%9%...

AP = {a, b}

trace(n) = {a} & {a, b}*

w = a, but w £ b
™= O(-aA-b)

T OO (aAb)
7 = (~b) U(a A b)

as L(s0) = {a}
as L(s1)) = @

as L(s;) = {a, b}




Example: LTL-semantics over paths LTLSF3.1-0

(0 Ts——2) AP = {a, b}
{a} o {a, b}

pathm =ss1 95 9s... trace(r)={a}o{a, b}*
w = a, but w £ b as L(sp) = {a}
7= OQ(—aA-b) as L(s1)) = @
T O O (anb) as L(sy) = {a, b}
7 |= (—b) U(a A b) as o, 51 = b
and s|EaAb
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Example: LTL-semantics over paths LTLSF3.1-0

(Sl To)——(1)
a8 & {ab)

pathm=55199%9%...

AP = {a, b}

trace(n) = {a} & {a, b}*

w = a, but w £ b
™= O(-aA-b)
T O O (aAb)

7w |= (—b) U(aA b)
7 = (—b) U O(a A b)

as L(s0) = {a}
as L(s1)) = @

as L(s;) = {a, b}
as sp, 5 = b
and s|EaAb




Correct or wrong ? LTLSFS. 17

(0 Ts——2) AP = {a, b}
{a} o {a, b}

pathm=ss1551%5S1 ---
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Correct or wrong ? LTLSFS. 17

) s)——=2) AP = {a, b}
{a} o {a, b}

path m = 595155151 - - - trace(w) = ({a} @)~
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Correct or wrong ? LTLSFS. 17

& s—=D) AP = {a, b}

{a} g {ab}

path m = 595155151 - - - trace(w) = ({a} @)~
mlEaUb?
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Correct or wrong ? LTLSFS. 17

& s—=D) AP = {a, b}

{a} g {ab}

path m = 595155151 - - - trace(w) = ({a} @)~
wEaUb asspEbands fEFavhb

69 /416



Correct or wrong ? LTLSFS. 17

) s)——=2) AP = {a, b}

{a} o {ab}
path m = 595155151 - - - trace(w) = ({a} @)~
wEaUb asspEbands fEFavhb

m = Ob— (aUb) ?
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Correct or wrong ? LTLSFS. 17

) s)——=2) AP = {a, b}

{a} o {ab}
path m = 595155151 - - - trace(w) = ({a} @)~
wEaUb asspEbands fEFavhb

mEOb— (aUb) asw EOb
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Correct or wrong ? LTLSFS. 17

) s)——=2) AP = {a, b}

{a} o {ab}
path m = 595155151 - - - trace(w) = ({a} @)~
wEaUb asspEbands fEFavhb

mEOb— (aUb) asw EOb
TEQOb?
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Correct or wrong ? LTLSFS. 17

) s)——=2) AP = {a, b}

{a} o {ab}
path m = 595155151 - - - trace(w) = ({a} @)~
wEaUb asspEbands fEFavhb

mEOb— (aUb) asw EOb
rEQQ-b as s = —b
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Correct or wrong ? LTLSFS. 17

) s)——=2) AP = {a, b}
{a} o {a, b}

path m = 595155151 - - - trace(w) = ({a} @)~
wEaUb asspEbands fEFavhb
mEOb— (aUb) asw EOb

rEQQ-b as s = —b
mEOa?
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Correct or wrong ? LTLSFS. 17

) s)——=2) AP = {a, b}
{a} o {a, b}

path m = 595155151 - - - trace(w) = ({a} @)~
wEaUb asspEbands fEFavhb
mEOb— (aUb) asw EOb

rEQQ-b as s = —b
7 £ Oa as s £ a

75 /416



Correct or wrong ? LTLSFS. 17

) s)——=2) AP = {a, b}

{a} o {ab}
path m = 595155151 - - - trace(w) = ({a} @)~
wEaUb asspEbands fEFavhb

mEOb— (aUb) asw EOb

rEQQ-b as s = —b
7 £ Oa as s £ a

m = 0O0a ?
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Correct or wrong ? LTLSFS. 17

) s)——=2) AP = {a, b}

{a} o {ab}
path m = 595155151 - - - trace(w) = ({a} @)~
wEaUb asspEbands fEFavhb

mEOb— (aUb) asw EOb
rEQQ-b as s = —b

7 £ Oa as s £ a

m = O¢Ca as [JQ = infinitely often
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Correct or wrong ? LTLSFS. 17

) s)——=2) AP = {a, b}

{a} o {ab}
path m = 595155151 - - - trace(w) = ({a} @)~
wEaUb asspEbands fEFavhb

mEOb— (aUb) asw EOb
rEQQ-b as s = —b

7 £ Oa as s £ a

m = O¢Ca as [JQ = infinitely often
m = o0a?
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Correct or wrong ? LTLSFS. 17

& Ts)——2 AP = {a, b}

{a} o {ab}

path m = 595155151 - - - trace(w) = ({a} @)~
wEaUb asspEbands fEFavhb
mEOb— (aUb) asw EOb

rEQQ-b as s = —b

7 £ Oa as s £ a

m = O¢Ca as [JQ = infinitely often

m £ O0a as Q0= eventually forever
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LTL-semantics of derived operators .

foro =ApA1 Ay ... € (2AP)w:
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LTL-semantics of derived operators .

foro =ApA1 Ay ... € (2AP)w:

o= Qp iff there exists j > 0 such that
AjAin Az ... E o

olEDOp iff forall j >0 we have:
AiAis1 A2 ... E o
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LTL-semantics of derived operators .

fOI’O‘=A0A1A2 .

e ().

olEOp iff

ocEOp iff

o EOOp iff

there exists § > 0 such that
AiAis1Aisr ... E

for all j > 0 we have:

AiAis1Aise ... E o

there are infinitely many j > 0 s.t.
AiAis1Ais2 ... E
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LTL-semantics of derived operators .

for o = Ao Al A2

e ()

o= Op

o EDOg

o |E OO0

o | OOy

iff

iff

iff

iff

there exists § > 0 such that
AjAin Az ... E o

for all j > 0 we have:

AiAis1Aise ... E o

there are infinitely many j > 0 s.t.
AiAis1Ais2 ... E

for almost all j > 0 we have:
AjAin Az ... E
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LTL-semantics over paths LTLSF3.1-8

(0 Ts——2) AP = {a, b}
{a} o {a, b}

pathm=551999%...
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LTL-semantics over paths LTLSF3.1-8

(0 Ts——2) AP = {a, b}
{a} o {a, b}

pathm=ss1 999 ... trace(r) = {a} @ {a, b}
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LTL-semantics over paths LTLSF3.1-8
(] Ts)——(=2) AP = {a, b}
{a} z  {ab}
pathm=ss1 999 ... trace(r) = {a} @ {a, b}

7 O((~aA-b)U(aA b)) ?
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LTL-semantics over paths LTLSF3.1-8

(0 Ts——2) AP = {a, b}
{a} o {a, b}

pathm=ss1 999 ... trace(r) = {a} @ {a, b}

m = OQ((—maA-b)U(aA b)) ass |E—-aA-b
ssEanb
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LTL-semantics over paths LTLSF3.1-8

() Tsv——2D AP = {a, b}

{a} o {ab}
pathm=ss1 999 ... trace(r) = {a} @ {a, b}
m = OQ((—maA-b)U(aA b)) ass |E—-aA-b

ssEanb
m = QO(a b) ?
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LTL-semantics over paths LTLSF3.1-8

() Tsv——2D AP = {a, b}

{a} o {ab}
pathm=ss1 999 ... trace(r) = {a} @ {a, b}
m = OQ((—maA-b)U(aA b)) ass |E—-aA-b

ssEanb
m |E OQO(a < b) as s, FEaeb

89 /416



LTL-semantics over paths LTLSF3.1-8

() Tsv——2D AP = {a, b}

{a} g {ab}
pathm=ss1 999 ... trace(r) = {a} @ {a, b}
m = OQ((—maA-b)U(aA b)) ass |E—-aA-b
ssEanb
m |E OQO(a < b) as s, FEaeb

m = aU(-bUa) ?
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LTL-semantics over paths LTLSF3.1-8

() Tsv——2D AP = {a, b}

{a} g {ab}
pathm=ss1 999 ... trace(r) = {a} @ {a, b}
m = OQ((—maA-b)U(aA b)) ass |E—-aA-b
ssEanb
m |E OQO(a < b) as s, FEaeb

m = aU(-bUa) as sp, % = a, s1 |E b
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LTL-semantics over paths LTLSF3.1-8

() Tsv——2D AP = {a, b}

{a} g {ab}
pathm=ss1 999 ... trace(r) = {a} @ {a, b}
m = OQ((—maA-b)U(aA b)) ass |E—-aA-b
ssEanb
m |E OQO(a < b) as s, FEaeb
m = aU(-bUa) as sp, % = a, s1 |E b
7w = O0(-a — O-b) ?
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LTL-semantics over paths LTLSF3.1-8

() Tsv——2D AP = {a, b}

{a} o {ab}
pathm=ss1999s ... trace(r)={a}o{a, b}*
m = OQ((—maA-b)U(aA b)) ass |E—-aA-b
ssEanb
m |E OQO(a < b) as s, FEaeb
m = aU(-bUa) as sp, % = a, s1 |E b
mEQO0(-a— 0-b) assss...E—a— O-b
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LTL-semantics over paths LTLSF3.1-8

() Tsv——2D AP = {a, b}

{a} o {ab}
pathm=ss1999s ... trace(r)={a}o{a, b}*
m = OQ((—maA-b)U(aA b)) ass |E—-aA-b

ssEanb

m |E OQO(a < b) as s, FEaeb
m = aU(-bUa) as sp, % = a, s1 |E b
mEQO0(-a— 0-b) assss...E—a— O-b
7w | O(-b— Qa) ?
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LTL-semantics over paths LTLSF3.1-8

() Tsv——2D AP = {a, b}

{a} o {ab}
pathm=ss1999s ... trace(r)={a}o{a, b}*
m = OQ((—maA-b)U(aA b)) ass |E—-aA-b

ssEanb

m |E OQO(a < b) as s, FEaeb
m = aU(-bUa) as sp, % = a, s1 |E b
mEQO0(-a— 0-b) assss...E—a— O-b
m £ O(=b — Qa) as s = b, s £ a
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LTL semantics over the states of a TS
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LTL semantics over the states of a TS

given: TS T = (S, Act,—,Sp, AP, L)
without terminal states
LTL formula ¢ over AP

interpretation of ¢ over infinite path fragments

T =58%...F¢ iff trace(r) | ¢

interpretation of ¢ over states:

s ¢ iff trace(m) | ¢ for all m € Paths(s)
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LTL semantics over the states of a TS

given: TS T = (S, Act,—,Sp, AP, L)
without terminal states
LTL formula ¢ over AP

interpretation of ¢ over infinite path fragments

T =58%...F¢ iff trace(r) | ¢

interpretation of ¢ over states:

s ¢ iff trace(m) | ¢ for all m € Paths(s)
iff s = Words(yp)
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LTL semantics over the states of a TS

given: TS T = (S, Act,—,Sp, AP, L)
without terminal states
LTL formula ¢ over AP

interpretation of ¢ over infinite path fragments

T =58%...F¢ iff trace(r) | ¢

interpretation of ¢ over states:

s ¢ iff trace(m) | ¢ for all m € Paths(s)
iff s = Words(yp)
A

satisfaction relation for LT properties
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LTL semantics over the states of a TS

given: TS T = (S, Act,—,Sp, AP, L)
without terminal states
LTL formula ¢ over AP

interpretation of ¢ over infinite path fragments

T =58%...F¢ iff trace(r) | ¢

interpretation of ¢ over states:

s ¢ iff trace(m) | ¢ for all m € Paths(s)
iff s = Words(yp)
iff Traces(s) C Words(y)
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Interpretation of LTL formulas over TS imise3 LTS
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Interpretation of LTL formulas over TS imise3 LTS

given: TS T = (S, Act,—,Sp, AP, L)
without terminal states
LTL formula ¢ over AP

T Ee iff sl forall sp€ Sy
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Interpretation of LTL formulas over TS imise3 LTS

given: TS T = (S, Act,—,Sp, AP, L)
without terminal states
LTL formula ¢ over AP

T Ee iff sl forall sp€ Sy
iff trace(w) = ¢ for all m € Paths(T)
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Interpretation of LTL formulas over TS imise3 LTS

given: TS T = (S, Act,—,Sp, AP, L)
without terminal states
LTL formula ¢ over AP

T Ee iff sl forall sp€ Sy
iff trace(w) = ¢ for all m € Paths(T)
iff Traces(7T) C Words(yp)
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Interpretation of LTL formulas over TS

given: TS T = (S, Act,—,Sp, AP, L)
without terminal states
LTL formula ¢ over AP

T Ee iff sl forall sp€ Sy
iff trace(w) = ¢ for all m € Paths(T)
iff Traces(7T) C Words(yp)
iff T = Words(y)

105 /416



Interpretation of LTL formulas over TS imise3 LTS

given: TS T = (S, Act,—,Sp, AP, L)
without terminal states
LTL formula ¢ over AP

T Ee iff sl forall sp€ Sy
iff trace(w) = ¢ for all m € Paths(T)
iff Traces(7T) C Words(yp)
iff T = Words(y)

satisfaction relation for LT properties
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Which formulas hold for 77?

(o Ts)——(%L)
a8 & {ah)

LTLSF3.1-11

AP = {a, b}



Which formulas hold for 77?

(o Ts)——(%L)
a8 & {ah)

T E a

LTLSF3.1-11

AP = {a, b}



Which formulas hold for 77? LTLSF3.1-11

(o Tsp——2]) AP = {a, b}
{a} 2} {a, b}

T E a asspgfFaand s Ea
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Which formulas hold for 77? LTLSF3.1-11

(o Tsp——2]) AP = {a, b}
{a} 2} {a, b}

T E a assfFEaand s, Fa
T E ¢0Oa
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Which formulas hold for 77? LTLSF3.1-11

(o Tsp——2]) AP = {a, b}
{a} 2} {a, b}

T E a assfFEaand s, Fa
T ¥ o0a
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Which formulas hold for 77? LTLSF3.1-11
&O—ED  ar—pan

T E a assfFEaand s, Fa
T ¥ o0a as 5951591 --- fF O0a
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Which formulas hold for 77? LTLSF3.1-11

(o Tsp——2]) AP = {a, b}
{a} 2} {a, b}

T E a assfFEaand s, Fa
T ¥ o0a as 5951591 --- fF O0a
T E o0b v OQ(—a A —b)
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Which formulas hold for 77? LTLSF3.1-11

(o Tsp——2]) AP = {a, b}
{a} 2} {a, b}

T E a asspgfFaand s Ea
T ¥ o0a as 5951591 --- fF O0a
T = O0Ob v O0(-aA-b) ass, = b, 51 ~a, b
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Which formulas hold for 77 LrLsF3.1-11
(o) Ts)——(=21) AP = {a, b}
{a} o {a, b}

T E a asspgfFaand s Ea
T ¥ o0a as 5951591 --- fF O0a
T = O0Ob v O0(-aA-b) ass, = b, 51 ~a, b

T E O>@— (O—a Vv b))
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Which formulas hold for 77?

S T)——2)
{a} o {ab}
T E a
T ¥ o0a

T £ 00b v O0(=a A -b)
T E O>@— (O—a Vv b))

LTLSF3.1-11

AP = {a, b}

asspgfFaand s Ea
as 5951591 --- fF O0a
ass = b, sy Ea,b

assEb ssEQa
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Correct or wrong? LTLSFS. 112

For each path m we have: m =@ or 7 g
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Correct or wrong? LTLSFS. 112

For each path m we have: m =@ or 7 g

correct, since 7 = g iff £ @
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Correct or wrong? LTLSFS. 112

For each path m we have: m =@ or 7 g

correct, since 7 = g iff £ @

For each state s we have: s|E¢ or s -y
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Correct or wrong? LTLSFS. 112

For each path m we have: m =@ or 7 g

correct, since 7 = g iff £ @

For each state s we have: s|E¢ or s -y

wrong.

S %)
st OQa and s EQa

{a} o
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LTL-formulas for MUTEX protocols LTLSF3.1-16
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LTL-formulas for MUTEX protocols LTLSF3.1-16

LTL formulas over AP = {waitl,critl,waitz,critg}
e the mutual exclusion property

?

Pmutex =
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LTL-formulas for MUTEX protocols LTLSF3.1-16

LTL formulas over AP = {waitl,critl,waitg,critg}
e the mutual exclusion property
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LTL-formulas for MUTEX protocols LTLSF3.1-16

LTL formulas over AP = {waitl,critl,waitz,critg}
e the mutual exclusion property
Cmutex = O(—crity V crity)

e ‘“every process enters the critical section infinitely
often”

Plive = ?
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LTL-formulas for MUTEX protocols LTLSF3.1-16

LTL formulas over AP = {waitl,critl,waitz,critg}
e the mutual exclusion property
Cmutex = O(—crity V crity)

e ‘“every process enters the critical section infinitely
often”

PLlive = D(}critl N D(}CfitQ
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LTL-formulas for MUTEX protocols LTLSF3.1-16

LTL formulas over AP = {waitl,critl,waitg,critg}
e the mutual exclusion property
Cmutex = O(—crity V crity)

e ‘“every process enters the critical section infinitely
often”

PLlive = D(}critl N D(}CfitQ

e starvation freedom
“every waiting process finally enters its critical section”

psf = ?
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LTL-formulas for MUTEX protocols LTLSF3.1-16

LTL formulas over AP = {waitl,critl,waitz,critg}
e the mutual exclusion property
Cmutex = O(—crity V crity)

e ‘“every process enters the critical section infinitely
often”

PLlive = D(}critl N D(}CfitQ

e starvation freedom
“every waiting process finally enters its critical section”

osf = O(waity — Qcrit;) A O(waity; — Ocrity)
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Provide an LTL formula over AP = {a, b} for ... ...

e set of all words Ay Aj Ay ... € (2AP)w such that:

VIZO(QEA, - iZ]./\bEAi_l)
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Provide an LTL formula over AP = {a, b} for ... ...

e set of all words Ay Aj Ay ... € (2AP)w such that:
ViZO.(&EAi:iZ]./\bEA;_l)
VjZO.(bEAjVa¢Aj+1)
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Provide an LTL formula over AP = {a, b} for ... ...

e set of all words Ay Aj Ay ... € (2AP)w such that:
Vi>0.(ae A = i>1ANbeA_1)
Vj>0.(beA V ag Aj1)
= Words( O(bVv Oma) )
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Provide an LTL formula over AP = {a, b} for ... ...

e set of all words Ay Aj Ay ... € (2AP)w such that:
Vi>0.(aeA = i>21AbeA_)
Vi>0.(beA V ag A1)
= Words( O(bVv Oma) )

e set of all words of the form

{b}™{a} {b}™{a} {b}™{a}...

where m,n,m,... >0
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Provide an LTL formula over AP = {a, b} for ... ...

e set of all words Ay Aj Ay ... € (2AP)w such that:
Vi>0.(aeA = i>21AbeA_)
Vi>0.(beA V ag A1)
= Words( O(bVv Oma) )

e set of all words of the form

{b}™{a} {b}™{a} {b}™{a}...

where m,m,nm,... 2 0
= Words( O((bA—a) U (aA-b)))
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Equivalence of LTL formulas LTLSF3.1-24
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Equivalence of LTL formulas LTLSF3.1-24

w1 = a2 iff Words(yp1) = Words(y»)
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Equivalence of LTL formulas LTLSF3.1-24

1 = @2 iff Words(p1) = Words(p2)

iff for all transition systems 7:

TEp <= TEe

135 /416



Equivalence of LTL formulas LTLSF3.1-24

1 = @2 iff Words(p1) = Words(p2)

iff for all transition systems 7:

TEp <= TEe

Examples:
PV = 2V -
B all equivalences
- = @ from propositional logic
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Equivalence of LTL formulas LTLSF3.1-24

1 = @2 iff Words(p1) = Words(p2)

iff for all transition systems 7:

TEp <= TEe

Examples:
PV = 2V :
B all equivalences
g = @ from propositional logic
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Self-duality of the next operator LTLSFS. 124

1 = @2 iff Words(p1) = Words(p2)

Claim: =QOQp = O~  ‘“self-duality of next”
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Self-duality of the next operator LTLSFS. 124

1 = @2 iff Words(p1) = Words(p2)

Claim: =QOQp = O~  ‘“self-duality of next”
Proof: A0A1A2A3... |= —chp
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Self-duality of the next operator LTLSFS. 124

w1 = a2 iff Words(yp1) = Words(y»)

Claim: =QOQp = O~  ‘“self-duality of next”

Proof: A0A1A2A3... |= —-Q<p
iff A0A1A2A3... bé OQO
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Self-duality of the next operator LTLSFS. 124

w1 = a2 iff Words(yp1) = Words(y»)

Claim: =QOQp = O~  ‘“self-duality of next”

Proof: Ao A1 A2 A3 cen |= —-Q<p
iff Ao A1 A2 A3 cen bé OQO
iff A1 A2 A3 e bé (72

141 /416



Self-duality of the next operator LTLSFS. 124

w1 = a2 iff Words(yp1) = Words(y»)

Claim: =QOQp = O~  ‘“self-duality of next”

Proof: AAAA... E Oy
iff AgAL1A2Az... £ QO
iff AAA... [
iff AAA... E —p
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Self-duality of the next operator LTLSFS. 124

w1 = a2 iff Words(yp1) = Words(y»)

Claim:

Proof:

“Op = O
AgAL A As. ..
iff AgAL A As. ..
iff  AlAAs...
iff  AAAs...
iff AgAL A As. ..

“self-duality of next"”

E Oy
E Oy
E e
E e
E Oy
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Correct or wrong? LTLSFS. 126

V) = Op VvV OY
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Correct or wrong? LTLSFS. 126

V) = Op VvV OY

correct
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Correct or wrong?

LTLSF3.1-26

MeVy) = Op Vv OU
correct
Ve AY) = Op A OY
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Correct or wrong? LTLSFS. 126

NpVy) = Op Vv OU

correct

Mo AYp) = Op A OV

wrong, E Ob A Qa
OTE ) e {3} 2 o(ona



Correct or wrong? LTLSFS. 126

NpVy) = Op Vv OU

correct

Qe AY) = Qp A OY
wrong, E Ob A Qa
OTE ) e {3} 2 o(ona
similarly: O(eAv) = Op A O
O(evy) # Op v OyY




Correct

Q0

or

wrong?

O

LTLSF3.1-27
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Correct or wrong?

LTLSF3.1-27

00 = Qv

correct Analogous: Ly

Oy
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Correct or wrong? LLSF 127

00p = Q¢
correct Analogous: Ly = Oy

OOy = OOy
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Correct or wrong? LLSF 127

00p = Q¢
correct Analogous: Ly = Oy

OOy = OOy

correct
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Correct or wrong? LLSF 127

00p = Q¢
correct Analogous: Ly = Oy

def
OOy = O0¢ =

correct

¥

note that:
AOA1A2... |=’¢’ iff A,‘A,‘.|_1 Iz(p for all IZ 1
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Correct or wrong? LLSF 127

00p = Q¢
correct Analogous: Ly = Oy

OOy = OO¢
correct

Olp = OO¢

154 /416



Correct or wrong? LLSF 127

00p = Q¢
correct Analogous: Ly = Oy

OOy = OO¢
correct

. 00 = infinitely often
oty = Doy OO = eventually forever
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Correct or wrong? LLSF 127

00 = Qv

correct Analogous: Ly = Oy
OOy = OO¢
correct

. 00 = infinitely often
Ol = Doe OO = eventually forever
wrong

\ E O¢a
s {a} = Oa
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Expansion laws
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Expansion law for U

until: Uy = ¢ V (e AO(eU))
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Expansion laws for U and ¢

until: Uy = ¥ V (e AO(pU))
(V@)

eventually: QO
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Expansion laws for U and ¢

until: Uy = ¥ V (e AO(pU))
(V@)

eventually: QO

note: O = true Uy
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Expansion laws for U and ¢

until: Uy = ¥ V (e AO(pU))
eventually: Qv = oY v OO

note: QY = trueUy
=9 V (true A O(trueUv))




Expansion laws for U and ¢

until: Uy = ¥ V (e AO(pU))
eventually: Qv = oY v OO

note: O = true Uy

=9 V (true A O(trueU))
= Qv




Expansion laws for U and ¢

until: Uy = ¥ V (e AO(pU))
eventually: Qv = oY v OO

note: QY = trueUy
=9 V (true A O(trueU))
= QY
=y VvV O0¢




Expansion laws for U, ¢ and OJ

until: Uy Y V (e AO(eU1))

eventually: v = ¢ v O
?

always: Ly
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Expansion laws for U, ¢ and OJ

until: Uy = ¥ V (e AO(eU))
eventually: Oy = ¢ v O
always: v = ¥ A QO
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Expansion laws for U, ¢ and OJ

until: Uy = ¥ V (e AO(eU))
eventually: Oy = ¢ v O
always: v = ¥ A QO

O = ~0-)
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Expansion laws for U, ¢ and OJ

LTLSF3.1-29

until: Uy = ¥ V (e AO(eU))
eventually: Oy = ¢ v O
always: v = ¥ A QO

= -0

= (Vv O0 ) «

expansion law for ¢




Expansion laws for U, ¢ and OJ

until: Uy = ¥ V (e AO(eU))
eventually: Oy = ¢ v O
always: v = ¥ A QO

= -0

(=% Vv O0-)
% A 200

de Morgan




Expansion laws for U, ¢ and OJ

until: Uy = ¥ V (e AO(eU))
eventually: Oy = v v O
always: Oy = ¢ A QO
e
= —(-¢ Vv O0)
= - A Q0

Y AO0W

double negation




Expansion laws for U, ¢ and OJ

until: eUP = P V (¢ AO(eU))
eventually: Oy = v v O
always: Oy = ¢ A Oy
Y= =09
= (¢ vV O0)
= - A Q0
= ¢ A Q-0 «self duality of O




Expansion laws for U, ¢ and OJ

until: Uy = ¢ V (e AO(eUv))
eventually: Oy = ¢ v O
always: vy = ¥ A OOy
Oy = =0
= —(-y v O0)
= ) A _'OO_"‘)b
= v AN OO0
= v A OOy | definition of O




Expansion laws are fixed point equations

until: eUy = ¥ V (e AO(eUv))

eventually: Qv v vV OO0y

always: Ly

¥ A Oy
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Expansion laws are fixed point equations

until:

eventually:

always:

pU

Oy

L

YV (pAO

v v O

v A O

LTLSF3.1-30

pU?y

oY

Ll
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Expansion laws are fixed point equations

until:

eventually:

always:

U= o V (eAO |eUy))
0| = ¢ v O
Oy| = v A Qv

...don't yield a complete characterization, e.g.,

false
Oa

a A Ofalse
a A OOa

consider

Y=a
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Expansion laws are fixed point equations

until: U= ¥ V (eAQ|eU¥|)
eventually: |Qv| = ¥ Vv Q¢
always: Oy = v A QO

...don't yield a complete characterization, e.g.,

false = a A Ofalse although
(a a A OOa Oa # false
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Expansion laws are fixed point equations

until:

eventually:

always:

oY

oUtp = o V

Y

Ly = ¢ A

(e AO(pU))

least fixed point

Oy

least fixed point

Oy

...don't yield a complete characterization, e.g.,

false
Oa

a A Ofalse
a A (QOOa

although
Oa # false
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Expansion laws are fixed point equations

until:

eventually:

always:

Uy = ¥ Vv
W =49V
Ly = ¢ A

(e AO(pU))

least fixed point

Oy

least fixed point

Oy

greatest fixed point

...don't yield a complete characterization, e.g.,

false
Oa

a A Ofalse
a A (QOOa

although
Oa # false
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Expansion law for U LTLSF3.1-31

The LTL formula x = ¢ U4 is the least solution of
X =%V (pAOx)
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Expansion law for U LTLSFS. 131

The LTL formula x = ¢ U4 is the least solution of
x =¢%V (eAOx)

i.e., Words(pU1)) least LT-property E s.t.
E = Words(y) U {A0A1A2... € Words(p) : AjAy... € E }
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Expansion law for U LTLSFS. 131

The LTL formula x = ¢ U4 is the least solution of
x =¢%V (eAOx)

i.e., Words(pU1)) least LT-property E s.t.
E = Words(y) U {A0A1A2... € Words(p) : AjAy... € E }

It even holds that Words(p U)) least LT-property E s.t.

(1) Words(y) C E
(2) {AcAiAs... € Words(gp) : AiAy...€ E} CE

180 /416



The Weak Until Operator W LTLSF3.1-WEAKUNTIL
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The weak until operator W

LTLSF3.1-WEAKUNTIL

e W1

def

(pU%) v Op
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The Weak Until Operator W LTLSF3.1-WEAKUNTIL

eWy € (pUy) v Op

deriving “always” and “until” from “weak until”:

Ly = 7
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The weak Until Operator W LTLSF3.1-WEAKUNTIL

eWy € (pUy) v Op

deriving “always” and “until” from “weak until”:

Oy = ¢Wfalse
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The weak until operator W

LTLSF3.1-WEAKUNTIL

e W1

' (pUy) v Op

deriving “always” and “until” from “weak until”:

Ol

eUy

@ W false
?
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The weak until operator W

LTLSF3.1-WEAKUNTIL

e W1

' (pUy) v Op

deriving “always” and “until” from “weak until”:

Ol

pU

@ W false
(e W) A Oy
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Does 7 = aW b hold? LTise3.1-32

® = {a}
@ = {n

I 1
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Does 7 = aW b hold? LTise3.1-32

{a}

= aWb ®
@ = {b}

I 1
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Does 7 = aW b hold? LTise3.1-32

= aWb ® = {3}
@ = {b}
O=zgo

at
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Does 7 = aW b hold?

LTLSF3.1-32

at

= aWb ® = {3}
= {b}
O=g
= aWb (even aUb)
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Does 7 = aW b hold? LTise3.1-32

= aWb ® = {3}
@ = {b}
O=zgo

f = aWb (even aUb)
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Does 7 = aW b hold? LTise3.1-32

= aWb ® = {3}
@ = {b}
O=zgo

f = aWb (even aUb)

£ aWb
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Example: simple communication protocol

( try_to_send ]

delivered
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Example: simple communication protocol

T |~ O(blue — blue U delivered)
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Example: until versus weak until

( try_to_send ]

delivered

T |~ O(blue — blue U delivered)
T = O(blue — blue W delivered)
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Example: until versus weak until

( try_to_send ]

constrained liveness:
T [~ O(blue — blue U delivered)

delivered

safety: 7T |= O(blue — blue W delivered)

196 /416



D U a I ity Of U a n d W LTLSF3.1-WEAKUNTIL2

eWy € (pUy) v Op

goal: express ~(¢ U 1) via W, and vice versa
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D U a I ity Of U a n d W LTLSF3.1-WEAKUNTIL2

eWy € (pUy) v Op

=(pUvy)
= ((pA¥) U (mp A=) V O(p A )
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D Ua I ity Of U a n d W LTLSF3.1-WEAKUNTIL2

eWy € (pUy) v Op

—(pU?)
= ((pA ) U (mp A=) V O(p A )
= (P AY) W (mp A—p)



D Ua I ity Of U a n d W LTLSF3.1-WEAKUNTIL2

eWy € (pUy) v Op

(¢ Uv)
= ((pA=Y) U (mpA—)) V O(p A )
(e A=) W (mp A )

(—9) W (mp A )



Duality of U and W

eWy € (pUy) v Op

(¢ Uv)
= ((pA=Y) U (mpA—)) V O(p A )
(e A=) W (mp A )
= (—9) W (mp A )

~(PUP) = (=) W(~p A )
~(pWy) = ?




Duality of U and W

eWy € (pUy) v Op

(¢ Uv)
= ((pA=Y) U (mpA—)) V O(p A )
(e A=) W (mp A )
= (—9) W (mp A )

~(pUy) = () W(pA—)
(e W) = (0) U (-p A1)




Expansion laws for U and W LrLse3.1-34
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Expansion laws for U and W

LTLSF3.1-34

o Uy

oW1

Y V (e AO(pU))
?
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Expansion laws for U and W

LTLSF3.1-34

e Uy

oW

Y V (¢ AO(pU9))
YV (e AO(e W)
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Expansion laws for U and W

LTLSF3.1-34

e Uy

YW

Y V (¢ AO(pU9))
YV (e AO(e W)

smallest
solution
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Expansion laws for U and W

LTLSF3.1-34

pUd = 9V (pAO(pUD)) ig]iltllecif
pWo = oV (pAO(Wy) et
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Expansion laws for U and W LTLSFS. 134

pUd = 9V (pAO(pUD)) ig]iltllecif
pWo = oV (pAO(Wy) et

Words(¢ U ) smallest LT-property E s.t.
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Expansion laws for U and W LTLSFS. 134

pUd = 9V (pAO(pUD)) ig]iltllecif
pWo = oV (pAO(Wy) et

Words(¢ U ) smallest LT-property E s.t.

(1) Words(y)) C E
(2) {AoAlAz... € WOI’dS(qQ) : AjA... € E} CE
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Expansion laws for U and W LTLSFS. 134

pUd = 9V (pAO(pUD)) ig]ﬁltllecif
pWo = oV (pAO(Wy) et

Words(¢ U ) smallest LT-property E s.t.

(1) Words(y)) C E
(2) {AoAlAz... € WOI’dS((,D) : AjA... € E} CE
)

Words(y)) U {A0A1A2... € Words(p) : AjAx... € E } CE
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Expansion laws for U and W LTLSF3. 1348

pUd = 9V (pAO(pUD)) ig]ﬁltllecif
pWo = oV (pAO(Wy) et

Words( U 1) smallest LT-property E s.t.
Words(v) U {AoAlAz... € Words(p) : AjAy... € E } CE
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Expansion laws for U and W LTLSF3. 1348

pUd = 9V (pAO(pUD)) ig]ﬁltllecif
pWo = oV (pAO(Wy) et

Words( U 1) smallest LT-property E s.t.
Words(v) U {AoAlAz... € Words(p) : AjAy... € E } CE

Words(p W) largest LT-property E s.t.

212 /416



Expansion laws for U and W LTLSF3. 1348

pUd = 9V (pAO(pUD)) ig]ﬁltllecf:
pWo = oV (pAO(Wy) et

Words( U 1) smallest LT-property E s.t.
Words(v) U {AoAlAz... € Words(p) : AjAy... € E } CE

Words(p W) largest LT-property E s.t.
Words(v) U {A0A1A2... € Words(p) : AjAy... € E } D E
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Expansion laws for U and W LTLSF3. 1348

pUd = 9V (pAO(pUD)) ig]ﬁltllecf:
pWo = oV (pAO(Wy) et

Words( U 1) smallest LT-property E s.t.
Words(v) U {AoAlAz... € Words(p) : AjAy... € E } CE

Words(p W) largest LT-property E s.t.
E C Words(y)) U {A0A1A2... € Words(p) : AjAy... € E }
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Expansion laws for U and W LTLSFS. 1344

Uy = 9P V (eAO(pUY))

smallest solution

oWy = ¢ V (¢ AO(pW7))

largest solution
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Expansion laws for U, W, ¢, and O LPLSF3.1-34A
pUy = ¢ V (¢AO(pUY))
smallest solution
W = ¢ v O

smallest solution

oWy = ¢ V (¢ AO(pW7))

largest solution

Op = ¢AQOp

largest solution

remind: Qv = trueUvy, Op = W false
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Positive normal form (PNF) LrLsE. 135
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Positive normal form (PNF) LrLsE. 135

e negation only on the level of literals

e uses for each operator its dual
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PNF for propositional logic LTLSF3.1-35

e negation only on the level of literals

e uses for each operator its dual

syntax of propositional formulas in PNF:

@ = true|false|a|ﬂa|g01/\<p2 01V
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PNF for propositional logic LTLSF3.1-35

e negation only on the level of literals

e uses for each operator its dual

syntax of propositional formulas in PNF:

@ = true|false|a|ﬂa|g01/\<p2 01V

-true = false duality of the
constant truth values

(1 Ap2) = 1V gy duality of V and A
(de Morgan's law)
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LTL in positive normal form (PNF) LTLSE. 1350

e negation only on the level of literals

e uses for each operator its dual
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LTL in positive normal form (PNF) LTLSE. 1350

e negation only on the level of literals

e uses for each operator its dual

p = true|false|a|—na|cp1/\<p2 01V

using duality of constants and duality of V and A
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LTL in positive normal form (PNF) LTLSE. 1350

e negation only on the level of literals

e uses for each operator its dual

@ = true | false | a | -a | 01 A\ P2 | 01V
Oy + dual operator for O

using duality of constants and duality of V and A
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LTL in positive normal form (PNF) LTLSE. 1350

e negation only on the level of literals

e uses for each operator its dual

@ = true | false | a|—-a|cp1/\<p2 | 4,01V<P2|

Oy «| no new operator needed for =)

using duality of constants and duality of V and A

2 O¢ = O~ self-duality of the next operator
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LTL in positive normal form (PNF) LTLSE. 1350

e negation only on the level of literals

e uses for each operator its dual

@ = true | false | a|—na|<p1/\<p2 | 4,01V<P2|

Oy | w1 Uy + dual operator for U

using duality of constants and duality of V and A

2 O¢ = O~ self-duality of the next operator
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LTL in positive normal form (PNF) LTLSE. 1350

e negation only on the level of literals

e uses for each operator its dual

p = true|false|a|—na|<p1/\<p2 01V

O¢ | e1Up2 | p1We

using duality of constants and duality of V and A

2 O¢ = O~ self-duality of the next operator

(p1Up2) = (—p2) W(—p1 A =)
duality of U and W
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Derivation of ) and O in LTL-PNF LTLSF3.1-35

p = true|false|a|—-a|<p1/\<p2 01V

O¢ | e1Uep2 | o1 W o




Derivation of ) and O in LTL-PNF

LTLSF3.1-35B

p = true|false|a|—-a|<p1/\<p2|<p1V<p2|
Op | o1V | e1Wer | Op | Op

¢ and O can (still) be derived:

Qp def true U
Oy def oW false
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Universality of LTL-PNF LTLSFS. 1-36
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Universality of LTL-PNF LTLSFS. 1-36

Each LTL formula can be transformed into
an equivalent LTL formula in PNF
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Universality of LTL-PNF LTLSFS. 1-36

Each LTL formula can be transformed into
an equivalent LTL formula in PNF

LTL formula ¢ ~» LTL formula in PNF ¢’
by successive application of the following rules:
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Universality of LTL-PNF LTLSFS. 1-36

Each LTL formula can be transformed into
an equivalent LTL formula in PNF

LTL formula ¢ ~» LTL formula in PNF ¢’
by successive application of the following rules:

—true ~~ false

Y ~p

(p1Ap2) ~ D1 Vo

lOX% ~ Oy

“(p1U2) ~» (mp2) W(—p1 A =)
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Universality of LTL-PNF LTLSFS. 1-36

Each LTL formula can be transformed into
an equivalent LTL formula in PNF

LTL formula ¢ ~» LTL formula in PNF ¢’
by successive application of the following rules:

—true ~> false

_I_I(p > 80

(1 Ap2) ~ -1 Vo
“QOe ~ Oy

(pr1U2) ~ (2p2) W(=p1 A o)

exponential-blow up is possible
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Example: LTL ~» LTL-PNF LTLSF3.1-37

~true ~ false

g o

“(p1Ap2) ~ —p1V -

~Op ~ Oy

“(p1Up2) ~ (2p2) W(=p1 A —)
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Example: LTL ~» LTL-PNF LTLSF3.1-37

~true ~> false 4+ analogue rule for —false
Y P

(1 Ap2) ~» =1V -y + analogue rule for -V
~Op ~» O

(p1Up2) > (2p2) W1 A )
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Example: LTL ~» LTL-PNF LTLSF3.1-37

~true ~> false 4+ analogue rule for —false
- ~ P

(1 Ap2) ~» =1V -y + analogue rule for -V
~Op ~ O

“(e1Ug2) ~ (m2) W1 A )

~0p w Onp o —lp ~ O
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Example: LTL ~» LTL-PNF LTLSF3.1-37

~true ~> false 4+ analogue rule for —false
- ~ P

(1 Ap2) ~» =1V -y + analogue rule for -V
~Op ~ O

“(e1Ug2) ~ (m2) W1 A )

~0p w Onp o —lp ~ O

-0O((aUb) v QOc)
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Example: LTL ~» LTL-PNF LTLSF3.1-37

~true ~> false 4+ analogue rule for —false
- ~ P

(1 Ap2) ~» =1V -y + analogue rule for -V
~Op ~ O

“(e1Ug2) ~ (m2) W1 A )

~0p w Onp o —lp ~ O

-0O((aUb) v QOc)
= 0-((aUb) v Qc) «—|duality of ¢ and O
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Example: LTL ~» LTL-PNF LTLSF3.1-37

~true ~> false 4+ analogue rule for —false
(1 Ap2) ~» =1V -y + analogue rule for -V
~O¢ ~ Oy
(e1Ug2) ~ (2p2) W(mp1 A o)

-O((aUb) v Qc)
= ¢0—((aUb) v Qc) | duality of ¢ and O

= O(—~(aUb) A =Qc) «—|duality of A and V
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Example: LTL ~» LTL-PNF LTLSF3.1-37

~true ~> false 4+ analogue rule for —false
(1 Ap2) ~» =1V -y + analogue rule for -V
~Op ~ Oy
(p1Up2) > (2p2) W1 A )

-0O((aUb) v QOc)
= 0-((aUb) v Qc) «—|duality of ¢ and O
= Q(—-(aUb) A =) «—|duality of A and V
= O(—(aUb) A O—c) «— self-duality of O
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Example: LTL ~» LTL-PNF LTLSF3.1-37

~true ~> false 4+ analogue rule for —false
—(p1 A@2) ~» -1 Vs + analogue rule for Vv
~Ov ~ O~y
(p1Ugp2) ~ (p2) W1 A =)

-0O((aUb) v QOc)
= 0-((aUb) v Qc) «—|duality of ¢ and O
= Q(—-(aUb) A =) «—|duality of A and V
= O((-b)W(—a A —-b) A O~c) «|duality of U and W
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Example: LTL ~» LTL-PNF LTLSF3.1-37

~true false 4+ analogue rule for —false

A~
(1 Ap2) ~» =1V -y + analogue rule for -V
A~

Qe O
“(p1Upa) ~ (2p2) W(=p1 A —p2)

-0O((aUb) v QOc)

0-((aUb) v O¢)

0(=(aUb) A =Oc)

O((=b) W(=a A =b) A O—c) «—|PNF|
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Fairness in LTL LTLSF3.1-38
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Recall: action-based fairness LTLSF3.1-38
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Recall: action-based fairness LTLSF3.1-38

fairness assumption for TS 7T = (S, Act, —, Sp, AP, L):

F = (f ucond F. strong s F weak)

A
where fucondy fstrong: ]:weak c2 ct

Fucond unconditional fairness assumption
Fistrong Strong fairness assumption
Fuweak Weak fairness assumption
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Recall: action-based fairness LTLSF3.1-38

fairness assumption for TS 7T = (S, Act, —, Sp, AP, L):

F = (f ucond F. strong s F weak)

Act
where fucondy fstrong: ]:weak c2

. aq (0%) a3 .
execution sg — §; — 5 — ... F-fair if
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Recall: action-based fairness LTLSF3.1-38

fairness assumption for TS 7T = (S, Act, —, Sp, AP, L):

F = (f ucond F. strong s F weak)

Act
where fucondy fstrong: ]:weak c2

. ah (0% a3 .
execution sg — §; — 5 — ... F-fair if

o forall A€ Fueong: 3i>1.0, €A
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Recall: action-based fairness LTLSF3.1-38

fairness assumption for TS 7T = (S, Act, —, Sp, AP, L):
F = (f ucond F. strong s F weak)

Act
where fucondy fstrong: ]:weak c2

. ah (0% a3 .
execution sg — §; — 5 — ... F-fair if

o forall A€ Fueong: 3i>1.0, €A
o forall A € Fatrong:

Ji>1LANAct(s)#A0 = Ji>l.a, €A
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Recall: action-based fairness LTLSF3.1-38

fairness assumption for TS 7T = (S, Act, —, Sp, AP, L):
F = (f ucond F. strong s F weak)

Act
where fucondy fstrong: ]:weak c2

. ah (0% a3 .
execution sg — §; — 5 — ... F-fair if

o forall A€ Froong: Ji>1l.c, €A
o forall A € Fatrong:

Ji>1LANAct(s)#A0 = Ji>l.a, €A
o for all A € Feax:

Vi>1ANAct(s)#0 = Ji>l.a, €A
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Recall: action-based fairness LTLSF3.1-38

fairness assumption for TS T = (S, Act, —, Sp, AP, L):

F = (f ucond F. strong s F weak)

Act
where fucondy fstrong: fweak c2

satisfaction relation for LT-properties under fairness:

T E# E iff for all F-fair paths 7 of T :
trace(w) € E
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Process fairness is LTL-definable LTLSF3.1-5

251 /416



Process fairness is LTL-definable

LTLSF3.1-5

p = true|a|<p1/\<p2|—-<p| O<p|<,01U<P2

eventually Q¢ & trueU ©
always O def Q-
infinitely often 0o ¢
eventually forever OO
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Process fairness is LTL-definable LTLSF3.1-5

p = true|a|<p1/\<p2|—-<p| O<p|<,01U<P2

eventually Q¢ dof true U ¢

always O def Q-

infinitely often 0o ¢
eventually forever OO

e.g., unconditional fairness [crit;

strong fairness OO wait; — OOcrit;
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Process fairness is LTL-definable LTLSF3.1-5

@

true | a|<p1/\<p2 | —-<p| Oep | w1 U2

eventually Q¢ dof true U ¢

def

always Op = -0

infinitely often 0o ¢

eventually forever OO

e.g.,

unconditional fairness [Ocrit;
OO wait; — OOcrit;

weak fairness O0wait; — Ocrit;

strong fairness
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LTL fairness assumptions LTLSF3.1-39
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LTL fairness assumptions LTLSF3.1-39

... are conjunctions of LTL formulas of the form:

e unconditional fairness Q¢
e strong fairness 00p1 — L0
e weak fairness O0p; — OG0

where @1, ¢, @ are propositional formulas
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LTL fairness assumptions LTLSF3.1-39

... are conjunctions of LTL formulas of the form:

e unconditional fairness Q¢
e strong fairness 00p1 — L0
e weak fairness O0¢p1 — OO

where @1, ¢, @ are propositional formulas

If fair is a LTL fairness assumption, s a state in a TS,
and ¢ an LTL formula then
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LTL fairness assumptions LTLSF3.1-39

... are conjunctions of LTL formulas of the form:

e unconditional fairness Q¢
e strong fairness 00p1 — L0
e weak fairness O0p; — OG0

where @1, ¢, @ are propositional formulas

If fair is a LTL fairness assumption, s a state in a TS,
and ¢ an LTL formula then

s Enrir @ iff for all T € Paths(s):
if w |= fair then 7 |= ¢
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LTL fairness assumptions LTLSF3.1-39

... are conjunctions of LTL formulas of the form:

e unconditional fairness [OQ¢
e strong fairness 00p1 — L0
e weak fairness O0p; — OG0

where @1, ¢, @ are propositional formulas

If fair is a LTL fairness assumption, s a state in a TS,
and ¢ an LTL formula then

s Enrir @ iff for all T € Paths(s):
if w |= fair then 7 |= ¢

iff s = fair — ¢
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Randomized arbiter for MUTEX

LTLSF3.1-40

noncrity
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Randomized arbiter for MUTEX

LTLSF3.1-40

noncrity
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Randomized arbiter for MUTEX W

(71 ||| 1) || Arbiter

noncrltl toss_coin noncr|t2

[noncrltl head noncrltgj [noncrltl tail noncrltgj
enter; enter,
release

[crltl lock nOI‘]CI’Itgj [noncrltl lock Crlt2j
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Randomized arbiter for MUTEX W

(71 ||| 1) || Arbiter [ Odcrity A Ocrit,

noncrltl toss_coin noncr|t2

[noncrltl head noncrltgj [noncrltl tail noncrltgj
enter; enter,
release

[crltl lock nOI‘]CI’Itgj [noncrltl lock Crlt2j
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Randomized arbiter for MUTEX

LTLSF3.1-40

noncrity

unconditional LTL-fairness:

fair = OOhead A Otail
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Randomized arbiter for MUTEX W

noncrity

unconditional LTL-fairness:
fair = OOhead A Otail
(71 ||| 72) || Arbiter g Oocrity A Odcrity
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Correct or wrong? LTLSFS. 141

T LTL fairness assumption

fair = O0a — OOb

® ={a} @ ={b}
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Correct or wrong? LTLSFS. 141

T LTL fairness assumption

fair = O0a — OOb

® ={a} @ ={b}

T |=fair Ob ?
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Correct or wrong? LTLSFS. 141

T LTL fairness assumption

fair = O0a — OOb

® ={a} @ ={b}

T Vpir Ob  as 00000 .. s fair
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Correct or wrong?

T

LTLSF3.1-41

LTL fairness assumption

fair = O0a — OOb

® ={a} ® ={b}

T e aUb 7

T béfair Ob as0—-0—-0-0-0-0— .

is fair
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Correct or wrong?

T

LTLSF3.1-41

LTL fairness assumption

fair = O0a — OOb

® ={a} ® ={b}

T|=fair aUb \/

T béfair Ob as0—-0—-0-0-0-0— .

is fair
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Correct or wrong? LTLSFS. 141

T LTL fairness assumption

fair = O0a — OOb

® ={a} @ ={b}

T Vpir Ob  as 00000 .. s fair

T|=fa,', aUb \/
T pir aUO(b o Qa) ?
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Correct or wrong? LTLSFS. 141

T LTL fairness assumption

fair = O0a — OOb

® ={a} @ ={b}

T Vpir Ob  as 00000 .. s fair

T |=fa,', aUb \/
T Wi aUO(b — Qa)

as 0—-0—-0—-0-0—-0— . . s fair

272 /416



LTL-fairness assumptions LTLSF3.1-50

e can be necessary to prove liveness properties, e.g.,
mutual exclusion with arbiter/semaphore

Teem OOcrity A Ocrity
Teem Erir OOcrity A OOcrity

for appropriate fairness condition
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LTL-fairness assumptions LTLSF3.1-50

e can be necessary to prove liveness properties, e.g.,
mutual exclusion with arbiter/semaphore

Teem OOcrity A Ocrity
Teem Erir OOcrity A OOcrity

for appropriate fairness condition, e.g.,

fair = A ((OOwait; — Odcrit;) A
i=1.2

(OOnoncrit; — OO wait;))
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LTL-fairness assumptions LTLSF3.1-50

e can be necessary to prove liveness properties, e.g.,
mutual exclusion with arbiter/semaphore

Teem - OOcrity A Ocrity
Teem FErir OOcrity A Ocrity

for appropriate fairness condition

e can be verifiable system properties

e.g., Peterson algorithm guarantees strong fairness

Tpet |= OOwaity — O crity
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LTL-fairness assumptions LTLSF3.1-50

e can be necessary to prove liveness properties, e.g.,
Teem - OOcrity A Ocrity
Teem FErir OOcrity A OOcrity
for appropriate fairness condition

e can be verifiable system properties, e.g.,
TI"et |= OOwaity — O crity

e are irrelevant for verifying safety properties

T |= Psafe iff T |:fair Psafe

if fair is realizable
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Correct or wrong? LTLSFS. 142

Each strong LTL fairness assumption
fair = O0a — OOb
is realizable for each TS over AP = {a, b, ...}.
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Correct or wrong? LTLSFS. 142

Each strong LTL fairness assumption
fair = O0a — OOb
is realizable for each TS over AP = {a, b, ...}.

recall: a fairness condition is called realizable
if for each reachable state s there exists
a fair path starting in s
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Correct or wrong? LTLSFS. 142

Each strong LTL fairness assumption
fair = O0a — OOb
is realizable for each TS over AP = {a, b, ...}.

wrong

{b} fair = O0a — OOb

Is not realizable
{a}
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Action-based fairness ~~» LTL-fairness
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Action-based fairness ~~» LTL-fairness

idea: use new atomic propositions enabled(A) and
taken(A) and extend the labeling function:

enabled(A) € L(s) iff s — ... forsome a € A

taken(A) € L(s) iff for all transitions ... NS
a€A
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Action-based fairness ~~» LTL-fairness

idea: use new atomic propositions enabled(A) and
taken(A) and extend the labeling function:

enabled(A) € L(s) iff s - ... for somea € A

taken(A) € L(s) iff for all transitions ... L s
a€A

e unconditional A-fairness: O¢taken(A)
e strong A-fairness: [O{enabled(A) — OO taken(A)
e weak A-fairness:  QOenabled(A) — OO taken(A)
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Action-based fairness ~~» LTL-fairness

idea: use new atomic propositions enabled(A) and
taken(A) and extend the labeling function:

enabled(A) € L(s) iff s — ... forsome a € A

taken(A) € L(s) iff for [all] transitions ... > s:
a€A

problem: each state s can have several incoming
transitions
«a
t—s u—s

y 9 oo
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Action-based fairness ~» LTL-fairness

LTLSF3.1-43

idea: use new atomic propositions enabled(A) and
taken(A) and extend the labeling function:

enabled(A) € L(s) iff s — ... forsome a € A

taken(A) € L(s) iff for [all] transitions ... > s:
a€A

alternative 1: ad-hoc choice of “taken-predicate”

alternative 2: modify the given transition system
by adding an action component
to the states

284 /416



Ad-hoc: action fairness ~» LTL-fairness

~
ncy ncy y=1
/ \

(wait; ncy y=1 nc; waity y=1)

enter;
(crit; ncy y=0) (ncy crit, y=0)
request, enten,
(crit; waitp, y=0) (waity critp y=0)

TS for mutual exclusion with semaphore
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Ad-hoc: action fairness ~» LTL-fairness

~
ncy ncy y=1
/ \

(wait; nc, y=1 nc; wait, y=1)

enter;
(crit; ncy y=0) (ncy crit, y=0)
request, enten,
(crit; waitp, y=0) (waity critp y=0)

D = enabled({enten,})

TS for mutual exclusion with semaphore

286 /416



Ad-hoc: action fairness ~» LTL-fairness

~
ncy ncy y=1

— T~

wait; nc, y=1 nc; waity y=1
( enten, < e
(crity nc, y=0) (ncy crit, y=0)
request, enter,
(crit; wait, y=0) (wait; crity, y=0)
| | = taken({enten})
| | = enabled({enten})

TS for mutual exclusion with semaphore
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Ad-hoc: action fairness ~» LTL-fairness

~
ncy ncy y=1
/ \

(wait; nc, y=1 nc; wait, y=1)

enter;
(crit; ncy; y=0) (ncy crit, y=0)
request, enten,
(crit; wait, y=0) (wait; crity, y=0)

|
L

taken({enten })
enabled({enter, })

crity
wait; A —crity

I 1
I 1
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Ad-hoc: action fairness ~» LTL-fairness

~
ncy ncy y=1
(wait /1 o it y=1)
wait; nc, y= nc; wait, y=
enter;
(crit; ncy y=0) (ncy crit, y=0)
request, enten,
(crit; wait, y=0) (wait; crity, y=0)
[ | = taken({enten}) = city
| | £ enabled({enter}) = wait; A —crity

strong {enter; }-fairness: LTL formula
0O enabled({enter;}) — [O¢ taken({enter,})
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Ad-hoc: action fairness ~» LTL-fairness

~
ncy ncy y=1
(wait /1 o it y=1)
wait; nc, y= nc; wait, y=
enter;
(crit; ncy y=0) (ncy crit, y=0)
request, enten,
(crit; wait, y=0) (wait; crity, y=0)
[ | = taken({enten}) = city
| | £ enabled({enter}) = wait; A —crity

0O enabled({enter,}) — [ taken({enten})
= OO (waity A —crity) — OO crity
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Action-based fairness ~» LTL-fairness

LTLSF3.1-46A

idea: use new atomic propositions enabled(A) and
taken(A) and extend the labeling function:

enabled(A) € L(s) iff s ... for some a € A

taken(A) € L(s) iff for all transitions ... — s:
a€A

alternative 1: ad-hoc choice of “taken-predicate”

alternative 2: modify the given transition system

by adding an action component
to the states
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Action-based fairness ~» LTL-fairness

LTLSF3.1-46A

idea: use new atomic propositions enabled(A) and
taken(A) and extend the labeling function:

enabled(A) € L(s) iff s ... for some a € A

taken(A) € L(s) iff for all transitions ... — s:
a€A

alternative 1: ad-hoc choice of “taken-predicate”

alternative 2: modify the given transition system

by adding an action component
to the states
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Action-based fairness ~~» LTL-fairness

transition system

T =(S,Act,—,...)
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Action-based fairness ~» LTL-fairness

transition system

T =(S,Act,—,...)

LTLS!

F3.1-47

transition system

T' = (SxAct,. .., AP, L")

/

-

(s, ...) )
BN\
(s, B) (s", 1
............ )
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Action-based fairness ~~» LTL-fairness

transition system transition system
T =(S,Act,—,...) T' = (SxAct,...,AP', L)
4 s h ( (s, ...) h
B /Y B/\Y
s 5" (', B) (s",7)
AR L) T )
strong A-fairness strong LTL-fairness

for AC Act OQenabled(A) — O taken(A)
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Action-based fairness ~~» LTL-fairness

transition system transition system
T =(S,Act,—,...) T' = (SxAct,...,AP', L)
4 s h ( (s, ...) h

B /Y B/\Y

s 5" (', B) (s",7)
AR L) T )
strong A-fairness strong LTL-fairness

for AC Act OQenabled(A) — O taken(A)

enabled(A) € L'({s,)) iff si. .. for some f € A
taken(A) € L'({s,a)) iff a €A
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Example: action fairness ~» LTL-fairness

action-based fairness ~ LTL-fairness
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Example: action fairness ~» LTL-fairness

action-based fairness ~ LTL-fairness
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Example: action fairness ~» LTL-fairness

action-based fairness ~ LTL-fairness
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Example: action fairness ~» LTL-fairness

action-based fairness ~ LTL-fairness
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Example: action fairness ~» LTL-fairness

action-based fairness ~ LTL-fairness

strong fairness for {3}
(00 enabled(3) — OO taken(S3)
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Example: action fairness ~» LTL-fairness

action-based fairness ~ LTL-fairness

strong fairness for {3}
00 enabled(3) — O taken(S3)
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Example: action fairness ~» LTL-fairness

action-based fairness ~ LTL-fairness

strong fairness for {3}
00 enabled(3) — O taken(S)
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Example: mutual exclusion with semaphore ...

add additional variable last_action with domain Act U {begin}

,e\nterl
. ) . )
waity nc, Mfequest; requestyY ncy waito |—""
y=1 =1 enters
request; request,
ait; waity) Wwait; waity)

y= y=
request, request,
enter; >< enterp
crit; waity waity 8rit2

enter; enterp
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Example: mutual exclusion with semaphore

LTLSF3.1-49

add additional variable last_action with domain Act U {begin}

crit; nc

entery

crit; waito

request,

reYe:aslel

enter;
wait; nc

request;

ait; waity)
request,
enter;

crit; waity

enter;

- -
nci ncy

Nnc; ncy

request; request,

enter; enterp

release;

ncy crits
1

waity 1an
reYeasel reYeaseg

Nnci ncp
Voas
releases
ncy wilitg

enter
request,

ait; waity)
request;
enterp

releases

ncy critp

enterp

waity crit

request;
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Example: mutual exclusion with semaphore

LTLSF3.1-49

add additional variable last_action with domain Act U {begin}

crit; nc

entery

crit; waito

request,

reYe:aslel

entery
wait; ncy

request;

wait; waity
request,
enter;

crit; waity

- -
nci ncy

Nnci ncp

feas
ncy ncp release;
y=1
begin
request; request,™ ncy XVfitg
requ_est2

entery enterp

ait; waity

enter;

enter,

request,
7 "‘ enter,
4‘»

release;

ncy crito | [ waity ncp
1 1 releases

reYea se; reYeasez

ncy critp

enterp

waity crit

request;
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