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of S answering in O(1) by using O(n) bits 
!
RMQ(i,j) = position of the maximum in the 
range S[i,j]
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Rank0(j) = # of 0 in B[0,j]
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 1/2 log n bits fit in a word. 
O(1) with popcount op!
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Rank/Select queries

0 0 1 1 1 0 1B 0 1 1 0 1
0 1 2 3 4 5 6 7 8 9 10 11

Rank0(j) = # of 0 in B[0,j]

Rank1(j) = # of 1 in B[0,j]

   Space: n + O(n log log n/log n) bits 
   Query time: O(1) 

B’ 0 2 3 4

M
1 2 3
1 2 3

1 2 2
000
001

0 1 1101

1 1 2010
1 1 1011

0 1 2100

0 0 1110
0 0 0111

1/2 log n



Rank/Select queries

0 0 1 1 1 0 1B 0 1 1 0 1
0 1 2 3 4 5 6 7 8 9 10 11

Rank0(j) = # of 0 in B[0,j]

Rank1(j) = # of 1 in B[0,j]

   Space: n + O(n log log n/log n) bits 
   Query time: O(1) 

B’ 0 2 3 4

M
1 2 3
1 2 3

1 2 2
000
001

0 1 1101

1 1 2010
1 1 1011

0 1 2100

0 0 1110
0 0 0111

1/2 log n

log n

Groups into superblocks!



Rank/Select queries

0 0 1 1 1 0 1B 0 1 1 0 1
0 1 2 3 4 5 6 7 8 9 10 11

Rank0(j) = # of 0 in B[0,j]

Rank1(j) = # of 1 in B[0,j]

   Space: n + O(n log log n/log n) bits 
   Query time: O(1) 

B’ 0 2 3 4

M
1 2 3
1 2 3

1 2 2
000
001

0 1 1101

1 1 2010
1 1 1011

0 1 2100

0 0 1110
0 0 0111

1/2 log n

log n

B’’ 0 4



Rank/Select queries

0 0 1 1 1 0 1B 0 1 1 0 1
0 1 2 3 4 5 6 7 8 9 10 11

Rank0(j) = # of 0 in B[0,j]

Rank1(j) = # of 1 in B[0,j]

   Space: n + O(n log log n/log n) bits 
   Query time: O(1) 

B’ 0 2 3 4

M
1 2 3
1 2 3

1 2 2
000
001

0 1 1101

1 1 2010
1 1 1011

0 1 2100

0 0 1110
0 0 0111

1/2 log n

log n

B’’ 0 4Store the # of 0s up to the 
beginning of its superblock



Rank/Select queries

0 0 1 1 1 0 1B 0 1 1 0 1
0 1 2 3 4 5 6 7 8 9 10 11

Rank0(j) = # of 0 in B[0,j]

Rank1(j) = # of 1 in B[0,j]

   Space: n + O(n log log n/log n) bits 
   Query time: O(1) 

B’ 0 2 3 4

M
1 2 3
1 2 3

1 2 2
000
001

0 1 1101

1 1 2010
1 1 1011

0 1 2100

0 0 1110
0 0 0111

1/2 log n

log n

B’’ 0 4Store the # of 0s up to the 
beginning of its superblock

0



Rank/Select queries

0 0 1 1 1 0 1B 0 1 1 0 1
0 1 2 3 4 5 6 7 8 9 10 11

Rank0(j) = # of 0 in B[0,j]

Rank1(j) = # of 1 in B[0,j]

   Space: n + O(n log log n/log n) bits 
   Query time: O(1) 

B’ 0 2 3 4

M
1 2 3
1 2 3

1 2 2
000
001

0 1 1101

1 1 2010
1 1 1011

0 1 2100

0 0 1110
0 0 0111

1/2 log n

log n

B’’ 0 4Store the # of 0s up to the 
beginning of its superblock

0

Rank0(j) is split into 3 parts: 
!
- # of 0s up to the superblock of j 
- # of 0s up to the block of j 
- # of 0s within the block of j
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How to support Select  
in O(log n) time?

Select can be solved in O(1) 
time with a more difficult 

approach
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Elias-Fano representation
Given a sequence of n (positive) 
integers summing up to m

2 2 4 3S

Trivial representation requires 
O(n log m) bits :-( 
Can we do better?
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Represent the integer x by writing x-1 in unary to obtain B of m bits with n zeros 
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Given a sequence of n (positive) 
integers summing up to m
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B

Represent the integer x by writing x-1 in unary to obtain B of m bits with n zeros 
Select0(3)=7Select0(2)=3
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Elias-Fano representation

1 0
0 1

1 0
2 3

1 1 1 0
4 5 6 7

1 1 0
8 9 10

The i-th value of S is Select0(i)-Select0(i-1)

Given a sequence of n (positive) 
integers summing up to m

2 2 4 3S

B

Represent the integer x by writing x-1 in unary to obtain B of m bits with n zeros 
Select0(3)=7Select0(2)=3

   Space: n log (m/n) + O(n) bits 
   Select0 in O(1) 

See Lecture 6 (10/10/2013)

1 2 3 4
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Trivial: O(n log n) bits Best: 2n bits

Write the degree sequence in level order
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Trivial: O(n log n) bits Best: 2n bits

Write the degree sequence in level order

3

0 2 2
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0 0 0 0
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Succinct representation of trees (1)

Trivial: O(n log n) bits Best: 2n bits

Write the degree sequence in level order

3

0 2 2

2 20 0

0 0 0 0

D 3 0 2 2

[LOUDS - Level-order unary degree sequence]
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Write the degree sequence in level order

3

0 2 2

2 20 0

0 0 0 0
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[LOUDS - Level-order unary degree sequence]
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Trivial: O(n log n) bits Best: 2n bits

Write the degree sequence in level order

3
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degree sequence
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Succinct representation of trees (1)

Trivial: O(n log n) bits Best: 2n bits

Write the degree sequence in level order

3

0 2 2

2 20 0

0 0 0 0

D 3 0 2 2 0 0 2 2 0 0 0 0
A tree is uniquely determined by the 

degree sequence

How reconstruct the tree?

[LOUDS - Level-order unary degree sequence]
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Trivial: O(n log n) bits Best: 2n bits

Write the degree sequence in level order
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0 2 2
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Write the degree sequence in level order
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Trivial: O(n log n) bits Best: 2n bits

Write the degree sequence in level order
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It still requires O(n log n) bits :-(
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Succinct representation of trees (1)

Trivial: O(n log n) bits Best: 2n bits

Write the degree sequence in level order

3

0 2 2

2 20 0

0 0 0 0

D 3 0 2 2 0 0 2 2 0 0 0 0

It still requires O(n log n) bits :-(

Solution: write them in unary
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Succinct representation of trees (1)

Trivial: O(n log n) bits Best: 2n bits

Write the degree sequence in level order

3

0 2 2

2 20 0

0 0 0 0

D 3 0 2 2 0 0 2 2 0 0 0 0

It still requires O(n log n) bits :-(

Solution: write them in unary

B 1110 0 110 110 0 0 110 110 0 0 0 0

[LOUDS - Level-order unary degree sequence]



Succinct representation of trees (1)

Trivial: O(n log n) bits Best: 2n bits

Write the degree sequence in level order

3

0 2 2

2 20 0

0 0 0 0

D 3 0 2 2 0 0 2 2 0 0 0 0

It still requires O(n log n) bits :-(

Solution: write them in unary

B 1110 0 110 110 0 0 110 110 0 0 0 0

B takes 2n - 1 bits!  
For each node we have a 0 and a 1  

(but the root)

[LOUDS - Level-order unary degree sequence]



Succinct representation of trees (1)

Trivial: O(n log n) bits Best: 2n bits

Write the degree sequence in level order

3

0 2 2

2 20 0

0 0 0 0

D 3 0 2 2 0 0 2 2 0 0 0 0

It still requires O(n log n) bits :-(

Solution: write them in unary

B 1110 0 110 110 0 0 110 110 0 0 0 0

B takes 2n - 1 bits!  
For each node we have a 0 and a 1  

(but the root)

Can we navigate the tree?

[LOUDS - Level-order unary degree sequence]
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Succinct representation of trees (1)

B 1 1 1 0   0   1 1 0   1 1 0   0   0   1 1 0   1 1 0   0   0   0   0 

[LOUDS - Level-order unary degree sequence]
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[LOUDS - Level-order unary degree sequence]
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Succinct representation of trees (1)

1 0B 1 1 1 0   0   1 1 0   1 1 0   0   0   1 1 0   1 1 0   0   0   0   0 

[LOUDS - Level-order unary degree sequence]
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Succinct representation of trees (1)
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[LOUDS - Level-order unary degree sequence]
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Succinct representation of trees (1)

1 0B 1 1 1 0   0   1 1 0   1 1 0   0   0   1 1 0   1 1 0   0   0   0   0 

[LOUDS - Level-order unary degree sequence]
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pos(x) = 

1 2 3 4 5 6 7 8 9 10 11 12

pos(5)



Succinct representation of trees (1)

1 0B 1 1 1 0   0   1 1 0   1 1 0   0   0   1 1 0   1 1 0   0   0   0   0 

[LOUDS - Level-order unary degree sequence]
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pos(x) = Select1(x)

1 2 3 4 5 6 7 8 9 10 11 12

pos(5)



Succinct representation of trees (1)

1 0B 1 1 1 0   0   1 1 0   1 1 0   0   0   1 1 0   1 1 0   0   0   0   0 

[LOUDS - Level-order unary degree sequence]
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pos(x) = Select1(x)

1 2 3 4 5 6 7 8 9 10 11 12

firstChild(x) = ? 
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1 0B 1 1 1 0   0   1 1 0   1 1 0   0   0   1 1 0   1 1 0   0   0   0   0 

[LOUDS - Level-order unary degree sequence]
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pos(x) = Select1(x)

1 2 3 4 5 6 7 8 9 10 11 12

firstChild(x) = ? 
y = Select0(x)+1
// start of x’s children in B



Succinct representation of trees (1)

1 0B 1 1 1 0   0   1 1 0   1 1 0   0   0   1 1 0   1 1 0   0   0   0   0 

[LOUDS - Level-order unary degree sequence]
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pos(x) = Select1(x)

1 2 3 4 5 6 7 8 9 10 11 12

firstChild(x) = ? 
y = Select0(x)+1
// start of x’s children in B

firstChild(3)



Succinct representation of trees (1)
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1 2 3 4 5 6 7 8 9 10 11 12

firstChild(x) = ? 
y = Select0(x)+1
// start of x’s children in B

y= Select0(3)+1=8

firstChild(3)



Succinct representation of trees (1)

1 0B 1 1 1 0   0   1 1 0   1 1 0   0   0   1 1 0   1 1 0   0   0   0   0 

[LOUDS - Level-order unary degree sequence]
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pos(x) = Select1(x)

1 2 3 4 5 6 7 8 9 10 11 12

firstChild(x) = ? 
y = Select0(x)+1
// start of x’s children in B

if B[y] == 0
return -1 // is a leaf

y= Select0(3)+1=8

firstChild(3)
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1 0B 1 1 1 0   0   1 1 0   1 1 0   0   0   1 1 0   1 1 0   0   0   0   0 

[LOUDS - Level-order unary degree sequence]
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pos(x) = Select1(x)

1 2 3 4 5 6 7 8 9 10 11 12

firstChild(x) = ? 
y = Select0(x)+1
// start of x’s children in B

if B[y] == 0
return -1 // is a leaf

return y-x // Rank1(y)

else

y= Select0(3)+1=8

firstChild(3)



Succinct representation of trees (1)

1 0B 1 1 1 0   0   1 1 0   1 1 0   0   0   1 1 0   1 1 0   0   0   0   0 

[LOUDS - Level-order unary degree sequence]

1

3 42

7 85 6

9 10 11 12

pos(x) = Select1(x)

1 2 3 4 5 6 7 8 9 10 11 12

firstChild(x) = ? 
y = Select0(x)+1
// start of x’s children in B

if B[y] == 0
return -1 // is a leaf

return y-x // Rank1(y)

else

y= Select0(3)+1=8

firstChild(3) = 8-3 = 5



Succinct representation of trees (1)

1 0B 1 1 1 0   0   1 1 0   1 1 0   0   0   1 1 0   1 1 0   0   0   0   0 

[LOUDS - Level-order unary degree sequence]
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9 10 11 12

pos(x) = Select1(x)

1 2 3 4 5 6 7 8 9 10 11 12

firstChild(x) = ? 
y = Select0(x)+1
// start of x’s children in B

if B[y] == 0
return -1 // is a leaf

return y-x // Rank1(y)

else

y= Select0(3)+1=8

degree(x) = ? 



Succinct representation of trees (1)

1 0B 1 1 1 0   0   1 1 0   1 1 0   0   0   1 1 0   1 1 0   0   0   0   0 

[LOUDS - Level-order unary degree sequence]

1
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9 10 11 12

pos(x) = Select1(x)

1 2 3 4 5 6 7 8 9 10 11 12

firstChild(x) = ? 
y = Select0(x)+1
// start of x’s children in B

if B[y] == 0
return -1 // is a leaf

return y-x // Rank1(y)

else

y= Select0(3)+1=8

degree(x) = ? 
Select0(x+1) - (Select0(x) + 1)



Succinct representation of trees (1)

1 0B 1 1 1 0   0   1 1 0   1 1 0   0   0   1 1 0   1 1 0   0   0   0   0 

[LOUDS - Level-order unary degree sequence]
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pos(x) = Select1(x)

1 2 3 4 5 6 7 8 9 10 11 12

firstChild(x) = ? 
y = Select0(x)+1
// start of x’s children in B

if B[y] == 0
return -1 // is a leaf

return y-x // Rank1(y)

else

y= Select0(3)+1=8

degree(x) = ? 
Select0(x+1) - (Select0(x) + 1)

degree(3)



Succinct representation of trees (1)

1 0B 1 1 1 0   0   1 1 0   1 1 0   0   0   1 1 0   1 1 0   0   0   0   0 

[LOUDS - Level-order unary degree sequence]
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pos(x) = Select1(x)

1 2 3 4 5 6 7 8 9 10 11 12

firstChild(x) = ? 
y = Select0(x)+1
// start of x’s children in B

if B[y] == 0
return -1 // is a leaf

return y-x // Rank1(y)

else

y= Select0(3)+1=8

degree(x) = ? 
Select0(x+1) - (Select0(x) + 1)

degree(3) = Select0(4) - (Select0(3) + 1)



Succinct representation of trees (1)

1 0B 1 1 1 0   0   1 1 0   1 1 0   0   0   1 1 0   1 1 0   0   0   0   0 

[LOUDS - Level-order unary degree sequence]
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9 10 11 12

pos(x) = Select1(x)

1 2 3 4 5 6 7 8 9 10 11 12

firstChild(x) = ? 
y = Select0(x)+1
// start of x’s children in B

if B[y] == 0
return -1 // is a leaf

return y-x // Rank1(y)

else

y= Select0(3)+1=8

degree(x) = ? 
Select0(x+1) - (Select0(x) + 1)

Select0(4)=10

degree(3) = Select0(4) - (Select0(3) + 1)



Succinct representation of trees (1)

1 0B 1 1 1 0   0   1 1 0   1 1 0   0   0   1 1 0   1 1 0   0   0   0   0 

[LOUDS - Level-order unary degree sequence]
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pos(x) = Select1(x)

1 2 3 4 5 6 7 8 9 10 11 12

firstChild(x) = ? 
y = Select0(x)+1
// start of x’s children in B

if B[y] == 0
return -1 // is a leaf

return y-x // Rank1(y)

else

degree(x) = ? 
Select0(x+1) - (Select0(x) + 1)

parent(x) =



Succinct representation of trees (1)

1 0B 1 1 1 0   0   1 1 0   1 1 0   0   0   1 1 0   1 1 0   0   0   0   0 

[LOUDS - Level-order unary degree sequence]
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pos(x) = Select1(x)

1 2 3 4 5 6 7 8 9 10 11 12

firstChild(x) = ? 
y = Select0(x)+1
// start of x’s children in B

if B[y] == 0
return -1 // is a leaf

return y-x // Rank1(y)

else

degree(x) = ? 
Select0(x+1) - (Select0(x) + 1)

parent(x) = Rank0(pos(x))



Succinct representation of trees (1)

1 0B 1 1 1 0   0   1 1 0   1 1 0   0   0   1 1 0   1 1 0   0   0   0   0 

[LOUDS - Level-order unary degree sequence]
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pos(x) = Select1(x)

1 2 3 4 5 6 7 8 9 10 11 12

firstChild(x) = ? 
y = Select0(x)+1
// start of x’s children in B

if B[y] == 0
return -1 // is a leaf

return y-x // Rank1(y)

else

degree(x) = ? 
Select0(x+1) - (Select0(x) + 1)

parent(x) = Rank0(pos(x))
All these operations in O(1) time!



Succinct representation of trees (1)

1 0B 1 1 1 0   0   1 1 0   1 1 0   0   0   1 1 0   1 1 0   0   0   0   0 

[LOUDS - Level-order unary degree sequence]
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pos(x) = Select1(x)

1 2 3 4 5 6 7 8 9 10 11 12

firstChild(x) = ? 
y = Select0(x)+1
// start of x’s children in B

if B[y] == 0
return -1 // is a leaf

return y-x // Rank1(y)

else

degree(x) = ? 
Select0(x+1) - (Select0(x) + 1)

parent(x) = Rank0(pos(x))

subtreeSize(x) = ?



Succinct representation of trees (1)

1 0B 1 1 1 0   0   1 1 0   1 1 0   0   0   1 1 0   1 1 0   0   0   0   0 

[LOUDS - Level-order unary degree sequence]
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pos(x) = Select1(x)

1 2 3 4 5 6 7 8 9 10 11 12

firstChild(x) = ? 
y = Select0(x)+1
// start of x’s children in B

if B[y] == 0
return -1 // is a leaf

return y-x // Rank1(y)

else

degree(x) = ? 
Select0(x+1) - (Select0(x) + 1)

parent(x) = Rank0(pos(x))

subtreeSize(x) = ?

Not efficient! 
Nodes of the subtree are  

spread in B



Succinct representation of trees (1)

1 0B 1 1 1 0   0   1 1 0   1 1 0   0   0   1 1 0   1 1 0   0   0   0   0 

[LOUDS - Level-order unary degree sequence]
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pos(x) = Select1(x)

1 2 3 4 5 6 7 8 9 10 11 12

firstChild(x) = ? 
y = Select0(x)+1
// start of x’s children in B

if B[y] == 0
return -1 // is a leaf

return y-x // Rank1(y)

else

degree(x) = ? 
Select0(x+1) - (Select0(x) + 1)

parent(x) = Rank0(pos(x))

subtreeSize(x) = ?
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Succinct representation of trees (2)

B (  (  )  (  (  )  (  )  )  (  (  (  )  (  )  )  (  (  )  (  )  )  )  )

[BP - Balanced parenthesis]

1

32 6

7 104 5

8 9 11 12

1 2 3 4 5 6 7 8 9 10 11 12 12 34 5 678 9 1011 12

A tree is uniquely determined by  
the vector B

How reconstruct the tree?
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subtree of 6
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[BP - Balanced parenthesis]

1
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subtree of 6( and ) balance themselves
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1
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pos(x) = Select ( (x)
findClose(x) = returns the position of ) matching x-th (

findClose(7)
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pos(x) = Select ( (x)
findClose(x) = returns the position of ) matching x-th (
enclose(x) = returns the position of ( enclosing x-th ( 

enclose(10)

= position of the parent of x in B
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B (  (  )  (  (  )  (  )  )  (  (  (  )  (  )  )  (  (  )  (  )  )  )  )

[BP - Balanced parenthesis]

1

32 6

7 104 5

8 9 11 12

1 2 3 4 5 6 7 8 9 10 11 12 12 34 5 678 9 1011 12

pos(x) = Select ( (x)
findClose(x) = returns the position of ) matching x-th (
enclose(x) = returns the position of ( enclosing x-th ( 

enclose(10)

= position of the parent of x in B

They can be implemented in 
O(1) time.
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[BP - Balanced parenthesis]

1

32 6

7 104 5
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pos(x) = Select ( (x)
findClose(x) = returns the position of ) matching x-th (
enclose(x) = returns the position of ( enclosing x-th ( 

enclose(10)

= position of the parent of x in B
parent(x) = 

They can be implemented in 
O(1) time.
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enclose(x) = returns the position of ( enclosing x-th ( 

= position of the parent of x in B

firstChild(x) =
parent(x) = Rank ( (enclose(x))

y = pos(x)+1
if B[y] == )

return -1 // is a leaf

return Rank ( (y)else

sibling(x) = Rank ( (findClose(x)+1) (if any)
subtreeSize(x) =

(findClose(x) - pos(x) + 1) / 2

degree(x) = ?

depth(x) =
Rank ( (pos(x)) - Rank ) (pos(x))

They can be implemented in 
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pos(x) = Select ( (x)
findClose(x) = returns the position of ) matching x-th (
enclose(x) = returns the position of ( enclosing x-th ( 

= position of the parent of x in B

firstChild(x) =
parent(x) = Rank ( (enclose(x))

y = pos(x)+1
if B[y] == )

return -1 // is a leaf

return Rank ( (y)else

sibling(x) = Rank ( (findClose(x)+1) (if any)
subtreeSize(x) =

(findClose(x) - pos(x) + 1) / 2

degree(x) = ?

Quite inefficient! 
Solved by repeatedly calling 
sibling to scan x’s children.  

depth(x) =
Rank ( (pos(x)) - Rank ) (pos(x))

They can be implemented in 
O(1) time.
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child(x,i), parent(x), subtreeSize(x), …

degree(x) = Select ) (Rank ) (pos(x))) - x

pos(x) = Select ) (x)  // closing )

id(pos) = Rank ) (pos)

⇋

All these operations in O(1) time!
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Search P in O(|P|) time!

* 2 1 221 11 11 22L
Elias-Fano representation:  
n log(m/n) + O(n) bits and  

O(1) time access. 
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D = { ab (7), bab (2), bca (1), cab (4), cac (1), cbac (6), cbba (2) }

n = |D|, m total length of strings in D
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Summary

Find the node “prefixed” by P O(|P|) time

Compute the top-k strings O(k log k) time O(n) bits

3 months query log at Yahoo!  
!
≈600 million of distinct (and clean) 
queries

Trie requires ≈50 Gbytes!

We will see how to reduce to  
≈5 Gbytes!
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D = { ab (7), bab (2), bca (1), cab (4), cac (1), cbac (6), cbba (2) }

n = |D|, m total length of strings in D

7

2 1

4 1 6 2

ab b

ab ca

c

a b

baacb c

Summary

Find the node “prefixed” by P O(|P|) time m log σ + n log (m/n) + O(n) bits

Compute the top-k strings O(k log k) time O(n) bits

3 months query log at Yahoo!  
!
≈600 million of distinct (and clean) 
queries

Trie requires ≈50 Gbytes!

We will see how to reduce to  
≈5 Gbytes!

to be compared with  
O(m log σ + n log m) bits



D = { ab (7), bab (2), bca (1), cab (4), cac (1), cbac (6), cbba (2) }

n = |D|, m total length of strings in D

7

2 1

4 1 6 2

ab b

ab ca

c

a b

baacb c

Summary

Find the node “prefixed” by P O(|P|) time m log σ + n log (m/n) + O(n) bits

Compute the top-k strings O(k log k) time O(n) bits

3 months query log at Yahoo!  
!
≈600 million of distinct (and clean) 
queries

Trie requires ≈50 Gbytes!

We will see how to reduce to  
≈5 Gbytes!

to be compared with  
O(m log σ + n log m) bits

(n=) 1 billion of strings of  
average length 64  

!
m=64*109 symbols and  m/n = 64


